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ABSTRACT. The orbital stability of the peaked solitary-wave solutions for a gen-
eralization of the modified Camassa-Holm equation with both cubic and quadratic
nonlinearities is investigated. The equation is a model of asymptotic shallow-water
wave approximations to the incompressible Euler equations. It is also formally
integrable in the sense of the existence of a Lax formulation and bi-Hamiltonian
structure. It is demonstrated that, when the Camassa-Holm energy counteracts
the effect of the modified Camassa-Holm energy, the peakon and periodic peakon
solutions are orbitally stable under small perturbations in the energy space.
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1. INTRODUCTION

The well-studied Camassa-Holm (CH) equation
my + 2uzm + umg, = 0, m=1u— Uy, (1.1)

was originally proposed as a nonlinear model for the unidirectional propagation of the shallow
water waves over a flat bottom [1, 9, 18, 22]. The CH equation can also be derived by applying
the method of tri-Hamiltonian duality to the bi-Hamiltonian representation of the Korteweg-
de Vries (KdV) equation, thus justifying its status as a dual integrable bi-Hamiltonian system
[17, 29]. Tri-Hamiltonian duality is based on the observation that most compatible pairs
of Hamiltonian operators are, in fact, linear combinations of three mutually compatible
Hamiltonian operators, and reconfiguring the operators in question will yield interesting
new bi-Hamiltonian systems.

Applying tri-Hamiltonian duality to the modified Korteweg—deVries (mKdV) equation,
leads to the modified Camassa-Holm (mCH) equation with cubic nonlinearity

my + ((u® — ui)m)m =0, M= U — Ugy. (1.2)

As a consequence of duality, the mCH equation (1.2) is formally integrable in the sense that
it admits a bi-Hamiltonian structure [29] and was later shown to admit a Lax formulation
[30]. Moreover, the mCH equation (1.2) exhibits new features, including wave breaking and
blowup criteria [19] that do not appear in the original CH equation (1.1) [3, 5, 6, 7, 24].
On the other hand, since the mCH equation (1.2) also arises from an intrinsic (arc-length
preserving) invariant planar curve flow in Euclidean geometry [19], it can be regarded as
a Euclidean-invariant version of the CH equation (1.1), just as the mKdV equation is a
Euclidean-invariant counterpart to the KdV equation from the viewpoint of curve flows in
Klein geometries [2, 20]. It is worth mentioning that besides the application of the mCH
equation in the modeling of nonlinear water waves pointed out by Fokas [15], the present
1
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authors [19] showed that the scaling limit equation of (1.2), when combined with the first-
order term vyu,, satisfies the short-pulse equation

1
Vgt = 3 (UB)M + v, (1.3)

which is a model for the propagation of ultra-short light pulses in silica optical fibers [34].
More generally, applying tri-Hamiltonian duality to the bi-Hamiltonian Gardner equation

Up + Ugpe + k1uluy + kouug = 0, (1.4)

the resulting dual system is the following generalized modified Camassa-Holm (gmCH) equa-
tion with both cubic and quadratic nonlinearities [16, 17]:

my + ki ((u® — ui)m)z + ka2 (2uym + umy) = 0, M= 1U— Uy (1.5)

This equation, posed on the real line x € R and also on the circle z € S* = R/Z, i.e. subject
to periodic boundary conditions, is the object of study in the present paper. It models
the unidirectional propagation of the shallow-water waves over a flat bottom, where the
function u represents the free surface elevation, and was derived from the two-dimensional
hydrodynamical equations for surface waves by Fokas [16]. Note that equation (1.5) reduces
to the CH equation (1.1) when k1 = 0, k2 = 1, and to the mCH equation (1.2) when k; = 1,

ko = 0, respectively.
The derivation of the gmCH (1.5) via the method of tri-Hamiltonian duality reveals its
status as an integrable system. Indeed, it can be written in the bi-Hamiltonian form [28, 31]
my — g 2L _ e O

5 = K G (1.6)

where
J:—klawm(?;lmam—%kg(maw—i—awm) and Kz—% (81—(9%)

are compatible Hamiltonian operators, while the corresponding Hamiltonian functionals are
given by

Hi[u] = /X (u® +u2) da, and Hylu] = ki1 [u] 4 2kaIa[ul, (1.7)

where
Liu] = / (u* + 2uPu? — %ui) dx, Ir[u] = / (v +wu?) dz. (1.8)
X X

Throughout, X = R in the real line case, while X = S' in the periodic case. Furthermore,
a Lax pair for (1.5) was established in [31].

The gmCH equation (1.5) belongs to a novel class of physically important integrable
equations. Indeed, consider the motion of a 2-dimensional, inviscid, incompressible and ir-
rotational fluid (e.g. water) on a horizontal flat bottom located at y = —hg, with hg a positive
constant, and air above the free surface, whose displacement from equilibrium is represented
by n(t,z). The system of such a motion is characterized by two parameters, « = a/hy and
B = h%/I?, where a and [ are typical values of the amplitude and of the wavelength of the
waves. For unidirectional wave propagation, applying the physically meaningful asymptotic
analysis in the shallow water regime, that is, neglecting the terms of O(a*, a3, 3?%), it is
shown that the free surface (¢, z) satisfies [16]

e+ 1 + Qe + Beze 0102070 + @B (P21swa + patlate:)
+ pa@® 0 e + 2B (P57 Neax + PeManza + pr11s) =0,
where p1, ..., p7, are constants. Employing the following Kodama transformation

N =u+ Aau® + X fugs + A3au® + of (/\4uum + /\5ui) ,

(1.9)
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where A1,..., A5 are certain combinations of the p;, Fokas [16] pointed out that the asymp-
totic model (1.9) is equivalent to the integrable gmCH equation (1.5). The appearance of
an integrable equation in a class of equivalent models can reveal a great amount of infor-
mation about the underlying physical system. In addition, it was argued by Fokas [15] that
equation (1.5) describes the physics more accurately than its celebrated counterpart, the
Gardner equation (1.4).

Furthermore, the gmCH equation (1.5) admits the following scaling-limit version

1
Ut — k102000 + ko (vvm + 51}5) =0, (1.10)

which is also integrable and models the asymptotic dynamics of a short capillary-gravity
wave with v(¢,z) denoting the fluid velocity on the surface [14]. Notably, the integrable
model that, in a sense, lies midway between (1.5) and its limiting version (1.10), known as
the generalized p-CH equation, was introduced in [33]:

my + ky ((2p(u)u — ui)m)x + ka(2ugm + umy) =0, m = p(u) — Uy, (1.11)

where u(t, z) is a real-valued spatially periodic function, with

p(u) = /S1 u(t, z)dx (1.12)

denoting its total integral.

Dual integrable nonlinear systems, such as the CH equation (1.1), the mCH equation
(1.2) and the gmCH equation (1.5), exhibit nonlinear dispersion, and, in most cases, admit
a remarkable variety of non-smooth soliton-like solutions, including peakons, compactons,
tipons, rampouns, mesaons, and so on [25]. For the CH equation (1.1), its single peakon has
the exponential form

welt, ) = ae 1zl (1.13)
with amplitude equal to the wave speed:
a=c, ceR.
On the other hand, the periodic peakons are given by
Ye(t,x) =acosh (5 — (z—ct)+ [z —ct]), (1.14)

where the notation [z] denotes the largest integer part of the real number z € R; the

amplitude is given by
c
a=—-7, ceR.
cosh 5

The mCH equation (1.2) admits the single peakon of the same exponential form (1.13), but
with only positive wave speeds and corresponding amplitude [19]

a= %, c> 0.

Similarly, its periodic peakon is given by (1.14), again with positive wave speed and ampli-

tude [32]
3c
pr— —_— P} > 0'
“ \/ 1+ 2cosh2% ¢

Both equations (1.1) and (1.2) also admit multi-peakon solutions of the form

N
u(t,z) = 3 palt) e om0,
=1
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although the dynamical behavior of the coefficients p;(t), ¢;(¢) is rather different in each
instance. Indeed, for the CH equation they satisfy the dynamical system [1, 12, 21|

pZ:ZprJSIgn (qi_Qj)ei‘qiiqﬂa q.’izzpjeilqiiqj‘v izlv"'aNa
J#i J
whereas for the mCH equation [19] they satisfy
N
pi =0, q'i:%p?'f‘2zpjpi€_‘qrqﬂ+4 Z prpje” %9l i=1,...,N.
j=1 1<k<i,i<j<N

Thus, interestingly, unlike the CH equation, the multi-peakon amplitudes for the mCH
equation are independent of time [19].

Recently, it was found [31] that, for k; # 0, the gmCH equation (1.5) admits a single
peakon of the form (1.13) with the following amplitude and restriction on the wave speed:

3 —ko £ (/K2 + §k1c
_ 2 V=2 3 k2 + Shye > 0. (1.15)

“T key :

In this paper, we shall prove that equation (1.5) also possesses periodic peakons of the form
(1.14) with

3 —kocosh 3 + \/kg cosh?1 + %klc (14 2cosh?1)
2 k1 (1+ 2cosh?3) ’ (1.16)
k2 coshQ% + %klc (1 + 2cosh2%) >0.

a

It is worth noting that the periodic peakons of the p-integrable equation are of a manifestly
different character. For example, in [33], the authors showed that the periodic peakons of
the generalized u-CH equation (1.11) take the following form

u(t,z) = xc(z — ct) = ax(z — ct), (1.17)
where 03
x(x) = 2% + 130 ¥€ [-3,1],

extended periodically to the real line and

—13ky + 1/169%2 + 1200k,
a =
50k,

with 169k3 + 1200ck; > 0.

Physically, the principal feature of the preceding peakons that their profile is smooth,
except at the crest where it is continuous but the lateral tangents differ, is similar to that of
the well known Stokes waves of greatest height — the traveling waves of maximum possible
amplitude that are solutions to the governing equations for irrotational water waves [4, 8,
35]. In our case, choosing different signs of the parameters k1 and ko enables us to better
understand how the peakons and anti-peakons interact in propagation of waves, recovering
their shape and speed after a nonlinear interaction. However, if they are to be validated as
physically relevant solutions, they must be dynamically stable under small perturbations.
Since a small change in the height of a peakon yields another one traveling at a different
speed, the appropriate notion of stability here is that of orbital stability: a wave with an
initial profile close to a peakon remains close to some translate of it for all later times. That
is, the shape of the wave remains approximately the same for all times.

In an innovative paper [11], using the known conservation laws of the CH equation and
underlying features of the peakons, Constantin and Strauss proved that the single peakon
solutions of the CH equation (1.1) are orbitally stable. Their key argument is to establish
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an inequality relating the conserved densities with the maximal values of the perturbed
solutions. The Constantin—Strauss approach was recently extended to study the orbital
stability of single peakons for the Degasperis—Procesi (DP) equation [26], and the mCH
equation [32]. A variational approach for establishing the orbital stability of the CH peakons
was introduced by Constantin and Molinet [10]. The orbital stability of trains of peakons
of the CH equation and the mCH equation was explored in [13] and in [27], respectively.
Stability of the periodic peakons of the CH equation was established by Lenells [23]. Very
recently, Lenells” approach was further extended to prove the orbital stability of the periodic
peakons for the mCH equation [32]. In [33], we were able to find an analytical method
that could deal with the interaction between the different copmponents in the energy and
obtained the orbital stability of periodic peakons (1.17) of the generalized p-CH equation
(1.11). However, for reasons explained in detail below, this analysis does not extend to the
gmCH equation, which requires a new approach.

The goal of this paper is to establish the orbital stability of single peakons and periodic
peakons of the gmCH equation (1.5). We will establish the following respective stability
results.

Theorem 1.1. Assume that ki > 0, ko > 0 and ¢ > —%k%/kl, orky >0, ko <0 and
c > %k%/kl Under either of these conditions, the peakon solutions of the gmCH equation
(1.5) are orbitally stable in the energy space H*(R).

Theorem 1.2. Assume that either

3k§cosh2%
k1 >0, ke>0, and c>

_ , 1.18
= 4k (1 + 2COSh2%) ( )

or

3k3
k1 >0, ko<0, and c> j(2cosh2%—2cosh%+l). (1.19)
1
Then the periodic peakon solutions of the gmCH equation (1.5) are orbitally stable in the
energy space H*(SY).

For the gmCH equation (1.5), the three conservation laws Hj[u], Ho[u] in (1.7), along
with

Holu] = /X wds, (1.20)

will play a major role in our analysis. From the conservation law H;[u], it is reasonable to
expect the orbital stability of (periodic) peakons for (1.5) in the sense of the energy space
H' norm. The approach used here is motivated by the recent works [11, 23, 32]. The
key issue is to establish a suitable inequality relating the maximum (and minimum) of the
perturbed solution with the conserved densities, and this will rely on the introduction of a
suitably constructed auxiliary function. Moreover, the corresponding equality is required to
hold at the (periodic) peakons; this condition is crucial since stable (periodic) peakons must
be critical points of the energy functional with the momentum constraint, and satisfy the
corresponding Euler-Lagrangian equations. Since the gmCH equation (1.5) consists of two
parts — the cubic mCH terms and the quadratic CH terms — this suggests choosing the

required auxiliary function in the form
h(t, ) = k1 (W(t, @) F 2u(t, 2)ug(t, 2) — 3ul(t, @) + 2kou(t, z)

for the non-periodic case X = R, and
hit,z) = k1 (uQ(t,x) + 2uy(t,2) a2 (h o) — L2 — Lu2(t,z) — L?) + 2ksult, z)

with L = minu(t, x), for the periodic case X = S, respectively.
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As for the signs of k; and ko, we shall consider two possibilities: (i) k1 > 0 and ks > 0;
(ii) k1 > 0 and k2 < 0. In the first case, h(t,x) can be estimated by the maximum (and
minimum) of u(¢, z) using the approach in [23, 32], and the stability results follow similarly.
The second case is more delicate to deal with due to the interaction between two components
(1.8) of the energy Hs that have opposite signs. For peakons on the line, motivated by the
idea in [33], the key observation is that the mCH part I [u] of Hz[u] can be dominated by the
CH part Iz[u] of Halu], as in (1.8), in a subtle way. More precisely, the following inequality
is derived:

L[u] < 3M Ly[ul, where M = maxu(t,x).

While a slight different relationship was established in [33] in the periodic case for the cor-
responding periodic peakons, the detailed proofs are, however, rather different and neither
can be deduced from the other. It is noted that the stability results in [33] rely on the con-
struction of a concave function associated to the maximum and minimum of the perturbed
solution with certain properties of periodic peakons. Our argument in the present paper,
however, requires only estimating the maximum of the perturbed solutions.

In particular, in the periodic case, the generalized u-CH equation (1.11) admits the inte-
gral f§1 u2 dz as a conservation law, which is crucial in the argument to establish the orbital
stability of the periodic peakons (1.17) of (1.11). But this approach does not work for the
gmCH equation (1.5), due to a lack of such a conserved quantity, and thus a new approach is
be required. A key observation to our case is how to estimate a uniform lower bound for the
minimum of the perturbed solution u(t,«). It is worth mentioning that the required lower
bound depends only on the appropriate conserved densities. As a result of these insights,
the orbital stability of periodic peakons in case (ii) can be established.

The outline of the paper is as follows. Section 2 is a short review on the well-posedness
of the gmCH equation (1.5). In addition, the existence of periodic peakons is demonstrated
rigorously in Theorem 2.1, whose proof is relegated to the Appendix. The orbital stability
of the peakon solutions in the Sobolev space H!(R) is established in Section 3. In Section
4, it is shown that the periodic peakons are dynamically stable under small perturbations
in the energy space H'(Sh).

Notation. Throughout the paper, the norm of a Banach space Z is denoted by || - ||z,
while C([0,7T), Z) denotes the class of continuous functions from the interval [0,7T) to Z.
In the periodic case, we denote S! = R/Z as the unit circle and regard functions on S! as
periodic on the entire line with period one. Given T > 0, let C2°([0,T) x X) denote the
space of all smooth functions with compact support on [0,7) x X, which can also be viewed
as the space of smooth functions on R x X having compact support contained in [0,7") x X.
For 1 < p < oo, LP(X) denotes the space of equivalence classes of Lebesgue measurable,
pt" —power integrable, real-valued functions defined on X . The usual modification is in effect
for p = co. The norm on LP(X) is written as || - ||1»(x). For s > 0, the L?*—based Sobolev
space H* is the subspace of those L? functions whose derivatives up to order s all lie in L?.
The associated norm is denoted as || - || = (x)-

2. PRELIMINARIES

In this paper, we are concerned with the Cauchy problem for the gmCH equation on both
the line and the unit circle:

{ me + k1 (12 = u2)m) 4 ke(2uem +umy) =0, m(t, ) = ult,z) — ug,(t,z), 1)

uw(0,z) = up(z), t>0, z€X=R or S.

We first formalize the notion of a strong solution.
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Definition 2.1. Ifu € C([0,T), H*(X))NC*([0,T), H*~1(X)), with s > 5 and some T > 0,
satisfies (2.1), then u is called a strong solution on [0,T). If u is a strong solution on [0,T)
for every T > 0, then it is called a global strong solution.

The following local well-posedness result and properties for strong solutions on both the
line and the unit circle can be established using the same approach as in [19]. The proofs
are thus omitted.

Proposition 2.1. Let ug € H*(X) with s > 3. Then there exists a time T > 0 such
that the initial value problem (2.1) has a unique strong solution w € C([0,T), H*(X)) N
CH([0,T), H*~1(X)). Moreover, the map ug + u is continuous from a neighborhood of ug

in H*(X) into C([0,T), H*(X)) N CY([0,T), H*~1(X)).
Proposition 2.2. The Hamiltonian functionals (1.7), (1.20) are all conserved for the strong
solution u(t,x) obtained in Proposition 2.1, that is

Do) = L) = L =0, forall te[0,T)
dtou_dt 1U—dt2’lL—, or a y .
Furthermore, if the initial data mo(x) = (1—02)ug(x) does not change sign, then m(t, x) will
not change sign for any t € [0,T). It follows that if mo(x) > 0 (< 0), then the corresponding
solution u(t, x) remains positive (negative) for (t,x) € [0,T) x X.

Note that the inverse operator (1 — 92?)~! can be obtained by convolution with the cor-
responding Green’s function, so that
u=(1-0)" m=0Gxm, (2.2)
where
G(z) =14 e~ lel for the non-periodic case X =R, (2.3)

while
cosh (3 — z + [z])

2sinh §
and the convolution product is defined by

fgla) = /X ) glz - y) dy.

Applying the operator (1 — 92)~! to equation (2.1), we obtain the following nonlocal
nonlinear equation

ug + ky (u2 _ %ui) Uy + kl(l — 8%)7131 (%u3 4 uui) + %kl(l o (92)71 (Ui)
Rty + ka1 = 9270, (u? + Su2) =0,

The formulation (2.5) allows us to define the notion of a weak solution as follows.

G(z) = for the periodic case X = S!, (2.4)

(2.5)

Definition 2.2. Given initial data ug € W'3(X), a function u € Li2.([0,T), W2 (X))

loc
is said to be a weak solution to the initial value problem (2.1) if it satisfies the following

identity:
T
/ / {006+ Lh10*0,0 + Lhiudo + thau0ud + k1 [G + (30 + uwul)] 020
0o Jx (2.6)
_ %kl [G * u:ﬂ o+ ko [G * (u2 + %ui)]@xqﬁ} dzxdt + /X uo(2)(0, z) de = 0,

for any smooth test function ¢(t,x) € C°([0,T) x X). If u is a weak solution on [0,T) for
every T' > 0, then it is called a global weak solution.

The following theorem deals with the existence of periodic peakons for the gmCH equation
(1.5) over a range of wave speeds. The proof’s details can be found in the appendix.



8 XIAOCHUAN LIU, YUE LIU, PETER J. OLVER, AND CHANGZHENG QU

Theorem 2.1. For wave speeds ¢ satisfying the inequality in (1.16), the gmCH equation
(1.5) with k1 # 0 possesses periodic peaked traveling-wave solutions of the form (1.14).
These periodic peakons are global weak solutions to (2.1) in the sense of Definition 2.2.

Remark 2.1. Since the gmCH equation (1.5) is invariant under the transformation
u — —u, ko — —ka,

it suffices to consider the peakon (1.13) and periodic peakon (1.14) with the + sign in their
amplitude formulas (1.15), (1.16), an assumption that, we emphasize, will hold for the re-
mainder of the paper.

3. STABILITY OF PEAKONS ON THE LINE

The purpose of this section is to establish the orbital stability for the single peakon
solution (1.13), (1.15) to the gmCH equation. Here, we will only consider two cases: (i)
k1 > 0, ko > 0 and (ii) k&1 > 0, k2 < 0. On the one hand, it is easy to check that for
cases (i) with ¢ > 0 and (ii), the amplitude a > 0. That is, there are only peakons, and no
anti-peakons. On the other hand, for case (i) with —%k%/kl < ¢ < 0, the amplitude a < 0,
which implies ¢, is an anti-peakon traveling from right to left.

Clearly,
max{lpe(@)]} = e(0)] = lal. (3.1)
In addition, a direct computation leads to
Hilpe] = el fpn = 2a® >0, (3.2)

and, using (1.7), (1.8),
HQ[(/)C] = kljl [gﬁc] + 2k2]2[(pc] = %aB(kla =+ 2k2) (33)

Moreover, it is worth mentioning that in case (ii), Ha[¢.] > 0 is equivalent to the condition
that the wave speed ¢ satisfies
202
c> —. 3.4
3k1 ( )
We are now in a position to precisely formulate Theorem 1.1. For brevity, we will con-

centrate our attention on case (ii).

Theorem 3.1. Let k1 > 0 and ke < 0. Let @, be the peaked soliton defined in (1.13), (1.15),
with wave speed satisfying (3.4). Assume that ug € H*(R), s > 2, satisfies 0 % mo(z) =
(1 —02)ug(z) > 0. Then there exists 6y > 0, depending on ki, ko, ¢, and |Jug| g=(r), such
that if
HUO—(chHl(R) < 0, 0 <9< dp,
then the corresponding positive solution u(t, z) of the Cauchy problem for the gmCH equation
(2.1) with initial data u(0,2) = ug(x) satisfies
sup u(t, ) = @e(- — &)l wy < A8,
t€[0,T)
where T > 0 is the mazimal existence time, £(t) € R is the point at which the solution u(t,-)
achieves its mazimum, and the constant A > 0 depends on ki, ko, the wave speed ¢, and the
norm ||uo || s (r) -

Remark 3.1. As a consequence of the convolution formula (2.2), the assumptions on the
wnitial profile mo imply that ug is strictly positive, and therefore, according to Proposition
2.2, the resulting solution u(t,x) is also positive.

The proof of this theorem is based on a series of lemmas. The first two are elementary,
and their proofs can be found in [11, 32].
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Lemma 3.1. For any u € H'(R) and £ € R, we have
Hifu] — Hilpd = llu— pol- — Ol gy + da(u(€) — a). (3.5)
Lemma 3.2. Let u € H*(R), s > 3. Assume |[u — @c|| g1 (r) < 0 with 0 < § < 1. Then
|Hi[u] — Hi[p]| < B6  and  |Ha[u] — Hap.]| < B, (3.6)
where B > 0 is a constant depending on ki, kz, ¢ and the norm ||ul| gs(w)-

Let us apply Lemmas 3.1 and 3.2 to the positive function u(z) and the peakon ¢, with
positive amplitude a. Since (3.5) holds for any £ € R, one can choose £ such that

u(¢) = max{u(z)} = M, (3.7)

and thus
[ = ¢e(- = i @) = (Hi[u] — Hi[pe]) — 4a(M — a).

Since the functional Hi[u] represents the kinetic energy of the wave profile u € H(R),
Lemma 3.1 tells that if the energy Hi[u] and height M of a wave u € H*(R) are close to
the peakon’s energy and height, then the entire shape of u is close to that of the peakon.
Furthermore, the peakon has maximal height among all waves of fixed energy. The same
remarks also apply to the CH equation [11] and the mCH equation [32]. On the other hand,
in view of Lemma 3.1 and 3.2, the key task for proving the orbital stability of peakon is
to control the error term which represents the difference of the maximum of the perturbed
solution and the maximum of the peakon. The following Lemma is crucial to establish the
estimate of such a difference.

Lemma 3.3. Suppose that k1 > 0, ko < 0 and ¢ satisfies (3.4). For 0 < u(z) € H*(R),

5 > g, let M = maxgzer{u(x)}. Then there exists a o > 0 depending on k1, k2, ¢, and

lu|l e (ry, such that if ||u — @c|| g wy <0 for 0 <6 < do, then
0 < Holu] < (3k1M? + 2ko M) Hi[u] — 3k M* — $ko MP. (3.8)

Proof. First, we define the real-valued function

o(a) = { u(@) —us(a), @ <E,

u(x)—l-:z(x), x> ¢,
where ¢ satisfies (3.7). It then follows from the proof of Lemma 2 in [11] that
/R g*(x) dov = Hy[u] — 2u*(&) = Hy[u] — 2M?>. (3.9)
Inspired by the approach in [32], we define the function

ui(z)) + 2kau(z), = <E,
ui(z)) + 2kou(z), x>¢&
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A direct computation then shows that

/R h(z) ¢ (z) dz

= / [kzl ( uum — %ui) + 2k2u] . (u2 — 2uuy, + ui) dx
+/ kl u + uum — %ui) + 2/€2u] . (u2 + 2uu, + ui) dx
1S

13
:/ [kzl (u + 2u? u — —u ) + 2ko (u + uu ) %kluguz — 4k2u2um] dx

+ [kl (u + 2u? u — —u )+2/€2 (u + uu ) %k1u3u$+4k2u2um] dx
1S
:kl/(u4+2uu — = )d:v—l—ng/(u —l—uu)dw
R R

13 00 13 0o
- %kl / wuy dr + %kl / wuy dr — 8k / u?uy dx + 8k / w?uy, de.
—o0 3 —o0 13

Thus, by (1.7), (1.8),

/ h(z) g*(x) do = (k111 [u] + 2kaIo[u]) — $hi M* — SkoM® = Holu] — ki M* — Sko M.
R

(3.10)
By our assumption, k; > 0 and k2 < 0, hence
hz) =k [uQ(x) T %u(x)uz(a:) — %u (x )] + 2kou(x)
< 2k (@) + 2kou(z) = (3kiu(z) + 2k2) u(x).
Noting that u(x) > 0, we argue that if M = maxzer{u(x)} satisfies
3k1 M + 2k; > 0, (3.11)

then, for = € R,
h(z) < u(x) (3kiu(x) + 2ks) < M (k1M + 2ky) = 2k M? + 2ky M, (3.12)

which is the crucial observation for the stability analysis of peakons. Indeed, in this case,
plugging (3.9) and (3.12) into (3.10) produces

Hylu] — %k1M4 — %k2M3 = / h(z)g*(z) dz < (%k1M2 + 2ko M) / g*(x) da
R R

= (3k1M? + 2ko M) Hy[u] — Sky M* — dko M3,

Therefore, (3.8) follows and the proof of the lemma will be complete.
To justify that (3.11) holds for u sufficiently close to ¢, we first note that, since u(z) > 0,
by the Cauchy—Schwarz inequality,

Il[u]:/(u + 2uPu} — tuy) dz < /
R R
Coupled with the fact that I[u] > 0, we deduce that

On the other hand, in view of Lemma 3.2, 1f ||u—goc||H1(R) is small, then Hos[u] is near Ha[p,].
We now conclude that if Ha[p.] > 0, i.e. ¢ > %k%/kl, there exists a g > 0 depending on k1,
k2, ¢ and |Ju|| g+ (r) such that, for any 0 < u(z) € H*(R), s > 3, with |Ju — ¢c| g1 ) < 6 for
0 < 6 < do, we have Ha[u] > 0 and thus the condition (3.11) is verified. O

(u! +vu})de < % M/u +uul)dz = 2 M L[ul.
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Lemma 3.4. Suppose that k1 > 0, k2 <0, and ¢ satisfies (3.4). Given 0 < u(z) € H*(R)
with s > %, let M = maxger{u(x)}. Then there exists a g > 0 depending on k1, ka, ¢, and
1wl s (ry, such that if ||u — @c|lgi gy <0, 0 <8 < do, then

M —a| < A§Y/2,
where A is a constant depending on ki, ko, ¢ and ||ul| g (w)-

Proof. Due to (3.8) and formula (1.7) for Ha[u] = k111 [u] + 2ka15[u], we have

ki (M* — Hy[u] M? + 31 [u]) + ko (M® — 3H[u]M + 315[u]) <O0. (3.13)
Define the quartic polynomial
P(z) = ky (2 — Hi[u] 2° + 30 [u]) + ko (2° — 3H1[u] 2 + 2 15[u]) . (3.14)

Noticing that
Hilpl =2d*,  DLife]=42ad",  DLlp] = 3d°,
one can define another quartic polynomial

Po(z) =k1 (2" = Hilpd) 2° + §L[pe]) + k2 (2° = $Hilpd 2 + S 2[pc])
=[k12> + (2k1a + k2)z + a(kia + 2k2)] (2 — a)*.
A direct calculation using (3.14) and (3.15) shows that
Py(M) = P(M) + ki M?(Hy [u] — Hi[p.]) + 3ko M (Hy[u] — Hi[pe]) — 3(Ha[u] — Halp))
which together with (3.4), (3.11), (3.13), and (3.15) implies
a(kia + 2ks)(M — a)® < (ki M? + 3ko M) (H1[u] — Hilpe]) — 3 (Ha[u] — Ha[p.])

(3.15)

2 3 (316)
< ki M?|H1[u] — Hilgc]| + 2|Ha[u] — Ha[e.]|-
On the other hand, since
Hl[u]—2M2:/g2(x)dx20, we have 0< M?<iHu] <A, (3.17)
R

where A depends on ki, ko, ¢ and |[u| g=(r). Hence, in view of (3.16), (3.17), and Lemma
3.2, we conclude that

|IM —al| < A\/A |Hilu] — Hipc]| + |Hzlu] — Ha[p.]| < Ao/,
This completes the proof of Lemma 3.4. |

Proof of Theorem 3.1. Given initial data ug(z) € H*(R) satisfying the hypotheses, let
u € C([0,T), H*(R)) N C([0,T), H*~*(R)) be the corresponding positive solution of the
Cauchy problem (2.1) on the line, with maximal existence time 7" > 0. Since H; and Hs
are both conserved, that means

H1 [’U,(t, )] = H1 [UO] and Hg[u(t, )] = HQ[U()], te [0, T) (318)

Since the assumptions of Lemma 3.4 are satisfied for u(t,-), ¢ € [0,T), with a positive
constant A depending on ki, ko, ¢ and |Jug|| g+ (w), we have

ut,€(t)) —al < A§Y2, te[0,T),
where u(t,£(t)) = M(t) = maxger{u(t,x)}. Due to (3.18) and Lemma 3.1,
lu(t, ) = pe(- = E@D N @) = Hiluo] — Hi[oe] - da(u(t,&(t)) —a), ¢ €[0,T).
Combining the above estimates, we conclude that
[ty ) = ¢el- = €@l gy < VIHi[uo] — Hilp | + 4alu(t,£(t) — a < ASY*, t€[0,T),
which thus completes the proof of Theorem 3.1. O
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Remark 3.2. In the proof, it follows from the estimate (3.16) that the peakons are energy
minimizers with a fized invariant Ho, which reveals their stability. In fact, if Ha[u] = Ha[pe),
we deduce from (3.16) that Hy[u] > Hilp.]. The same remark applies to the CH, DP,
and mCH equations and demonstrates that their peakons are also energy minimizers with
corresponding fized invariants [11, 26, 27, 32].

Next, for case (i) with positive wave speed ¢, we have the corresponding stability result.

Theorem 3.2. Assume that k1 > 0 and ko > 0. Let . be the peaked soliton defined in
(1.13), (1.15), traveling with speed ¢ > 0. Then . is orbitally stable in the following sense.
Given initial data ug € H*(R), s > 2, with 0 # mo(z) = (1 — 02)ug(z) > 0, there exists
do > 0, depending on ki, ka, ¢, and ||ugl|gs(r), such that if

luo — wellmr(r) < 6, 0 < d < do,
then the corresponding solution u(t,x) of the Cauchy problem for the gmCH equation (2.1)

satisfies

sup Hu(tv ) - 900(' - g(t))HHl(R) < A51/47
te[0,T)

where T' > 0 is the mazimal existence time, {(t) € R is the mazimum point of the function
u(t,-), and the constant A > 0 depends on ky, ko, the wave speed c, and the norm |[uo|| g+ (r)-

We first claim that, since k; > 0 and ko > 0, for the positive solution u(¢, z), the following
key inequality holds:

h(z) = k1 (u(2)® F 2u(@)us(z) — 2ul(2))+2kou(z) < 2kiu®(2)+2kou(w) < ki M>+2ko M.

With this in hand, the remainder of the proof is similar to that in our previous paper [32],
and we omit it here for the sake of brevity.

Finally, invariance of the gmCH equation under the transformation « — —u immediately
implies the corresponding stability result for anti-peakons.

Theorem 3.3. Let k; > 0 and ko > 0. Let . be the peaked soliton defined in (1.13), (1.15),
traveling with speed —%k%/kl < ¢ < 0. Then @, is orbitally stable in the following sense.

Given initial data ug € H*(R), s > 2, satisfying 0 # mo(z) = (1 — 02)ug(z) < 0, there

exists 69 > 0, depending on ky, ko, ¢, and |[uo| g+, such that if
luo — @ell 1wy <6, 0 < § < do,

then the corresponding solution u(t,x) of the Cauchy problem for the gmCH equation (2.1)
satisfies

sup [lu(t,) = @e(- = £()) || () < A4,
te[0,T)

where T > 0 is the maximal existence time, {(t) € R is the minimum point of the solution
u(t,-), and the constant A > 0 depends on ki, kz, the wave speed c, and the norm ||uol| g+ () -

4. STABILITY OF PERIODIC PEAKONS

In this section, we study the orbital stability of the periodic peakons (1.14), (1.16) of the
gmCH equation (2.1). We will identify functions on S! = R/Z as periodic functions on the
whole line of period one. Hence, we write the periodic peakon in the form

Ye(t,x) = ap(x — ct), (4.1)

where, in view of Remark 2.1, a is defined by (1.16) with the + sign, while v (z) represents
the 1-periodic function such that

¥(x) = cosh (3 — z) for 0<z<l. (4.2)
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As before, we will consider two cases: (i) k1 > 0, k2 > 0, and (ii) k1 > 0, k2 < 0. Note that
the case (i) contains periodic peakons with both positive amplitude and negative amplitude,
whereas in case (ii), they have only positive amplitude.

According to (4.2), ¥(x) is continuous on S' with peak at z = 0, and hence, for the peri-
odic peakon with positive amplitude a, its maximum and minimum values are, respectively,

My, = gle%)lc{wc(x)} = a(0) = acosh 3, Ly, = ﬁlgﬁ{wc(x)} =av(3)=a  (43)
On the other hand, ¢ (z) is smooth on (0,1), and satisfies
¢/(z) = —sinh (3 —2), ¢ (z) = ¢(x) — 2sinh § 6(z), (4.4)

where ¢ denotes the Dirac distribution. Thus, by direct evaluation, the values of the con-
servation laws for the periodic peakon (4.1) are given by

Hy[v.] = a/ cosh (% - :1:) do = 2asinh%,

y (4.5)

Hi[] = a2/ (1/)2 + ‘/’i) dr = a2/ (V* — Ypat)) dz = 2a2sinh% cosh %
Sl

Sl
Furthermore,

1
2
LY = a* / (v + 2022 — Lol) do = o / ) (cosh®z + 2 cosh *z sinh *z — L sinh *z) da
st _2
2
1
2
= a4/ \ (1 cosh (4z) + 2 cosh (2z)) dx = §a4 sinh 1 (2cosh®} + cosh 3),
2

L] = a /Sl (v + 1/11/)§) dr = a3/ (cosh (3z) — 2 cosha sinh 21:) dz

ol NI

=243 (%sinh?’% + sinh %) ,
and hence
Hy[e] = ki1 [Ye] + 2kaIa[1)]

4.6
= %k1a4 sinh% (2cosh3% + cosh%) + 4koa’ (% sinhg% + sinh%) . (46)

The following result is a reformulated version of the second case (1.19) of Theorem 1.2.

Theorem 4.1. Assume that ki > 0 and ko < 0. Let 1. be the periodic peaked soliton
defined in (4.1) with the traveling wave speed ¢ satisfying the inequality in (1.19). Then 1),
is orbitally stable in the following sense. Suppose that ug € H*(S'), s > %, with 0 £ mgy =
(1 — 2)ug(x) > 0. Let T > 0 be the mazimal existence time of the corresponding periodic
solution u(t,r) € C([0,T), H*(S')) with initial data ug. Then, for every € > 0, there is a
6 > 0 such that if
luo — Vel sty < 6,
then
Hu(t, ) - I/Jc( - f(t))”Hl(gl) < € for te [O,T),

where £(t) s any point where the function u(t,-) attains its mazimum.
Remark 4.1. Due to the convolution formula (2.2) with the Green’s function (2.4), the

assumption on mg implies that uy s strictly positive, and hence, by Proposition 2.2, the
corresponding solution u(t,x) is also strictly positive.

The proof of Theorem 4.1 will be carried out through a series of lemmas. We first consider
the expansion of the conservation law H; around the peakon 1. in the H'(S')-norm.
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Lemma 4.1. For any u € H'(S') and £ € R, we have
Hifu] = Hitpe] = [Ju— ¢e(- = )| 71 g1y + 4asinh (3) (u(é) — My,). (4.7)

Proof. Using the second formulas in (4.4) and (4.5), we calculate

=l = Oy = [ () = vl = ) o+ [ (ualo) ~ Dutelo — )" da

— th{u] + 0] = 20 [ ule+ 9@ dr+ 20 [ uwt Qo) do
st st
= Hilu] + Hi[t).] — 4asinh (%) u(€)
= Hi[u] — Hi[th] — 4asinh (3) (u(¢) —acosh i)
= Hi[u] — Hi[the] — 4asinh (5) (u(§) — My,),
which establishes (4.7). O

Next, we state, without proof, a periodic version of Lemma 3.2, establishing the continuity
of the three conservation laws (1.7), (1.20), in the H!-norm.

Lemma 4.2. Let u € H*(S'), s > 3. Assume ||u — || g1 s1) < 6 with 0 <6 < 1. Then
|Hi[u] — Hi[¢ ]| < Co,  i=0,1,2,
where C' > 0 is a constant depending on ky, ka, ¢ >0 and |u|| g+ sy

To proceed, it is observed from (4.4) that the periodic peakon 1. satisfies the following

differential equation
/ 1
- wg_Livcu O<.’I]§§,

Opthe(x) = (4.8)
,/ng—prc, %§x<1.
Let 0 < u(z) € H*(S') C C*(S'), s > 2, and write
M = M, = max{u(@)} =u(€), L =L, =min{u(z)} = uln)
xSt zeSt

for some &, n € S'. We now define the real function

(2) = Uy +Vu2 — L2, E<x <, (4.9)

g = Uy — Vu? — L2, n<z<E+1, .

which is extended periodically to the entire line. A direct computation [23] yields
M++M? - L2
/ g*(x) dx =2 L*log <%> —2M\/M? — L2 — [? + Hi[u (4.10)
St

In addition, motivated by [32], we define the another auxiliary real function

ky (u? + 2upvu? — L2 — a2 — L?) + 2kou, E<a <,
h(z) = { ( 3 ? .2 ) (4.11)

k1 (u2—§um\/u — L2 - — L?) + 2kou, n<r<&+1
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and extend it periodically to the entire line. Then

[ parg@ o
Sl
n
= /5 (k1 (u2 + %ux\/ u2 — L2 — %ui - Lz) + 2k2u) (um +Vu?2 — L2)2 dx
E+1 5
—|—/ (k1 (u? — %umx/ w2 — L2 — %ui — L2) + 2/€2u) (um —Vu? — L2) dx
n
= Ji + Jo.

A straightforward computation leads to
n
Ji = / k1 (u2 + %uz\/lﬂ — L2 — %ui - LQ) (ui + 2ugVu2 — L2 +u? — Lz) dx
13
n
+ / 2k2u(ui + 2upv/u2 — L2 +u? — L2) dx
13
n n n
:kl/ (u + 2u?u? ——u ) dx—leQ/ (u +u )dx—k1L2/ g*(z) dx
1S 13 1S
n n
+ %kl wug/u2 — L2dx — %leQ Uz u? — L2 dx
1S 1S
n n n
+ 2k2/ (u + uun ) dx —|—4k2/ wuug\Vu? — L2 dx — 2k2L2/ udx.
13 13 3

Using the identities

wugu? — L2 =
uug\ u? — L2 =

Wl ] =

d 1
o (u(u2 — L2)3/2) + ZLzuz\/ u? — L2,
x
d ., o 243

(w2 = [2)3/2

d.’L‘ (u ) Y

we find

n
Ji :kl/ (u + 2uu? ——u ) dx—k1L2/ (u +u )d:v—leQ/ g*(z) dx
13 3 13

n n
— 2k M(M? — L?)3/% + 2k2/ (u® +wu2) do — Eko(M? — L?)*/? — 2k2L2/ wdz.
3 3

In a similar manner, we have

§+1
ngkl/ (u* +2uu — 3 )d:v—leQ/
n n

E+1 &+1
— 2l M(M?* — L*)3/% 2k2/ (u? +wu?) do — Eko(M? — L?)3/% — 2k2L2/ wdz.
n n

§+1 §+1
(u® +u?) dr — ki L? / g*(x) dx
U

3

Recalling the definitions (1.7) of Hj[u], Ha[ul,
/ h(x)g?(x) dz =k Iy [u] — ki L? Hy [u] — k1L2/ g*(x) dx — 3k M(M? — L*)3/?
St St

+ 2koIo[u] — 8k M2—L23/2—2kL2/ udx
2halu] = 5k ) s (4.12)

=— k1L2/ g (z) dz — 3ky M(M? — L?)3/% — S8k (M? — L?)*/?
Sl

+ Holu] — k1 L Hy [u] — 2ko L2 Ho[u).
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The assumption k1 > 0 and k2 < 0 implies

h(z) = k; (u2(x) + 2ug(z)y/u?(z) — L? — %ui(w) - L2) + 2kou(z)
<k (%uz(x) - %Lz) + 2kou(x) = u(x) (%klu(:zr) + 2k2) - %leQ.

This, if the positive function u(x) with minimum L satisfies

3k L+ 2ky > 0, (4.13)
then
h(z) < M (3kiM + 2ko) — 3k1L* = Sk (M? — L?) + 2ko M. (4.14)
Since u(z) > 0, the convolution formula (2.2), (2.4) implies that
L =min{u(z)} > ——— / m(z)dz = H,O[“]l . (4.15)
zeS? 2sinh 5 Jg 2sinh 5

Note that the equation holds at u(z) = 1.(z). On the other hand, thanks to Lemma 4.2,
we argue that if

2
———— k1 Ho[tb.] + 2k2 > 0, (4.16)
3smh%

then there is a 6 > 0 small enough, such that for u(x) satisfying [|u — ¢ g1 (s1) < d, one has
2
% _JH, s > 0,
Fomn 3 1 Holul + 2k
which, along with (4.15), leads to (4.13) and
%klu(x) + 2ks > 0, zeSt,

and this establishes the inequality (4.14). In view of (4.5), the inequality (4.16) is equivalent
to the following inequality about the amplitude a:

%kla + 2ko > 0,

which implies that the wave speed c satisfies

c > 3—k§ (2cosh21 —2cosh i + 1)
2 2 :
4k

In view of (4.12) and (4.14), we obtain
— k1L2/ g*(z) dz — ki M(M? — L?)3/% — 8Jy(M? — L*)*/? + Ho[u] — k1 L* Hi[u]
Sl
— 2k L? Holu] < $k1(M? — L?) / g (x)dx + 2keM | g*(x) dz,

st St

which, combined with (4.10), yields the following inequality:

M+ /M2 — L2
0<Fy(M,L)= (ki (4M* - LL?) + 2k, M) (2 L2log %)

(4.17)
—2M/ M2 — L2 — L* + &k M(M? — L?)3/% 4 §ky(M? — L?)*/?

— Halu] + (k1 (3M? + 2L%) + 2k M) Hy[u] + 2ko L* Ho [u).

Note that the function F, depends on u only through the values of the three conservation
laws Holu|, Hy[u], Ha[u]. This establishes the following lemma.
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Lemma 4.3. Assume that ki > 0 and ko < 0. Then, for wave speed ¢ satisfying (1.19),
there exists 6 > 0 such that if ||u — 1| g1 sy <0, then

kiHo[u] + 3kesinh 3 >0  and  F,(M,, L,) >0,
where M,, = maxgegi{u(x)}, L, = mingcg{u(z)}.

The next lemma summarizes some properties of the function (4.17) when u is the periodic
peakon ..

Lemma 4.4. Assume that k1 > 0, ko < 0 and the wave speed ¢ satisfies (1.19). Then
0Fy, 0Fy,
ch (ch7 Lwc) - 07 8M aL

0?F,
8Mw20 (My,, Ly,) = —%klaz sinh 1cosh § — 8kpasinh 1,

2
S My Ly) =0,
0%Fy,
O0L?
where My, = max,esi{¥c(z)} and Ly, = min,cgi{tc(x)}. Moreover, (My,,Ly,) is an
isolated local mazimum of Fy_ .

(ch7 Lwc) = 07

(ch7 Lwc) = 07

(4.18)

(My,, Ly,) = —%klaz sinh 1cosh § — 8kpasinh 1,

Proof. The expressions in (4.18) are obtained by a straightforward computation. The wave
speed condition (1.19) is equivalent to the amplitude inequality a > —%kg /k1, which in
turn implies that the Hessian matrix of Fy,, at the critical point (My,, Ly,) is diagonal and
negative definite, which establishes its status as an isolated local maximum. 0

Lemma 4.5. (23| For any v € HY(S!), we have

m%}l(|v(:1:)| < \/3 coth i [[v]| sy (4.19)
TE

Moreover, ,/% coth% is the best constant, and equality holds if and only if v = (- — &) for
some ¢ > 0 and £ € R, that is, if and only if v has the profile of a peakon.

Lemma 4.6. [23] Ifu € C([0,T), H'(S')), then its spatial mazimum and minimum values,
My = gleaé)lc{u(t, x)}, Lyw = iréls&{u(t’ x)},
are continuous functions of t € [0,T).

Lemma 4.7. Assume that kv > 0, ke < 0, and the wave speed ¢ satisfies (1.19). Then
there exist a small neighborhood U C R? of (My,, Ly,) and a § > 0 such that whenever
ue C([0,T),H*(SY)), s > 5, is a periodic solution of the gmCH equation (2.1) with initial
data ug = u(0,-) satisfying mo = (1 — 02)uo(x) > 0 and |fug — el g1 (s1y < 8, then

(Myy, Luwy) €U, for all te0,7). (4.20)

Proof. According to Lemma 4.4, (M, , Ly, ) is an isolated local maximum of F, (M, L), and

hence there exist neighborhoods U« C V C R? of (My,, Ly, ) and a constant o > 0 such that
Fy, (M,L) < —a <0, for (M,L) e V\U.

Lemma 4.2 implies continuity of the conserved functionals Hy, H1, Ho with respect to the

H'(S')-norm. Thus, if ug € H*(S'), s > 5, is a small perturbation of 1. in the H'(S')-

norm such that H;[ug] = H,[¢.] + ¢; for j =0, 1,2, then the corresponding function (4.17),
namely

Fuo(M,L) = Fy (M, L) + 2ksL?¢q + (k1 (3M?> — $L%) + 2ka M) €1 — €3,
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is a small perturbation of Fy,_ . Thus, by choosing €, €1, €2 small enough, one ensures that
{(M,L) €V |F,(M,L)>0} CU. (4.21)

Hence, for § > 0 sufficiently small, if [Jug — ¢/ g1 (s1) < 0, then (My,, Ly,) € U. Let u(t, x)
be the corresponding periodic solution with initial data ug. Lemmas 4.6 and 4.3 imply that
M,y and Ly are continuous functions of ¢ € [0,7) and that F,q) (M), Luw) = 0 for
t € [0,7). This immediately implies that (4.20) holds, completing the proof. O
Proof of Theorem 4.1. Let u € C([0,T), H*(S!)), s > %, be a periodic solution of the gmCH
equation (2.1) with the initial data mq(z) = (1 — 92)ug(x) > 0. Given € > 0, let U be a
sufficiently small neighborhood of (My,, Ly, ) such that

2
| M — My, | < %, whenever (M,L)eU.

Choose 6 > 0 as in Lemma 4.7 so that (4.20) holds. Decreasing § as necessary, we may also
assume that

|Hilu] — Hi[ibe]| < 5 €2, provided 1u(0, ) = Yell g1y < 0.
Using Lemma 4.1, we conclude that, for ¢ € [0,T),

lut, ) = e = €@ (1) = Halu] — Hathe] — da (u(t, (1)) — My,)

< |Hiu] — Hi[toe]| + 4a | My — My, | < €2,

where £(t) € R is any point where u(t,{(t)) = M) O

Finally, we state the corresponding results in the case k; > 0 and k2 > 0, with positive
and negative wave speeds, respectively. Theorems 4.2 and 4.3 are proved in a similar manner
to the approach given in [23, 32|, so we omit the details here.

Theorem 4.2. Assume that ki > 0 and ko > 0. Let 1. be the peaked soliton defined in
(4.1) with the traveling wave speed ¢ > 0. Then 1. is orbitally stable in the following sense.
Suppose that ug € H5(SY), s > 2, with 0 # mo(z) = (1 — 02)ug(z) > 0. Let T > 0 be the
mazimal existence time of the corresponding periodic solution u(t,z) € C([0,T), H*(S')) to
the initial data ug. For every e > 0, there is a 0 > 0 such that if [|ug — Vel g1 g1y < 0, then

lu(t,:) = ¢e(- = EE)lm1ey <€ for  t€0,T),
where {(t) € R is any point where the function u(t,-) attains its mazimum.

Theorem 4.3. Assume that k1 > 0 and ko > 0. Let 1. be the peaked soliton defined in (4.1)
with amplitude and traveling wave speed ¢ < 0 satisfying (1.16). Then 1. is orbitally stable in

the following sense. Suppose that ug € H*(S'), s > 2, with 0 % mo(x) = (1 — 82)ug(z) < 0.

Let T > 0 be the maximal existence time of the corresponding periodic solution u(t,x) €
C([0,T), H*(SY)) to the initial data ug. For every e > 0, there is a § > 0 such that if
luo — el 1 sy < 0, then

Hu(tv ) = "/JC( - g(t))”Hl(Sl) <e€ for te [OvT)v

where £(t) € R is any point where the function u(t,-) attains its minimum.

5. APPENDIX

In this appendix, we provide the details of the proof of Theorem 2.1.
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Proof of Theorem 2.1. As always, we identify S! with [0,1) and consider .(t,z) as a
spatially periodic function on R with period one. Note first that . is continuous on S'
with peak at @ = 0. Moreover, 1. is smooth on (0,1) and for ¢ > 0, its first order partial
derivatives

Oube(t, ) = —asinh(, Oppe(t,x) = acsinh(, where (=1 —(z—ct)+[z—ct], (5.1)
are both in L>(S!). Hence, if one denotes 9. o(z) = 1.(0, ), then
Jm vt ) = deo()llwrs sy = 0. (5.2)

Using (5.1), (5.2), and integration by parts, for any ¢(¢,z) € C=°([0,00) x S'), we have
/ (¢c5t¢ + %kliﬁfaﬂb + %kl (31%)3(25 + %/@1/1331@ dxdt + / ¢c,o($)¢(07 JJ) dx
0o Jst st
- / / (b (atwc + kliﬁfaﬂ/}c - %kl (awwc)3 + k21/1c311/1c) dzdt (53)
0o Jst

:/ / 10) ((k1a3 — ac)sinh ¢ + %klagsinhgc + ksa®sinh ¢ cosh() dxdt.
St

In addition, the explicit form (2.4) of the Green’s function G(x) for the periodic case, along
with (5.1) and the proof of Theorem 4.1 in [32], implies that

/ / FG(@) * (268 + 0e(0i00)?) 0o — 1 G(2) % (Dye)*6)] dvdt

=kya? / ¢ G(z) * (2sinh ¢ + Isinh?®¢) dadt
0o Jst

. (5.4)
— kia® / ¢ Gy () * (cosh (sinh *¢) dzdt
0 St
:%klag/o /sl smh21 sinh { — sinh 3() dxdt.
Now, we compute directly
/ / koG x (V2 4 2(001be)?) Op¢p dadt = / / ko ¢ G x 0y (V2 + 2(0010c)?) dadt
& s (5.5)

—3kra’ /0 i # G * sinh (2¢) dxdt.

Thus, when x > ct,
G # sinh (2¢)(t, x)

B 231111hl /S cosh (3 — (& —2) +[w—2]) -sinh (1 =2(z —ct) +2[z —et]) dz (54
2
=% [cosh (3) sinb (3~ (z — 1)) —sinh (5 ~ (2 = ¢0)) cosh (3 = (&~ 1)) |

In a similar manner, for = < ct, we have

Gxsinh (2¢)(t, x)

=2 [— cosh (3) sinh (3 + (z — ct)) +sinh (3 + (z — ct)) cosh (3 + (z — ct))}. (5.7)
Plugging (5.6) and (5.7) into (5.5) yields
/ / koG (U2 + 1(0y00)?) Do drdt
s (5.8)

= koa? / ¢sinh ¢ (cosh( — cosh %) dzdt.
o Jst
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In view of (5.3), (5.4), and (5.8), we have

| [ [emno + oo + s @000 + dravzono
0 1
+ kG ( ) (21/)3"'1/)6( x‘/)6>2) z¢ 1kl ( ) (817/%)3(25
+ koG x (82 + 1(0,10)?) 8z¢} dzdt + | teo(2)8(0,2) dz
st

= / / ¢[(k1a3 —ac)sinh ¢ + %klagsinhzé -sinh ¢ + ]{,‘QCLZCOSh% sinh C} dxdt
St
= da Lk (14 2cosh?L)a? + koacosh 2 — ¢| sinh ¢ dzdt.
3 2 2
o Jst

If a takes the value given in (1.16), then
%kl (1 + 2cosh2%)a2 + kgacosh% —c=0,
which implies that

| [ [0+ diauiono + da(@ove)o + dravion
0 1
+ k1G () % (300 + Ve (0:0e)?) 000 — 3k1G(x) * (Datbe)® ¢
+ koG() * W)? (8961/)6)2) 896(;5} dxdt + /Sl Ye,0(x)p(0, z) de = 0,

for any ¢(t,z) € C2°([0,00) x S'). This completes the proof. O
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