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Abstract

We consider a large declining population of cells under an external selec-
tion pressure, modeled as a subcritical branching process. This population
has genetic variation introduced at a low rate which leads to the production
of exponentially expanding mutant populations, enabling population escape
from extinction. Here we consider two possible settings for the effects of the
mutation: Case (I) a deterministic mutational fitness advance and Case (II) a
random mutational fitness advance. We first establish a functional central limit
theorem for the renormalized and sped up version of the mutant cell process.
We establish that in Case (I) the limiting process is a trivial constant stochastic
process, while in Case (II) the limit process is a continuous Gaussian process
for which we identify the covariance kernel. Lastly we apply the functional
central limit theorem and some other auxiliary results to establish a central
limit theorem (in the large initial population limit) of the first time at which
the mutant cell population dominates the population. We find that the limiting
distribution is Gaussian in both Case (I) and (II), but a logarithmic correction
is needed in the scaling for Case (II). This problem is motivated by the question
of optimal timing for switching therapies to effectively control drug resistance
in biomedical applications.

1 Introduction

Genetic variation often drives the process of population escape from extinction. For
example, populations of bacteria or cancer cells declining under drug treatment can



produce resistant variants capable of thriving under treatment, resulting in popula-
tion rebound. Although new therapies are constantly being developed to target these
drug-resistant mutants, one major question in the biomedical community today is:
when should these second-line drugs be administered? Motivated by this question,
here we consider a subcritical population of drug-sensitive cells in which a low rate
of random genetic variation drives the production of a (possibly heterogeneous) pop-
ulation of resistant mutants. We are interested in studying the temporal dynamics
of escape from extinction via this mechanism, and in particular here we obtain re-
fined estimates of the stochastic time at which the resistant population first becomes
dominant in the population. Characterization of this ‘crossover’ time, its variability,
and how it depends on fundamental parameters of the drug profile and cell type, is
useful in determining the optimal time to switch therapies and target different dis-
ease subpopulations. More generally, this work contributes to a growing literature
aimed at developing theoretical tools for the design of dynamic treatment strategies
that optimally utilize multiple drugs to control heterogeneous, evolving disease cell
populations [9, 10, 4].

Random mutational fitness landscapes. We will consider a general setting where
genetic variation can result in deterministic or random changes to the fitness of resis-
tant cells. Under this setting genetic variation may produce a spectrum of effects on
cellular fitness, resulting in a potentially highly heterogeneous population of resistant
escape mutants. This type of intrinsic stochasticity in drug resistant populations has
recently been a subject of intense biological interest and experimental investigations.
For example, in a recent study experimentalists observed variability in inter-mitotic
times in lung cancer cells with the T790M point mutation, which confers resistance
to anti-cancer drugs erlotinib and gefitinib [12]. Another investigation revealed that
within a clonal population of mycobacteria, there is significant heterogeneity among
cells due to asymmetric cell division which renders them differentially resistant to
several clinically important classes of antibiotics [1]. In light of these experimental
developments, in this work we study the stochastic time of interest under cases where
genetic variation produces both deterministic and random fitness effects in resistant
cells, drawn from a mutational fitness landscape.

We build upon several previous related works. In the current investigation, we
are interested in studying changes in the composition of the population which take
place on a logarithmic time scale. Thus we utilize a time scaling considered in the
works of Jagers, Sagitov, and Klebaner [8, 7], where the authors characterized process
dynamics on the time scale of extinction of a subcritical branching process. In a
previous work we established law of large numbers approximations of two escape
times under this time scaling in the case of deterministic fitness effects [6]. In a
joint work with Durrett, Mayberry and Michor [5], we also considered the impact
of random mutational fitness effects on total population growth rate in expanding
populations where multiple mutations are possible within the same cell. There it was
shown that the addition of random fitness effects resulted in a polynomial time delay



in the growth of the total population. Here we observe a consistent phenomenon, in
that the addition of noise results in a decrease in the growth rate by a logarithmic
term in the current time scale.

The main results in this paper are as follows. Theorem 1 establishes a law of
large numbers approximation for the crossover time in the setting of random and
deterministic fitness effects. Next, we prove a functional central limit theorem for the
resistant cell population in Theorem 2. For the deterministic effect setting the limit
is a degenerate stochastic process, whereas in the random fitness effect setting the
limit is a continuous Gaussian process. Lastly, Theorem 3 establishes the weak limit
of the crossover time in both settings.

The outline of the paper is as follows. In section 2 we introduce the model and
define some quantities of interest. In section 3 the major results are stated, and the
proof of the weak convergence result for the crossover time is provided. In section 4
the proofs of the remaining results are given. Throughout the paper we will use the
following notation for the asymptotic behavior of positive functions.

f(t) ~g(t) if f(t)/g(t) > 1ast — oo
f(t) =0(g(t)) if f(t) < Cg(t) for all ¢
f(t) =0(g(t) ifcg(t) <[f(t)] < Cg(t) for all t.

In addition, C' denotes a positive constant that may change throughout the paper.

2 Model and preliminaries

Consider a subcritical birth-death process Z, with birth rate ro death rate dy and
net growth rate A\g = ro — dy < 0; this population represents the drug-sensitive cell
population and is comprised of n cells at time ¢ = 0. Assume that drug-resistant
mutants are generated at time ¢ at rate Zy(t)un~* for a € (0,1), and that each of
these mutations results in the creation of a supercritical birth-death process with
random birth rate dy + X and death rate dy. Here, X is a possibly degenerate
non-negative random variable with distribution GG, and an independent copy of X
is generated to determine the birth rate of each new mutant. Let us denote the
total population of mutants as Z;. Then, Z; is a supercritical branching process
with immigration, which may be comprised of a spectrum of resistant types. We will
consider two distinct types of distributions G:

1. Case I (deterministic fitness effects):

G(dx) = 9y, (x)

2. Case II (random fitness effects):
G(dz) = g(x)dz,
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where g(z) has support in [0, \;] and is bounded, continuous and positive (at
A1).

To clarify the model, we note that Z;(t) is a Markov process in Case I but not in
Case II, since the population is heterogeneous.

For convenience we will also define r = —\;. We are interested in the asymptotic
properties of the ‘crossover time’:

& =1nf{t > 0: Z1(t) > Zy(1)},

i.e. the first time that the total population Z, + Z; is dominated by Z;. Note that
although 7, and Z; depend on n, we suppress the notation throughout the paper for
the sake of notational simplicity.

Remark 1. Note that we have used a mutation rate of un™® to model the behavior
that each sensitive cell generates mutations at a very small rate (which may represent
the rate of substitution error per base pair in DNA replication, for ezample). How-
ever, the initial population of sensitive cells is quite large in most biologically relevant
settings. Therefore multiple simultaneous scalings are needed to allow for flexibility in
the relationship between the large population size and the small mutation rate. This
relationship can vary significantly between biological systems (e.g. variation between
cell types, drug types, resistance mechanisms), and thus we are particularly interested
in characterizing how the crossover time depends on the quantity o« for biological
applications.

Remark 2. Here we consider o € (0,1). The setting of « = 0 is not biologically
relevant since mutations are no longer rare and here the crossover time occurs on a
time scale independent of n. The setting of a = 1 1is interesting and will be considered
n future work. In this case only finitely many mutants are created and escape from
extinction 1s no longer guaranteed.

Remark 3. An important class of distributions G that we do not explicitly consider
are finite distributions, i.e., there is a finite set of points x1, ...,z and non-negative
weights py, . . ., pr, summing to 1 such that for any A C [0,00), G(A) = S35 pila(z;).
In this case the large time behavior of Z1 will be largely determined by mutants with
the fitness advance xy. The dynamics of the crossover time in this case are similar
to the results of Case I.

In the remainder of this section we define some useful quantities that will be used
throughout the paper. Let us define for ¢;(t) = EZ;(¢t) and v;(t) = VarZ;(t), for
1 = 0,1. One useful time scale in this problem is given by ¢, = %logn which roughly
approximates the time at which the Z, population dies out. On this time scale we
have the following

do(ut,) =n'""
Yolut,) =n'"" (M> (1 — n’“) )
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For ease of the notation we will also introduce the following constants

_ 2do+ A (A F do)g(M)
)\1(’/“ + 2)\1) 2 )\1(7“ + 2)\1)

R1

For the type-1 population we have that

o1(uty) ~m(n,u)
U1 (uty) ~v(n,u).

where nl—etAru/r Clde) — &
m(n,u) = urg(i\ll—)t:l*a;hu/r (dz) = 0, (=)
u(r+A1)logn G(dl‘) = g(x)da;,
and

(n. ) pntmetPer - Gdx) = 6y, (x)
vin,.u) = 1—a+2Xju/r
’ ! T G(da) = g(x)da.

ulogn

The unique positive root of ¢;(t) — ¢o(t) = 0 will be used as an approximation for

&n:

(A+r)

10g(1+n“(>\1+r)/u)7 G(dz) = 0y, ()

Thus, u.(n) is the unique positive root to the equation: ¢;(ut,) — ¢o(ut,) = 0. We
will see that the values of u,/t, for the two cases in fact converge to the same value
as n — oo in Proposition 1.

3 Results

We first establish the basic result of convergence in probability of the crossover time
&, to the estimate u,, under Cases I and II.

Theorem 1 (Convergence in probability for crossover time). For every € > 0 we
have that

lim P (&, — u,| >¢) =0.

n—oo

Proof. See section 4.1. m

It should be noted that Theorem 1 is only used in the proof of Theorem 3.

Our overall goal is to identify a scaling s, — oo and a random variable y such
that s,(&, — u,) = x. Later we will demonstrate that the appropriate value for this
scaling is given by

(1)

n(1=0/2  G(dr) = 5y, ()
Sy = )= g

VES Glr) = g(a)dr.



In order to establish a weak convergence theorem for &,, we need to first establish
some additional results related to the fluctuations of 7, and Z;.

Consider the fluctuations of the Z; process. To do this, define the centered and
normalized process for 0 < u < 1:

, (2)

v(n,u)

and the limiting covariance function for 0 < u <wv < 1

wv) = 1, G(dzx) = iy, (2)
Clw,v) {Qﬁ, G(dz) = g(x)dx. )

The next main result establishes a functional central limit theorem for the normalized
and centered paths of Z;.

Theorem 2 (FCLT for Zy). For any 0 < a < b < 1, Y, = Y in the standard
Skorokhod topology on [a,b], where Y is a continuous centered Gaussian process on
la, b] with covariance function C(u,v), and Y (a) ~ N(0,1).

Proof. See section 4.2. m

Note that due to the large influx of resistance mutations at time u = 0 (in rescaled
time), we were not able to establish tightness in the standard Skorokhod topology of
the processes Y, on time intervals including 0. Since we are primarily interested in
‘crossover times’ which occur at positive values of u, the behavior of the limit process
at v = 0 is not important for this work; however we conjecture that there is a jump
with probability one in the limit process at u = 0.

Our method for studying the fluctuations in &, about w, is to study the scaled
maximum fluctuations of Zy and Z; about their means, and compare these quantities
with the scaled maximum difference between ¢y and ¢;. Our means of studying the
difference in ¢y and ¢, is the expression

sup  v(n,u) 2 (g1 (ut,) — Go(uty)) (4)

u€la,uy (y)]

where y > 0, u, (y) = (u, —y/Sn)/tn, and 0 < a < u,, (y) for n sufficiently large. We
also define .\ (y) = (u, +y/sn)/tn, but to avoid repetition we will generally focus our
analysis on the supremum over [a,u, (y)], since the analysis of the supremum over
la, u (y)] is nearly identical. In particular we have the following result.

Proposition 1 (Difference in means of Zy and Z;). As n — oo,

-3, G(dz) = 6, (2)
sup  v(n,u) "V (G (uty) — do(uty)) = § VT s
u€la,ur (y)] —pyg(A1) G(dx) = g(x)dz.

akg

In addition we have that u.(n) — ar/(A + 7).
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Remark 4. In the proof of Theorem 3 we need the observation that in Case II
v(n,u) V2|1 (ut,) — do(ut,)| grows rapidly as u moves away from u.(n). In par-
ticular following the proof of Proposition 1 (and in particular using display (48)), if
e, = 1/logn it is possible to establish that

t,) — t,
sup o1 (utn) — go(uty) 5)
u€lauz (y)—en] v(n, u)
— —Tuey(MJrr)/Sn (uy, (y) — en)nt— /Hy/sn e*atnp, (u.(n) — x/tn)dﬂv
ke logn 0 u.(n) — z/t,

where h,, is bounded above 0 and defined in (47). Although'Y will vary with u in Case
11, this property will ensure that we only need to be concerned with its distribution at
the limit of the crossover time, i.e., u = (ar)/(A + 7).

If time is sufficiently removed from the origin (on the logarithmic time scale), then
we can safely ignore the fluctuations in the Z; population. In particular we have the
following result

Proposition 2 (Fluctuations of Zy). For a > (%)(ﬁ) we have that as n — 0o

sup  v(n,u) Y3 (¢o(ut,) — Zo(ut,)) — 0
u€la,un ()]

in probability.

The proofs of the two propositions above are provided in sections 4.3 and 4.4. Us-
ing these results we can next establish the main result regarding the weak convergence
limit of &,.

Theorem 3 (Weak Convergence of &,). If

2(do+A1) B

o2 = {)\1(7“(—)}-2)\1(%\;17 w0 G(dr) = 6y, ()
« =+ -

Alug()\l)(kll-&—r(;@)\l—i-r)’ G(dz) = g(x)dx

and x ~ N(0,0?), then as n — oo,

Sn(gn - un) = X

Proof. We will do this by studying the limits of the following probabilities

lim P (s,(& — up) < —y),

n—oo

and
lim P (s,(& — un) > 9),

n—oo



for y > 0.
Now consider

B < /) =P (2 <)

tn

=P ( sup (Z1(ut,) — Zo(uty)) > O) : (6)

u<un (y)

and similarly

P&, > u, +y/s,) =P < sup (Zi(ut,) — Zo(uty,)) < O) .

u<u (y)

First for 0 < a < u,, (y) we have the following inequalities

P ( sup  (Z1(ut,) — Zo(uty,)) > O) <P ( sup (Zy1(uty,) — Zo(uty)) > 0)
UuEl|

aun (y)] w€[0,uz, (y)]

<P ( sup (Z1(ut,) — Zo(uty,)) > 0) +P ( sup (Z1(ut,) — Zo(ut,)) > 0) ,

u€l0,a] u€la,uy (y)]

and

P ( sup  (Zy(uty,) — Zo(ut,)) < O) —P ( sup (Z1(ut,) — Zo(ut,)) > O)

w€la,ul (y)] u€(0,a]

0,uit (y)] u€la,uit (y)]

<P ( sup (Zi(uty,) — Zo(uty,)) < 0) <P ( sup (Zi(ut,) — Zy(ut,,)) < O> .
u€|

From Theorem 1 we know that P(sup,cpq(Z1(ut,) — Zo(ut,)) > 0) — 0 as n — oo,
and therefore it suffices to study the supremum over u € [a,u,, (y)] or u € [a, u,} (y)].

From now on we restrict ourselves to the analysis of the lower deviations, (6).
The analysis of the upper deviations is nearly identical, and is thus omitted. First
consider the bounds

P (2 (u5 (y)tn) — Zo(u (y)ta) > 0) <P ( sup  (Zi(ut,) — Zo(ut,)) > o)

u€la,un (y)]

<P (Ai(n,y) + Az(n,y) + Az(n,y) > 0), (7)



where

Ai(n,y) = sup v(n,u)" 2 (Zi(uty) — é(utn))

u€[a,uy (y)]

As(nyy) = sap  v(n,u) 2 (¢1(ut,) — oluty))
u€la,uy (y)]

As(n,y) = sup  v(n,u)* (¢o(ut,) — Zo(ut,)) .
u€la,ug (y)]

For Case I, we can apply Theorem 2, Proposition 1, and Proposition 2 to see that

Zy (un (y) = Zo (uy ()
T A A

Al(”a y) + AZ(”» y) + A3(n7 Z/) =V - y:u/\/’%_b

where V' ~ N(0,1). Therefore the upper and lower bounds in (7) match and we see
that

YK
P sup (Zi(uty,) — Zo(ut,)) > 0) —P (V > —>
(ue[a,un ()] Vv k1

which establishes the limit theorem. Note that this argument works in Case I since the
limiting process, Y, is a single random variable and the distribution of the supremum
is still Gaussian.

Case II requires a little more work. Here the upper and lower bounds from (7)
no longer match since, sup,c(,; Y (v) and Y(b) are no longer guaranteed to have
the same distribution (since in Case II the covariance kernel is not identically 1).
In the following we will evaluate the lower bound from (7) but obtain an improved
matching upper bound. For the lower bound, we obtain once again from Theorem 2,
Proposition 1, and Proposition 2 that

r(Ar+7)
[07a%)

P (Z1(uy, (y)tn) — Zo(uy, (y)ta) > 0) = P [V > yug(\)

To obtain a matching upper bound, define €, = 1/logn, the random variables

Ai(y,en;n) = sup v(n,u) 2 (Zy(ut,) — ¢1(uty,))
u€un, (Y)—€n,un (y)]

As(y,ensn) = sup v(n,u) "2 (¢1(ut,) — goluty))
u€un (Y)—€n,un (y)]

A3(y7 Ens n) = sup V<n7 u)71/2 ((bO(Utn) - ZO(Utn)) )

u€ug (y)—en,un (v)]



and the corresponding supremum over the remainder of the set [a, u,, (y)],

AS(y.enin) = sup  v(n,u)"V? (Zi(ut,) — ¢ (uty))
u€la,uy (y)—enl

A;(y, Ens n) = sup v(n, u)_1/2 (¢ <Utn> - ¢0(Utn))
UE[a,uy, (Y)—en]

AS(y,enin) = sup  vin,u) 2 (do(uty) — Zoluty)).

u€la,up (y)—en]

Then

P ( sup  (Zi(uty,) — Zo(uty,)) > O)

u€la,un (y)]
3 3
<P (Z Ay, en;m) > 0) +P <Z Ai(y,en;n) > O> )
=1 =1

From the analysis of A3(y;n) we know that A;(y,e,;n) and A§(y, £,;n) both converge
to 0 in probability. Furthermore following the analysis of As(y;n) we can see that

_ (M +r
lim Ay(y, en;n) = —yug(Ar) u-

n—o00 (07,%)]

Similarly, based on Remark 4 and display (5) we see that there is a positive constant

¢ such that
. nl*OA
Al enim) <~y )

From the tightness of the sequence of processes Y,, we also have the stochastic bound-
edness property

lim supP ( sup Yo (u) > K) =0,

K=o n u€la,uy, (y)—en]

which combined with the result (8) and the asymptotic negligibility of A§ gives that
3
Jim P (Z Ay, enin) > 0) =0.

It then remains to study A;(y,e,;n), in particular to achieve a tight upper bound we
need to establish that

Ai(y,en;n) = Y(ar/(A +71)). (9)

First observe that the limit process Y is continuous with probability 1 on [a, b] C (0, 1],
due to the smoothness of the covariance function C(-,-) on [a,b] X [a,b]. From (45)
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we observe that u, (y) — ar/(A + r) and since the limit process is continuous we
then have that as n — oo

Ya(u, (y)) = Y(ar/(A + 7)),

Next for

5> 3rloglogn 1
T 2(A +r)logn  sut,
observe that due to (45) we have that

+ €n,

[u, (y) — en,u, (y)] C [ar/(A +1) =0, ar/(A + 1) + 4]

Therefore we have the inequalities for z € R

u€[un (Y)—en,un (y)]

<P sup Yo(u) >z |.
u€| —6,72%

ar
A1+r ’)\1+r+6}

P (Y, (u, (y) >z) <P < sup Y (u) > :v) (10)

Since the process Y is continuous we have that

lim sup Y(u)=Y (ar/(M +71)),

020 yelzar —5,50%+4]

with probability 1, and therefore

lim sup = 0. (11)

0—0 4

P < sup Y (u) > x) —P(Y (ar/(A\ +7)) > x)

ar ar

If we send n — oo in (10) we can apply Theorem 2 to the leftmost and rightmost
terms of (10) to get

IP’(Y ()\ozr ) >a:> glmmf}}b( sup Y, (u) >x>
LT n00 \ welun (y)—en um ()]

<limsupP sup Yo(u) >z | <P sup Y(u) >z,
n—oo ué[uﬁ(y)—sn,u;(y)} ue[ ar _ 5 _ar +6]

A1+r A1+

we then get the desired result by sending 6 — 0 and applying (11). O
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4 Proofs

4.1 Proof of Theorem 1
Proof. For ¢ > 0 define

and note that

P (&, < u, —e) P(t" )
IP’( sup (Zy(ut,) — Zo(ut,)) > 0)

u<ty, (e

<P (A1 n,e) + Ay(n, e) + As(n,e) > O) ,
where

A1(n,5) = sup n"! (Z1(utn) — ¢1(uty))

u<il, (¢)

Ay(n,e) = sup "' (61 (utn) — do(uty))
u<iy, (€)

Az(n,e) = sup 0" (do(utn) — Zo(uty)).
u<dy, (¢)

Lemma 2 of [6] shows that Ag(n, €) — 0 in probability. For G of Case I we have that
Ai(n,e) — 0 via a simplification of the argument in Theorem 5 of [6]. In Case II
consider the bound

Ai(n,e) < sup p AT sup pt A 7 (ut ) — ¢ (uty)|

u<iiy () usin ()
< nu*(n)(/\1+7")/7‘*a sup n“*Alu/“l\Zl(utn) — (bl (Utn)‘
u<iy, ()

From Proposition 1 we know that u.(n)(A; +7)/r — a — 0, and thus for any n < 0

we have that
niiptsaEn/re (12)

as n — 0o. Next observe that

sup no‘_)‘lu/"_llZl(utn) — ¢1(uty,)|

u<iy, (g)
ne! logn
logn oo \/R:NZ (ut) — & (ut,)].

12



Recall the centered, rescaled process Y, from equation (2). From Theorem 2 we know
that the sequence Y, is relatively compact. Therefore Theorem 13.2 of [3] implies
that for0 <a<b< 1

[ logn
SlTle]P) (usel[lapb] le(utn) — ¢1(Utn)| > K) —0

as K — oo. Then combining the previous display with (12), we get that

T)/T—CQ logn
A (n,e) <n" YAatr)/ logn \/ s QHMU/T\Zl (utn) — ¢1(uty)|
u<u

converges to 0 in probability.

It now remains to establish that Ag(n, £) is a negative number bounded away from
zero. First note that via monotonicity and the result ¢o(ut,) = n'~*, Ay(n,€) can be
simplified to

A

Ay(n,e) = nin - (¢1( . (&)t ) — 9o (ﬁ;(e)tn))
= nin )1y, (un (5)tn) -1

The desired result will then follow by establishing that n® ()=1¢, (4 ()t,) < 1. Thus
consider

nin 14, (a;(g)tn) :n“n“) (S1(ue(n)tn) + 61 (1, ()tn) — 1 (ue(n)tn))
7 o (1 (n)t ) 7l
+nun(a "¢ (i, (e)tn) — d1(us(n)tn))
— e O (9 (65 () — b (un(n)tn))

< 6—67‘

Y

where the second equality is from the definition of u,(n), the third equality from the
formula ¢g(ut,) = n'~" and the definition of 4, (¢), and the final inequality is due to
the monotone increasing property of ¢;.

It now remains to study

P, >u,+¢e)="P ( sup (Zi(uty,) — Zo(uty,)) < O)

u<it (e)

<P (Z (@) (e)tn) — Zo (4 (e)ts) < 0)
=P (By(n,e) + Ba(n,e) + Bs(n,e) < 0),

where
Bi(n,e) = n™ O~ (Zy(a} (e)t) — ¢ (@ ()t0))
By(n,e) = n™ O~ (g1 () (e)tn) — do(i) (e)tn))
Bs(n,e) = n™ O~ (go(af (e)tn) — Zo(arh ()tn))



Again using Lemma 2 and Theorem 5 from [6] we can show that as n — oo Bs(n,¢) —
0 and Bj(n,e) — 0. Also similar to our analysis of Ay(n,e) we can show that for
sufficiently large n, Ba(n,€) > 0. The result then follows. O

4.2 Proof of Theorem 2

We first establish the weak convergence of the finite dimensional distributions of Y,,.

Lemma 1 (Limiting correlation). For any k € N and a <wuy < -+ < up < b,

(Yo(ur), ..., Yo(ur)) = (Y(ur), ..., Y (ug)),

where Y is a Gaussian process on [a,b] with covariance function C(u,v) given in (3)
and Y (a) ~ N(0,1).

In Case I we have the following result

Lemma 2 (Tightness Case I). In Case I, for any 0 < a < b < 1 the sequence of
processes {Yy,} is tight in the standard Skorokhod topology for cadlag functions on

la, b].

The previous two lemmas then establish Theorem 2 in Case I. To establish the
result for Case II, it remains to establish tightness of the processes {Y,,}. For conve-
nience we will work with the process

- A1 utn
Yn(u) _ (na—ltn) 1/2 (e—xlutnzl (Utn) . ’unl—a/ eutn(a:—)\l)/ e—s(r—i—z)g(x)dsdx) :
0 0

(13)
which is a constant multiple of Y;,(u)/+/u; thus establishing tightness for the processes
{Y,} is sufficient.

Due to the non-Markovian nature of Y, in order to study tightness it is nec-
essary to introduce an approximating process. Specifically for {A,}, a sequence of
positive numbers decreasing to zero, define A\;(4,) = ceil(\/A,), z; = jA, and
gj = féj_l g(z)dz for j € {0,1,..., A\ (A,)}. In addition define Z, ; to be a branching
process with birth rate dy + x;, death rate dy, initial size 0, and immigration rate
at time s given by un~*Zy(s)g;. With these definitions in place we now define an

approximating process

Al(An) i utn
In(u) = (n"‘_ltn)l/z eutn(@i—h) (Zlvj(utn)e_“t”‘tf — @/ €_S$jZ0(8)d8> :
0

ne
Jj=1

(14)

We will create a coupling between J,, and Y, to establish the following Lemma.
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Lemma 3 (Approximating Process for Case II). Fiz 0 < a < b < 1. If A, =
0 (na_le_)‘lbt"/tn) then for any € > 0 we have that

lim P | sup |V,(u) — J,(u)] > ] =0.
n—00 u€la,b]

With the previous lemma we can work with the simpler processes {J,} and es-
tablish that

Lemma 4 (Tightness Case I1). If A, = O(n2@=D/3 /%) then for any 0 < a < b < 1
the sequence {J,,} is tight in the standard Skorokhod topology for cadlag functions on
[a, 0]

We lastly need the following Lemma which is quite standard, but we could not
find a proof in the literature so we provide one here.

Lemma 5. Let B(t) be Markovian continuous time branching process with offspring
generating function f(s), B(0) = 1, birth events occur at rate a, and define X =
a(f'(1) —1). If for non-negative integer k, f*(1) < oo then we have that

O(eM), A>0

E[B(t)Y] = {@(e”) N0

With this result we are now ready to complete the proof of the functional central
limit theorem.

Proof of Theorem 2. As mentioned above, in Case I the proof is complete by com-
bining Lemmas 1 and 2. For Case II it suffices to establish weak convergence of
{V,}. From Lemma 1 we get finite dimensional distribution (FDD) convergence of
{Y,,}. Then via Slutsky’s theorem and Lemma 3 we have FDD convergence of {.J,}.
We then get weak convergence of {J,} via Lemma 4, which of course implies weak
convergence of {Y,,} via Slutsky’s theorem and Lemma 3. O]

4.2.1 Proof of Lemma 1

Proof. We first identify the limit of the following correlation function

E[(Z1(uty) = ¢1(utn)) (Z1(vtn) = ¢1(vtn))]
(v(n, uv(n,v))""?

Ch(u,v) = , (15)

i.e., to identify lim, o Cp(u,v) = C(u,v). We will first consider this in the case
G(dx) = d,,(x), and in this setting observe that if we define F;, = o ((Zo(s), Z1(s)), s < t)
then for v <o

A vty

vin
E[Zy(vty)|Fu,] = eAlt”(”’“)Zl(utn) + ,u/ e”\lsE[Zo(s)|}"utn]ds.

(0%
n tn

15



By conditioning we have

Bt Za(ot)] = B )+ S [ el (6 2 s,

[0}
n tn

then applying the first part of Lemma 1 of [6

ElZy(utn) 21 (0t,)] = S / / N4 ]2 (5) Zo ()l dsdy

+un1 «a )\1tn(v u)/ 7TSE[Zl(Ut _S) ]dS
0

e)\lvtn

+

vin
M/ e_AlsE[Zo(s)Zl(utn)]ds,

o
n tn

and then applying the second part of Lemma 1 of [6] we have
Aitn ’U-‘ru)u Utn
Bl (uta) 2 (ota)) = = [T [ e B 2y(5) 20y dsdy

Uty ~
+un1—a Altn(”U_u)/ _TSE[Zl( t —S)Q]dS

2>\1tnu+v
/ / N B[ Z(y) Zo(s)|dyds,

where Z, is binary branching process with birth rate dy + A;, death rate do, and
Z1(0) = 1. Next observe that

2 /\1tn (u+v)
61 (uty )61 (vt = / / Bl Z0(3)| ElZo(y)le= D dsdy
2 Altn(u—l-’u [017%
/ / Zo( )] _’\1(5+y)dyds,

and therefore

E[(Zl(ut) ¢1(utn)) Zl(vt) ¢1(vtn))]

,u f/\1(8+y)Cov[Zo(S)ZO(y>]dey
0 0

2 )\1tn u+U
/ / e MW Cov( Zy(y) Zo(s)]dyds
utn ~
+ pnlmeettn(v=u) / e " E[Z(ut, — s)*]ds.
0

Since Cov[Zy(s)Zo(y)] = O(n) and E[Z;(ut,, — 5)?] = O(e**1(“n=5)) (see Lemma 5) we
see that the first two terms in the previous expression are O(n!=2¢eMtn(1+v)) while the

16



latter expression is O(n!'~*eM(“+v))  Therefore when analyzing the limit of C,,(u,v)
it follows that the only the final term will impact the limit. Thus it remains to analyze
the limit below, which is a straightforward calculation

1—a At (v—u) Uty B
g © ; / e " E[Zy(ut, — s)%]ds = 1.
0

lim
= (u(n, u)v(n, v))"?

Thus we see that in the case of deterministic advances that the limiting correlation
function is C(u,v) = 1.

We now consider the case of random mutational advances, i.e., G(dz) = g(x)dx.
Following a similar development as in the deterministic advance we calculate the
covariance for 0 < u < v < 1. In particular, by discretizing the fitness space and time
and using the independence of distinct cell lines we obtain:

Cov(Zi(uty,), Z1(vty))

i [N g+ D) [ e (2ot 2)(r + 20)
= 2 A £(r + 21) F  2dy 1 2)(r + 2)

] dz(1+ o(1)).

We will show that

2pun’ /W 2 g(x)(do + w)etn [ vaty (2o + ) (r + 22)
(v(n,uw)v(n,v))? J, x(r + 2x) 2(do + )(r + x)

] dx, (16)

goes to 0 as n — oo. First note that

wuty  2do +x)(r+22) L, - x(2dy — 1)
2(do + x)(r + x) 2(do + 2)(r+x)’
so by the mean value theorem
1 + (2dy + ) (r + 2x) o |2do — 7l .
= prutn tn Tuty <Ctn Tuty
x 2(do+z)(r+x) | — * 2dor i€

for a positive constant C'. With this bound we can bound (16) by

2Cut, pnt= /’\1/2 g(x)(do + z)estnery) o £ plmaehin(uto)/2
(v(n,u)v(n,v))? J, o(r + 27) (v(n, w)v(n,v))2 )

which goes to 0 as n — oo.
Thus it suffices to consider

ot P (@)l e [y (2ot a)r+20)]
(v(n,u)v(n,v))/? //\1/2 z(r + 2x) [6 2(do + z)(r + x) } a,

17



and observe that the second term in the integral clearly goes to 0. Using the change
of variable y = t,,(u 4+ v)(A; — ) and plugging in the definition of v(n, u) we see that

. 2unt= /)q g(z)(dy + x)€$t7L(U+u) 2 /uv
lim r=-—-.
n—oo (v(n,u)v(n,v))/? W x(r + 2x) (u+v)

We now establish the asymptotic normality of the large n limit of (Y, (u), Y, (v))
for 0 < u < v < 1. The proof for more than two time points will be identical thus we
only consider the setting of two time points. By the Cramer-Wold device it suffices
to study weak limit of

01Y,(u) + 02Y,(v)
for arbitrary (0;,60,) € R?. Recall that Zy(0) = n, and use the label Zy(t) =
> i1 Z(()j ) (t) where Zéj ) are the un-mutated offspring of cell j from the original pop-

ulation. Further write Zy(t) = >, A )(t), where Z7) are the mutated offspring of
cell j, in addition define ¢\ (ut,) = ¢;(ut,)/n. If we then define

20 (ut,) — 6 (ut,)
v(n,u)/?

then it follows that
0,1Y,(u) + 6,Y,(v) = Z (01Y,9 (u) + oY, (v)) .

J=1

Then
C(u,v) = lim nCov (Yn(j)(u), Yn(j)(v)) )

n—oo
whose value we calculated earlier within this proof. If we establish the following
Lindeberg condition
. . . 2 . .
lim nE {(ely,fﬂ(u) +0,Y. D (0))* 1 10:Y,9) () + 0., (v)] > 5} —0, (17)
n—oo

then
01Y,(u) + 02Y,(v) = Z(u,v;01,05),

where Z(u,v;0y,09) ~ N(0,w?) with w? = 6% + 65 + 20,05C(u,v). Since the following
analysis applies to arbitrary (6;,6,) € R? it follows that (Y, (u), Y, (v)) converges in
distribution to a mean-zero Gaussian with covariance matrix given by

EZ(aim m?w)

Thus it remains to establish (17). By expanding the square applying the Cauchy-
Schwarz inequality, and the inequality

L6y w16y @)>er = Loy @yzer2y T Lioavi® o)3e/2)

18



we see that (17) will be implied by establishing

lim nE [V, (u)% |Y,9 (v)] > €] =0 (18)
n—oo
for arbitrary (u,v) € (0,1)x(0,1). We will only do this for the setting G(dx) = g(z)dz
since the deterministic advance case is a simpler version of the same arguments.
Observe that in this setting

ulogn

W) = e

: , 2
(29 (utn) — 6 (utn)) "
Denote the number of mutations created by cell j by time ut,, by N;(ut,) which is

a Poisson process with intensity at time s given by /m_aZ(()j )(s). Further denote the
time of creation of the ¢th mutant by cell j by 7;; and the net growth rate of this cell
by X;;. Lastly denote the Markovian branching process representing the descendants

of the ith mutant of initial cell j by Bi(j ), note that this population will have death
rate dp and birth rate dy + X;;. Based on the above notation we have

Nj utn)

Z (uty) = Y B (ut, — 7). (19)

i=1
Now choose n € (0, A1), and form the quantities

Nj(utn)
on = S Bt
i=1
) po " " )
oy (uty) = _/ 9(3:)/ "= 757 (s)dsd
0 0
20 (ut) = o) (ut,)

v(n,u)l/?

It is then immediate that nE[Y,%) (u)2] — 0 since Var(ZS,)Z (ut)) = O(e*™nn=/logn)
and v(n,u) = O(e*M1%n"n'=2/logn). Thus we assume that without loss of generality
that all mutational advances confer a fitness advance greater than 7.

Note that for any Markov branching process B with mean growth rate A > 0
and offspring generating function f with f”(1) < oo there exists a square integrable
random variable W such that E[(W — e *B(t))?*] — 0 as t — oo (e.g., see Theorem
2 of 1.6 in [2]). This of course implies that E[W?] = f”(1)/(f'(1) — 1). Further note
that since sup,s,e M E[B(t)?] < oo, we see that e *B(t) is a uniformly integrable
martingale, and in particular if G, = o(B(s),s < t), then E[W|G,] = B(t)e ™.
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Therefore

E[(B(t)e™ = W)’ = E[WQ] e ME[B(t) 2] (20)
_ra e () e f1() = (L) — 1)6)\t>
INAORS! f’ 1 F) -1
_a ) ( -1 - .Y
)= =r(N)e .

Observe that sup,, 5,) £(2) = K < co. Thus for each process Bi(j) let W;; be the Lo
limiting random variable. Then

ulogn () () 2
rpnPhia <Z1 (ut,) — o7 (uty )>
2n“ulogn Ny(utn) ; i
S p Z eutn(Xijf)\l)einjnj WZJ _ ¢§])(utn>n7)\1u/7‘
i=1
- N;(utn) 2
n%ulogn ;
+ Tg Z eutn(Xij—)\l)e—XijTij (VVW . Bf])(utn . Tij)e—Xij(utn—’Tij)>
i=1

= Ti(n) + Tx(n).

We will analyze the latter term first. Since the summands are mean zero and inde-
pendent it suffices to study the mean of the squares, i.e.

E [eQUt"(XU_’\l)e_ZXUTU (le - BY)(utn - le)e_le(utn—Tij)>2}

2
=E [ 2utn(X1j=21) g =2X1m5 [ Wi — (ut,, — le)efX”(Ut”*T”» \TmXUH
< E |: 2utn le ) 2X1j7'1],€ X le(utn le)]
S Ke™ )qutn’

where the first inequality is due to (20). Since E[N;(ut,)] = O(n™®) it follows that
lim,, oo E[T2(n)] = 0.

Now consider E[T}(n); |Yn(j)(v)| > ¢, and recalling that E[N;(ut,)] = O(n™%)
observe that it suffices to show that each of the following goes to zero

EWE; [V, (v)] > €] logn
(”) ? '
(nf)\lu/r(ﬁlj (utn)> P([Y.9 ()| > €) logn.

For the analysis of both of these terms it is useful to observe that P(|Yn(j ) (v)| >¢e) <
1/(en). Next recall that W, inherits all of the moments of the offspring distribution,
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in particular E[W}}] < oo in the case that the offspring distribution has a finite fourth
moment (see e.g. the functional equation in (5) of 1.6 of [2]). Therefore

logn
EIWY,9(0)] > el logn < (EIW)) > 257

which clearly goes to zero in the large n limit. Since

' A1 uln 1
n Mg (ut,)) = no‘/ g(:c)e“t”(’”’\l)/ et dsdr = O ( )
0 0

nlogn

it follows immediately that

. 2 .
lim (n’Alu/rgbgj)(utn)) P(|Y,9 ()| > ¢)log?n = 0.

n—oo

4.2.2 Proof of Lemma 2

Proof. First observe that for all u € [a,b] we have that sup,, E[Y,(u)?] < co, and
hence for each u {Y,(u)} is a uniformly integrable sequence. Then consider the
decomposition

uty
Y, (u) = nl@=b/2 <6_)\1ut"21 (uty,) — %/ Zo(s)e_’\lsds> (21)
0

n
uty
+ n_(1+0‘)/2u/ e M%(Zo(s) — ne™"*)ds
0
= M, (u) + &, (u).

Recalling that Cov(Zy(s), Zo(y)) = O(ne™"*), we have that

E[&, (u)? n1+a/ / e M Cov(Zy(s), Zo(y))dsdy = O(n™®),

which implies that sup,,~; E[M,(u)?] < co. Furthermore the previous display implies
that sup,e(q ) En(u) — 0 in probability, and hence it suffices to prove weak convergence
for the sequence {M,,}.

Since for each n, M, is a martingale it is possible to use the result of [11] to
establish weak convergence. Specifically in order to establish this we need the FDD
convergence and uniform integrability of {M,}, as well as establish that the limit
process Y satisfies property A from [11]. Since in Case I, Y is a constant process it
is trivial to establish that the property holds.

O
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4.2.3 Proof of Lemma 3
Proof. For t > 0 define Z ;(t) to be all cells in population Z;(¢) that are descended
from mutations with fitness in [x;_1,x;), which gives

Alhﬁn

)
Z,(t) = Z Z14(1).

Next consider the decomposition

A1 (An)

uty
Yn(u) — (na—ltn) 1/2 e—)qutn Z (Zl,j (utn) o Hnl_agj / e—rsexj(utn—s)ds>
= 0

11—« 1/2 )\I(A"
+ i (0 n)
j=1

= n,l(u) + In,2(”>'

Note that by continuity we have that sup,ec(,y [In2(u)| = O(2,n1=/2,/%)  which
goes to zero by our choice of A\,,.
For what follows it is convenient to re-organize I,, 1 (u) as follows

7j=1
) Tj Uty
/ / g(ZE)G_)\1Utn_TS (ex(utn—s) . ea:j(utn—s)) dsdr
Tj—1 J0

Al(An) Uty
a— 1/2 utn (Ti—A —UtnT; Hg; —s(r+x;
Lii(u) = (n*7't,) g 1 eutn(@i=A1) (ZLj(utn)e tny no‘—jl/o et J)ds> :
J:

(22)
Note that Z;;(-) is a binary branching process whose cells have birth rate in
[do + xj-1,do + ], death rate dy and immigration rate un=*Zy(t) [7 g(z)dz. We

Tj—1
A1(An)

will now create a family of coupled processes {Z; ()} i=1 " such that for each j and

t > 0, the inequality Z ;(t) < Zy;(t) holds a.s.

For a new resistant cell A created in the Z; ; population with birth rate dy + z,
create a matched cell A* with birth rate dy + ;. Each birth and death by A and
its descendants is matched by a birth or death by A* or its descendants. In addition
to matching A and its descendants, the A* cells will have additional births at rate
xj; — x. One offspring from this event will continue tracking the behavior of the A
cell. The other offspring initiates a new branching process with death rate dy and
birth rate dy + x;. The total population of A* cells and their descendants comprise
the population of the process Zl,j. Note that ZALJ’ is a branching process with birth
rate dy + x;, death rate dp, and immigration rate at time s, Zy(s)un= féj_l g(x)dx.

For ¢ > 0 let N;(t) be the number of mutations with fitness in [z;_;, z;) that have

occurred by time ¢. Enumerate the fitness of the mutants by {xgl) }i>1. Note then

that
N; (@)

Zuy(t) = Zus(t) = > BY@),

i=1
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where BJ@ is a branching process with net growth rate x; and immigration at rate
(z;— xy))Z&)(s), where Z{? is the contribution of the ith mutation to Z; ;. Note that
we can create another family of coupled processes W; such that for each ¢ > 0

N; ()

> B <w,

=1

where WW; is a binary branching process with birth rate d; + x;, death rate d; and
immigration at rate A, Z; ;. Thus for ¢ > 0 and each j € {0,..., A (A)}

0 < Z,(t) — Zu(t) < Wi(t).
Returning to I, 1(u) we have that

A1 (An)

. utn
Ina(u) = (no‘_ltn)l/2 Z ein(zi=A1) (Zl,j(utn)e_“tn% — _ugjl / 6—8(r+xj)ds)
0

na
j=1

A1 (An)

+ (na—ltn) 1/2 Z e_Alut" <Zl7j(utn) - Zl,j(Utn)>

j=1
= An,l (U) + In’3<u>.

We would like to convert the summands in fnl(u) into martingales. In order to do
this we need to replace ne™"* with Zy(s), which gives

)\1(An) i Utn
In,l (u) — (nafltn>1/2 2 : eutn(fﬂijl) (Zl,j(utn)e”t"zj - @/ eSIfZO(s)ds>
. n* Jo
J=1

1/2 M1(An)

tn Ubn (T — v —S8x; —rs
+ W (na—H) Z ein(®s Al)gj/o e (ZO(S) —ne ) ds
j=1

= Jn(U) + In74(u).

We will now show that for our choice of A,, for any ¢ > 0

lim P ( sup | L x(u)| > 5) =0

n—o0 u€la,b)

for £ = 2,3,4. The result for I, » has already been established, so now consider I, 3:

A (An)
a— 1/2 —Au 7
sup | 3(u)] < (n*'t,) / sup e AUt Z ‘ZLj(utn) — 7y (uty,)
u€la,b] u€la,b] j=1
A (D)
< (no"ltn)l/2 e~ M gup Z Wi (uty,).
u€la,b =1
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Note that Z;‘;(f”) W;(ut,) is a non-negative submartingale with respect to the fil-
tration generated by {W, ZLj};‘;(lA"). Thus from Doob’s inequality we have that

AM(An) 1 A (An)
P| sup > Wjlut,)>e <- E[W;(bt,)]

u€lab] g j=1

For s > 0 we have that

ea:js,ugjnlfa

r—l—xj

and therefore
A(Dn)
E[W;(ut,)] = O (Ann'~eMt,) .
j=1
Thus the desired result will follow by our choice of A,,.
We next consider

" 1/2 A1(4&n) btn,
sup |Ip4(u)] < <nlj-a) Z eatn(wj—/\l)gj/ | Zo(s) — ne~"%|ds
0

u€|a,b]

=1

" 1/2 btn,
< n Z _ —rs d
— <nl+a) /0 ‘ 0(8) ne | S,

where we get the inequality via e®»(@i=*1) < 1. Since Var(Zy(s)) = O(e™"*n) it follows
from the Chebyshev and Cauchy-Schwarz inequality that

u€la,b]

P ( sup |Ia(u)| > &?) < éO(tn/na)l/z.

4.2.4 Proof of Lemma 4
Proof. For each j € {1,..., \1(A,)} define for u € [a, ]
) uty
M;(ut,) = (na_ltn)l/2 <ZAl,j(utn)6_“t”’”j - @/ Zo(s)e_”jd:s) :
n* Jo
note that M;(ut,) is a martingale (in u) with respect to the filtration

Fi=0 (Z1a(t)s s Zasan(®): Zo(),t < uty)
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and that
A(An)

To(w) = Y e @00 (ut,),

j=1
In order to establish the tightness of J, we will establish that there exists a C' > 0
and 8 > 1 such that for u € [a,b] and 0 < h < u—a

E[(Ja(u+h) — Jo(w)?* (Ju(u) — Jo(u— h))?] < OKP, (23)

see e.g. Theorem 10.4 or 13.5 of [3]. First calculate

AI(An
_ 2
(Tt B) = Ty () = 3 (000 (o B)E,) — 0 )
7j=1
A(Ay)
+ Z Z gutn(@itai—22) (eht”(“_”\l)Mi ((u+ h)t,) — M;(uty)) (eht”(zj_’\l)Mj ((u+ h)tn) — Mj(uty,)) .
=1 i

Next consider the sigma algebra F°2 = o (Zy(s),s > 0) and the enlarged filtration

Fut, = O (ﬁutn Ufé)o). Since M; is still a martingale with respect to futn, and

the processes M; and M; are independent conditional on F2 we can use the tower
property to see that

E [Mi (w4 h)tn) M ((u+ B)ty) [Fus, | = Mi(ut,) M;(ut,).
Then based on the previous display we have that
B | (nlu+ ) = Ju(w))? | P, | (24)
= > B[, (Gt h)t) — M) |
j=1

+ M;(ut,) M (ut,, )" (Fites=220) (ghtn(@i=di) _ 1) (htn(w;=A0) 1)
i#]

<
Il

—
-

We can use the martingale property to see that

E [(e(wh)(wrh)tn M; ((u+ h)t,) — €Utn($j_)\l)Mj<Utn))2 |]:—utn} (25)
- M. (ut )2 2utn (x;—A1) (ehtn(xjf/\l) . 1)2
4 20 (B [0 (et h)t)? [ Fur,| = Myt )?)
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We can then calculate that

nl—oc

(B [ M (- )t)? VFua, | = My(utn)?) = e 250N E [ 2, (u+ h)t)’ | Fo,

n

. LG 2 (u+h)ty u+h)ty .
— e+ 2 (R) [ [ e iz (5) Zu(w) P sy
0

Lg; 2 u+t+h)ty, u+h)t, .
- (n_aj> / / e_xj(Ser)E[Zo(S)Zo(y)’}—utn]dey
ut tn

2 UL jln utn R . R
+ R / e~ (o) 25 (uty) — € B[ Zo(5) 21 (u+ W)ta) | s, ) ds
0

na

2ug e~ wthzjtn  pluth)tn 5 I
_ 2 [ i) 2 (0 ) P s

ne tn
we can evaluate the penultimate term in the previous display and simplify to get that

nlfa

(B [M; (@ + Wt 1] = Mt ?)
— o 2tnzs(uth) [ZALJ. ((u+ h)t,)” ]ﬁutn}
. Qg UTitn (uth) s
. e—QuwjthLj(utn)2 _ LZLJ‘(Utn)/ E[ZO(S)Ifutn]dS
n« Uln
Mg (u+h)tn (u+h)t
Kg; / / —x;(s+y)E[ZO( )Zo(y)| Fuur, |dsdy. (26)

For each j, let Zl,j denote a binary branching process with birth rate dy + x; and
death rate z; and initial condition 1. We can now calculate that

e B 205 (ot R)) [P, | = €720 (2 g(uta)? + €205 24 s (uta)Var (Z1,5(ht) ) )

2 Z ] tn (’lH‘h)tn L
L 209,21, (uty) / ¢~ B[ Zo(5)| Fur, ] ds

ne eutnmj .
n

H /(u+h)t” E[Zo(8)| Fur, |E [Zl,j ((u+ h)t, — 3)2] ds

nee—2tnw;(uth) ut
,Ug (ut+h)tn  p(uth)ty
() [ [ Bz 2w Pl sy
Using the previous display we can simplify (26) to the following form
E [Mj (u+ h)ty)? |ﬁutn} — Mj(ut,)? = e~ Hrosthpo=ly 2 (ut YWar (le(ht ))

1 okt : 7
L MGitn / E[Zo(s)| Fut | E [Zl,j((“ +h)tn — 5)2] ds.

ne2tn®;(uth) .
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For ease of notation we define
Hj(u, him) = B |M; ((u+ B)tn)* |, | = M (ut,)? (27)

We can then plug (25) into (24) to get that

B |(alu+ 1) = Ju(w))? P, | (28)
A (An) (A
S M] (Ut )2 2utn (zj—A1) (ehtn(x] _ Z 2(u+h Tj—A1) th (U, h, TL)
=1 =1
AM(An)
+ Z Z Mi(utn)Mj(utn)eutn(wi—&-xj—%l) (ehtn(tci—)q) . 1) (ehtn(tcj—)q) . 1) )
J=1 i#j

Noting that if i # j and k = 1 or £ = 1 then E[M;(ut,)*M,;(vt,)"|F2] = 0, we can
write

B [(J(w) = T = 1)) B [(J(u+h) = () Fu, |

Al(An
Z p2utn(@j+zi—2\1) [Mi(Utn)Mj(Utn) (Mj (Utn) — e_htn(a:j—h)Mj((u — h)tn))
=1
y (Mz ut n e_htn(zi—kl)Mi((u . h)tn))] (ehtn(wg‘—)q) o 1) (ehtn(xi—)q) _ 1)
A(AR)
+ €4utn(93j—)\1) (ehtn(ﬂlj—Al) _ 1)2 E |:Mj<utn)2 (MJ(Utn) — e_htn(rj—)\l)Mj((U - h)tn))2i|
j=1
A1 (L)
+ 3 Y el (hin ) 1)’ E [Mj(Utn)Q (M;(uty) — e My (u - h)tn)ﬂ
=1 j#i
Al(An)

- bt (22 2
20 B [, i) (My(uta) — e M@ M (= B)t,)]

_l’_
v

M (D)

YD AN 251 B [ s ) (M) — NG B ]
1 574

= Lu(u, him) + Lo(u, hin) + Ly(u, by m) + La(u, b n) + Lo(u, hi ).

%

Thus if we establish that there is a C' > 0 and 8 > 1 such that for all 1 < m <5,
u € [a,b] and 0 < h < u — a we have L,,(u, h;n) < Ch? then we will establish the
tightness condition (23). Each of the terms L,, can be written as either a single sum

of the form
A (An)

m(u, h;n) Z hmutn(z;=A1) EN; m(u, h;n)l,
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for appropriate random variable ¥, ,,, and non-negative integer k,, or alternatively as
the double sum

A1 (An)
Dy (u, h;n) = Z Z ekmutn(xj—/\l)eemutn(mi—M)E[\Pj’m(u’ ;)@ (u, b m)).

J=1 i#j

Claim A: Suppose that for each j € {1,...,A;(A,)} there exists a function p;(h;n)
such that
eknzutn(IjA*Al)/zj(il;71) f; liflevtn(mjA*Al) (14)

for positive constants Ki,v independent of j,h and n. If the following bound is
satisfied
B m(u, hin)] < Coh®gjtn (ta( M — 25))"™ pj(hsn) (29)

for non-negative integer k,,, then S,,(u, h;n) < ChP.
Proof: We prove the claim for the single sum. Thus consider

A1(An)
S, hin) < CohPty, Y e o (1, (A — )™ pj(hsn)
j=1
AL (An) &;
<ottty Y e [ a0 = 2)) gla)da
j=1 Tj-1

A1
< Coh’gtne“t"A”/ U@ (1 (N — )" g(z)da
0
Atn
< Clhﬁ/ ey g(M — y/t,)dy < ChP,
0

where the penultimate inequality follows by the requirement that sup,, t,4, < oo,
and an application of the change of variable y = t,,(A; — ), and the final inequality
follows from the assumption that the density g is bounded. [

In order to establish a corresponding result for the double sum terms note that
conditioned on F2, = o(Zy(s),s > 0) the random variables ¥; and ®; will be in-
dependent. Thus for the double sum it suffices to show that there there exist two
functions pj(h;n), p5(h;n) for each j € {1,..., A\ (A,)} satisfying (A) from Claim A,
and such that

uty
B[ (u, ;)| FL] < Coh™gjtn (tn(Ar — 23))"™ pj(hin) (M + 02/0 ZO(S)ds)

n

Z, utn 7,
E[®; 0 (u, h;n)| FL] < Coh™ gty (ta(M — ;)™ p3(h;n) (M + 04/0 O(S)ds)

n
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for non-negative integers k,,, ¢,,, non-negative constants cy, cs, c3, ¢4, and vy + yo =
B. If the above holds, we can establish that D,,(u,h;n) < Ch® by noting that
E[(Zy(uty,)/n)?] = O(1) and that

(1/n)? / v / " ElZo(s) Zo(y)ldsdy = O(1).

We now will verify (29) or (30) for each 1 < m <5.
First consider L;, which is a double sum with ¥;; = ®;, and

U, (u, h;n) = (eht”(’\l’“f) — 1) (Z\/[j(utn)2 — eht”(’\l’“j)]\/[j(utn)]\/[j((u — h)tn))
< hitn(M — x5) (M (ut,)? — M=) M (ut, ) My (u — h)t)) -
If we define

Ay, hin) = B |M; ((u+ B)n)* [P, | = M (ut,)? (31)

tn (u+h)tn 5
SR L - / Zo(s)E [zl,j((u 4R, — 5)2} ds.

ne2tnz;(uth) wtn
it then follows from the martingale property that
B4, hin) | F) < hta(h = 25) B [ B | M (b1 P, | = €O M (= )11 P

— ht(A = ;) B [ Hj(w =y hin) + My((u = h)tn) (1 = et 1=) 79|

< hty (M — 2;)E [ Hy(u — h, b n)lfc?o}

Using the formulas for first and second moments of Markovian branching processes
one can establish that there are constants aq, as such that

n

+ 2280t / Zo(s)ds
n (u—h)tn

. utn
S QSthnmj(hvn> / Zo(S)dS
n 0

- th —tnwj(u—h) htn (u—h)tn
EL(u— h )| 7o) < 900 [ emas [T zus)e s (32
0 0

where a3 = 2pxmax(ay, az) and mj(h;n) = 2max(1, (1—e%"n) /x;) < 2max (1, min(ht,, 1/z;)).
Thus to verify the conditions of Claim A we must verify that m;(h;n) satisfies con-

dition (A). Note that if j > A (A,)/2 then m;(h;n) < 2max(1,2/\;), while for

J < M(A,)/2 and n sufficiently large m;(h;n) < ht,, and etnM1=2)/2 > ehutn/4,

Thus we have m;(h;n) < (4/;)e»M1=)/4 satisfying condition (A) of Claim A.
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We now consider the Lo term, which is a single sum with
\I/j,z(u, h; n) = (ehtn(fvj—kl) — 1)2 E [Mj(utn)Q (Mj(Utn) — e—htn(rj—kl)Mj((u — h)tn)>2}

< (hto(\ —25))° E [Mj(utn)Q (M;(ut,) — e M= 20N (0 — h)tn))Q} :

Applying Holder’s inequality and observing that M ]4 is a submartingale we observe
that

(M 2 Oz
E [Mj(utnf (M;(ut,) — e~ =20 M (u — h)t,)) ] < 3¢t =2) BN (ut,)Y).

Thus in the language of Claim A we have that p;(h;n) = e2n*1=2) Since k, = 4,
and by definition h < u we see that e?n(Mi=2) < e2utn(Mi=23) and hence e?itn(M1-%5)
satisfies condition (A) of Claim A. In order to verify that Claim A is applicable we
thus need to establish that E[M;(ut,)?*] < cg;t,. Then observe that

E[Mj(utn)4] < C(na—ltn)Q <6—4utnij[ZALj(utn)4] + (&)4E (/Outn Zo(s)ds> 4) .

nOL
(33)
Apply Jensen’s inequality to see that

B ( /0 - Zo(s)ds)4 < (uty)? /0 " BlZo(s)ds = O(n*83), (34)

and therefore the latter term in (33) is O(gin®'~*#3) and recalling that g(z) < G

for all z we see that if A3 = O(n? @~ /t2) the latter term in (33) is O(g,t,). Observe

that
N;(t)

Zl] Z Z]t_TZ

=1
where NN; is a Poisson process with intensity at time s given by A(s) = ug;n=*Zy(s),
7; is the time of creation of the ith mutant and B, ; is a binary branching process with
birth rate dy + z; and death rate dy (note we denote a generic copy of the branching

process by B;) Therefore if we define A(t fo s)ds and observe that E[B;(t)*] is
increasing in t for positive integer k

E[Zy(uta)'] < EIA(uta)|E[B; (ut,)'] + 3B[A(ut,)*)(B[B;(ut.)*])?
+ BlA(ut,) ') (B[B(uta)))* +AE[A(ut, 2| B1B)(ut,)*| BIB; (uty,)]
+ 6B[A(ut,)?| BB (ut,,)*)(B[B; (ut,)])*.

2)F] = O(e¥ivn®) for k < 4. Using the same

From Lemma 5, we know that E[B;(ut
4) we see thatE[A(ut,)¥] = O(g;n*-th-1Ak-1)

argument as we used above in (3
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and thus there exists a K > 0 such that

674utnxjn2(a71)tiE[Zl’j (utn)4]
< Kn* @ ¢ (B[A(ut,)] + 3E[A(ut,)?] + E[A(ut,)’] + 4B[A(ut,)?] + 6 E[A(ut,)?])
< Kg;t? (na_l + o\, + nz(l_o‘)tiAi) = O(g;tn),

where the final equality follows from our choice of A,,.
We now consider the Lz term, which is a double sum with

U,s(u,hyn) = (eht"(xj_kl) - 1)2 Mj(utn)2
B, 5(u, hin) = (My(ut,) — O M, ((u — h)t,))”
We first use the martingale property of M; to calculate that
Bl®:a(u, b FL) = B | E[Mi(uta)? | Fu-n,] = Mi((w = h)tn)*| 72| (35)
+ E[M((u— h)t)2|FY) (M) — 1y
= B[H;(u — h, hin) | FL) + BIM((u — h)ta)2|FL] ("0 — 1)°.

It is easy to see that e~2#%Var(Z, ;(ht,)) = O(ht,) and that there exists a constant
C > 0 such that for all 5 we have

e~ 2nes(uth) g |:Zl,j ((u+h)t, — s)} < Ce ™%

and thus there exists positive constants C', Cs such that

~ 2 (u—h)ty
E [Hz(u — h, h;n)|.7-—£o} < M/ Zy(s)e " *ds

netni(u—h)

+ Cagitn / Zo(s)e " ds.
(

n u—h)tn

Furthermore we can then calculate that

BV~ R < S0t | T (s)ds. (36)

n

Summarizing, we have that

netni(u—h) n

C t2 ih (u=h)tn C itn uln
E[q)i’:g(lt, h, n)]}"go] g i / ZO(S)e—xiSdS + L / ZO(S)e—xist
0 (u—h)tn

Csgit, [
e O (it O — ) SO [T 7 e s
0

n

31



Equation (36) implies that Claim A can be applied to the ¥; 5 term (with v, = 2).
It thus remains to establish an appropriate bound for ®; 3, which requires showing
that condition (A) applies to t,e % (=h) and e2htn(i=2i) Since

tne—xitn(u—h)e2utn()\1—ri) < (tne—amiteutn()\l—zi)) * eutn(mi—kl)

and the first term on the RHS of the inequality is bounded in ¢ and n we see that we
can apply condition (A). In addition, condition (A) applies to e?*»("1=2i) due to the
constraint h < u — a and that {3 = 2.

For L, we have a single sum with

E[W;4(u, h;n)] = MM E [Hj(u, hyn) (Mj(ut,) — O =2) M ((u — h)tn)ﬂ :

If we define

ngO Utn)
n

and then using the expressions for Var(Z, ;(t)) and E[Z, ;(t)?] we can establish that

there is C' > 0 such that

Hj(u, h;n) < ChtZe """ X (u,n). (38)

Xj (U, TL) = no‘_le_xf“t”ZLj (Utn) + (37)

We can apply bound (38) to see that

W4, him)] < ChiZe e B X (s ) (My(uty) — MO0y ((u = h)t,)) ]

(39)
We now analyze the expected value in the preceding display

B | X3 m) (My(uty) = MO0y ((u = h)t,)) ]
—E [Xj(u; n) (M;(ut,) — "= M, ((u— h)t,)) s X, (u,n) < 1 /\/ﬂ
+E [Xj(u; n) (M;(ut,) — M=) V(0 — h)tn))2 ; Xj(u,n) > 1/\/E]

< h 2R [(Mj(utn) — Pt V(0 — h)tn))2]
1/2

+ 02 (B [ (My(utn) = MO0 (u = h)t) '] B [X(un)?])

where the inequality follows from two applications of the Cauchy-Schwarz inequality
and one application of the Chebyshev inequality. We will now establish the following
bounds

B [ (My(uty) = MO0, (u = W)’ | = O(gihtie =), (40)

B [(Mj(uty) = " O =50; (= 1)t) '] B [X(um)'] = O(g25e00),
(41)



Note that if we establish these bounds then (39) will imply that we have a function
p; of order tte~%%n  Since ky = 2, we see that condition (A) applies to this function,
i.e., tem@utngutn(zi=21) — O(1). Using the martingale property we can see that

E | (M;(ut,) = =5 M (w = h)t)’|

= B[H;(u— h,hin)] + (M0 = 1)" B [M; ((u = h)t,)’]
< Cht2e ™ B[X;(uin)] + (htn(M — 25))? 2O =) B M, ((u — h)t,)?] -
The result in (40) now follows by observing that E[X,(u;n)] = O(g;) and E[M ((u —

h)t,)?] = O(g;t,). We can use the same 4th moment analysis as in the study of L
to conclude that

B [(Mj(uta) = e M, (0 = W)ta) '] = Ofgstaet 07,

and F[X;(u;n)*] = O(g;), thus establishing (41).
The last remaining term, Ls, which is a double sum with

2

(2

U, 5(u, hyn) = (Mj(utn) — eht"(’\rxj)Mj ((u— h)tn))
5(u, hyn) = 2@ =N (y, b n).

We first consider ®; 5

e =2 BIH, (u, hyn)| FY) < Cht2e " B[X;(u;n)|F2)

Cth —Muty 2 Uln
_ e 79 (/ Zop(s)e “*ds + Zo(utn)) ,
0

n

to which we can clearly apply Claim A.
We next follow the analysis of the L3 term to calculate that

E[W;5(u, hyn)|FL) < E[H;(u — h,n)|Fo.]
+ 2t Camm) (bt (A — 25))? B [M((u — h)t,)? | FL]

uty

2a:h (u—h)tn )
< Cl”—g])/ Zo(s)e "%ds + ©29itn Zo(s)e "i%ds
0

- tnzi(u—h
netn®i(u n Ju—ny,

t, (u=h)tn
+ 62htn(/\1—xj) (htn()\]_ . x]))Q ng] / ZO(S)e_ijSdS.
n 0

The analysis of the first and third term follow exactly as in the study of the Lj
term. For the middle term we are missing a power of A, but this follows by considering
the expected value of the product with ®; 5. In particular, it is easily established that
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there exists constants §,, — 0 such that

iE K / " (s s + Zo(ut, )) /(;)t Zo(s)e“jsdsl

Uln 1 utn
—S [T Bzl sty [T B e s
(u—h)ty

n (u—h)tn

= d,h.

This result combined with the result of Claim A implies that there exists a positive
constant C' > 0 such that

AL(An)
(u, h;n) Z Z 2utn (25 —A1) o 2utn (2i— ’\1)E[<I>Z~75(u, h;n)W;5(u, h;n)]
=1 j#i
< Ch2.

4.2.5 Proof of Lemma 5

Proof. We prove the lower bound first. Recall that e™* B(t) is a non-negative mar-
tingale and thus e " B(¢)* is a submartingale. Therefore E[B(t)*] > e* which
establishes the appropriate lower bound for the supercritical case. For the sub-
critical case recall that B is a non-negative integer valued process and therefore
E[B(t)*] > E[B(t)] = .

To prove the upper bound first define the function u(s) = a(f(s) — s), and the
generating function for s € (0,1)

=> s"P(B(t) =n).
n=0
Next define

Ek(t)—%Fst ionn—l -(n—k+1)P(B(t) =n). (42)

Recall that f*)(1) < oo implies E[B(t)*] < oo by Corollary I11.6.2 of [2] and therefore
0(t) < E[B(t)¥] < c0.
Based on (42) we know that for each k& > 1 there exists C}, > 0 such that

0.(t) > C, i n*P(B(t) = n)

= C,.E[B(t)"] — C,E[B(t)*; B(t) < k].
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Since the branching process goes to infinity or extinct with probability 1 we know
that E[B(t)*; B(t) < k] — 0 as t — oo, and in particular in the supercritical case we
then have that

lim =0,

== [B( in

and thus there exists Cy such that ¢4(t) > CLE[B(t)]. In the subcritical case we
can use Yaglom’s theorem to see that P(Z(t) > 0) ~ e /b for a positive constant b.
Therefore there exist C), and C} such that

CLE[B(t)¥] < £4(t) + Cre.

Thus, in order to prove the desired upper bound on E[B(t)¥] it suffices to establish
the upper bound on ¢(¢). In both the super and subcritical cases the proof for the
upper bound on ¢ is carried out via induction on k, with the induction step proven
via the forward equation

) )
2 F(s,t) = uls)5-F(s.1). (43)

We first assume that A > 0, and will prove that for non-negative integer k, ¢ (t) =
O(eM?). Since E[B(t)] = e, the base case for the induction follows. Next assume
that for k> 1 and j <k — 1, £;(t) = O(e™"). Then via (43) we have that

k

TAORD D] 4 ISSOTEIES i (4 ONEI

j=0
= el (t Z( )Ek i (OuP (1),

where the first equality follows from u(1) = 0. Combining the previous display with
the initial condition ¢;(0) = 0 and then applying the induction hypothesis we have
that there exists non-negative constants oy ; such that

t
_)\ktg Zu < )/ 6_)\ks€k_j+1(8)d8

0

< Z ozk,j/ sU=Dds = Z : j"‘?_ﬂ 3 — e MUY,
j=2

thus establishing the induction hypothesis and the desired result. The subcritical
case is analyzed via the same methods. O]
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4.3 Proof of Proposition 1

We consider the quantity

As(n,y) = sup w(n,u) ™2 (du(utn) — do(utn)),

u€la,up (y)]

which will be slightly different in Cases I and II. First consider Case 1. Observe that
due to monotonicity in v we have that

As(n,y) = v(n,uy, ()01 (uy, (y)ta) — dol(uy, ()ta).

We can calculate that

a—1)/2—u, A /r 1
As(n,y) = nle—1)/ (y)(Ar/r+1)+ L pHA/Mun(y) 1 ok )
’ NG n*(Ay + 1) n*(A + 1)

Referring to the definition of w,, we see that

eun()\1+T) =1+ M
1
and therefore
" @A) _ (u + 0\ +7) oY) fsn (44)
n*(\ + 1) n*(Ar+r)

Based on this we can rewrite As(n,y) as follows
Mn(l—a)/2€y(>\1+r)/5n
VEL(A +7)

We see that if we choose s, = n{!=/2 then

e—y(/\ﬁ-?“)/sn . 1) )

AQ(”;Z/) — _ﬂ

NG

In case II the situation is a bit more complicated. We have that

v(n, )™ (d1(uty) — o(uty))

t
no— 1 A
( logn> 7)\1u/r |:Iun / 1 / utnzfs(rﬂ)dsdx _ nlu}
no— 1
( 10g ) u(A1+r)/r [_/ ) (eutn(rer . 1) dr — 1:|
n*Jo r+ux

36



We first establish that the function f, has a unique root in u.(n) € (0,1), and then
approximate the root. First observe that, f,,(0) = —1 and that for sufficiently large
n, fn(1) > 0, the monotonicity of f, establishes the uniqueness. A better localization
of the root is obtained by considering

A]‘ a(r—-+—x
fn( or ):ﬁ/ L@(nsgg_l)dx_l
M+ neJ, r+uw

A
! -
:#/0 ffl (exp {a (f_i_)\ll)logn] —n_o‘) der —1<0,

where the final inequality follows by applying the change of variable z = ¢,(A\; — x)
to the first integral. This gives an improved lower bound on wu,(n), and an improved
upper bound is achieved by considering

ar 3loglogn
n L+ ——
f ()\1+r ( * 2cclogn ))
A1
= ﬂ/ _g(ZE) (exp [—Oé(?ﬂ +7) <logn + 3loglogn loglogn)] — 1) dr —1
n® Jo r+uw A+ 200

A - A1) 3loglogn 1
- 3/2/ g(z) alz =) [, dloglogn\] 1\ =
 (logn) o T+w R 8T o, n*(logn)3/2 v

Then define z, = logn + % loglogn and use the change of measure y = az,(\ —
x)/(A1 + 1) to see that

f ar " 3loglogn
A+ 2aclogn
az ()‘1+7’)
3/2 n g ()\1 - y7> A
_ p(logn) /A1+ P ﬁ/ 9(x) du
0 0

Zn T"')‘l_M ne r+x

20 (logn) (S8 o) 1= 2 [T 2,

:2a+3loglogn/10gn r+ A ne J, r+uz

which is clearly positive for n sufficiently large. The final equality in the previous
display follows from the dominated convergence theorem. We can now conclude that
for n sufficiently large

ar ar 3loglogn
«(n) € , 1+— ). 45
us(n) ()\14—7“ )\1—1—r( - 2aclogn )) (45)
/\fﬁr

Therefore u,(n) — as n — 0o. We define

A
w(u) _ ul/?ﬂ—u(z\l—i-r)/r (ﬁ/ ! M (eutn(T‘-‘rI) — 1) dx — 1) ,
0

n r+x
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and establish the claim

arg max ¢(u) = uy (y). (46)

u€la,ut (y)]

This claim will of course follow by establishing that ¢’ > 0 for u € [a,u/ (y)]. Thus
consider

At _
/ % lng(Al_y/tn)euy utn (A1+1)
= — d n(A1 t
¥ (u) natn/o AN —Ty 2\/— —yVu | dy+e” W= g

fie =t 1 +7) 1 /’\1 g(x)
re (- —— d
+ ne i 2\/u Ptz

AMitn

_M\/_ g\ —y/tn) oW —utn (A1+7)

ud un 1 T' n

> et ) —T+>\1_y/ty y+e tnva —
utn (A1+1)

O (L) [ 22,

Using that max,ejo ) 9(z) = G < oo and u > a, we have that

Mbn g (N —y/t G G
Y 90~ y/ta) ye “dy < v/ ye Wy < e
n“tn Jo T+ A — y/tn ™M, Jo a3/2ne logn

i)

i)

@ (1+ 3loglogn/(2alogn)) + y/sn to see

—utn(+7) (t Ja— \/_) (rna(l\o/gan)l/Q _ 2\/5(7;;;”)3 /2> exp [_y(Al +8:) log n] |

for sufficiently large n. Thus for sufficiently large n, ¢¥'(u) > 0 for u € [a,u;} (y)].
Define the function
Auty T
hn<u> = /0 g (}\1 — u_tn> eizdx,

Iunu()\l +r)/r—a
folw) = ————ha(u). (47)

u

and then observe that
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Based on this and the monotonicity result for 1» we have that

un®ogn\
ST —

u€lauz (y)] 2
_ o 1/2
un y)’I’L llogn —Up, r)/r —
_ ( ( 3 ) PO (4 ()
_ a ux(n) z(A1+71) /7
_ _\/un (y)notl lognn_u;(y)(,\1+r)/r/ Mhn(z)dz
K2 un (y) ~n
_ —a U (n) Lt (A147)(2—ux(n))
= —'u,ey(h—i-r)/sn tn (y)nl logn/ e ( hn(Z)dz
K2 n () “
l1—a y/sn € zAut) hn (u*(n) - i)
— prerOatn/sn 1” / —"dr (48)
Ko logn Uy (n) .

Next note that

Auty T
A) — Tgl M\ —— | d
9(A1) /O 69(1 ut”)fc
A1

uty
— (e 4 / (gw y
0

Atn T

<gee ot [T (g - (- ) ) o
0 n
Atn T

S g()q)ei/\latn +/ e (g()\l) — g ()\1 — t_>> diC,
0 n

and therefore h,(z) — g(\1) uniformly for z € [a,1]. We can thus apply the funda-
mental theorem of calculus and the bounds in (45) to (48) to conclude that

a—1] 1/2
lim  sup (w) n! T (1) = —pyg(M) riatr)

" uelaun (y)] k2 ks

4.4 Proof of Proposition 2

We first consider the term

Cs(n,y) = sup plom /2= du/r (Zo(uty) — ¢o(uty)) ,

u€laun (y)]

which satisfies Cs(n,y) = ©(As(n,y)) in Case I, and is off by a factor of v/logn in
Case II. We claim that C3(n,y) converges to 0 as n — oo if a is chosen appropriately.
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Consider the square

(Cs(n,y))* <n®™t sup 02T (Zy(ut,) — do(ut))’

u€la,ur (y)]

=n*t sup  n® (Zo(uty) — ¢o(uty))” n~ 2N /rHD
u€la,uy (y)]

< portm2ea/rt) gy g% (Zo(ut,) — gzﬁo(utn))Q.

u€[a,ur, (y)]

Now observe that n2* (Zy(ut,) — ¢o(ut,))” is a submartingale in the parameter u and
therefore for € > 0

P (na—l—Qa(M/H—l) sup n2u (Zo(utn) N ¢0(utn))2 > E) (49)
u€la,un (y)]
po 17200/ 25 (1) - wi (y)+a—2a(A1 /r+1)
< ——— 2 OVar(Zy(uy (y)t)) = O (0" Yr) L (50)

where the final equality follows from the result VarZy(ut,) = O(n'™*). From the
definition of u (y) we know that in the setting G(dx) = 0y,
u, (y) + o —2a(l + Ay /1)
rlog(1+n*(M\ +7)/n) vy
= - = —2a(l+ A
(A1 +7)logn Sn Fa—2al+ /)
rlog (en®(A\ + 7))
(A1 +7)logn
A+ 2r crlog(A+ )
= —2a(1+ A _—.
a()\1+r> a(l + 1/T)+()\1—|—7")10gn

where ¢ > (A; +7)/p + 1. In the setting G(dz) = g(x)dx we just have an extra term
of the form loglogn/logn and thus the result holds in this case as well. Based on
(49), showing that As(n) — 0 in probability we must show that the expression on
the RHS of the previous display is bounded below zero for n sufficiently large. This

requires that
A +2 2
a( 1+ 7’)< a(A1+7)
)\1 +r r

+a—2a(l+ X\ /r)

(51)

or after rearranging terms
- ar(AM +2r) ([ ar A1+ 2r
20\1 + T>2 n AL+ 2(/\1 + 7’) .

( ar ><)\1—{—2r)< ~(4)
u
)\1 +r 2(/\1 + 7“) n Y
for sufficiently large n the result follows by choosing a € [(Af‘_’;r> <2’(\j\ﬁ:)> L, (y)]-

Note that this also implies that y/lognCs(n,y) — 0 as n — oo. Thus the term Aj
goes to 0 in both Cases I and II.

Since
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