MATH 5587 — HOMEWORK 6 (DUE THURSDAY OcCT 20)

1. For each of the following functions, state whether it is even, odd, or neither, and whether
it is periodic. If periodic, what is the smallest period?

(a) sin(ax) for a > 0
(b) e*® fora >0

(c) ™ for an integer m
(

d) tan(x?)
(e) |sin(xz/b)| for b > 0
(f) zcos(az) for a >0
2. Let f(z) be 27 periodic. Show that
™ a+m
f(z)dx :/ f(z)dx

for all real numbers a. That is, the integral of a 2m-periodic function is the same over
any interval of length 27. [Hint: Show that there exists an integer n such that

a—7m7<2mn—7w<a-+m.

Write the integral as
a+m 2mn—m a+m
| t@ae= [ p@ans [ pw)as,
a—m a—m 2mn—m
and use the periodicity of f to complete the proof from here.|

3. Recall a function f is Lipschitz if there exists L > 0 such that
[f(z) = f(y)| < Llz —y| forall z,y

(a) Show that every Lipschitz function f is continuous. [Hint: A function is continuous
if limy, . f(y) = f(z) for all x|

(b) Show that if f is continuously differentiable and f’ is bounded, then f is Lipschitz.
[Hint: First assume x > y and recall the fundamental theorem of calculus:

= /yw f'(s)ds

Take absolute values of both sides, and use the inequality | f; g(s)ds| < fab lg(s)| ds,
which holds for a < b. Then repeat a similar argument when y > x. Recall f’ is
bounded means there exists L > 0 such that |f/(x)| < L for all x. |

n,.2n

4. Consider the geometric series Y ((—1)"x

(a) Does it converge pointwise in the interval —1 < z < 1?7



(b) Does it converge uniformly in the interval —1 < z < 17
(c) Does it converge in the L? sense (i.e., in norm) in the interval —1 < x < 1? [Hint:
You can compute the partial sums explicitly.]

5. Prove the Cauchy-Schwarz inequality

[(F. )l < [IfIHlgll,

for any pair of functions f and g on an interval (a,b). [Hint: Consider the expression
h(t) := || f + tg||> where t € R, and find the value of ¢ that minimizes h.]

6. Prove the Cauchy-Schwarz inequality for infinite series

1 1

[Hint: Write (a,b) = S-™_| anb, and ||a]|? = (a,a), and use an argument similar to that

for the previous question. Prove it first for finite sums, and then pass to the limit. |

7. Show that if f is a continuously differentiable 2m-periodic function satisfying
™
f(z)dz =0, (1)
—T

then we have . -
f(z)?de < f(x)* dx. (2)

The inequality above is called a Poincaré inequality. Give an example showing that
(2) may not hold when the zero mean condition (1) fails. [Hint: Recall that since f is
continuously differentiable and 27-periodic, the Fourier series

o

i 1 & )
f(SU) = Z Cnelnx’ where Cpn = % /W f(:E)efmm dx

n=—oo

converges uniformly, and hence it also converges in norm. Therefore Plancheral’s identity

o | f@Rrde= 3 el

n=—oo

holds. Use integration by parts to find a relationship between the Fourier coefficients ¢,

of f, and the coefficients
1 [ -
dy, = — f(x)e " dx
2 J_,
of f/. Then apply Bessel’s inequality. Make sure to point out where you use the zero

mean condition (1).]



