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History of climate a la Korobeinikov & McNabb
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Korobeinikov, Andrei; McNabb, Alex. Journal of Applied Mathematics and Decision Sciences vol. 5 issue 4
December 1, 2001. p. 201-214



History of climate a la foraminifera
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J. Zachos, et al. 2001. Trends, Rhythms, and Aberrations in Global Climate 65 Ma to Present. Science: Vol.
292 no. 5517 pp. 686-693 DOI: 10.1126/science.1059412



Korobeinikov & McNabb’s sources

K&M cite The Ice Age World: An Introduction to Quaternary History and
Research with Emphasis on North America and Northern Europe During the
Last 2.5 Million Years by B.G. Andersen & H.W. Borns Jr., Scandinavian
University Press 1994.

The Ice Age World graciously thanks

The Research Council of Norway
Norsk Hydro A.S.
Saga Petroleum A.S.
Statoil

for their generous contributions.

That said, The Ice Age World seems like a decent enough book.

The Ice Age World got its plot from

Woldstedt, P., 1954: “Die Klimakurve des Tertiärs und quartärs in
Mitteleuropa”. Eiszeitalter und Gegenwart, Bd.4/5, pp. 5-9.
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The mid-Pleistocene transition
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mid-Pleistocene transition

Benthic δ18 O in Foraminifera during the past 3Myr

Before 1.2 Mya, glacial cycles had a period of 41Kyr.

Since 1.2 Mya, the period has been 100Kyr.

The 100,000 year problem: what happened?
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Lisiecki, L.E. and M.E. Raymo. 2005. A Pliocene-Pleistocene stack of 57 globally distributed benthic D18O
records. Paleoceanography, Vol. 20, PA1003, doi:10.1029/2004PA001071.



Milankovitch cycles

Glacial cycles are driven by Milankovitch cycles (+ feedback effects).

The two that we care about today are:

(c) Obliquity (axial tilt) (d) Eccentricity
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Milankovitch cycles

Obliquity: 41Kyr period.
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Berger A. and Loutre M.F., 1991. Insolation values for the climate of the last 10 million years. Quaternary
Sciences Review, Vol. 10 No. 4, pp. 297-317, 1991.



Milankovitch cycles

Eccentricity: 100Kyr period.
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Laskar, J., Fienga, A., Gastineau, Manche, H.: 2011a, La2010: a new orbital solution for the long-term motion
of the Earth, Astronomy & Astrophysics, Volume 532, id.A89, 15 pp.



The mid-Pleistocene transition
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Benthic δ18 O in Foraminifera during the past 3Myr
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Lisiecki, L.E. and M.E. Raymo. 2005. A Pliocene-Pleistocene stack of 57 globally distributed benthic D18O
records. Paleoceanography, Vol. 20, PA1003, doi:10.1029/2004PA001071.



Open questions around the mid-Pleistocene transition

What role did eccentricity play in the MPT?

Nonlinear, if any.
Eccentricity’s effect on insolation is weak, compared to the other orbital
variations.

Is the 100Kyr period an artifact of (2 × 41) and (3 × 41)Kyr cycles?

e.g. Huybers

Is the 100Kyr period inherent to the planet’s climate system?

e.g. Maasch & Saltzman
e.g. Korobeinikov & McNabb!
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Korobeinikov & McNabb’s model

Korobeinikov & McNabb’s system models the “ocean-land-atmosphere” system:
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Korobeinikov, Andrei; McNabb, Alex. Journal of Applied Mathematics and Decision Sciences vol. 5 issue 4
December 1, 2001. p. 201-214



Some assumptions

Global water stocks are divided betwen two large reservoirs O and L

O and L continuously exchange water and heat (mostly latent heat).

O contains all ocean water, with total mass u.

L contains all land water (snow & ice), with total mass v .

u + v = V = constant.

O and L exchange water via precipitation (rain, hail, snow):

Snowfall increases v

Rainfall and glacial melts decreases v .

v̇ = (rate of snowfall) − (rate at which ice & snow melts) = s −m

Atmosphere water vapor (and corresponding heat) is ignored.

So the model pays attention to ∼ 99% of water on Earth’s surface.
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The model

Goal:

1 Find an expression for q̇O , where qO(t) is the heat content of the ocean.

2 Then write the mean temperature tO of the ocean proportionally to qO . That
is, write

COtO = qO ,

where CO is the total mean heat capacity of the ocean.

3 Then do the same for land: CLtL = qL.

4 Giving us an ODE

v̇ = s −m

ṫO = g(v , tO , tL, λ)

ṫL = h(v , tO , tL, λ)
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The model

Ocean’s heat content:

q̇O =

insolation︷︸︸︷
EO − γvp︸︷︷︸
heat from precipitation

−
transport heat︷ ︸︸ ︷
W (p)− lO︸︷︷︸

re-radiation

where

p(t) : total precipitation rate (snowfall + rainfall)

γv : latent heat of vaporization

W (p) : heat spent on work to transport water of mass p

from the ocean onto the land
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The model

Land’s heat content:

q̇L =

insolation︷︸︸︷
EL +γvp + γms︸︷︷︸

heat from snow

−γmm −
re-radiation︷︸︸︷

lL

where

p(t) : total precipitation rate (snowfall + rainfall)

γv : latent heat of vaporization

γm : latent heat of melting

David Morawski (UMN) The mid-Pleistocene transition as a Hopf bifurcation Feb 5, 2013 17 / 1



The model

In sum:

v̇ = s −m

q̇O = EO − γvp −W (p) − lO

q̇L = EL + γvp + γms − γmm − lL

So the system is in equilibrium when

s = m, EO = W (p) + lO + γvp, EL = lL − γvp.
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More assumptions

Total precipitation rate p is proportional to the difference between the mean
ocean temperature tO and the mean land temperature tL:

p = s + r = a(tO − tL).

Snowfall is proportional to total precipitation:

s = δp where δ ∼= 0.5.

Neglect precipitation of transport: W (p) = 0.

Only about 0.7% of insolation is converted into the energy of motion of ocean
currents, winds, and waves.

The rate of snow melting m depends on tL and surface area of the snow:

m = btLv
κ, where 0 < κ < 1.
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Yet more assumptions

The rate of re-radiation is proportional to temperature in the reservoirs:

lO = ctO , lL = ctL.

Insolation absorbed by the ocean is proportional to insolation:

EO = kα

Insolation absorbed by the land is proportional to insolation and inversely
dependent on ice and snow surface area:

EL = kβ

(
1 − vκ

M

)
, where M > 0.
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The model

After the plethora of assumptions, we get:

v̇ = aδtO − aδtL − btLv
κ,

ṫO = k
α

CO
+
γva

CO
tL −

(γva + c)

CO
tO ,

ṫL = k
β

CL
− k

β

MCL
vκ +

γa

CL
tO − γa + c

CL
tL +

bγm
CL

tLv
κ.

By demanding some constraints on the parameters, the system has two
equilibria Q1 and Q2, located in the positive area of the phase space.

The authors say that these “conditions seem to be realistic.”
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Stability & a Hopf bifurcation

Q2 is unstable for all k > 0.

For a condition on the parameters η ≥ 0, Q1 is stable for all k > 0.

For η < 0, Q1 admits a supercritical Hopf bifurcation with k as the
bifurcation parameter.

Supercritical Hopf bifurcations occur when a pair of isolated, nonzero simple
complex conjugate eigenvalues of the linearized system cross the imaginary axis
from left to right.
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Diagram credit: Steven Strogatz, Nonlinear Dynamics and Chaos: With Applications To Physics, Biology,
Chemistry, And Engineering, Westview Press 2001, pg 250.



Some remarks

Why is insolation the bifurcation parameter?

There’s a lot of ice during an ice age.

To evaporate and transport all this ice, you need a lot of energy.

The Sun is the primary energy source for the earth’s surface.

Insolation is a bit of a misnomer: it’s more about the amount of energy that
reaches Earth’s surface.

Only about 55% of insolation reaches Earth’s surface.

Of course, many things cause variation in this (e.g., atmosphere composition).
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The moral of the story

Prior to 1.2Mya, the climate was relatively “stable”.

After 1.2Mya, the climate became “unstable” and “chaotic”.

This fits the general pattern of a supercritical Hopf bifurcation.
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A few of my own comments

The authors didn’t get very specific about the parameters/constants.

Their justification for certain assumptions was lacking.

They claim that Milankovitch’s theory requires glacial fluctuations in the
northern hemisphere to be out-of-phase with those in the southern
hemisphere. . . which is wrong.

The purpose of the model is to show that the MPT could have been caused
by “internal factors”.
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Thanks!
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