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Classical Invariant Theory and the Equivalence Problem
for Particle Lagrangians. |. Binary Forms

PETER J. OLVER®

School of Mathematics, University of Minnesota.
Minneapolis, Minnesoty 55435

The problem of equivalence of binary forms under linear changes of variables is
shown to be a special case of the problem of equivalence of particle Lagrangians
under the pseudogroup of transformations of both the independent and dependent
variables. The latter problem has a complete solution based on the equivalence
method of Cartan. There are two particular rational covariants of any binary form
which are related by a “universal function.” The main result is that two binary
forms are equivalent if and only if their universal functions are identical. Construc-
tion of the universal function from the syzygies of the covariants, and explicit
reconstruction of the form from its universal function are also discussed. New
results on the symmetries of forms, and necessary and sufficient conditions for the
equivalence of a form to a monomial, or to a sum of two #th powers are conse-
quences of this result. Finally, we employ some syzygies due to Stroh to relate our
result to a theorem of Clebsch on the equivalence of binary forms. ¢ 1990 Academic

Press. lnc.

1. INTRODUCTION

The general equivalence problem is to determine when two geometric
objects expressed in local coordinates are really both the same object under
an appropriate change of coordinates. Cartan [2] developed a general
algorithm, based on the theory of differential forms, which provides a
systematic procedure for determining the necessary and sufficient condi-
tions for the equivalence of geometric objects. Although it is a powerful
explicit computational method, it has only recently begun to be applied to
problems of interest, including differential equations [7. 15, 167, symmetry
groups [ 14], control theory [57, and problems in the calculus of variations
[7.17]. The full range of applications to mathematics, physics, and
engineering will, I believe, be quite extensive, and remains to be fully
explored. This paper will describe a new and unexpected application of the
equivalence method to classical invariant theory and the theory of poly-
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nomials. Surprisingly, the application originates as an equivalence problem
in the calculus of variations.

The particular equivalence problem to be treated is to determine when
two first order scalar variational problems,

S)[u]sz<V u, Z )d\ and Plul= f < du) dx,

can be transformed into each other by a change of variables of the form

X=(x, u), a=y(x, u).

Cartan, in [3], actually solved this problem as a special case of a more
general equivalence problem arising in differential geometry. It constitutes
only one of at least four possible mathematically interesting equivalence
problems for particle Lagrangians, which are formulated and solved in
[177. In Section 2 we outline Cartan’s solution to the problem when the
Lagrangian depends only on the derivative p = du/dx, which is the case of
interest for classical invariant theory. In this case there is precisely one
invariant for the problem, denoted by I, and one nontrivial “derived
invariant,” denoted by J. These two invariants are related by a single
“universal function,” denoted by F, whereby J= F(I). In essence, the
fundamental result of Cartan is that two Lagrangians L(p) and L(p) are
equivalent if and only if their universal functions are identical: F=F. See
Theorems 2.4 and 2.5 for the precise formulation of this result.

Classical invariant theory is concerned with the properties of
homogeneous polynomials or forms which are unchanged by linear coor-
dinate transformations. A large amount of effort has been devoted to the
determination of complete systems of invariants and covariants, which are
well understood for forms of low degree, but become far too complicated
as soon as the degree becomes even moderately large. One key use of the
invariants and covariants is to investigate the equivalence problem for
forms, which is to determine when two homogeneous polynomials can be
transformed into each other by an appropriate linear transformation. A
solution to this problem has important applications, not only to invariant
theory itself, but also to the determination of canonical forms for poly-
nomials.

The heart of this paper appears in Section 4. The fundamental observa-
tion is that the equivalence problem for binary forms can be recast as a
special case of the Lagrangian equivalence problem, and hence has a com-
plete solution based on Cartan’s results. As a consequence of the solution
to the Lagrangian equivalence problem, we deduce the result that for any
binary form there are two fundamental absolute rational covariants,
denoted /* and J*, which completely characterize the complex equivalence
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problem. Assuming that the form is not the nth power of a linear form,
there are two distinct cases: first, if /* is constant. then I* must have the
same constant value in order that the forms be complex-equivalent:
otherwise, there is a wniversal function relating the two covariants:
J¥=F*(I*), and two such forms are complex-equivalent if and only if
their universal functions are identical: F* = F* The equivalence problem
for real polynomials can also be solved by the same methods, and, sur-
prisingly, the solution requires only one or two additional sign restrictions,
depending on the sign of the Hessian of the form and, if the degree is even,
the sign of the form itself. Given the well-known proliferation of covariants
and invariants as the degree of the form increases, the fact that the
equivalence problem is solved using only two rational covariants is quite
striking. The universal function F* must store a lot of information! See
Theorems 4.2, 4.3 for the details.

Actually, in the classical literature, Clebsch [4] gave a different solution
to the complex-equivalence problem for binary forms, based on their
absolute invariants and associated linear covariants. In Section 7, we show
how our main theorem is related to Clebsch's original result by appealing
to some classical results on syzygies of the covariants of a binary form due
to Stroh [26, 27]. This provides an alternative mechanism for constructing
the universal function.

Two further applications of the method give additional new results in
classical invariant theory, which are described in Section 6. The first is an
explicit necessary and sufficient condition for determining when a binary
form is equivalent to a monomial, generalizing the well-known vanishing
Hessian test for when a form is a perfect nth power of a linear form.
Secondly, the necessary and sufficient condition for determining when a
binary form is equivalent to a sum of two nth powers is also found. In the
final section, we address the problem of how to reconstruct the Lagrangian
or binary form from the knowledge of its universal function. It turns to rest
on the solution to a single first order ordinary differential equation.

Although the present method gives a complete solution to the equivalence
problem, it does not make much headway with the related canonical form
problem, which is to determine a complete list of elementary canonical
forms for binary forms of a given degree. However, as shown in Section 5,
once the canonical forms are known, the main theorem provides a simple
mechanism for determining which canonical form (either real or complex)
a given binary form can be cast into.

The equivalence problem for ternary forms, or forms involving even
more variables, can also be related to a Cartan equivalence problem for
multi-particle Lagrangians [237]. This Lagrangian equivalence problem is
much less well understood, although recent unpublished results of Bryant
and Gardner make substantial progress towards the intrinsic solution [6].
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The application to the equivalence problem for forms in three or more
variables will be the subject of the second paper in this series.

2. THE EQUIVALENCE PROBLEM FOR PARTICLE LAGRANGIANS

Consider a first order scalar variational problem

Llul = Lix,u, p) dx. (2.1)

v

Both real and complex-valued variational problems are of interest, and we
wil] discuss both versions of the equivalence problem. However, it is techni-
cally easier to present the complex case first, and so we begin by assuming
that the Lagrangian L(x.u, p) is an analytic function of three complex
variables x, u, and p=du/dx, defined on a domain 2 < C". We say that
two Lagrangians L and L are equivalent if there exists an analytic change
of variables

I=o(x, u), i=(x, u. {2.2)

mapping one to the other. The change in the derivative is a linear fractional
transformation

. ap+b
j=L2 (2.3)
cp+d
where the coefficients
J é B, 0
a:%, b:—l//, C:_(Q, d= fD, (2.4)
cu ox ou Ox

may depend on x and u. Equivalent Lagrangians must be related by the
basic formula

L(x.u, p)=(cp+d) L(%, & p). (2.5)
stemming from the identification of the two one-forms
L(x,u, p)dx=L(% & p)ds.

(The proposed equivalence problem is a somewhat restricted version of the
“true” Lagrangian equivalence problem, in which one has the additional
freedom of adding in a divergence term; it is, however, more general than
the fiber-preserving equivalence problem, in which the new independent
variables depend only on the old independent variables: ¥ = ¢(x). These
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problems can aiso be solved by the same methods [17] but are not
immediately relevant to our construction.}

Cartan developed a powerful algorithm that will solve such equivalence
problems, leading to explicit necessary and sufficient conditions for equiva-
lence. A complete solution to the equivalence problem under consideration
appears in [3]. For the reader’s convenience we will outline the basic
method, but in the simpler special case when the Lagrangian L= L(p) is
a function of the derivative alone, as this is the case that is applicable to
classical invariant theory. The first step in Cartan's method is to refor-
mulate the problem in terms of differential forms. We introduce the one-
forms

w,=du— pdx, m>=L(p)}dx, W~ =dp,

which, provided the Lagrangian does not vanish, constitute a coframe, or
pointwise basis for the cotangent space 7 *£2. From now on, we impose the
condition L(p)#0 for all pe 2, which, except for the completely trivial
case L =0, can always be realized by suitably shrinking the domain Q. The
first basis element is the contact form, which must be preserved {up to
multiple) in order that the derivative p transform correctly, as in (2.3). The
second basis element is the integrand in our variational problem, and the
third is included just to complete the coframe. Similarly, we introduce the
corresponding coframe for the transformed Lagrangian L:

O =di—pdy.  O,=L(prds, &, =dp.

defined on a corresponding domain @ < C*.

LEMMA 2.1.  Two nonvanishing Lagrangians L and L are equivalent
if and only if there exist complex-valued functions A, B, C, D, E on £,
with A, E#0, and a diffeomorphism ®:Q — Q. such that the pull-back
@*: T*Q — T*Q transforms the coframes as follows:

D*(D,)=Aw,, D*(D,)= Bw, + w-. P*(D;)=Cw, + Dw, + FEw,.
(2.6)

This condition can be restated more symmetrically as follows. Let G
denote the complex Lie group consisting of all matrices of the form

A 0 0
B 1 0], A B.C,D,EeC, 4, E+#0.
¢ D FE

Introduce the “lifted” coframes

0, = Aw,. 0,= Bw, + w,., 0:=Cw, + Dw, + Ew,, {(2.7)
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and
f,=A4n,, 0,=Bo,+d,. 0,=Cod,+Do,+ Ebm.,

which are now differential one-forms living on 2 x G and @ x G, respec-
tively. There is a natural left action of G on these two spaces (principal
bundles), given by g-(x, h)=(x, g-h). The equivalence condition of
Lemma 2.1 can be readily translated into the following simpler equivalence
condition for the lifted coframes, cf. [2,3].

LEMMA 2.2. Two nonvanishing Lagrangians L and L are equivalent if
and only if there is a diffeomorphism ¥:Qx G — Q x G. which commutes
with the natural left action of G on these spaces and maps the lifted coframes
directly to each other:

el =0, Px,)=0,, ¥*0,)=0,.

Using this formulation of the Lagrangian equivalence problem, we are
now able to use the fundamental Cartan algorithm to effect its solution.
Since this equivalence problem is particularly simple, we bave the luxury of
working “parametrically” throughout, in the original spirit of Cartan, as
opposed to employing the intrinsic approach favored by Gardner [5]. This
will immediately lead us to the explicit expressions for the invariants.

The key to Cartan’s method is the clementary fact that the exterior
derivative is an intrinsic operation. If two differential forms are related by
the pull-back map: w*(f) =0, then their exterior derivatives must also be
related in the same way: ¥*(df) = d0. We therefore begin by computing the
differentials ¢,. The resulting structure equations are found to be of the
form

diy=a A0+ 156, AOy+710,0, A 05,
do,=B A0, +71:20, A O+ 72530, A6y, (2.8)
dB=7 A0, +3 A 0,46 A 0,4T4,0, A Oy + 13530, A 5.

Here «, f5. 7. 6, ¢ form a basis for the left-invariant (Maurer-Cartan) one-
forms on the Lie group G,

x 0 0 d4 0 0 A 0 0\
B 0 Ol=dg-g7'=(dB 1 0 B 1 0 R
voo0 & dC dD dE/\C D E

and the torsion coefficients t,,, some of which are given below, are deter-
mined by explicit computation. The forms #, have analogous expressions
for their differentials.
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The next step is to absorb as much of the torsion as possible. Comparing
the two expressions for the differentials d0, and df,, we see that the
Maurer-Cartan forms « and 7, etc., must agree under the pull-back ¥* up
to a differential form on the base, i.e..

Y¥*a)=o+z,0,+:,0,+ 2,0, etc,

where the /s are as yet unspecified functions. The goal of the absorption
process is to replace each one-form «, f3, ... in the structure equations (2.8)
by an expression of the form z+z,0,+ -,0, + -0, etc,, where the z/'s are
chosen so as to make as many of the torsion coefficients vanish as possible.
The remaining unabsorbable torsion components are then invariants of the
equivalence problem, and must have the same values for the two lifted
coframes. For instance, looking at the equation for dfl,. we sec that we can
replace o by d=a—1,,,0, in order to make the coefficient of 0, A 0,
vanish:

df =3 A0+ 1230, A0,

The torsion component

T =77 (2.9)

is, however, unabsorbable, and an invariant of the problem, meaning that
it must have the same value for both Lagrangians:

Similarly, in the equation for df, we can absorb all the torsion components
except

z (2.10)

which forms a second invariant. (Subscripts on L denote partial
derivatives.) In the equation for df, we can absorb all the torsion com-
ponents, so there are no further invariants at this stage.

Now, according to Cartan, since the unabsorbable torsion coefficients
are invariants which depend on the group parameters, they can be nor-
malized to any convenient constant value by fixing some of the relevant
group parameters. This has the effect of reducing the dimension of the
underlying Lie group G, and thus simplifying the equivalence problem. The
ultimate goal (barring prolongation [2, 5, 157]) is to get rid of the group
parameters entirely, and then read off the (absolute) invariants, which will
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be functions of the base variables (x, u, p) alone. For example, the first
invariant (2.9) can be normalized to 1 by setting

A=EL, (2.11)
whereas the second (2.10) can be normalized to O by setting
B=1L,. (2.12)

This has the effect of reducing G to a three-parameter group, with C, D, E
the remaining group parameters. Note that at this stage, since we have
normalized B, the resulting form

O,=L,o,+w,=(L—pL,)dx+L,du

is an invariant differential form for the Lagrangian L. This is the well
known Cartan form from the calculus of variations [8].

We now substitute the expressions (2.11), (2.12) for the group
parameters 4 and B in the original lifted coframe (2.7). We then recalculate
the differentials d6,, and apply the absorption procedure once again. The
new structure equations have the form

di,=e A0, +1,,0, A Gy+0, 104,
db,=1,,0, A O, + 14,0, A0,
A, =73 A0, +0 A0+ A 0,413,280, AOy+ 15030, 705
The second equation provides two further unabsorbable pieces of torsion:

DLL,, L
S d 413 = ‘_;Pi‘
R -5 7

Ta2=

The first of these can be normalized to 0 by setting the group parameter
D =0. As to the second, there are two different possible normalizations at
this stage. The “trivial” case is when L,, =0, and hence L is an affine func-
tion of p, i.e., L = ap + b; since this variational problem is completely trivial,
we leave this case aside for the remainder of the equivalence procedure.
Otherwise, by possibly shrinking the domain Q, we assume that neither L
nor L,, vanish in Q. and thus we can normalize 7,,; to —1 by setting

VL
E=0YZ£ (2.13)

JL
where o= + 1. A subtle but important point is that, although we can
specify the square root branches for both /L,, and \/Z at this stage
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(these branches will remain fixed through the rest of the computation), we
are not allowed to a priori specify the sign of ¢ itself; see the subsequent
discussion for more details on this point. We have now reduced G to a one-
parameter group, with C the only remaining undetermined parameter.

In the third and final loop through the equivalence procedure, we sub-
stitute the expressions for D and E into the formulas for the lifted coframe
(2.7), and recompute the differentials. We find the new structure equations
have the form

df,=1,,0, A O+ 71,30, A0, 40, A 04,
dd,=—0, A 0,
d0, =7 A0, + T30, A 0,4 13216, A 05,
There are three further unabsorbable pieces of torsion. The first is
T,:= —3aly(p).

where

LL 3L L
I.(p) = M_ (2.14)

)
VLWL,

The other two torsion coefficients happen to be identical,

C
T =T =0 —="—>
VLN Ly,

and can both be normalized to 0 by setting the group parameter C =0.

We have now eliminated all the group parameters, or, in the terminology
of the equivalence method, have reduced the problem to an {e}-structure.
We can read off the invariants for the problem from the structure equa-
tions, which we find by direct computation to have the form

df, = —161,6, A O+ 0, A 0,
df,= —0, A 84, (2.15)
df, =0,
where the invariant coframe for the Lagrangian is given explicitly by
0,=0LL,, (du—pdx),
0,=(L—pL,)dx+L,du, (2.16)

03=(r\f/f”dp

607 80 -4
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There is only one nonconstant invariant for this problem, namely, o/y(p).
which must have the same value for the two equivalent Lagrangians:

alo(p) =1, p). (2.17)

In other words, if L and L are equivalent Lagrangians, then the corre-
sponding functions /,(p) and T,(5) agree up to sign. The ambiguity in the
sign of oI, is, however, unavoidable. For instance, under the elementary
transformation

f=x,  i=-u (2.18)

the function I,(p) gets mapped to —I,(—p) so the sign can change.
However, by composing any change of variables with the orientation-
reversing map (2.18), we can always change the sign of I, if required, so the
ambiguity is of an inessential kind. We can avoid constantly referring to
this ambiguity by using the rational differential function

(LL,,,+3L,L,,)

LL}

rr

pop

I(p)=1y(p) = (2.19)

as our fundamental invariant from now on, so that the invariant
equation (2.17) becomes

I py=T(p). (2.20)

If F(x, u, p) is any function on &, its covariant derivatives with respect to

the invariant coframe (2.16) are the three functions F |, F ., F ; defined by
the formula

dF=7Y F 0, (221)

Clearly the covariant derivatives of any invariant are also invariant, so in
particular, the derived invariants ol , l, ,, 0l 5 are also invariants. Since
I, depends only on p, the only one of these which does not automatically
vanish is
JL @,
oly=J=

\Y LI’/’ ap .
Even though [, involves a square root,

20°L,,L,,,—2LL,L, L, +6LL} —3L2L? —3L*L}

pr Y prpp rppLppp ptpp prp
J(p)= (2.22)

2L
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is a single-valued rational function of the derivatives of L. Now, when
F=o1, (2.21) reduces to

d(al,) = J0,. (2.23)

The key to the complete solution to any equivalence problem is the
relationship between the basic invariants and their derived invariants. If
the fundamental invariant [ is not constant, we can express the derived
invariant J, given by (2.22), in terms of 1.

DeriNiTION 2.3, Let L{p) be a Lagrangian depending only on p. Define
the fundamental invariant / and its derived invariant J as in (2.19), (2.22).
If I is not constant, define the universal function F so that

J=F(I). (2.24)

If 7 1s constant, so J=0, then we set F=0.

We are explicitly allowing the possibility that the universal function F is
multiply-valued, and, indeed, this turns out to be the case for many
Lagrangians of interest. In other words. what we are really doing is to view
the functions (/(p). J(p)) as parametrizing a complex curve (the “universal
curve”) in C?, which we may identify with the graph of the universal
function F.

The final result of the Cartan equivalence algorithm is the following
theorem providing complete necessary and sufficient conditions for the
solution to the Lagrangian equivalence problem. Its proof rests on Cartan’s
solution to the equivalence problem for {e}-structures and the complete
integrability of the final structure equations.

THEOREM 2.4. Let L(p) and L(p) be two complex analvtic Lagrangians
which are not affine functions of p. Then L and L are equivalent under a
complex analvtic change of variables if and only if either

(a) the invariants I and T are both constant and the same: I=1, or

(b) the invariants I and T are both not constant, and the universal
functions are identical. F = F.

Proof. We can reconstruct the change of variables @: Q — Q, as given
by (2.2). (2.3), by proving the complete integrability of the system

ox@=0,, &¥F,)=0,. d*0,)=0,, (2.25)

where 0, 0,. 05, are the invariant coframe given by (2.16). The invariant
coframes will match up provided the invariant equation (2.17) is satisfied:
the system (2.25) will be integrable provided the derived invariants also
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match up, which will be assured by the identification of the two universal
functions. In other words, the transformation (2.3) from p to p will be
determined as a solution to the pair of equations

Ip)=Tp),  Jp)y=Tp) (2.26)

The first of these equations can, except for a discrete collection of singular
points, always be solved for complex p and p, provided we analytically con-
tinue the Lagrangians L and I, and hence the invariants I and I (Now we
are required to also admit multiply valued Lagrangians!) Thus we have a
solution to (2.17) for some choice of signs ¢ and &. The second equation
in (2.26), in view of (2.24) and condition (b) of the theorem, just imposes
the additional requirement that in our solution p and p map to the same
branch of the universal function; again, analytic continuation shows that
there is still always a complex analytic solution j = n(p) to both equations
in (2.26). Finally, we need to make sure that the induced signs ¢ and &
are consistent with the change of variables (2.25). However, according to
(2.23), we have

O*{J0,) = &*d[GT,(p)] )} =d[ol,] = Jb,.

Thus, by the second equation in (2.26) the change of variables has the right
“orientability” to be consistent with the third equation of (2.25). The
theorem now follows directly from the general result of Cartan, cf. {3; 25,
Theorem 4.1, p. 344; 15: 17].

Turning to the equivalence problem for real analytic Lagrangians under
real change of variables, we find the basic procedure to be essentially the
same, but with a few important distinctions. The underlying Lie group is
the same, but the group parameters are now restricted to be real. The first
loop through Cartan’s algorithm proceeds as before, resulting in the same
normalizations for the group parameters 4 and B. In the second loop, we
still set D =0, but there are now three distinct possible normalizations for
the torsion coefficient 7,5, depending on the sign of the ratio L,,/L; these
lead to three distinct branches of the real equivalence problem. As before,
the trivial case is when L,,=0. The two remaining branches depend on
whether L, has the same or opposite sign to L in . Thus we can
normalize 7,4 to either —1 or +1 by setting

/L,
E=0 L
L]

The third loop through the equivalence procedure leads to the final
normalization C = 0. The structure equations now take the form
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d0, = —ol,t, A O;+0, A B,

dd.=¢e8, A 04,
df, =0,
where ¢ = —sign(L,,/L). As before, I{(p)= + I,(p)? is the only nonconstant

invariant for this problem. and must have the same value for the two
equivalent Lagrangians. We deduce the analogous theorem solving the
equivalence problem for real Lagrangians.

THEOREM 2.5. Let L(p) and L(p) be two nonvanishing real analytic
Lagrangians which are not affine functions of p. Then L and L are equivalent
under a real analytic change of variables if and only if

(a) the universal functions relating these invariants are identical:
F=F, and

(b) the invariant equation (2.26) has a real solution branch p=n(p),
on which the ratios L,,/L and L;/L have the same sign.

In particular, (2.26) requires that if the invariant / determined from L is
constant, then 7 must have the same constant value. The sign and
solvability restrictions in (b) are essential; see the examples in Section 3
and [17]. Indeed, using analytic continuation, complex-equivalence is a
purely local property, and the conditions of Theorem 2.4 reflect this. The
same cannot be said of real equivalence, since there can be distinct, real-
inequivalent forms of the same complex function.

3. INVARIANT THEORY OF BINARY FORMS

By a binary form of degree n, we mean a homogeneous polynomial
function

fx ) =) <'Il> a;xy" (3.1)
i=0

defined on R* or C°. The general linear group GL(2) (meaning either
GL(2,R) or GL(2,C)) acts on the variables via the standard linear
representation

X=ax+ by, F=cx+dy, ad—bc#0,

and hence acts on the coefficients @, of f according to the transformation
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A covariant of a binary form is a function C(ay, ..., a,, x, y) which,
except for a determinantal factor, does not change under this action of
GL(2):

Clay, . a,, X, v) = (ad—be ) Clay, ..., a,. X, 7).

The number g is called the weight of the covariant; if g=0, we call C an
absolute covariant. If a covariant C does not depend on x or y it is called
an invariant. (In contrast, the invariants of the previous section would
correspond to absolute covariants in the present terminology.) The sym-
bolic method of classical invariant theory [4.9, 11, 19] provides a ready
means for constructing polynomial covariants and invariants for binary
forms. Hilbert’s Basis Theorem says that there are a finite number of poly-
nomially independent covariants for a form of a given degree, but the
precise number of independent covariants increases rapidly with the degree
n of the form (although this is partially mitigated by the presence of many
polynomial syzygies; see Section 7). For example, the binary sextic (n=6)
has 26 independent polynomial covariants. Indeed, a complete system of
covariants has been constructed only for forms of fairly low degree.
(Although Gordan’s method [9,11] is constructive, it has only been
carried through rigorously for binary forms of degrees n<6 and n=38,
cf. [20, Section 4.1; 21, p. 100; 281].)

One of the principal goals of classical invariant theory is the classifica-
tion of binary forms, This has direct implications for the problem of deter-
mining canonical forms, and the geometrical properties of the covariants
themselves. Two forms f and 7 are called (real or complex) equivalent if
they can be transformed into each other by a suitable element of GL(2).
The goal then is to characterize equivalence classes of forms by suitable
invariants or covariants, cf. [4]. Despite the constructive methods used
to generate the covariants themselves, it is by no means clear which
covariants play the crucial role in the equivalence problem. For example,
in the case of a binary quartic, there are two important invariants, denoted
by i and j, but it is the strange combination i* — 27j% which provides the
key to the classification of quartic polynomials [11, p. 292].

We exhibit some of the elementary covariants of a binary form.' First the
Hessian of a form f of degree n, which is

2

H:(ﬁ f‘)(m:nz (f\\fn—le)’ (32)

(n—1)°

" The normalization will be that given in Grace and Young [9] which is not the same as
that of Gurevich, [11], or Kung and Rota [19]. Unfortunately, there are many different
normalizations used in the literature, sometimes even within the same book. For instance
the Hessian, as defined on page 3 of Grace and Young, does nor agree with that used in
chapter 6!
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is a covariant of weight 2 and has degree 2n —4. (The notation (/. g)"*’
denotes the kth transvectant of fand g, cf [9].) Since the Jacobian of any
two covariants is also a covariant, the polynomial

T=(f H) (f\H.—f H,. (3.3)

:2n(n~2)
1s a covariant of weight 3 and degree 3n—6. We will also need the
covariant

U:(H~ T): (H_\'T\‘_H\'T\')' (34)

6(n—2y

which is of weight 6 and degree 5u— 12, Many more covariants can of
course be constructed, see Section 7 for further important examples.

4. EQUIVALENCE OF BINARY ForMS

We now proceed to connect the considerations of the preceding two sec-
tions. We begin by working over the complex numbers to avoid the extra
sign and solvability restrictions that arise in the real domain, Let f(x, 1) be
a complex-valued binary form of degree n. Introduce the homogeneous
coordinate p = x/y, and write

glp)=fip. 1) {4.1)

for the corresponding inhomogeneous polynomial. Note that the action of
GL(2)=GL(2, C) on the homogeneous coordinate p reduces to the same
linear fractional transformations as given in (2.3), with corresponding
action

5 “p+b> (4.2)

glpy=lcp+dY g(pr=(cp+d) g<cp+d

on the associated polynomials. Comparing (4.2) with the Lagrangian
equivalence condition (2.5) we see that they will agree provided we define
the “Lagrangian”

L{p)= Jglp) (4.3)

We can either treat L as a multiply-valued Lagrangian, or can choose any
convenient branch of the #th root in (4.3); note that the different branches
only differ by an nth root of unity, which can be taken care of by a simple
rescaling of the Lagrangian. We avoid the branch points by restricting to
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a domain where g does not vanish, which is also required for the applica-
tion of the equivalence method to the Lagrangian L. The key observation
is that the equivalence problem for the polynomial g(p) under the linear
fractional transformations (4.2) is the same as the equivalence problem for
the (x, u)-independent Lagrangian L(p) under the transformations (2.5).
(The reader might object that the coefficients a. b, ¢, d in (2.4) could
depend on x and u, but we can always “freeze” their values at any
convenient point (x,, #,) without affecting the equivalence of the
Lagrangians.) Therefore, we obtain an immediate solution to the equiva-
lence problem for the polynomial g, and hence for the original binary form
£, by invoking Theorem 2.4 for the corresponding “Lagrangian” L.

We now translate Theorem 2.4 into the language of classical invariant
theory by first evaluating the invariants [ and J directly in terms of known
covariants of the binary form f. In each of the covariants presented in
Section 3, we can replace x and y by the homogeneous coordinate p to find
corresponding covariants of the polynomial g(p); we use the same symbols
for these covariants. A simple exercise in differentiation then proves the
following:

LemMma 4.1. Let g(p) be a polynomial of degree n=2. Let L(p) be
defined by (4.3). Then we have the following identities among the invariants
I and J of the Lagrangian L and the covariants H, T, U of the form g:

n—1

Ly, ="5= L' "H, (4.4)
8(n—2)*T?
U e 45
nn—1)H? (4.3)
12(n—2)*gU
- nmorsy 46
J n—1 H? (4.6)

(The latter two identities require that the Hessian H not vanish identically.)

Proof. If L is given by (4.3), then we easily find that

1 l—n Com
L,= |:; gg”’+—n:— g;J g 4.7)

On the other hand, a homogeneous polynomial of degree n can be

reconstructed from its inhomogeneous form (4.1) by the elementary
formula

S, y)=)"g (;)
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Differentiating, we find

o 2
f\i\' =1 gpp‘
R o= 2 =3
f v (n -1 ) } g,n — X} gppﬂ

: 2 =3 2o -4
fo=nn—=1)y" "g=2n—=1)xy"" g, +x7¥" g,

Substituting into (4.7), replacing x/y by p and comparing with (3.2) proves
the first identity (4.4). The other two identities are proved similarly by
further differentiations.

Remark. Formula (4.4) gives an elementary proof of the classical result
that a binary form f is the nth power of a linear form if and only if its
Hessian vanishes identically, cf. [19, Proposition 5.3; 24, (3.3.14)].

Thus, except for inessential multiples, we can identify the Lagrangian
invariant / with the absolute rational covariant T°/H°® and the first
derived Lagrangian invariant J with the absolute rational covariant gU/H*.
Theorem 2.4 immediately implies the following solution to the equivalence
problem of complex-valued binary forms.

THEOREM 4.2.  Let f(x. y) be a binary form of degree n. Let H, T, U be
the covariants defined by (3.2), (3.3), (3.4). Suppose that the Hessian H s
not identically 0, so f is not the nth power of a linear form. Define the
fundamental rational covariants
r: _Ju

J*

"= e

{4.8)

which are both covariants of weight O and degree 0. If I* is not constant, (so
J* does not vanish identically), define the universal function F* so that

J* = FX([%) (4.9)

Two binary forms f and [ are equivalent under the general linear group

GL(2, C) if and only if either

(a) the covariants I* and T* have the same constant values: I* = T*, or

(b) I* and T* are not constant, and the universal functions F* and F*
are identical. F* = F*.

Therefore a complete solution to the complex equivalence problem for
binary forms depends on merely rwo absolute rational covariants: I'* and
J*! As discussed in Section 2, the universal function can be multiply-
valued, so one really should view it as defining a universal (rational) curve
in C*. If the invariants 7* and T* are not constants, and f and f have identi-
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cal universal functions (curves), then one can explicitly determine all the
transformations mapping / to f by solving the equation

I*(p)=T%(p),  J*(p)=T*(p). (4.10)

Of course, the second of these two equations merely serves to delineate the
appropriate branch of F, and so rule out spurious solutions to the first
equation which map between different branches. This is important, since
the equation 7* =T*, or, equivalently,

T(p) H(p)*=T(p)* H(p) (4.11)

is, in general, a polynomial equation of degree 6n — 12 for p in terms of p;
as such, many of its roots will be spurious, leading to the wrong branch of
the universal function.

The corresponding classification problem for real polynomials works in
exactly the same way, except we now need to worry about the signs of the
form and its Hessian, and the solvability assumption of Theorem 2.5.

THEOREM 4.3.  Let f(x, 1) be a real binary form of degree n, which is not
the nth power of a linear form, and let g(p)=f(p, 1) be the corresponding
inhomogeneous polynomial. Let I* and J* denote the rational covariants
(4.8), and define the universal function F* as in (4.9). (If I* is constant, then
F*=0.) Two real binary forms f and f are equivalent under the general
linear group GL(2, R) if and only .f

(@) the universal functions F* and F* are identical: F* = F*, and
(b) the invariant equation (4.10) has a real solution branch p=rn(p).
on which
sign H(p)=sign A(p). (4.12)
and, if the degree of the form is even,
sign g(p)=sign g(p). (4.13)

Proof. As in the complex case, we begin by defining the Lagrangian
L(p)=./]g{p)|, but where we now take the absolute value before comput-
ing the nth root. Thus L is always positive. Defining L in analogously. we
now invoke Theorem 2.5, which requires that the Hessians H and H have
the same sign. Thus the two Lagrangians L and L are equivalent if and
only if

|f(x, ) =1F(%, P
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If f has odd degree, then this implies that f and f are equivalent, since we
can always change the sign of / by replacing (x, y) by (—x, — v). However,
if the degree of f'is even, then the sign of f (or g) is an invariant quantity,
so we need an additional condition that f and f have the same sign. This
explains the additional sign restriction (4.13) in this case.

Note that since the transformation (2.3) from p to p is a linear fractional
transformation, the number of intervals on the real projective line where H
(and, in the even degree case, g also) is positive or negative is an invariant
of the form. For instance, if H is positive definite, or has two simple real
zeros, so is A. Note that there is still a possibility that two forms whose
Hessians have the same number of sign changes and who have the same
universal functions might still not be equivalent, since the invariant
equation (4.10) might have no solutions which also satisfy the sign
restrictions (4.12), (4.13).

5. CUBICS AND QUARTICS

In this section, we illustrate the general results of Section 4 by treating
the equivalence problem for binary cubics and quartics in some detail,
using the well known canonical forms for these polynomials. We begin by
looking at the binary cubic

flx, ¥)=ax’ + 3bx*y + 3exy™ + dv’. (5.1)

The universal function F* can be derived directly from the fundamental
covariants of f as follows. The Hilbert basis for the covariants of a cubic
is provided by the form f itself, the covariants H and T. as in (3.2), (3.3),
and the discriminant

A=(H H)*'=(H H., —H?)

which is an invariant. According to [9, p.96], the fundamental syzygy
among the irreducible covariants of the binary cubi¢ is

—2T*=H*+ A~ (5.2)

Moreover, according to [9, p.97] (although the sign is wrong in this
exercise), the reducible covariant U can be written as

U=(H T)=14/.
hence

—2T = H’+ 24U (5.3)
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Therefore

J¥=—I*—3, (5.4)

and the universal function F*(/*)= —/* —1 s, in all cases, a linear func-
tion of I*. Thus, for cubic forms, the universal function is always single-
valued; this is no longer true for quartic forms. According to Theorem 4.2,
the only features which will distinguish complex canonical forms of a
binary cubic are whether the Hessian vanishes identically, and whether the
invariant I* is a constant, i.e., whether or not T2 is a constant multiple of
H*. Moreover, (5.3) shows that this latter possibility occurs if and only if
the discriminant 4 vanishes, and the cubic has a double root. There are
accordingly four distinct complex canonical forms for binary cubics:

(a) If I* is not constant, then f has three simple roots, and is
equivalent to x* + 1.

(b) If I* is constant, then /*= —1: f has a double root, and is
equivalent to x?y.

(c) If H=0, then fis a perfect cube, equivalent to x°.

(d) The trivial case f=0.

The classification of real cubics requires an analysis of the sign of the
Hessian H. Cases (b), (c), and (d) are unchanged. (In case (b) H is
necessarily negative definite since H*= —2T".) Case (a) splits into two
subcases:

(al) If the Hessian H is negative semi-definite, then f has three
simple real roots, and is equivalent to x* — xy°.

(a2) [If the Hessian H is indefinite, then f has two complex conjugate
roots, and is equivalent to x* + 3°.

This completes the classification problem for binary cubics. One further
note: not every sign possibility is realized; the Hessian of a real binary
cubic can never be positive definite. This fact serves to complicate the
search for real canonical forms as it is never clear from the outset which
types are possible.

Turning to the binary quartic

f(x, v)=ax* + 4bx3y + 6ex?y? + ddxy? + ex?, (5.5)

we first note that there are two important invariants

i=(f. f)* =2ae—8bd+ 67,
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and

a b c
j=(H, Y =6det |b ¢ d.
¢ d e
cf. [9. Section 89]. Let H, T, U be as in (3.2}, (3.3), (3.4). To evaluate the
universal function, we use the fundamental syzygy

a

T*= —3H+ 3 *H—gjf™ (56)
and the identity
U=4if*— 4rH. (5.7)

cf. [9, pp. 98, 997]. We introduce the rational covariant s = f/H, which will
be treated as a parameter in the ensuing equations. In terms of s, the
absolute covariants /* and J* have the parametric form

k1 1.2 1.3 % _ 1 ;3 1:.2
[*= — 54 gis=— ¢ Js°, J*=js7 —gis.

These two equations give a simple parametrization of the universal curve,
Eliminating s, we see that the universal function J* = F*(I*) appears as
the implicit solution to the cubic equation

672 2I* + 2T + 1) =32 4+ 3J* + 1)~ (5.8)

Thus, the absolute invariant j*/i* plays the crucial role in the equivalence
problem, and completely determines the universal function F*. In par-
ticular, the universal function is a single-valued linear function if either
i=0,s0 F¥(I*)= —1*—1 or j=0, so F*(I*}= —3* -1, see [11, Exer-
cise 25.6] for the geometric interpretation of these two conditions. In all
other cases, the universal function is a multiply-valued function.

Over C there are six canonical forms for binary quartics, [11. p. 292].
They are distinguished by our invariants as follows:

(I x*+6uxy?+ 3% u# +1,  I* not constant,
(D) x*p* + 3, I* not constant,
(1) x%y?, I*=0,
(IV) x%y, I*= -1
(V) x* H=0,

(VI) 0, f=0.
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Note that in case |
i=2+6u", Jj=6u(l—pu?),

hence the absolute invariant

)

P 8(1 +3u%)

attains the same value in six different cases

1— 1
Il L1+

+ i, + . .
# T4+ 3u T 1-3pu

These correspond to the transformations

(x, y)=(J/—-1x, y)
(et px—p)

J2+6u
(x v)a(\/:_”ﬂ’w/—‘lx—y)

{x, ¥)

Y2 —6u

’

mapping one quartic of type I to another quartic of type I. Thus the
universal function, as determined by (5.8), will distinguish between

genuinely inequivalent quartics of types I and II.

A corresponding classification of real binary quartics appears in [11,
Exercises 25.13, 25.14]. For brevity, we just look at the analogues of case
I. Tt is useful to introduce a more detailed classification than that in

Gurevich:
(la) x*+6ux?y?+ y*, p< —1, 0,, —
(Ib)  x*46ux’v? + v*, —l<pu<Oorpu>1, +,0,
(Ic)  x*+6ux?y’ + »*, O<sp<l, u#4, +, +
(Id) —(x*+6ux’y’+y*,  u< -4 0,, —
(Ie)  —(x*+6uxp?+ 3, —t<u<Oorpu>l, —.,0,
(If)  —(x*+6ux’?+ %),  O<p<l, u#1, -, +
(Ig) x*+6ux?y? — y*, p#E L 0,,0,.

The last column describes the pattern of signs

for the function

g(py=f(p, 1) and the Hessian H(p), described at the end of Section 4.
Here + means positive (semi-)definite, — means negative (semi-)definite,
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0, means indefinite with two changes in sign on the projective line (i.e., the
corresponding polynomial f or H has two simple real roots), and 0, means
indefinite with four changes in sign (i.e., four simple real roots). Thus, for
example, in case la, g(p) has four real roots, whereas H(p) is negative
definite.

Apparently, only cases Ta and Id are not distinguished by the sign
pattern. However, there is a good reason for this. Given a quartic of
type la, the transformation

(x+ v, x—1)
(x, v)—> B arwrrh
V26w

will transform it into a quartic of type Id. with

l—u
143y

ﬁ:

Thus Ta and Id really represent different canonical forms for the same
quartic polynomial, and only one of the two is really necessary to make a
complete list of canonical forms for real quartics.

6. SYMMETRIES AND ELEMENTARY FORMS

Cartan’s equivalence method gives us more, as it also determines the
symmetry group of the Lagrangian. This fact can be exploited to prove
some further results in classical invariant theory on the characterization of
various types of elementary forms for polynomials.

DEerINITION 6.1, Let L(x, u, p) be a Lagrangian. Then a transformation
(2.2) is called a symmetry of L if the transformed Lagrangian L is the same
as L, ie.,

L{x,u. p)=(cp+d)L(X, &, p).

The symmetry group of a Lagrangian L is the group of all symmetry trans-
formations.

In general, if an equivalence problem which reduces to an {e }-structure
in dimension » has & functionally independent invariants, then the problem
admits an » — k dimensional symmetry group, cf. [2, 15, 17, 25]. (This is in
addition to possible discrete symmetries of the problem.) In our case, n =3,
and k=0 or 1, depending on whether or not the invariant /{p) is a con-
stant. Therefore we conclude:
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THEOREM 6.2. Let L(p) be a Lagrangian which depends only on p. Then
the two-parameter translation group (x,u)—(x+0,u+¢), 3,6€C, is
always a symmeltry group. If L is an affine function of p, then L has an
infinite-dimensional Lie pseudogroup of symmetries depending on two
arbitrary functions. If L is not an affine function of p, and the invariant I is
constant, then L admits an additional one-parameter group of symmetries. If
the invariant I is not constant, then the symmetry group of L is generated by
only the translation group and, possibly, discrete symmetries.

(The affine case does not follow from the results of Section 2, but is
easily verified by direct computation.)

DeriNiTION 6.3, Let f(x, v) be a binary form. The symmetry group of f
is the subgroup consisting of all matrices (%) e GL(2) such that

flax + by, cx +dv)= f(x, v).

It is easy to see that, except in the case when the Lagrangian is an affine
function of p, the symmetry groups of a binary form f and the corre-
sponding Lagrangian (4.3) differ only by the translation group in (x, ).
Therefore, Theorem 6.2 immediately implies the following theorem on
symmetries of binary forms.

THEOREM 64. Let f(x, v} be a binary form of degree n.

(i) If H=0, then f admits a two-parameter group of symmetries.
{(i1) If H#O0, and I* is constant, then f admits a one-parameter group
of symmetries.

(in) If H#ZO0, and I'* is not constant, then f admits at most a discrete
symmetry group.

Case (1) is proved by direct computation, using the fact that f'is the nth
power of a linear form, and hence equivalent to +x". The other two cases
follow directly from Theorem 6.2.

In the case of constant invariant [*, Theorem 6.4 provides an immediate
test for determining whether a given form is equivalent to a monomial.

THEOREM 6.5. A binary form f is complex-equivalent to a monomial, ie.,

to x*y" =% if and only if the covariant T? is a constant multiple of H".

Proof. Let AeGL(2,C) be the generator of the one-parameter sym-
metry group e’ of the form. We make a linear change of variables that
places A into Jordan canonical form J. We will show that the same change

of variables changes f into a monomial = cx’y" "/, and a simple complex
rescaling will eliminate the coefficient ¢. Note that ¢ remains a symmetry
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group of the form f. If A is diagonalizable, so J = (} 2), then e" acts on the
coefficients of f by the induced scaling transformation

ﬁ’- N e(zz+/f(n~u)1

a,.
Clearly, this one-parameter family of transformations leaves the coefficient
d; unchanged if and only if either @,=0 or «/f =1 —i/n. Thus, only one of
the coefficients of / can be nonzero, and the result follows. The only other
case is when A is not diagonalizable, so J=(} ). It is not difficult to
deduce that the one-parameter group e can never be a symmetry group

of a nonzero form 7. This completes the proof.

In fact, we find by direct computation that f is complex-equivalent to
x*3" % if and only if
(n—1}(n—2k)?

[
"= 2n—2) kin—k) (6.1)

In particular, 7* is always a negative rational number (if constant)!

In the case of real equivalence, there is an additional possibility since a
polynomial might be complex-equivalent to a monomial, but not real-
equivalent. For example, the quadratic form x*+ y? is complex-equivalent
to xy, but certainly not real-equivalent to any monomial. However, this is
essentially the only counter-example.

THEOREM 6.6. A binary form f is real-equivalent either to a monomial
X5 K or to (P + 3K, n=2k. if and onlv if the covariant T? is a
constant multiple of H?.

This can be proved from the real canonical form for the generator of the
symmetry group, or, more simply, by looking at which complex monomials
can be transformed into real polynomials.

In the case when the invariant /* is not constant, the discrete symmetry
group of the binary form can be determined directly from the invariant
equation (4.10) (taking the two forms to be the same).

THEOREM 6.7.  Let f be a binary form which is not complex-equivalent to
a monomial. Then the (necessarily discrete) symmetry group of [ consists of
all transformations p =n(p) which solve the equations

Ypy=1I*(p).  J*(p)=J*(p). (6.2)
(As before, the second equation merelv makes sure we are in the correct

branch of the universal curve of f.)

607 80 1-5
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There is also a similar result for the real symmetry group of a real binary
form, the only difference is that the symmetry transformations must
preserve the sign of the Hessian, and, in the case of even degree, the form
itself.

Another simple result, which follows even more directly from the main
theorem is the characterization of when a form is equivalent to the sum of
two nth powers.

THEOREM 6.8. A binary form of degree n= 3, which is not equivalent to
a monomial, ie., I* is not constant, is complex-equivalent to a sum of two
nth powers, ie., to x" + ", if and only if its universal function takes the form

n 1
J¥=— I*+— ), 6.3
3n—6( +7) (63)

=

or, equivalently, the covariants f, H, T, U are related by the equation
(3n—6) fU+nT?*+ inH?*=0. (6.4)
Proof. 1t is a simple matter to check that the particular form x" + p”

has universal function given by (6.3); indeed, an elementary computation
finds

n—2
.

H=2x""1
T [ n — 3( x _ yn )’
n 2n 6. 3n—6f 1 n
—_ — X Vv x4+ vy A
3n—6 ’ ( ¥)
hence
X' 1yt
=i
8y" 4 8x"

n x 1y
J¥r=— - ,
3n—6 <8y” * 4 + 8x”)

from which (6.3) follows. The result now follows directly from Theorem 4.2.

According to Sylvester’s theorem, [18; 19, Theorem 5.1], binary forms of
odd degree are essentially classified according to the number of nth powers
they can be written as the sum of. Theorem 6.8 gives a simple check for the
case of two nth powers; it would be interesting to see how the universal
function distinguishes between sums of three or more nth powers, although
this appears to be much more difficult as it is no longer single-valued.
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7. UNIVERSAL SYZYGIES AND UNIVERSAL FUNCTIONS

For forms of degree higher than 4, the same method of employing
syzygies among the covariants can be used to generate implicit relations for
the universal function, but the intervening expressions are more com-
plicated. The classification of syzygies has been most deeply studied by
Stroh [26, 27], and we begin by quoting some of his results.

Throughout this section. f will be a complex binary form of degree n > 4.

Let
[n] , [n— 1]
m=|<1, m = .
2 2

so that if n =2m is even, then m'=m — 1, whereas if n = 2m + 1 is odd, then
m' =m. In either case, m +m'=n— 1. We order the covariants of f by their
weight. Up to multiple, the only covariant of weight 1 is the form f itself.
There are m independent covariants of weight 2, namely the transvectants

S, =(f f)*, k=1, .., m (7.1)

Note that S, has degree 2n — 4k; also S, = H is the Hessian, and, if n = 2m
is even, S, is an invariant of /. There are many possible covariants of
weight 3; for our purposes, the most important of these are the Jacobians
of the covariants of weight 2 with £, which we denote by

To=(Se. F) =L, k=1, ..m" (7.2)

(If n=2m is even, then T, =0, since S,, is an invariant.) Note that T, has
degree 3n—4k—2; in particular T, =T is the covariant used in our
fundamental Theorem 4.2. We begin by proving the important result that,
by utilizing certain basic syzygies, every covariant of a higher degree binary
form can be rewritten in terms of the » fundamental covariants f,
Siy e Sy Tyo o T, This result is a direct consequence of some syzygy
theorems due to Stroh, which we now state.

THEOREM 7.1. Let C be a covariant which is of weight w>4 in the

coefficients of the binary form [ of degree n=4. Then there is a syzvgy of
the form

fIC=D(Dy,, s D),
where @ is a polynomial function of certain covariants, labelled D, . each of

which has weight strictly less than w.

If the covariant happens to be the Jacobian of a pair of simpler
covariants, then there is an alternative version of this resuit.
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THEOREM 7.2. Let C be a covariant of weight w = &, which can be writien
as the Jacobian of two simpler covariants C', C", each of weight at least 2,
ie.

C=(C,C)
Then there is a syzygy of the form
fC=®(Dy,, .., D),

where @ is a polynomial function of covariants each of weight strictly less
than w.

Such a result does not hold for the covariants of weight three (or less).
However, there is a modification which allows us to express any covariants
of weight 3 in terms of the fundamental covariants f. S,. ... S,., T+ ... T,

THeOREM 7.3. Let C be a covariant which is of weight w=73 in the
coefficients of the binary form f. Then there is a syzygy of the form

fAC=d(f. ... Sy Tys o T,

where @ is a polynomial in the fundamental covariants (7.1), (7.2). (If C
coincides with one of the covariants T, then this syzygy is the trivial identity
fBTk =f3Tk')

The proof of these results can be found in [26]. As a consequence of
Stroh’s syzygy theorems. and an obvious induction on the weight of a
covariant, we find that any covariant or invariant of an nth order binary
form (n>4) can be re-expressed as a function of the » fundamental
covariants f. Sy, .. S,.. T\, .. T,

COROLLARY 7.4. Let f be an binary form of degree n=4. Let C he any
polynomial covariant of f. Then there is a polynomial syzygy of the form

[fC=®(f, S0 Ss Tysn T, (7.3)

for some integer k = 0.

See [10, (3.3)] for a related, but slightly different kind of result.

For our purposes, it is slightly better to introduce a “homogenized”
version of these syzygies. We introduce the fundamental absolute
covariants

A28
Sk :J%, k= 2, ey

-2 (7.4)
¢ / / j=1,..n

i~ H/+(l."§)’
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Since the exponents are fractional, these functions are algebraic rational
functions. Nevertheless, by suitably modifying the definition of covariant,
we easily see that these are all covariants of weight 0 and degree 0. In
particular, we have

T
I*:F:I‘]. (75)

If C is any covariant of weight w and degree , then the function
FNf T H)™ 9% C s a covariant of weight 0 and degree 0. Thus, if we
divide (7.3) through by f*, a simple homogeneity argument shows that we
can rewrite the syzygy in the form

(v )4 -
C=f" <7> . D(S31 e Spps Lia v L) (7.6)

where
D(S1s ey Sppa L o L )= DU LS00 S s L),

As a specific example, consider the covariant U= (H, T). Here
Theorem 7.2 is applicable. A relatively straightforward calculation using the
symbolic method of classical invariant theory, [9, 11, 19], shows that the
basic syzygy (7.3) takes the following form:

ln—

fU= -%H-*—Tbr / S, H. (7.7)

n—2"

where S, = (f, /}'*". (It would take us too far afield to present the details
of the symbolic method required in the calculation here, but the reader can
reconstruct it from the given references.) Note that if f is a binary quartic,
then eliminating the invariant j from the syzygies (5.6), (5.7) reproduces
(7.7). If we divide (7.7) by H-. we deduce the fundamental relation

1 ln—3
Jr= ——_ x4
2 6n—2

Sa (7.8)

Thus (7.5), (7.8) provide two equations linking our absolute rational
covariants J*, J* with 2 of the algebraic covariants (7.4), namely, s, and
t,. To eliminate both of these “parameters” and thereby obtain the explicit
formula for the universal function F*, we require yet one more relation
among the algebraic covariants. The way to accomplish this is to employ
the syzygies (7.3) for the invariants of the form. If there are enough
invariants, then we will (in principle) be able to deduce the universal
function by eliminating all the parameters s,, ..., 5,,. f,. ... {,,,, and thereby
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obtaining a single universal relation connecting the covariants 7*, J*. An
important theorem of Hilbert [13; 24, (3.4.9)], will guarantee that there
are enough independent invariants for our purposes.

THEOREM 7.5. Let f be a binary form of degree n= 3. Then the ring of
invariants of f has transcendence degree n —?2 over C.

In particular, Hilbert's theorem guarantees the existence of n—2 inde-
pendent invariants, which we denote by /,,..,/, ,. Then according to
(7.3) there are syzygies of the form

I, =W (51,83 s Spys L ys oo L), v=1,.,n—2 (7.9)

where

— i .
VA1 820 s Sps Lia ey L Y ESTND (S04 oy S Uyv oo L),

w, denotes the degree of 7,, and s, denotes the additional rational
covariant
Hn

f‘?_n 42

which has weight 4 and degree 0. Clearly, if we can eliminate the n— 1|
parameters S, S, ..., S, £y, . 1, from the n equations (7.5), (7.8), (7.9),
then we will be left with a single equation relating the covariants I* and
J*, which will give us the universal function F*. In this way, we will
directly relate the invariants of a hinary form to the universal function.

However, there are some nontrivial technical problems to be overcome.
Let k=(k,, ...k, ,) be a point in C" “, and define the polynomial ideal
4, to be that generated by the polynomials

§1 =

WSy, Sy s Sps by e L) — ko v=1,...n—2.

To each binary form f we associate the ideal .4, =.% in the ring
CLs1y o Sps 1y o ] Of polynomials in the » variables s,, ..., 5,,, 1, ..y £,
called the determining ideal of f, in which the parameter values &k, =1, are
given by the invariants of f. The question of whether we can eliminate all
the parameters from Egs. (7.5), (7.8), (7.9) to deduce the form of the
universal curve is intimately related to the structure of the ideal 4. In par-
ticular, if .% is irreducible, and of dimension 1, then its set of zeros deter-
mines a curve in C”. We can use this curve to parametrize the covariants
I*, J* according to (7.5), (7.8). Eliminating the parameter leaves us with
an implicit formulation of the universal function in terms of the invariants
of the form, analogous to our construction for binary quartics in Section 5.
However, in view of the following considerations, we do not expect the
ideal .4, to always have dimension 1.
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A binary form all of whose invariants vanish is called a null-form.
Hilbert [13] was the first to emphasize the importance of null forms in the
general theory. A basic theorem is the following characterization of null
forms cf. {13, p. 301; 20, Section 4.1; 21, p. 1107].

THEOREM 7.6. Let f(x, v) be a binary form of degree n. Then all the
invariants of f vanish if and only if f has a root of multiplicity strictly greater
than n/2.

Let f/ be a null form of degree n. If we translate the root of multiplicity
m>n/2 to 0, we can then perform a further normalization to place f into
the canonical form

Fle, MY=x"(0 b, o3y 7 4 bX), m>

where b, ,=1 or 0, and the degree of fis n=m+ j. Therefore, for n<6
there is a discrete set of inequivalent null forms, (including most of the
monormials), whereas if n>7, there is an [(n—5)/2] parameter family of
“generic” null forms of degree n, together with additional lower dimen-
sional subfamilies of “special” null forms. Note that this immediately
implies that the ideal .%,, which corresponds to any null form, cannot be
either irreducible or one-dimensional for n>7. as otherwise Egs.(7.5),
(7.8), (7.9) would lead to a single universal curve, which would be insuf-
ficient to distinguish between the parametrized families of inequivalent null
forms, and would thereby violate Theorem 4.2.

If the form f is not a null form, then at least one of the invariants
Iy, ...1,_, does not vanish. Suppose I, #0. Then we can immediately
eliminate the parameter s, from the syzygies (7.9) by introducing the
absolute invariants

W
— I"

A==
Wy
[l

sy B— 2. (7.10)

If, in addition, we know that the determining ideal .4 is irreducible and of
dimension 1, then elimination of the parameters s,, ..., 5., ¢;, ..., {,,, from
(7.5), (7.8), (7.9}, will lead to an explicit formula for the universal function
involving only the absolute invariants (7.10). Thus in this case, the univer-
sal function is uniquely determined by the absolute invariants of the form.

THEOREM 7.7. Suppose f and f are binary forms of degree n >4, neither
of which is complex equivalent to a monomial, (Thus neither Hessian vanishes
identically, and the invariant I* is not constant in either case.) Assume that
the determining ideal 9, is irreducible and of dimension 1. Then f is complex
equivalent to f if and only if f and f have the same absolute invariants.
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I conjecture that the conditions on the ideal % hold when all the
invariants /,#0 do not vanish, and, possibly, when any one invariant is
nonzero; if true, only the null forms would not be covered by Theorem 7.7,
and we would have the result that two stable forms are equivalent if and
only if their absolute invariants are the same. However, I have no proof of
this statement, and must leave it in conjectural form. If it is true, then
Theorem 7.7 would be a generalization of a result of Clebsch [4, p. 365; 13,
Section 10] which says that two binary forms of odd degree are equivalent
if and only if all their absolute invariants are the same, and each form has
two independent linear covariants ax + fiy, «'x + f'y, meaning the determi-
nant «fi’ — a'ff does not vanish. There is also a similar result [4, p. 421; 13,
Section 10] for forms of even degree which have three suitably independent
quadratic covariants. Clebsch’s conditions imply stability, but, as the
example x*y + xy* shows, the converse does not hold.

ExaMpLE 7.8. In the case of a quintic form, there are 23 fundamental
covariants in the Hilbert basis, which Stroh takes to be

H=(f /)", i=(f ), T=(f, H),
q=1(f1), j=—=0 N2 m=( H)
h=—G, H)? =i, A=(,1)%, r=(j, H),
e=(j, 1), a=—(1 D% n=(hi),
t=—(h, i)?, n={j, h), p=(i,a),
§=—(i,1), B=(i,1)"%, Q=(j.1)
y=(1, a), C=(8,a), o= —(3 a),
R=(B, 7).

In particular,

S,=H,  S,=i, T,=T, T,=q.

The invariants are 4, B, C, R of which only the first three are required to
determine the universal function. (There is a single syzygy among the four
invariants.) The absolute invariants are

R

s C
FEVE

According to Stroh [26, pp. 105-106] (sec also Hammond, [12]) the 18
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fundamental syzygies of the quintic stemming from Theorems 7.1, 7.2, 7.3
are

fj=3f%H~3H"—6T"
fm=iT— Hg,
fPh=H?+ fHj— % %"+ 2qT.
frA==2ii—i*H-2q",
fr=Hm+ T,
Je=im+ jq.
fa= Y HA -2k,
fn=qh—1ir,
fr=2jh— Ha— i),
fn=Ta—2Hn — fi,
/B=2in—qx,
f3=in—gqr,
SB = ho— 3i%a— 34§ — 21,
fO=jn+1m,
fr =2ty + an,
fC=2Bn— 2%+ adh + 3iar,
f6 =29 — 3 jat — Bfa+ ha”.
fR=Ahy + Bhf — juy + 3p1* + 3ity.

It is a simple matter to determine the three syzygies (7.9) from these
equations, which for a binary quintic take the form

~

A:SIQI(S2. [I,[‘)), B:Sf(ﬁ:(é‘:,fl.lz), C-_—S?é}(é‘z, [],f:).

where

€S _ T /q
f(” éz_sz

§)=

The simplest of these three functions is

A=5(6s,—4s3+ 1217 —213).
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Unfortunately, the expressions for @,, &, are extremely complicated, so an
explicit determination of the universal function is not possible in general.
(This may be related to the insolubility of the quintic by radicals.)

Leaving aside the monomials, we find that in the case of a binary
quintic, Clebsch’s theorem does not apply in the canonical cases

4+ xv+xt, X+ )

The reader can check that, based on Clebsch’s calculations [4, Section 93],
these forms are distinguished from each other by their absolute invariants,
even though they do not fall under the realm covered by his theorem. The
third form is (up to equivalence) the only null quintic which is not equiva-
lent to a monomial. Presumably, this implies that for a binary quintic, for
all k£, including 0, the ideal .7, satisfies our hypotheses of being irreducible
and one-dimensional; however, I do not have a complete proof of this. It
also appears that reducibility problems for these ideals will arise only for
forms of degree 7 or more.

8. INTEGRATION OF THE UNIVERSAL EQUATION

The final topic to be discussed is how (in principle) to reconstruct a
Lagrangian or form from its universal function F. Note first that since
the invariants / and J are rational functions of the derivatives of the
Lagrangian L, the universal relation

J=F() (8.1)

is a fourth order ordinary differential equation for L(p), whose general
solution is a four-parameter family of complex-equivalent Lagrangians.
(Real-equivalence must still take into account the sign and solvability
restrictions of Theorem 2.5.) Moreover, the universal equation retains the
general linear group GL(2) as a symmetry group, since if L(p) is a solu-
tion, so is any equivalent Lagrangian L. Therefore, Lie’s theory of ordinary
differential equations enables us to reduce this fourth order ordinary
differential equation to a first order ordinary differential equation, cf.
[22, Example 2.59]. (If the general linear group GL(2) were a solvable Lie
group, we could integrate (8.1) by quadratures.) We begin by restating the
symmetry condition:

LemMA 8.1. The universal equation is invariant with respect to the four-
parameter Lie group with infinitesimal generators

0 d , 0 e, 0
L ov=pS, v=petpl,  v=L—
3[), v p@p Vi=p op P oL Va4

vV, =



EQUIVALENCE PROBLEMS 73

Proof. This is just the infinitesimal version of the statement that if L(p)
is a solution, so is L(j), as given by (2.5). Alternatively, this can be
checked directly by noting that I and J, as given by (2.19). (2.22), form a
complete set of functionally independent differential invariants for the
prolonged group action pr'*'GL(2, R), cf. [22].

We now proceed to implement the basic Lie reduction method, using, in
order, the one parameter groups generated by v,. v,. v,. (The order is
motivated by the commutator table for the group.)

Step 1. To straighten out the scale group generated by v,, we replace
L by

M=log L.
We find that in terms of M.
2 [ 7A
I (M, +6M, M, +4M )’ I o/ 1ip
(M, + M)’ M, M

and so (8.1) reduces to a third order equation for M = M,
Step 2. To use the translational invariance, we let
=M, 0=M,,
be the new independent and dependent variable, in terms of which

_(00, 460044 0 NI

I h : Vot
0+ 1) JO+ 32

and hence (8.1) is just a second order equation for Q(y).
Step 3. Finally, we use the scaling invariance of the second order

ordinary differential equation for Q. which is given by the one-parameter
group (y, Q)+ (41, 22Q). The invariants of the group action are

where we regard R as a function of . We find that in terms of R and =,

,_GR+6:+4)7  A(R-25)0/1je
EN NS
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However, rather than work with the principal invariant R, it is much more
convenient to take

5 R+62+4
R= =133
VI= T
as the new dependent variable, in terms of which
J={z+ D R-2/=+1(z+2)} R..

Therefore, we have reduced the universal equation for the form Q to a
(complicated) first order ordinary differential equation, namely,

dR F(R)
= (+1)R-2/z+1(z42)

in which F is the universal function. Retracing our various reductions, we
find that we have proved the following.

(8.2)

THEOREM 8.2. Let F be a given function. Let R(z) be the general solution
to (8.2). Let

Then

Lip)=c;exp {VS ’(p+c2)dp}

describes the complete four-parameter family of Lagrangians which lead to
the prescribed universal function F.

Unfortunately, the explicit implementation of this construction is usually
too complicated to complete.

9. FURTHER QUESTIONS

(1) The case when the universal function is single-valued is impor-
tant. According to Theorems 6.6 and 6.8 it occurs when f'is equivalent to a
monomial or to a sum of two nth powers. However, it also occurs for other
special types of forms, for instance when the transvectant (f, f)'*’=0
vanishes, cf. (5.8), (7.8). Precisely when is F* single-valued, and what are
the geometric consequences?
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(2) In general, the universal function F* is not explicit. However,
since F* is analytic, we can compare two universal functions F* and F*
by expanding them both in power series. (In the multiple-valued case, we
must take care that we are comparing the same sheets of the associated
universal rational curve.) The question is, given the degree of the form,
how many terms in the power series for F* must be examined to ensure
equivalence?

(3) The fundamental result has reduced the problem of the equiva-
lence of binary forms to the problem of determining when their universal
curves are the same. However, this reduced problem is still not entirely
trivial: given two parametrized curves in the plane, how can you determine
whether they are in fact the same curve? The Grobner basis method of
Buchberger [1, p. 75] appears to offer a practical, computational method
for answering this question. It would be very interesting to try to imple-
ment Buchberger's algorithm in this context.

(4) Is there a purely invariant-theoretic proof of Theorem 4.2? Also,
what is the geometric or algebraic significance of the associated variational
problem, the invariant coframe and the universal function or universal
curve?

(5) A theorem of Gundelfinger, cf. [18], gives generic conditions for
a binary form of degree n to be written as a sum of k& nth powers. It is
unclear how Gundelfinger’s result and the associated theory of apolarity is
related to the result in Theorem 6.8.

(6) Extensions to ternary and higher dimensional forms can be
made. Bryant and Gardner [6] have looked at the corresponding
Lagrangian equivalence problem using intrinsic calculations; however, a
complete solution, and the classical invariant theoretic consequences
remain under active investigation.
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