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Dynamical Systems

Can We Predict the Future?
If we know the state of a system now, do we know its 

state in the future?

For models based on differential equations, the 
answer is ‘yes”.

0( ), ,   when  0ndx
f x x x x t

dt
   

If  f is sufficiently smooth (e.g., continuously 
differentiable) then there is a unique solution of the 
differential equations satisfying the initial condition.

Interpretation:

If we know the state of the system now, we can 
compute its state in the future.
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Can We Predict the Future?

0( ), ,   when  0ndx
f x x x x t

dt
   

If we know the state of the system now, we can 
compute its state in the future.

Yes, but how accurately?

Last Time

Deterministic systems can behave randomly.

It can be impossible to tell whether a time series results from a 
stochastic process or a deterministic system.
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( ) 2 mod1

( 1) ( ( ))

x x

x t x t





 

If all we can tell is whether x(t) is less than or greater than ½, then we 
cannot distinguish solutions from the result of flipping a fair coin.

More precisely, let:

if  ( ) 1 2
( )

if  ( ) 1 2

H x t
F t

T x t


  

(0), (1), (2),F F F 
Then the sequence

cannot be distinguished from a sequence produced by flipping a fair coin

( for almost all starting points x(0) ).
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Coin Flips
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( 1) ( ( ))

x x

x t x t





 

However ...

If we know  x(0) precisely, then we know  x(t) precisely, for all time.

What can go wrong?

Suppose we know x(0) only to some accuracy  ε.  Then, as time increases, 

we know  x(t) to less and less accuracy.  Eventually, we know nothing.

For example, if  ε = ½ , we know nothing after only one time unit.

What if ε = 10-6?

If all we can tell is whether x(t) is less than or greater than ½, then we 
cannot distinguish solutions from the result of flipping a fair coin.
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( ) 2 mod1 ( 1) ( ( ))x x x t x t   

blue(0) 1 5x 

0 5 10 15 20 25 30
0

0.5

1

t

x

Math 5490  11/28/2023

Math 5490
Dynamical Systems

( ) 2 mod1 ( 1) ( ( ))x x x t x t   
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Lyapunov Multipliers (infinitesimal growth)

1 0 0

1 0 0 0

Consider: ( 1) ( ( ))

orbit: ( ) ( ), (0)

nearby orbit: ( ) ( ),

n
n n

n
n n

x t f x t

x f x f x x x

y f y f y y x 




 

  

   

 
 

1 1 0 0 0 0 0 0

2 2 1 1 1 1 1 1 1 1 1 1 0

1

0

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )

( )
n

n n k
k

y x f y f x f x f x f x f x

y x f y f x f x y x f x f x y x f x f x

y x f x

  








        

           

 



 
11

0
0

average multiplier

, ( )

nn

k
k

x n f x




 
   

 
     

1

0 0
0

average exponent

1
, log , log ( )

n

k
k

x n x n f x
n

 




  

Math 5490  11/28/2023

Math 5490
Dynamical Systems

Lyapunov Exponents and Multipliers

1
1 0 0orbit: ( ) ( ), (0)n

n nx f x f x x x
   

 
11

0 0
0

( ) lim , lim ( )

nn

k
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Lyapunov multiplier
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Lyapunov exponent

 
 

0

0

If the Lyapunov exponent is greater than zero ( ) 0  or, equivalently,

the Lyapunov multiplier is greater than one ( ) 1 ,  then nearby orbits

diverge exponentially.

If the Lyapunov exponen

x

x









Interpretation
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t is less than zero ( ) 0  or, equivalently,

the Lyapunov multiplier is less than one ( ) 1 ,  then nearby orbits

converge exponentially.
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At each step, the error multiplies by a factor of  2.  After  steps, an error of  

becomes 2 .  Since the diameter of the state space is 1, to have any knowledge 

of the state of the sy

n

n 



Interpretation

30 10

100 31

stem after n steps requires an initial error of 2 .

30 steps: 2 9 10

100 steps: 2 8 10

n 
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Same as previous example:

At each step, the error multiplies by a factor of  2.

Interpretation
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On average, the error multiplies by a factor of  2 at each step.  

After  steps, an error of  becomes about 2 .  nn  
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The origin is a rest point with eigenvalue 4.

The Lyapunov multiplier is the eigenvalue.
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3
 is a rest point with eigenvalue 2.

4
The Lyapunov multiplier is the absolute value of the eigenvalue.
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Summary

Positive Lyapunov exponents are associated with unpredictability.

Errors propagate exponentially.

Orbits behave randomly.

Simple deterministic systems can have random behavior.


