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Abstract Local regularity of axially symmetric solutions to the Navier-
Stokes equations is studied. It is shown that under certain natural assump-
tions there are no singularities of Type I.
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1 Introduction

In this paper we will consider local regularity properties of axi-symmetric
solutions of the 3D Navier-Stokes equations

ov+v-Vuv+Vqg—Av 0
dive = 0. (1.1)

Most of the known regularity theory for these equations (and, in fact, for
many other equations) is based on optimal estimates for the linear part and
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on treating the nonlinearity as a perturbation which is (locally) small in a
suitable sense. An important role in formulating suitable smallness condi-
tions is played by certain (local) scale-invariant quantities. These are the
quantities which are invariant under the scaling symmetry v(z,t), q(z,t) —
Mv(Az, A%t), AN2q(Ax, A\%t). The reason why the regularity criteria should be
formulated in terms of the scale-invariant quantities is simple: The class of
regular solutions is invariant under the scaling and therefore sufficient condi-
tions for membership in this class should ideally be also invariant under the
scaling, or at least they should scale in the correct way, in that the quan-
tity controlling regularity should not decrease if we scale the solution with
A>> 1
To write down examples of the scale-invariant quantities we recall the
following standard notation. The points of the space-time R™ x R will be
denoted by z = (z,t). For zp € R" we denote by B(zg, R) the ball {x :
|z — z9| < R} and for zyp = (x9,%) € R” x R we denote by Q(zo, R) the
parabolic ball B(zg, R) x|ty — R?, ty[. Here are some examples of the scale-
invariant quantities for n = 3:
/ v’ dz (1.2)

Q(z0,R)
ess sup / lv(z,t)]* dr | (1.3)
te]tO_R2’tO[B(:cO,R)
R™? / lv*dz | (1.4)
Q(20,R)
R™3 / lv[*dz , (1.5)
Q(20,R)
R / Vol ds | (1.6)
Q(z0,R)

ess sup  Vitg—t |v(z,t)], (1.7)

(z,t)€Q(20,R)

ess sup |z — x| |v(z, )] . (1.8)
(z,t)€Q(20,R)

A typical local regularity result says that, under some natural technical



assumptions , a point zq is a regular point of the solution v if a suitable scale
invariant quantity X (2o, R;v) of the type in the examples above is sufficiently
small for all R €]0, Ry[. In fact, X can be any of the quantities above with
the exception of (L)), in which case the validity of the corresponding result
is open. %

At the time of this writing, there is no known scale-invariant quan-
tity for which an a-priori estimate would be known for general 3D solu-
tions. In fact, all the known estimates can be traced back to the energy

estimate, which gives bounds in quantities such as [ |v(z,t)|*> dz or
B(zo,R)
[ |Vu|* dz, which do not have the scaling needed for the existing lo-
Q(20,R)
cal regularity theory. This is often quoted as the main stumbling block in

our understanding of the Navier-Stokes regularity. This statement is prob-
ably correct, at least as a first approximation. However, even if we assume
that scale-invariant estimates of natural quantities are available, in many
cases we are still unable to prove regularity, unless an additional smallness
condition is imposed. For the quantities of the type X (2o, R;v) listed above
one can show that X(z, R;v) < C for some C' > 0 (not necessarily small)
implies regularity for (L2) and (L3)), but in the remaining cases the known
theory requires an additional smallness condition (and, as remarked above,
the situation with (LX) is even worse). Moreover, even the proofs of the cases
(L2) and (L3]) rest on the fact that the assumptions imply that a certain
quantity becomes smallﬁ

1Such assumption must include some control of pressure, such as ¢ € L 3. Fortunately,
such control is available from energy estimates in most situations.

2The reason for the difficulties with (L)) is that the space-time Ly norm of v is not
sufficiently strong to control the energy flux (unless one can come up with some surprising
new property of the equations). Roughly speaking, the energy flux is controlled by the
L3 norm of v. Since the energy estimate gives the control of the L 10 norm of v, there is
some gain in regularity and it is natural to try to bootstrap it and try control the energy
flux by some L, norm with r < 3. This does work, but the borderline exponent r for this
argument is r = 5/2, still quite far from r = 2 which would be needed for a local regularity
result with R™® [ |v]|? dz. See for example [25].

Q(z0,R)
3The finiteness of (L2) implies }%imo | |vPdz = 0, which gives us a small
T7Q(z20,R)
quantity. The finiteness of (L3) implies (for the solutions of the equation)
11%1310 | |v(z,to)]? de =0. This again gives a small quantity, but in this case it is
B(zo,R

not, eafsy tz) exploit it, since we essentially have to show that some regularity propagates



In this paper we study local regularity results for axi-symmetric solu-
tions of the 3D Navier-Stokes under an assumption that a weakened version
of quantity (L) or, respectively, (L) is finite (but not necessarily small).
These studies can be thought of as a continuation of the work started in [3],
[10], and [4]. The exact assumption which we will use to replace (L), in the
axi-symmetric situation, with the xs-axis as the axis of symmetry, is

ess sup 23 + 23 |vo(x,t)] < +oo (1.9)
(z,t)€Q(20,R)

for some R > 0, where 2 lies on the zs-axis and we denote by o(z,t) the
projection of the velocity vector v(x,t) into the plane passing through = and
the axis of symmetry x3. Similarly, the exact assumption which will replace
(L) in the axi-symmetric situation, with the x3-axis as the axis of symmetry,
is

ess sup  Vitg—t |o(z,t)] < 40 (1.10)
(z,t)€Q(20,R)

for some R > 0, where 2y and v are as above. Our main results are as follows.

Theorem 1.1. Assume that v € L3(Q(20, R)) is an axially symmetric weak
solution to the Navier-Stokes equations in QQ(zo, R) such that there exists an
associated pressure field q € L%(Q(zo, R)). If, in addition, v satisfies (1.10),
then zo 1s a reqular point of v.

Theorem 1.2. Assume that v € L3(Q(z0, R)) is an azially symmetric weak
solution to the Navier-Stokes equations in Q(zo, R) such that there exists
an associated pressure field g € L%(Q(zo, R)). Suppose that v is essentially
bounded in the space-time cylinders of the from B(zq, R)x]to— R? t'[ for each
t' < ty, where the bound may depend on t'. If, in addition, v satisfies (1.9),
then zo 1s a reqular point of v.

These are local versions of the main results in the paper [10]. Similar
(but not identical) results also appeared in [3] and [4].

For completeness, we formulate another theorem, which is a local version
of the corresponding global regularity result in [11] and [30].

Theorem 1.3. Assume that v € L3(Q(20, R)) is an azially symmetric weak
solution to the Navier-Stokes equations in Q(zo, R) such that there exists

backwards in time.



an associated pressure field g € L%(Q(zo, R)). Suppose that v is essentially
bounded in the space-time cylinders of the from B(zq, R)x]to— R* t'[ for each
t' < tg, where the bound may depend on t'. If, in addition, the field v has no
swirl, 1. e. v = v, then zy is a regular point of v.

On a conceptual level our method will be close to the one used in [10], and
will rely on the Liouville-type theorems established in that paper. However,
certain important technical parts will be treated in a different way.

We first recall some terminology related to the Liouville-type results for
the Navier-Stokes proved in [I0]. An ancient solution of the Navier-Stokes
equation is a solution defined in R" x| — 0o, 0[. We are interested in ancient
solutions with bounded velocity, see Definition [2.3] Non-zero solutions of this
form can be generated by a natural re-scaling and limiting procedures at a
potential singularity, see Section 2. The definition of the ancient solutions
still allows for the “parasitic solutions” of the form wu(x,t) = b(t) (for any
bounded b: | — 00,0[— R™), with the corresponding pressure p given by
p(z,t) = =b/(t) -z, see Remark To exclude these solutions (which - under
some natural assumptions - cannot arise from the re-scaling procedures, see
Theorem [2.8)) we introduce the notion of the ancient mild solutions. These
are the ancient solutions which satisfy the natural representation formula

t
u(t) = St —to)u(toy) + / (S(t — s) Pdiv (u(s) @ u(s))ds (1.11)
to

for some sequence of times ty — —oo, where S is the solution operator for
the heat equation and P is the Helmholtz projection onto the div-free fields.
(We remark that the usual integration by parts shows that the integral on
the left-hand side is well defined for u € L..) See [10] for details. The
strongest conjecture regarding the Liouville-type results one can make about
the Navier-Stokes equations is the following:

Conjecture (L): The velocity field of any bounded mild ancient solution of
the Navier-Stokes equations is constant.

The conjecture was proved for n = 2 and also for axi-symmetric solutions
in 3D, provided the additional decay condition

22+ 22 u(z,t)] < C  in R¥X] — o0, 0] (1.12)

is satisfied, see [10].



What would be the implications of the validity of Conjecture (L) for
the regularity theory? Roughly speaking, if Conjecture (L) is valid, then all
the problems discussed above concerning regularity in the presence of a scale-
invariant estimates are solved. Indeed, the re-scaling procedure preserves any
scale-invariant estimate, and typically the estimate will also be preserved in
the limiting process. Therefore as a result of the re-scaling we get, in the
limit, a non-zero bounded mild ancient solution for which a scale invariant
quantity is finite. Conjecture (L) would leave only one candidate for the mild
ancient solution - namely a non-zero constant velocity field. However, this
possibility is typically not compatible with a finite scale-invariant bound.

We can summarize the above as follows:

scale invariant

estimate + Conjecture (L) = regularity .

Singularities for which some scale-invariant quantity is bounded are often
called Type I singularities. (The most common definition of Type I singu-
larities uses quantity (I.7).)

While we do not really know what the likelihood of Conjecture (L) being
true is for the general 3D solutions, we are quite confident that the conjecture
is indeed true for the axi-symmetric solutions. The axi-symmetric case of
Conjecture (L) would imply much stronger results than Theorems [[.T]and
above. However, we have not been able to fully prove Conjecture (L) in the
axi-symmetric case so far.

Our method of proof of Theorems [T and is can be described as
follows. Roughly speaking, we will show that, on the solutions of the equa-
tions, the assumed scale invariant bounds imply that all the other important
scale-invariant quantities are bounded, and these bounds, together with the
known partial regularity theory ([Il, 12} [17]), lead relatively easily to the
bounds required by the Liouville theorems in [10].

The idea that a bound of one scale-invariant quantity should lead (for the
solutions of the equations) to bounds on other scale invariant quantities is of
course not new. However, examples from some other elliptic/parabolic PDEs
show that these issues can be subtle. For example, in the theory of harmonic
mappings or the harmonic map heat flow we do have a scale-invariant a-priori
bound, which corresponds to a bound of quantity (ILH). However, it is known
that singularities can still arise, and therefore the bound corresponding to
(L2) (which is known to imply regularity in that situation) cannot be derived
from (the analogue of) (LH).



We now informally explain the main steps of the proof. One is that the
swirl component of the velocity field, v, = v - e, satisfies a scalar parabolic
equation which enables one to gain some regularity. To explain this, we need
to introduce the following simple notation. Let e;, ey, e3 be an orthogonal
basis of the Cartesian coordinates 1, x2, x3 and e,, e, e3 be an orthogonal
basis of the cylindrical coordinates g, ¢, x3 chosen so that

€p = COS e +8inpey, e, = —sinpe; + cos ey, €3 = e3.
Then, for any vector-valued field v, we have representations
UV = 0;€; = V1€] + U2y + U3€3 = V€, + Uy€y, + V3es.

Next, letting f = ov,,, we have

0tf+17-Vf:Af—2ﬁ. (1.13)
0 do

We would like to prove a L,,-bound on f. Such a bound will give us enough
information about v — v so that, oversimplifying slightly, we can replace v by
v in our assumptions. The L., bound for (I.I3]) does not follow from general
parabolic theory, since the general theory requires more regularity than we
have. However, it is known that if the drift term in equations such as (L.I3))
is div-free, one can prove the L., estimate for f with weaker assumptions
on the coefficients. See for example [6] for the elliptic case and [32] for the
parabolic case.

Another important step in the proof is conceptually the same as deriving
an estimate for the quantities (L4]) and (L6) from the boundedness of (L.
This can be done by bootstrapping the energy inequality. This idea was used
for example in [24]. The technical details are somewhat complicated, but the
main idea can be explain at a heuristic level as follows. To simplify notation,
we will use Q(R) for Q(0, R) = Q((0,0), R), @ for Q(1), B(R) for B(0, R),
and B for B(1).

We first note that (7)) implies a bound on the (scale-invariant) quantity
R-1% V||s1,0r) for I <2 and s > 1. Here, || - ||s1,0(r) is the norm of the
mixed Lebesgue space L (Q(R)) = Li(—R?,0; Ls(B(R))).

Let [u] gy denote the parabolic energy norm in Q(R), i. e.

ﬂuﬂé(}z) = €88 Supte]—R2,0[Hu('7t)H%Q(B(R)) + ||VUH%2(Q(R)) .
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To avoid technicalities, let us pretend that the pressure satisfies |q| ~
|v|?. In reality it is not quite true and in the rigorous proof one has to deal
with this, but the procedure is well understood. Therefore our simplifying
assumption |g| ~ |v|? is reasonable for the heuristics. We will now work with
R =1, but we can scale the calculations to any R > 0, if we divide all the
involved quantities by the powers of R which make them scale-invariant.

The local energy inequality implies

]}, S HUH?ig(Q(z)) + HU||2L3(Q(2))- (1.14)

We can now “bootstrap” this inequality. There are some technical com-
plications coming from the fact that we have )(2) on the right-hand side
of (LI4) but only @ on the left-hand side. Such problems come up of-
ten in local regularity theory of elliptic and parabolic equations, and it is
quite well-understood how to deal with them by suitable iteration proce-
dures. Therefore, cheating slightly, we can pretend that we actually have @)
on the right-hand side of inequality ([L14]):

[uly) S ||U||%3(Q) + ||U||2L3(Q) : (1.15)
To bootstrap, we estimate

10ll o) S [I310 10 (1.16)

for suitable a,, 8 > 0, a + 3 = 1, and use this in inequality (I5). We see
that when a < 2/3, we can estimate [v], in terms of the norm [|v||,,; 5. (The
process also works for a = 2/3 provided |[Jv|,; is sufficiently small.)

It remains to determine the correct exponents «, 3 in (LI6). Denoting
by 2* the Sobolev exponent of the space W2 (i. e. 1/2* = 1/2 — 1/n), we
have by the Holder inequality

[v]ls,3 < [[oll5eellvllz? 2llvll5: (1.17)

s,

where aq, as, ag are non-negative numbers satisfying

oy + o +a3 = 1
ST = 3
By Sobolev imbedding, we have from (L.17)
1vllyi) S 0152 vl5h g » (1.19)
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and we see that (L.I6) holds true with a = v +as, § = a3. Therefore the set
of the parameters s, [ for which the iteration procedure works is given by the
condition that equations (LI8) for aj,as, az have a non-negative solution
with a3 > 1/3. Solving (LI8) for n = 3, we obtain

1,1 2
sti1 73
o = 5,2 _3°
s 1 2
2,1 9
s 1
Q = 5,2 _3°
s 1 2
1
oy = —a——a .
3,2 3
6(£+7—3)

One can check easily that the conditions a; > 0, ay > 0, ag > 1/3 are
equivalent to

(1.20)

» [ [ DN® [
++ +
o~ DN~ e =
NIV IV
DN = win

In the plane with coordinates x = % and y = %, the last set of equations
describes a thin triangle contained in the first quadrant. It is easy to see
that one can choose a suitable [ < 2 and s > 1 for which these conditions are
satisfied.

Above we worked with parabolic balls of radius of order 1. It is clear
that the calculations can be “scaled” to Q(R) and Q(2R) if we divide the
L, ;-norms by suitable powers of R to obtain scale invariant quantities. It is
also clear that of the restrictions in (.20), only the last one is crucial, since
by using Holder inequality one can always move to higher exponents, as long
as the power in the correct scaling factor remains positive.

This finishes our explanation of the heuristics behind the second step
of the proof. We did not mention one more complication. Since our main
assumption involves only v and the information about v — v is obtained from
equation (LI3]), we have to use different one set of parameters [, s for the v
component of v and a different set for v — v. However, this is a technical
issue which does not change the heuristics.

Once we know that the scaled energy-type quantities are bounded, it is
not difficult to derive the bounds which we need in the version of the Liouville
conjecture for axi-symmetric solutions which was proved in [10].



Another aim of the paper is to give an alternative approach to certain
technical issues arising in the study of bounded ancient solutions. In the ap-
proach here, we do not use the exact representation formulae which were used
in [I0]. It turned out to be quite convenient to describe differentiability prop-
erties of bounded ancient solutions in terms of certain “uniform” Lebesgue
and Sobolev spaces, compare with [15]. We hope that both approaches are
of interest, and complement each other.

2 Preliminaries

In this Section, we recall known definitions of (weak) solutions to the Navier-
Stokes.

Definition 2.1. A weak solution to the Navier-Stokes equations in a domain
O C R"x|ty,to] is a divergence free vector-valued fieldv € Lo ,.(O) satisfying

/(v-@tw+v®v:Vw+v-Aw)d:)3dt:0
1%

for any solenoidal vector-valued field w € C§°(O).

An important family of weak solutions is given by v(z,t) = Vh(z,t)
where h : O — R satisfies Ah = 0. (Dependence on t can be arbitrary).
This example shows that further assumptions are needed to obtain some
regularity of solutions in the time direction.

Very often, we shall study local regularity of solutions to the Navier-
Stokes equations in the unit parabolic ball = Bx] — 1,0[, where B =
B(1) = B(0,1). It is not a loss of generality because of the Navier-Stokes
scaling.

In local analysis, the most reasonable object to study is so-called suitable
weak solutions, introduced by Caffarelli-Kohn-Nirenberg in [I]. We are going
to use a slightly simpler definition of F.-H. Lin in [17]

Definition 2.2. The pair v and q s called a suitable weak solutions to the
Navier-Stokes equations in Q) if the following conditions are satisfied:

VE L@ N (Q), g€ Ls(Q);

v andq satisfy the Navier-Stokes equtions in the sense of distributions;

10



for a.a. t €] —1,0[, the local energy inequality

/gp(:c,t)|v(:)3,t)|2d:)s+2/t/g0|Vv|2dzdt'§/t/{|v|2(Ag0+0tg0)—l-

c -1 C -1cC

+v - Vo(|v)? + 2q)}d:)3dt’

holds for all non-negative cut-off functions p € C§°(R3 x R) vanishing in a
netghborhood of the parabolic boundary of Q.

Here, the following functional spaces have been used:
Ls,l(Q) = Ll(_17 Oa LS(B>)7 Ls = Ls,87

Wsl,’lO(Q) = {'U, Vo e LS,I(Q)}, WSLO — Wl,O

5,8

WiH(Q) = {v, Vo, do, Vo € Ly(Q)}, W2 = W2

s,l
The norm of the space L (@) is denoted by || - ||s..0-
For further discussions of Definition 2.2], we refer the reader to papers [12]
and [23].
In what follows, we shall assume v and q satisfy the following standing
conditions:

pair v € L3(Q) and ¢ € L s (Q) satisfies the Navier-Stokes equations

in the sense of distributions; (2.1)
v € Loo(Bx] —1,—a®*])  Va €]0,1]; (2.2)
there is a number 0 < r; < 1 such that v € L(Q1), (2.3)

where Q1 = By x] — 1,0[, By = {r1 < |z| < 1}. To explain why there is no
loss of generality, we first notice that the pair v and ¢, satisfying conditions
2I)-(23), is in fact a suitable weak solution to the Navier-Stokes equations
in Q. It is certainly true in Bx| — 1, —a?[ but condition (2.1)) allows us to
extend this property to the whole cylinder Q.

Consider now an arbitrary suitable weak solution v and ¢ in . Let
S C Bx] —1,0] be a set of singular points of v. It is closed in Q. As it
was shown in [I], P*(S) = 0, where P! is the one-dimensional parabolic
Hausdorff measure. Let us assume that S # (). We can choose number R;

11



and Ry satisfying 0 < R; < Ry < 1 such that SN Q(R;) \ Q(Ry) = 0 and
SN B(Ry)x] — R%,0] # 0. We put

to =inf{t : (z,t) € SN B(Ry)x] — R3,0]}.

Clearly, (zg,ty) € S for some zqg € B(Rs). In a sense, t, is the first sin-
gular time of our suitable weak solution v and ¢ in Q(R;). Next, the one-
dimensional Hausdorff measure of the set

Sty = {x« € B(Ry) : (4,1) is a singular point }

is zero as well. Therefore, given z, € Sy, we can find sufficiently small
0 <7 < \/R%+ty such that B(xg,7) € B(Ry) and dB(xg,7) N Sy, = 0.
Since the velocity field v is Holder continuous at regular points, we can ensure
that all conditions of type (2.I)—(2.3]) hold in the parabolic ball Q(zy, ) with
20 = (g, tg). We may shift and re-scale our solution if o = 0 and r # 1.

In our investigations of regularity of suitable weak solutions, the partic-
ular case of weak solutions, see Definition 2.I], plays a crucial role. Here is
the corresponding definition.

Definition 2.3. ([10/) A bounded divergence free field u € Loo(Q—;R™) is
called a weak bounded ancient solution (or simply bounded ancient solution)
to the Navier-Stokes equations if

/(u-@tw+u®u:Vw+u-Aw)dz:0
Q-

for any w € CO‘SO(Q_).

Here, we have used the following notation:

Q- =R"x]—00,0[, CF(Q.)={veC>Q_), divv=0.

The notion of bounded ancient solutions is not quite satisfactory for our
purposes since it allows “parasitic solutions” u(x,t) = b(t), where b is an
Loo-function. (These correspond to harmonic function h(z,t) = b(t) - x.)

The important subclass of bounded ancient solution was introduced in
[10]. It consists of the so-called mild bounded ancient solutions, i.e., bounded
ancient solution satisfying the representation formula (LII]). In [I0], we also

12



showed that one has a natural decomposition u(z,t) = w(z,t) + b(t), where
w is given by the right hand side of (ILTI]) on a suitable interval |¢;,t.[. (In
particular, w is Holder continuous.)

In this paper, we give another proof of the decomposition of arbitrary
bounded ancient solutions into regular and singular parts, see Section 5. It is
based on recovery of a pressure field associated with a given bounded ancient
solution. To formulate our theorem about the pressure, we need to introduce
certain functional spaces

By L,,(©2) and W (€2), we denote the usual Lebesgue and Sobolev spaces
of functions defined on 2 € R™. We also need parabolic versions of Sobolev’s
spaces:

W, (Qr) = {lv] + [Vv] € Lun(Qr)},
W' (Qr) = {|v] + [Vv] + [00] + [V*] € Lin(Qr)}

where Qr = Qx]0,T[. The norm of the space L,,(€?) is denoted by || - ||;n.q-
We also going to use the following ”uniform” spaces (compare with [15]):

Ln(Q-) ={lfllzne) = sup 1m0y < +o0},
20

Wil (@-) = Il hwseiory = 390 I llwie oy < +o0),

m 20€Q—

Wi (@) = U hwtocry = 502 Mlhwtiqmny < oo

To define the regular part of the pressure, we recall the known fact, see
e.g. [28]. Given F = L, (R";M"*"), there exists a unique function pr €
BMO(R™) such that [pr|pay = 0 ([f]q is the mean value of a function f over
a spatial domain 2 € R") and

App = —divdivF = F;;; in R®
in the sense of distributions. Moreover, function pr meets the estimate
lprll Bro@ny < ¢(n)||F]oorn-

So, given a bounded ancient solution u, we define a regular part of the pres-
Sure Pugu-

13



Theorem 2.4. Let u be an arbitrary bounded ancient solution. For any
number m > 1,
[Vl + |Vl + [ Vpugu| € Ln(Q-).

In addition, for each ty < 0, there exists a function by, € Loo(to — 1,10) with
the following property

Sup ||bt0||Loo(tO—l,t()) S C(n) < _'_OO
to<0

If we let u'(x,t) = u(xz,t) + by (1), (x,t) € Q' = R"x]tg — 1,t0[, then,
for any number m > 1,

sup |lu']] 2.1 < c(m,n) < +oo.
Zo:(mo,to),woeR",tQSO Wi (Q(Z(),l)) ’

Moreover, for each ty <0, functions u and u'® obey the system of equations
O’ + divu ® u — Au = —Vpugu, divu =0
a.e in Q0.

Remark 2.5. The first equation of the latter system can be reduced to the
form
Ou+divu @u — Au= —Vpyg, — b, in Q",

which is understood in the sense of distributions, bj (t) = db,(t)/dt. So, the
real pressure field in Q" is the distribution pug. + by, - T

Remark 2.6. We can find a measurable vector-valued function b defined on
| = 00,0[ and having the following property. For any ty < 0, there ezists a
constant vector ¢y, such that

sup Hb - CtoHLoo(to—l,to) < +o00.
to<0

Moreover, the Navier-Stokes system takes the form
Ou+divu @ u— Au= —V(pugu + V' - x), divu =0

in Q_ in the sense of distributions.

14



Remark 2.7. Bounded ancient solutions with b’ = 0 were introduced in [10)]
and called mild ancient solutions. They were systematically studied in [10]
and in particular it was shown there that mild ancient solutions are infinitely
smooth.

Our interest in bounded ancient solutions comes from their appearance
as natural limits of suitable re-scaling procedures at potential singularities.
In the context of solutions to the Navier-Stokes equations in R™x]ty, t5[, this
was studied in [10].

We shall now show that re-scaling procedure also works for potential
singularities of local suitable weak solutions. The important point will be
that, even in the local (in space) situation, the solutions arising from the
re-scaling procedure at a potential singularity are still mild bounded ancient
solutions. To be more precise, let us consider local solutions of the Navier-
Stokes equations satisfying assumptions (2.I)—(2.3) and introduce functions

G(t) = max |v(x,t)], M(t) = sup G(t).

x€B(r1) —1<7<t

Assume that there are singular points of v which are located somewhere on
the set {(z,0) : |z| < r}. By known regularity criteria (see e.g. [25]), we

have
€

M(t) > —
0> =

for some € > 0 and thus
M(t) — 400

if t — 0—. We can construct a sequence ¢, such that t, €] — 1,0[, tx < tgi1,
tr — 0, and
M(tk) = G(tk) = |U(l’k,tk)| — 400

for some z;, € B(ry).
Next, we scale v and ¢ the following way

uF(y,s) = Mo(z,t),  pFly,s) = Ng(z,b),

where x = 2% + Ay, t = t; + AZs, and A\, = 1/M. The ball B(r) is mapped
by the change of variables onto B(—x* /), r/\;) and if r €]rs, 1] then, given

any R > 0,
k

B(R) C B(— %A%)
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for sufficiently large k. For scaled functions u* and p*, we know

u* and p"* satisfy the Navier-Stokes equations and

k
< e — :
lu®] <1 in B( )\k,)\k) X] ¥ ,O[, (2.4)
[u"(0,0)| = 1. (2.5)

Theorem 2.8. For each a > 0, the sequence {u*} is uniformly Holder con-
tinuous on the closure of Q(a) for sufficiently large k and a subsequence {u*i}
of {u*} converges uniformly on compact subsets of R"x] — 00,0] to a mild
bounded ancient solution u with |u(0,0)] = 1.

Remark 2.9. The main point of the theorem is that the limit u is a mild so-
lution, i.e., the parasitic solutions cannot appear in this re-scaling procedure.

PROOF OF THEOREM [2.8 Our solution v and ¢ has good properties inside
Q. Let us enumerate them. Let Qo = Byx| — 72,0, where 0 < 7 < 1,
By = {r; < ry < |x| < as < 1}. Then, for any natural k,

z = (2,t) — V"0(2) is Hélder continuous in Qy;
q € Ls(—73,0;C*(Qy)).

The corresponding norms are estimated by constants depending on |[|v]|3 g,
gl o» |V]loo,@i» and numbers k, 7y, 72, az, 7. In particular, we have
2 ’

TE B9
T2

0
max / |Vq(x,t)|%dt < < o0. (2.6)

Proof of this statements can be done by induction and founded in [5], [12],
and [1§].
Now, let us decompose the pressure ¢ = ¢ + ¢2. For ¢, we have

Ag(z,t) = —divdiv [XB(I)U(I’,t) ® v(x,t)], reR —1<7<0,

where xp(z) =1if x € B and yg(z) = 0 if x ¢ B. Obviously, the estimate

0

//\ql(x,t)\%d:cdtgc/\v|3dz
Q

-1 R3

16



holds which is a starting point for local regularity of ¢;. Using essentially the
same bootstrap arguments, we can show

0
m@x/ IV (z,8)|2dt < ¢y < o0, (2.7)

rEB3
_7—22

where B = {ry < r3 < |z| < a3z < as}. From (2.6) and (2.7), it follows that

0
max / |Vq2(:v,t)|%dt < 3 < 0. (2.8)
rEB3 )

2

But clearly g, is a harmonic function in B, thus, by the maximum principle,
we have

0
max / |VqQ(:E,t)|%dt < 3 < 00, (2.9)
x€B(ra) ,

72

where r4 = (r3 + a3)/2.
Let us re-scale each part of the pressure separately, i.e.,

pi(y,s) = Nai(w, 1), i=1,2,
so that p* = p¥ 4+ ph. As it follows from (Z.9), for p§, we have

0
sup ) / IV, 05 (y. 5)|Fds < esA). (2.10)

yEB(—a* [ Ni,ra/ M
—(T8—tr)/ A2

The first component of the pressure satisfies the equation
Aypi(y, s) = —div ydiv y (X B(_ar e 100 (W)U (Y, ) @ WPy, 5)),  y € R?,
for all possible values of s. For such a function, we have the standard estimate
1DV (-, 9)ll Brio@s) < ¢ (2.11)

for all s €] — (1 — ;) /A3, 0[.
We slightly change p* and p§ setting

Py, s) =Py, s) — [PilBay(s)  Ph(y,s) =5y, s) — [P5]may(s)
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so that [p}]p)(s) = 0 and [B] s (s) = 0.
Now, we pick up an arbitrary positive number a and fix it. Then from
([2I0) and (ZI1) it follows that for sufficiently large k& we have

/|}_9]f|gde+ / |}_9]§|%de§c4(02,03,a).
Q(a) Q(a)

Using the same bootstrap arguments, we can show that the following estimate
is valid:
[6* | ca@tayz) < s(cas c3,ca,0)
for some positive number o < 1/3. Indeed, the norm [[u"||caga/q)) is es-
timated with the help of norms |[u*(|1_(0w)) and |[P*]1, (), where p* =
2
P~ + ps. Hence, using the diagonal Cantor procedure, we can select subse-
quences such that for some positive a and for any positive a
Wb —u i O%(Q(a)),
ﬁ]f - ph in L% (Q(CL))v [ﬁl]B(l)(S) = 07

B—p i LsQ@)  Bolsn(s) =0.
Moreover, u is a bounded ancient solution with the total pressure p = D, +ps,
where 2_91 = Pueu-
Next, for sufficiently large k, we get from (ZI0) that

: 5
sup /|Vp’§(y,s)|§ds§03)\,§.
'la)

yEB(a

Hence, Vp, = 0 in Q(a) for any a > 0. So, ps(y, s) is identically zero. This
allows us to conclude that the pair u and p,g, is a solution to the Navier-
Stokes equations in the sense of distributions and thus u is a nontrivial mild
bounded ancient solution satisfying the condition |u(0,0)| = 1. Theorem 2.8
is proved.

3 Axially Symmetric Suitable Weak
Solutions

Without loss of generality, the problem of local regularity of weak solutions
(not necessary being axially symmetric) to the Navier-Stokes equations can
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be formulated as follows. Let us consider a pair of functions v € L3(Q)
and g € L%(Q), defined in the unit space-time cylinder @ = Cx] — 1,0],
where C = {x = (2/, 23), 2’ = (21, 22), |2'| < 1, |x3| < 1} is the unit spatial
cylinder of R3, which satisfies the Navier-Stokes system in @Q in the sense
of distributions. The question we are interested in is under what additional
conditions on v and ¢, the space-time origin z = (z,t) = 0 is a regular point
of v. By the definition, the velocity v is regular at the point z = 0 if there
exists a positive number 7 such that v is essentially bounded in the space-time
cylinder Q(r). Here, Q(r) = C(r)x] — r?,0[ and C(r) = {|2/| < r, |z3| < r}.
In contrast to traditional setting, we replace the usual balls with cylinders,
which is quite convenient in the case of axial symmetry. As usual, we set

U = Uy, + Use3 U= Ugy,

for v = w,e, + vyoe, + v3€3.
We reformulate our main results for these canonical domains. The general
case is obtained by re-scaling.

Theorem 3.1. Assume that functions v € L3(Q) and q € L%(Q) are an
axially symmetric weak solution to the Navier-Stokes equations in (). Let, in
addition, for some positive constant C,

oz, t)] < (3.1)

Rk

for almost all points z = (z,t) € Q. Then z =0 is a regular point of v.

Theorem 3.2. Assume that functions v € L3(Q) and q € L%(Q) are an
axially symmetric weak solution to the Navier-Stokes equations in Q). Let, in
addition,

v € Loo(Cx] — 1, —a?|) (3.2)
for each 0 < a <1 and
C
v(x,t)| < — 3.3
ol )] < 7 (33)

for almost all points z = (z,t) € Q with some positive constant C'. Then
z =0 1is a reqular point of v.

It is well-known due to Caffarelli-Kohn-Nirenberg that if z = (z,t) is
singular (i.e., not regular) point of v, then there must be 2/ = 0. In other
words, all singular points must belong to the axis of symmetry which is axis
xIs3.
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Lemma 3.3. Assume that functions v € L3(Q) and q € L%(Q) are an
axially symmetric weak solution to the Navier-Stokes equations in (). Let, in
addition, condition (3.3) hold. Then following estimate is valid:

3
ess sup |QU¢(Z)|§C(M)< / |Qv¢|%dz>1o’ (3.4)
z€Q(1/2)
Q3/4)
where ,
M:< / \v|1_30dz)10+1.
Q3/4)

For the reader convenience, we put the proof of Lemma in Appendix
I1, see also [2] and [3]. Here, we would like to notice the following.

Remark 3.4. Under the assumptions of Lemmal3.3, the pair v and q forms
a suitable weak solution to the Navier-Stokes equations in (). Hence, the right
hand side of (3.4) is bounded from above.

We recall that the Navier-Stokes equations are invariant with respect to
the following scaling:

u(z,t) = Az, \*t), p(z,t) = Nq(Ax, \*t)

So, new functions v and p satisfy the Navier-Stokes equations in a suitable
domain.
With some additional notation

C(wog,R) ={z e R® || v = (2, 13), 2’ = (x1,22),
|z" — x| < R, |xs — xo3| < R}, C(R) =C(0,R), C=C(1);
z = (z,t), 20 = (g, to), Q(z0, R) = C(z0, R) x|ty — R?, 1o,
Q(R) =Q(0,R),  Q=Q(1),

we introduce certain scale-invariant functionals:

1
A(zg,m;v) =ess  sup  — / lv(x,t)2dw,
to—’r‘2<t<t0r

C(zo,r)

1 1
E(zp,7m;v) = . / \Vvﬁdz, D(zo,7;q) = s / |q\gdz,
Q(20,7) Q(zo0,7)
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1 1
C(z,150) = 2 / |U|3d2> H(z,150) = -3 / |U|2d2>
Q(zo0,7) Q(zo0,7)

to

1 s
.7\437l(z0,7’;v)zr—,i / < / |v\sdx> dt,

to—r2  C(zo,r)
where k = l(%+%—1) and s > 1,1 > 1. As it was shown in [25], the following
inequality holds

C(z20,7; f) < eAP (20,75 [)(My (20,75 ) (B (20,73 )+

+ H(zo,75 )" (3.5)
where L /3 3 3 2 3
p=nGri-2) m=A(Sr-5)
provided
3 2 3 1 11 1
S . T >maxi- - )
s+l 2 {2 s’ s 6} (3.6)

Actually, inequality (B.3]) is but the result of application of Holder’s inequality
and special Galiardo-Nireberg’s inequality.

The essential technical part of the proof of Theorem [3.1] is the following
lemma.

Lemma 3.5. Under assumptions of Theorem [31], we have the estimate
A(zp,r;0) + E(zp,1m;0) + C(2p,750) + D(2p,7;q) < Cp < +00 (3.7)

for all z, and for all v satisfying conditions

1 1
a=(bes,0), bER, <7 0<r<o. (3.8)

A constant Cy depends only on the constant C' in (31), ||v| 1y, and
lallzy @-
PrROOF By Lemma and by Remark 3.4, we have two inequalities:
A(0,3/4;v) + E(0,3/4;v) < Cy < 400, (3.9)

|2 ||vy(z,t)| < Cy  for aa.z = (z,t) € Q(1/2). (3.10)
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Constant Cy depends on the same arguments as constant C.
It follows from (B3], that, for s; = I and I; = 10, inequality (3.10) takes

the form 53 1
77 M1 = %7 Msl,ll (25771;6) < 00210’
Oz, 750) < A (2,750)(C10)

provided conditions (3.8]) hold.
To treat ¥ which is the other part of the velocity v, we chose numbers

myp =

hy

7 5

58 (E(zp,m;0) + A(zp, 75 0))5 (3.11)

sy =4 and [, = 1—72 Then, for the same reasons as above, we find
10 3 1
Mo = 77 Mo = ﬁv MSQ,lQ(zb7r;v) S 00727

127
7

C(2,7;0) < AT (2,750)(C7 )0 (B2, 750) + Az, 750))6 (3.12)

for all z, and r satisfying conditions (B.§).

Adding (3I1) and (312), we show
C(va r; U) < C(C(th T E) + C(zba T f&)) <

< C<A5_18(Zb, T; U)CE%(E(ZIJ, r;v) 4+ Az, r;0)) 5%+ (3.13)

for the same z; and r as above.
Applying Young’s inequality in ([B.13)), we arrive at the important estimate

Jeo

+ At (2, 7; U)C’g (E(zp,m;0) + A(zp, 75 0))1

=]

Clzp,m;v) < e(E(2zp,130) + A(zp,730)) + fi(g, C, Cy), (3.14)

provided conditions (B.8]) hold. In (3I4)), the positive number ¢ is a param-
eter to pick up later. The rest of the proof is routine. In addition to (3.14),
we consider the local energy inequality

E(zp,7/2;0)+A(2p,7/2;0) < c(C’% (zb,r;v)+0(zb,7’;v)+D(zb,7";q)) (3.15)

and the decay estimate for the pressure field

D(z, 0;q) < C[QD(zb,r;q) + (g)QC(zb,r;v)} (3.16)

r
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Here, 2, and r satisfy conditions (3.8]) and 0 < o < r. If we let
5(r) = E(Zb> T U) + A(Zb> T U) + D(Zb> r Q)>

then, for a fixed small positive number 9, one can derive from (B.I5) and
(B.10) the following estimate

E(r) < C(C%(Zb, 20r;v) + C(z, 201 0) + D(2p, 207; q)+

1
02

C(Zb, r U) + ij_écg (Zb> T, U):| :

+9D (2,75 q) + C(Zb,r;v)) <

1
02

Now, the last two terms on the right hand side of the latter inequality can
be majorized with the help of (B:I4). As a result, we have

< C[ﬁD(zb,T;q) +

£(9r) < c(ﬂ + %)5@) + fole, 9,0, Ch).

We first chose 9 so that ¢ < i, pick up € to provide the inequality & < i,
and then we find

Er) < %5(7") + f3(C, Cy).

The latter inequality can be easily iterated. After simple calculations, we
derive the relation

E(zp,7;30) + A(2p,750) + D(25, 75 q) < C<A(0, 1/2;v) + E(0,1/2;v)+

+D(0,1/2;q) + f5(C, 02)>

with z, and r satisfying conditions (3.8]). Lemma is proved.
To prove Theorem B.2] we need an analogue of Lemma B3l Here, it is.

Lemma 3.6. Under assumptions of Theorem[3.3, estimate (3.7) is valid as
well with constant Cy depending only on the constant C in (3.3), ||v| L),

and gl @)
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Lemma is proved in the same way as Lemma and even easier
because main inequality (B3.I4]) can be established with the help of the case
s = sy, [ =1y only.

As it follows from conditions of Theorem [3.2] and the statement of Lemma
B3] the module of the velocity field grows not faster than C'/|z'| as |2/| — 0.
Moreover, the corresponding estimate is uniform in time. However, it turns
out to be true under conditions of Theorem B.1] as well. More precisely, we
have the following.

Proposition 3.7. Assume that all conditions of Theorem [31] hold. Then

iz, )] < EL (3.17)

/]

for all z = (z,t) € Q(1/8). A constant Cy depends only on the constant C
n (ZD), [vlza@: and llgllz,@-

PROOF In view of (8.5]), we can argue essentially as in [26].
Let us fix a pomt zo € C(1/8) and put ro = |xg|, bp = xe3. So, we have
ro < & and |b| < . Further, we introduce the following cylinders:

Pro={ro <|a'| < 2ro, |zs| <ro}, P: ={ro/4<|2'| <3ro, |z3] < 20}
P (bo) = P +boes, P2 (by) = P2 + boes,
ro(00) = P (bo) x| =15, 0[, Q7 (bo) = Pr, (bo) x] — (2r0)*, 0.
Now, let us scale our functions so that
r=roy +boes, t=ris, u(y,s)=rov(zt), ply,s)=riqz,t).

As it was shown in [26], there exists a continuous nondecreasing function
dR, — R,, Ry ={s> 0}, such that

sup Ju(u,s)| + [Vu(y, o) < &( sup / lu(y, 5)|%dy

(,5)€Q1(0) 22<s<07>2(0
/ |Vul*dy ds + / lu|*dy ds + / \p|2dyds (3.18)
Q3(0) Q3(0) Q%(0)
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After making inverse scaling in ([B.18), we find

sup rofu(e,1)] + 18| Vu(e, )] < @ (cA(z,370;0) + Bz, 370:0)+
ZEQ}.O(bQ)

+cC(2py, 370; v) + D (24, 370; q)) < (I><4cCl>.

It remains to apply Lemma and complete the proof of the proposition.
Proposition 3.7 is proved.

4 Proof of Theorems [3.1 and

Using Lemmata B.3], 3.5, B.6, Remark 3.4l Proposition B.7 and scaling argu-
ments, we may assume (without loss of generality) that our solution v and ¢
have the following properties:

sup (A(O,r; v) + E(0,7;0) + C(0,r;v) + D(0, r; q)) =A; <400, (4.1)

0<r<1

ess sup |2||v(z,t)] = Ay < +o0. (4.2)
z=(z,t)eQ
We may also assume that the function v is Holder continuous in the comple-
tion of the set Cx| — 1, —a?| for any 0 < a < 1.
Introducing functions

H(t) =suplo(z,t)], h(t)= sup H(t),
zeC —1<7<t
let us suppose that our statement is wrong, l.e., z = 0 is a singular point.
Then there are sequences x; € C and —1 < t; < 0, having the following
properties:

h(tk) = H(tk) =M, = |U(xk, tk>| — +00 as k — +oo.

We scale our functions v and ¢ so that scaled functions possess axial symme-

try: 1
uk(ya 8) = )\M)()\ky” T3k + AeYs, te + )\23), A = M’

pk(y, s) = Aiq(kky’, T3k + Ay, b + )\is).
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These functions satisfy the Navier-Stokes equations in Q(Mj). Moreover,
W (Y5, 0,0) =1,y = My (4.3)

According to (£2),
il < A

for all £ € N. Thus, without loss of generality, we may assume that
v, — Y. as k — +oo. (4.4)
Now, let us see what happens as k — +o0o. By the identity

sup  |uF(e)| =1 (4.5)
e=(y,s)€C(My)

and by (4.1]), we can select subsequences (still denote as the entire sequence)
such that

ub Sy in Lo (Q(a)), (4.6)
and

pP'—=p in Li(Qa)) (4.7)
for any a > 0. Functions u and p are defined on Q_ = R3x]| — 00,0][.

Obviously, they possess the following properties:

ess sup |u(e)] <1, (4.8)

eeq —
sup <A(O, r;u) + E(0,7;u) + C(0,7;u) + D(0, r;p)) < Ay, (4.9)
0<r<+oo

ess  sup |Y||lu(y, s)| < As. (4.10)
e=(y,5)€Q~

Now, our aim is to show that u and p satisfy the Navier-Stokes equations
()_ and u is smooth enough to obey the identity

|u(y.,0,0)] = 1. (4.11)

To this end, we fix an arbitrary positive number a > 0 and consider numbers
k so big that a < M}, /4. We know that u* satisfies the nonhomogeneous heat
equation of the form

o — Aub = —div F* in Q(4a),
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where F* = u* @ u* + p*I and
175]|s gay < €1(a) < o0
This is implies the following fact, see [13],
V63 sy < ea(a) < oo.

Now, we can interpret the pair «* and p* as a solution to the nonhomogeneous
Stokes system

ot — AuP +Vpt = fF divi* =0  in Q(3a), (4.12)
where f* = —u* . Vu* is the right hand side having the property
174115 ey < €2(a).

Then, according to the local regularity theory for the Stokes system, see [23],
we can state that

||atuk’|%,Q(2a) + ||V2Uk“g,Q(2a) + ||ka||%,Q(2a) < cs(a).
The latter, together with the embedding theorem, implies

IVu" 5.2 @ezay + 19" 5.2, 020) < €a(a).

727
In turn, this improves integrability of the right hand side in (4.12)
10 5 000 < c1(a).
Therefore, by the local regularity theory,

100" 13,2

LR

Q@2a) T ||v2 k||3,2,Q(2a + ||Vk ||3,2,Q(2 < cs(a).
Applying the imbedding theorem once more, we find

VU 6,2, 020) + 1" 1l6.2.020) < c5(@)-
2

727
The local regularity theory leads then to the estimate
HﬁtukHa 3.Q(a) + HV2 k||6 3.Q(a) + HVP Hﬁ,g,Q < cr(a).
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By the embedding theorem sequence u* is uniformly bounded in the parabo-

lic Holder space O3 2(Q(a/2)). Hence, without loss of generality, one may
assume that

ub — in C’( (a/2)).

This means that the pair u and p obeys the Navier-Stokes system and (£.11)
holds. So, the function u is the so-called bounded ancient solution to the
Navier-Stokes system which is, in addition, axially symmetric and satisfies
the decay estimate (410). As it was shown in [10], such a solution must be
identically zero. But this contradicts ([AI1]). Theorems ([B.]) and (B.2)) are
proved.

5 Appendix I: Proof of Theorem 2.4

In what follows, we need a few known regularity results.

Lemma 5.1. Assume that functions f € L, (B(2)) and q € L,,,(B(2)) satisfy
the equation

Ag = —div f in  B(2).

/|Vq|mdx<cmn /|f|md:13—|— / lg — [q |mdx)

B(2) B(2)

Then

Lemma 5.2. Assume that functions f € L, (Q(2)) and u € WL9(Q(2))
satisfy the equation

Ou—Au=f in Q2).
Then v € W2Y(Q(1)) and the following estimate is valid:

10cullm.aa) + 1V*ullmeq) < c(m, n) |[1flmae + llullyzoqu)
Proof of Lemmata 5.1l and 5.2 can be found, for example, in [14] and [13].
PROOF OF THEOREM [2.4t STEP 1.ENERGY ESTIMATE. Take an arbi-
trary number ¢y < 0 and fix it. Let k.(z) be a standard smoothing kernel
and let

Fe(z) = / ke(z — 2VF(2)d7, F=u®u,



W (z) = / k(2 — 2 )u(2)d?.

Q-

Assume that w € 530(@*_0), where Q" = R"x] — oo,to[. Obviously,

w® € 53°(Q_) for sufficiently small €. Using known properties of smoothing
kernel and Definition 2.3 we find

/w (O +div F* — Au®)dz = 0, Yw € 530(@_0)
Q-
There exists a smooth function p. with the following property
Ot + div F© — Au® = —Vp,, divu® =0 (5.1)
in Q. Splitting pressure p, into two parts
P = pre + Pe. (5.2)

and observing that the function Vpp- is bounded in Q™, one can conclude

that, by (5.1]) and (5.2)),
Ap.=0 in QF  Vp.€ Lo(QR").
According to Liouville’s theorem for harmonic functions,
Vpe(z,t) = a-(t), reR" —oo <t <t
So, we have
o + div F© — Au® = —Vpp: — a., divu® =0 (5.3)

in Q™.

Now, let us introduce new auxiliary functions

t

beto (1) = /aE(T)dT, to— 1<t <ty

to—1

Ve(,t) = u (2, 1) + beyy (1), 2= (z,t) € Q™.
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Using them, one may reduce system (5.3]) to the form
Owe — Av, = —div F° — Vppe, dive, =0 (5.4)

in Q.
Let ¢, () = p(x — x¢) for a fixed cut-off function ¢ satisfying the con-
ditions
0<p<l, =1 in B(1), suppy C B(2).
To derive the energy identity, let us multiply (5.4) by ¢? , U= and integrate
the product by parts. As a result, we have

t
I(t) :/90§o(iv)|vg(x,t)|2dx+2 / /¢§0|w€|2dg;dtf:

R to—1 R™

/%co( )|ve(z, to — 1)Pdx + / /Aw?c0|va|2dzdt'—|—

to—1 R™

/ / Pre — st B(zo,2 )v6 Vg02 dzdt' +

to—1 R»

// F¥)Ba2) ¢ V(2 v:)dzdt'.

to—1 R™

Introducing

a.(t) = sup / v, ()P
zoER™
B(zo,1)

and taking into account that v.(-,tg—1) = u®(-,tp—1) and |u®(-,tp—1)| < 1,
we can estimate the right hand side of the energy identity in the following

way
t

I(t) < c¢(n) + c(n) / a.(th)dt'+

to—1

/ / lpre — [pre]s x02|dxdt> (/ E(t/)dt,>é+

to—1 B(z0,2)
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t
/ / B(x02| dxdt <//¢§O\Vv€|2dxdt/+ (5.5)

to—1 B(x0,2) to—1R™
t

1
+/a€(t’)dt’>2, ty—1<t<t.
to—1

Next, since |F¢| < ¢(n), we find two estimates

/ / B(z0.2) |2dzdt < ¢(n)

to—1 B(z0,2)

and

0
|| e rlneyaPdedt < cto)lpr I enmroney
to—1 B((EQ,Q)
< em)[FI2_ o < )
The latter estimates, together with (5.3]), imply the inequalities

t

ag(t)gc(n)<1—|—/ag(t’)dt’>, to—1<t<t

to—1
and
to
sup / / V. [2dwdt < cf )(1—|—/a5( )dt)
mockt to—1 B(zo,1) to—1
Applying known arguments, we can conclude
sup  a(t) + sup / / \Vue|?dzdt < c(n). (5.6)
to—1<t<tg rg€ER™?

to— 1B.’Eol

It should be emphasized that the right hand size in (£.6) is independent of
to. In particular, estimate (5.6) allows to show

sup  beg, () < ¢(n).

to—1<t<tg
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Now, let us see what happens if € — 0. Selecting a subsequence if neces-
sary and taking the limit as ¢ — 0, we state that:

*

_\bto in Loo(tO — 1,t07Rn),

ba‘t()

the estimate

1ol o110y + D / / Vultdadt < c(n) < 400 (5.7)

rg€ER™?
to—1 B(zo,1

is valid for all ¢y < 0; the system
o' +divu ® u — Au = —Vpugu, divu =0

holds in Q™ in the sense of distributions.
The case ty = 0 can be treated by passing to the limit as ¢g — 0.
STEP 2, BOOTSTRAP ARGUMENTS By (5.7)),

f=divF =u-Vue Lo(Q_;R").
Then Lemma [5.0], together with shifts, shows that
Vpugu € L2(Q—;R™).

Next, obviously, the function u® satisfies the system of equations

du'® — Au® = —u - Vu — Vpugy € L2(Q—;R"),
which allows us to apply Lemma and conclude that

u € W (Q(z0, 72); R™), 1/2<m<n=1
Moreover, the estimate

[ ng’l(Q(zo,m)) < ¢(n, 72)

holds for any zo = (g, t9), where g € R™ and ty < 0. Applying the parabolic
embedding theorem, see [13], we can state that

Vu = Vu € W#S(Q(ZO, 7); R™),
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where
1 1 1 5
— = - my, = 2.
my my n+2 !

By Lemma [5.1] by shifts, and by scaling,

|Vpu®u("t)|m2d3j < C(anQaTé)[ / |vu(>t)|m2d$+ 1

B(z0,7) B(o,7})
for 1/2 < 74 < 7. In turn, Lemma provides two statements:
u' € W2H(Q(z0,73); R, 1/2 <1<
and
14 w23 @an,mayy < (10573, 73)-
Then, again, by the embedding theorem, we find
Vu' = Vu € Wo(Q(z0, 73); R")

with
1 1 1

ms  me n+2

Now, let us take an arbitrary large number m > 2 and fix it. Find « as
an unique solution to the equation

1 1 a

m 2 n+2

Next, for ky = [a]+1, where [o] is the entire part of the number «, determine
the number my, 4, satistfying the identity

1 1k
Miggr1 2 n+2

Obviously, my,+1 > m. Setting

11
Tk—i-l:Tk_ZQ_ka lelv k:172777

and repeating our previous arguments kq times, we conclude that:

u' e Whl  (Q(20, Tros1); R™)

Mky+1
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and
t
||U 0 ||W’3£;0+1 (Q(20,7kg+1)) < C(n7 m)
Since 7, > 1/2 for any natural numbers k, we complete the proof of Theorem
2.4l Theorem [2.4]is proved.
We can exclude the pressure field completely by considering the equations

for vorticity w = V A u. In dimensions three, differentiability properties of w
are described by the following theorem.

Lemma 5.3. Let u be an arbitrary bounded ancient solution. For anym > 1,

we have
w=VAuecW2(Q_;R?

and
Ow+u-Vw—Aw=w-Vu a.e. in Q_.

Remark 5.4. We could continue investigations of reqularity for solutions
to the vorticity equations further and it would be a good exercise. Howewver,
reqularity results stated in Theorem[5.3 are sufficient for our purposes.

Remark 5.5. Functions w and Vw are Holder continuous in Q_ and their
norms in Hélder spaces are uniformly bounded there, see [13].

ProoFr orF LEMMA [5.3] Let us consider the case n = 3. The case n = 2
is in fact easier. So, we have

ow—Aw=w-Vu—u-Vw=f.
Take an arbitrary number m > 2 and fix it. By Theorem 2.4,
1 < c()(IVPul + [Vul®) € Lin(Q(20,2))

and the norm of f in L,,(Q(z0,2)) is dominated by a constant depending only
on m. It remains to apply Lemma [5.2] and complete the proof of Lemma [5.3]
Lemma is proved.

6 Appendix II: Proof of Lemma

According to the local regularity theory of the Navier-Stokes equations, see,
for instance, [23], one can easily show that the pair v and ¢ has the following
differentiability properties:

(NS Wgz’l(C(a)x] —a?, —b%)), q€ ng’O(C(a)x] —a?, —b%)) (6.1)
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and
v is Holder continuous in the completion of C(a)x] —a? —b*[  (6.2)

forany 0 <b<a< 1.

Now, we fix a number m > 2, multiply the equation for the velocity
component v, by rulu|™ %, where u = rv,, and integrate the product by
parts. In view of (6.1]) and (6.2]), we find the following identity for w = |u|™

/¢ (z,t)|w(z, t,)|Pdr + —=2 2(m //w|vth)|2dxdt

¢2

— ]/ |w(x,t)|2(atw2 +0 - VY + Agyp® +

-1 C

)d dt.  (6.3)

It is valid for all —1 < ¢, < 0 and for all cut-off functions vanishing in a
neighborhood of the boundary of the space-time cylinder Cx| — 1, 1[. Here,
Agp? = 9%, +9%3. So, ([6.3) means that the energy norm of Yw is finite, i.e.,

|ww|2¢X 14, = €SS sup /|¢th|dm+//|v Yw)|*dxdt

te]—1,t«[
-1 C

3w + |V )d:cdt (6.4)

<c//\th (&gw +7- VY + Agp? + —F
-1 C
for any —1 < t, < 0.
No, let us specify our cut-off function ¢ setting ¥ (z,t) = ®(x)x(¢) and
assuming that new smooth functions 0 < ® < 1 and 0 < y < 1 meet the
following properties:

supp® € C(ry), ®=1 in C(r),

c c c
Vo| < , V| < ——— x| < —.
| |_7’1—7’ | |_(7’1—T>2 |tX|_(7’1—7")2
Here, arbitrary fixed number r and r; satisfy the condition
1 3
g <r<mn<g. (6.5)
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If we let Q = C(r1)x] — 72, t,[, then

C
[Ywl; 5 < W/IwIdeJrcl,

Q

where

By Holder’s inequality,

'= rl1—r<~/|@|1_§dz>130([lwgdz)g([wwﬁ)%
Q o 5

(6.6)

The left hand side of (6.5)) can be evaluated from below with the help of the

well-known multiplicative inequality

g
/|¢w| dz < clpwl, 5

(6.7)

Now, taking into account restriction (6.5]), it is not so difficult to derive from

([60) and (€7) the following estimate

3
</\1pw\%odz v <cM /\w|2dz
Q

Setting
4

k 1 1
m:mk:<—) o orm=r® = —— =D

3 2 2k+1’

b=, Qp=Cr™)x]— (r*2 ¢, k € N.

one can reduce (6.8) to the form

e Vr® e\
([ s a2) ™ < et ([ a:)™
Qk Qk

k) —
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(6.9)



The only difference with respect to the usual Moser’s technique is that one
should take the limit as t, — 0 step-by-step. For example, for k£ = 1, the
integral

|u|1?0dz
Q(3/4)
is finite and therefore we can pass to the limit as ¢, — 0 in (6.8). Then
we may pass to the limit as ¢, — 0 in (€.8) for £ = 2 and so on. Tending

k — +00, we complete the proof of Lemma [3.3]in more or less standard way.
Lemma is proved.
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