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1. Introduction

In Bezuidenhout and Grimmett (1990), it was shown that the critical contact process
dies out. The proof presented in that paper is easily generalized to show that in any one-
parameter family of additive processes with translation-invariant spatially symmetric rates,
the critical process dies out starting from any finite initial state, as long as the minimal
death rate is positive. However since the argument given there relies heavily on spatial
symmetry, it implies nothing, for example, about the critical behaviour of the one-sided
one-dimensional contact process. A corollary of the main result of this paper, Corollary
2.6, implies that any critical additive process with minimal positive death rate dies out
with probability 1 from any finite initial state. In particular, the one-sided contact process
dies out at its critical value.

In fact our argument has implications for a wider class of attractive finite-range
translation-invariant spin systems: we show that if the birth and death parameters of
such a system are critical for the process starting from a single occupied site and if the
death rate is strictly positive, then the process dies out with probability 1. See Theorem
2.4.

As a by-product of the construction used to prove the main result, we show that no
matter what the spatial dimension of the process, survival starting from a single occupied
site is essentially a one-dimensional phenomenon. More precisely, we obtain that for any
spatial dimension d > 2, if there is a positive survival probability for the process started
from a single occupied site and the death rate is strictly positive, then there is also a positive
probability that this process survives when it is restricted to a sufficiently thick two-
dimensional space-time ‘slab’ (or equivalently, after linear change of space-time coordinates
that leaves the time coordinate unchanged, the process survives with positive probability
when it is restricted spatially to a sufficiently thick one-dimensional ‘tube’). See Theorem
2.8. Note that the analogous result for the contact process followed easily from symmetry.
In the absence of symmetry we have to work somewhat harder to obtain the result about
survival in a space-time slab.

We use a refinement of the argument of Bezuidenhout and Grimmett (1990). That
argument in turn was an adaptation to the oriented setting of an earlier result due to
Barsky, Grimmett and Newman (1990) about (unoriented) percolation in a half-space.
Related techniques have been used in Grimmett and Marstrand (1990) to study the su-
percritical phase for bond percolation in the full space.

2. Statement of results

Systems with attractive rates

We consider the class of spin systems in Z¢ with translation-invariant finite-range at-
tractive rates. A spin system in Z? is a Markovian system of processes {¢/ : t > 0, A C Z4}
with values in the set 22, the collection of all subsets of Z2. We write ¢4 for the state at
time ¢ of the process with initial state A. The state 5,;4 is a subset of Z¢. It is sometimes
called the set of ‘occupied sites’ in Z¢ and its complement the set of ‘vacant sites’. In
a finite-range spin system, the occupancy of a site changes at a rate determined by the
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occupancy of nearby sites. Let N, = {y € Z¢ : max; |y;| < r} and N, = N, \ {0}. The
class of translation-invariant finite-range spin systems with range r < oo is indexed by the
set of parameters (rates) (8,8) where

B = (B(m):n<N)
§ = (6(n):n < Ny)

with B(n) > 0 and 6(n) > 0. The quantity 3(n) is known as a ‘birth rate’. It equals the
rate at which a vacant site x in the state £ becomes occupied when (£ — x) N N] = 7,
where £ —x = {y — z : y € {}. Similarly, §(n) is the rate at which an occupied site z in
the state £ becomes vacant when (£ —z) N N/ = 7. A vector of rate parameters (3,4) is
called attractive if 5(n) < B(n’) and d(n) > d(n’) whenever n C 7'. In the attractive case,
the minimal birth and death rates are, respectively, 3()) and 6(N}).

For a given set of rates (8,4), it is possible to construct all the corresponding processes
{&f:t >0, A C Z%} jointly on the same probability space. We shall discuss the details of
this construction in Section 3. The probability space resulting from this construction will
be denoted by (2, and the corresponding probability measure by Pg 5.

Under certain conditions on the birth and death rates, the construction mentioned in
the preceding paragraph can be carried out so that the following holds:

A UEB =¢AYB forall ABC Z% and t >0 .

The rate parameters (8,8) of such a system are called additive. Systems with additive
rates are closely connected with percolation models, so it is not surprising that many
results from percolation theory more easily generalize to such systems. See the book by
Griffeath (1979) or the more recent and somewhat less formal book by Durrett (1988) for
conditions on the rates that lead to additive systems.

Critical processes

There are several notions of ‘criticality’ for systems {5{1 1t >0,A C Z%} with attrac-
tive rates (8,6). For A C Z¢, we say that &4 survives for a given sample point w € € if
A (w) # O for all t > 0, and we call Pg 5 (¢4 survives) the survival probability of the process
¢4, If the survival probability of £4 is positive, we say that ¢4 is viable. If |A| < oo, we
define

Sa(r) = {attractive (8,8) : €4 is viable} .

When A is a singleton, which by translation invariance we may take to be {0}, we write
So(r) for Sa(r). We might call S4(r) the ‘supercritical region’ in parameter space. Any
parameter vector (3,d) on the boundary of Sa(r) is called critical for the process starting
at A, and the corresponding process £ is called a critical process.

Our main result (see Theorem 2.4 below) is that if (8,4) is critical for the process
starting at {0} and if 6(IV’) > 0, then the corresponding critical process £€{°} is not viable.
Equivalently, the theorem asserts that So(r) N {(B8,d) : §(N).) > 0} is open in the set of
attractive rates.

For any translation-invariant additive system it can be shown that for all finite A C Z?,

¢{% is viable if and only if £4 is viable.
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—see Durrett (1988). It follows from Theorem 2.4 that critical additive processes with
strictly positive death rates are not viable (Corollary 2.6).

One-parameter families and critical values

Consider a one-parameter family of spin systems with range-r translation-invariant
attractive rates, indexed by a curve

(2.1) {(Bx,05) : 0 < A < o0}

in parameter space. We assume that each component of By is non-decreasing and each
component of §, is non-increasing in A, and that 6o(N)) > 0 and (y(NN])) = 0. We shall
sometimes write P, for the corresponding probability measure. In the most common
examples, (Bx,0x) = (AB,8) for some fixed set of attractive rates (B,8). For example
the symmetric contact process is such a one-parameter family with the choices: r = 1,
Br(n) = Alnl, and éx(n) = 1 for every 7.

It can be shown by using attractiveness and the hypothesis of monotonicity in A that
the survival probability of £{°} is non-decreasing in A. Therefore there exists a (possibly
infinite) critical value A, defined by

{0} . = 0 A< Ae
(2.2) Py (£Y77 survives) { > 0 A A

As a consequence of our main theorem, we have that for any such one-parameter family
for which A\, < oo,
Py, (619 survives) =0 .

See Corollary 2.5.

Discrete-time systems

The spin systems {2 : ¢ > 0, A C Z?} described above evolve in continuous time. One
can define analogous discrete-time spin systems in which ¢ is a non-negative integer and
the parameters (8,d) are probabilities instead of rates: thus if n € 2/Vr,

Pas(x ¢ &p1] (& —x)N N, =nU{z}) = d(n)

(2.3) Pgs(x €1 | (&e—2z)NN.=1n) = B(n).

Note that translation invariance and the finite-range condition are built into (2.3). At-
tractiveness is defined as in continuous time, except that there is an additional condition,
namely that

B(n) +6(n) <1,

for all » C NJ. This extra condition is required in discrete time to preserve the monotonicity
properties that are fundamental in attractive systems. In particular, it ensures that for
any given configuration of occupied and vacant sites in Z? \ {2}, the probability that the
site x is occupied at some time ¢ is greater if x is occupied at time ¢ — 1 than if x is vacant
at that time.



All of our main results are valid for discrete-time systems as well as continuous-time
ones, and the proofs are, apart from technical details, identical. We need to discuss both
types of systems, however, because Theorem 2.8 below is proved by induction on the
dimension d, and even when the original system has a continuous time variable, after one
step of the induction argument, we are forced to deal with a discrete-time system.

All the quantities discussed above have analogues in the discrete-time setting. We use
the same notation as above to denote these discrete-time analogues.

Statement of results about critical processes

Our main result is:

(2.4) THEOREM. For every r < oo, in discrete or continuous time, the set
{(B,6) : 6(N!) > 0, &% s viable}

is open in the space of parameters (8,8) corresponding to range-r attractive systems.

An immediate consequence of Theorem 2.4 for one-parameter families of attractive
spin systems is given in Corollary 2.5. See the paragraphs containing (2.1) and (2.2) for
an explanation of the notation.

(2.5) COROLLARY. Counsider a one-parameter family of spin systems with attractive rates
(Bx,65), A € [0,00), in discrete or continuous time. Assume that the components of
are continuous and non-decreasing and the components of 8, are continuous and non-
increasing in . Further assume that (0) = 0, 65,(N}) > 0, and, in the discrete-time
case, that 6y, () < 1. Then &1°} is not viable under Py, .

Theorem 2.4 has the following consequence for additive processes.

(2.6) COROLLARY. Let A be a finite subset of Z% and ¢4 a critical process in discrete or

continuous time with finite-range translation-invariant additive rates (8,6). Assume that
§(N!) > 0. Then &4 is not viable.

Survival of supercritical processes in restricted space-time

As we shall see, an immediate consequence of the proof of Theorem 2.4 is:

(2.7) COROLLARY. Let é4 be a viable process with finite-range translation-invariant at-
tractive rates (B,68). Assume that 6(N]) > 0, and in the discrete-time case, that §(0) < 1.
Then, possibly after a linear change of space-time coordinates that leaves the time coor-
dinate fixed has been made, there exists wy—1 > 0 so that with positive Pg s-probability,
¢10} survives inside the d-dimensional space-time region

Z72 x [~wg_1,wg_1] X Z x R,

By working somewhat harder, we can show:
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(2.8) THEOREM. Suppose {¢/:t >0, A C Z%} satisfies the hypotheses of Corollary 2.7.
Then, possibly after making a linear change of space-time coordinates that leaves the time
coordinate fixed, we can find a w > 0 so that with positive Pg s-probability, £ {0} survives
inside the 2-dimensional space-time region

[—w,w]*! x Z x RT.

This last result can be stated informally as: if £{% survives with positive probability,
then it does so when restricted to a sufficiently thick 2-dimensional space-time slab, or
after a linear change of space-time coordinates coordinates that leaves time unchanged,
when restricted spatially to a sufficiently thick 1-dimensional tube in Z<.

3. Preliminaries

Graphical construction of spin systems

Our goal in this section is to define a single ‘universal’ probability space on which
all of the processes used in the arguments throughout the rest of the paper are jointly
defined. We use the so-called ‘graphical construction’ of spin systems. It enables us to
make convenient comparisons among several processes. The reader who is willing to accept
that such a construction exists may wish to read only about the construction in the discrete
time case, skip the details for the continuous-time case, and then read about the auxiliary
processes that we define in terms of the graphical construction.

We start with the discrete-time case. Let Uy 4, Vi t, (7,t) € Z% x Z be independent
random variables, uniformly distributed on [0, 1]. Thus, to each point (z,t) in space-time,
we assign two uniformly distributed random variables. The corresponding probability
space is called (Q2, F, P).

Given a set of parameters (8,8) with range r and an initial state A, we construct the
corresponding discrete-time process on €2 inductively as follows. Let ' = A, and having
defined ¢ for a nonnegative integer ¢, define éﬁ_l by the condition

NS §f}H iff either

(3.1) z ¢ & and B((E — o) N N)) > Uy

or
€& and §((6 —2) N N)) < Vipaa-

It is easily checked that (3.1) implies (2.3), so this construction does indeed give us the
desired discrete-time spin system. Note that in the discrete-time case, one probability
space (§2, F, P) serves for all possible parameters (8,0) and all initial states A. Thus, Pg s
equals P for all (8,6). In the discrete-time setting, we let

Fi=0{Ugps,Vzs:5s<tz€ Zd}.

Now we turn to the continuous-time setting. Choose parameters (8,68) with range .
Let B, D,z € Z¢ be independent Poisson point processes in [0,00). We let the Poisson
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point processes B, have intensity parameter equal to the maximal birth rate 8(N)), and
the Poisson point processes D, have intensity parameter equal to the maximal death rate
§(0). In other words, each B, is a random, discrete subset of the time line [0,00) with
the property that the distances between points in B, U {0} are independent, identically
distributed exponential random variables with mean 1/3(N/), and similarly for the random
sets D;. (When the mean distance between points is infinite, we understand the random
set to be empty.) To each point ¢ € B, we assign a random variable U, and to each
point ¢ € D, we assign a random variable V ;. These random variables are all uniformly
distributed on [0, 1], independent of one another, and independent of the entire collection
of Poisson point processes By, Dy, z € Z%. Note the similarity to the discrete-time case.
Let (2, F, Pg ) be the underlying probability space. By removing a Pg s-null set, we may
assume that the random sets By, D, x € Z? are pairwise disjoint. For this continuous-time
setting, we let

Fi = 0{BsN[0,t],De N[0,8],Upy, Vis : 0 < 18 < t,w € Z},

Given an initial state A, it can be shown (see Gray and Griffeath (1982; Section 2))
that there is a unique process ¢! defined on 2 satisfying the following four conditions. The
first condition is that £§' = A. To state the remaining conditions, fix a site = and a time
t>0.Let sy =0Vmax{s <t:s€ B, UD;} and s = min{s > ¢ :s € B, UD,}. Because
of the nature of Poisson point processes, both s; and sy are members of B, U D, U {0},
and s; < t < so, with probability 1. The second condition is that

if t < sq, thenxeﬁfi{fareﬁfl.
The final two conditions are analogous to (3.1):

if t = 55 € By, then z € &/ iff either

(3.2) zetd or B —x)NNL) > B(N)U,,

if t = 55 € Dy, then z ¢ &/ iff either

33 s g€l or S(E - )N N) > 5(0)Vs
The collection of processes {2 : t > 0, A C Z4} is Markov with respect to the o-fields F;.
Let us give an informal description of the content of the preceding paragraph. The first
condition says that the initial state is A. The second condition says that the occupancy of
a site z does not change during any time interval that does not contain a point in either
B, or D,. The third condition tells us when a vacant site x becomes occupied. This can
occur only at a time t € B, such that the ratio B((¢f* — z) N N!)/B(N!) is sufficiently
large in comparison with the corresponding uniform random variable. Thus, the points in
B, are the only times at which z may become occupied if it is vacant, and the random
variables Uy ,, determine conditions under which occupation actually takes place. The third
condition also implies that an occupied site x does not become vacant at times t € B,.
The fourth condition says that an occupied site  may be vacated only at a time t € D,,
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and then only if the ratio 6((¢/ —x) NN!)/6(0) is sufficiently large in comparison with the
corresponding uniform random variable. Vacant sites z do not become occupied at times
teD,.

In the proofs of our main results, we shall use several different auxiliary processes,
all of which can be defined on the probability space of the above graphical construction.
First, it will be convenient to be able to start processes at times 7 other than 0. It should
not be surprising that if 7 is a finite stopping time with respect to the o-fields F;, then the
graphical construction described above can be used to construct processes £;4’T,t > 7 with
initial state (at time 7) A and birth and death parameters (8,4), all on the probability
sample space 2. These processes will ‘fit together in a Markovian way’ in the sense that

A,o T
(34) ;A’U fd gf"' ’

ifo <7<t

Second, we shall want to work with restricted processes. A restricted process is one
in which we allow a site z to be occupied at time ¢ only if (x,t) lies in some given space-
time set B. We shall use notation like 2(B) and &7 (B) for such restricted processes.
It should be clear that restricted processes can be constructed on the probability sample
space ). One simply modifies conditions (3.1), (3.2), and (3.3) appropriately, adding the
restriction that z ¢ &7 if (z,t) ¢ B. In the next several paragraphs, we shall introduce
the various types of space-time boxes B that will be of interest to us. It is a consequence
of the properties of Poisson point processes and our graphical construction that if B and
B’ are disjoint space-time boxes, then for any two initial states A and A’ and initial times
s and s,

3.5 ¢4 (B) and €4°(B') are independent.
t t

Notation

We use the following notation. Suppose that w; and h are non-negative and «; € R.
Let w = (wy,...,wq) and @ = (aq,...,aq). Then B(w, h;a) will denote a space-time box
of width 2w; in the i*® spatial coordinate direction, height A (in the time direction), and
angles of inclination from the vertical o; in the d spatial coordinate directions. Thus
(3.6)
Bw,ha) = {(x,t) ERExRT:0<t < h,—w; <z; —ttana; <w; fori=1,...,d}.

When @ =0 = (0,...,0) € R%, we write B(w, h) for B(w, h;a). See Figure 1. We also
define six related boxes

R(w,h) = {(x,t) € B(w,h): (x4,t) € [wg/3,wq] x [h/3,h]}
(3.7) R*(w, h) {(x,t) € R(w,h): sign 41 = +}
' L(w,h) {(x,t) € B(w,h): (z4,t) € [~wg, —wq/3] x [h/3, h]}
LE(w,h) = {(x,t) € L(w,h): signzg_; =}
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One may think of these boxes as ‘upper corner’ portions of B(w, h). For the case of non-
zero e, we also define the upper corner boxes R(w, h;a) and L(w, h; @) much as B(w, h; a)
was defined. Figure 5 shows a view of L(w,h) and R(w,h) for a particular choice of w
and h. We sometimes replace w; and/or h by oo: we interpret B(oco, wa, ... ,wq, h;a), for
example, as the union of B(wq,ws,... ,wq, h;a) over finite w;.

Suppose that the range of the rates is r, and let B = B(w, h; @) be as in (3.6), with
2r < w; < 00, a; > 0 and h > 0. In the discrete time case, assume that h is an integer.
Let S (B) stand for strips of width 27 along the right (4) and left (—) sides of B in the
i*" coordinate direction, and let T'(B) be the top of B. Thus

T(B) = {(x,t) eRIx R :t =h,—w; <z; —ttanoy < w; fori=1,...,d}
(3.8) S (B) = {(x,t) eER*xRT:0<t < hyw; —2r <x; —ttane; <w;} N B
S7(B) = {(x,t) ERIxRT:0<t<h,—w; <z —ttana; < —w; +2r} N B.

1
See Figure 1 again.
Finally, we introduce notation to count the number of occupied sites in T(B) and
Sii (B) for a process restricted to B. During the course of the argument, we shall fix an
initial state D. Let N (B) denote the cardinality of the set

T(B)N{(x,h): x € & (B)}.
Similarly, in discrete time, we let Ng+(B) be the cardinality of the set

S7(B)N{(x,1) : x € &7 (B)}.
In continuous time, we let N+ (B) be the measure of this set (using the product of counting

measure and Lebesgue measure). Also let

d
Ns(B) = > (N3 (B) + Ny (B)),

N(B) = Ny(B)+ Ns(B).

Preliminary lemmas

In this section, we state several known results as lemmas for future reference. For all
but the first of them, we also give short proofs for completeness.

The first result is the famous Harris-FKG inequality (see Harris (1960), Fortuin, Kaste-
leyn and Ginibre (1971)). In order to state this inequality, we need some definitions. Recall
the probability space (€2, F, Pg 5) defined earlier in terms of the graphical construction. We
put a partial ordering ‘<’ on . We say that w < w' if for all x € Z4, (i) B, (w) C B, (w'),
(ii) Dgy(w) D Dy (w'), (iii) Ugt(w) > Uy s(w') for t € By(w), and (iv) V4 (w) < Vi i (w') for
t € D;(w'). (For the discrete-time case, to make sense of these conditions we let B, and
D, equal Z™ for all z.) This partial ordering goes back to Harris (1978), at least in the
additive case. Informally, the conditions that define the partial ordering say that there are
fewer births and/or more deaths for the sample point w than for v’ if w < w’. We call an
event E € F a positive event if w € E implies w’ € FE for all w’ such that w < w’. Note
that intersections of positive events are themselves positive. The following is a very useful
tool in the analysis of systems with attractive rates.
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(3.9) LEMMA. Positive events are positively correlated.
The following result was first used by Russo (1978) and Seymour and Welsh (1978).
(3.10) LEMMA. Suppose A and B are positive events, and that

Pgs(AUB) >1—¢1 and Pggs(B) < 1—es.

Then Pﬂﬁ(A) >1-— 61/62.

ProoF: By the Harris-FKG inequality, A and B (and therefore A and B€) are positively
correlated. Therefore:

€1 > Pps(A°NB°) > Fgs(A°)Fps(B°)
> 82P'3,5(AC).

The result follows after some rearrangement. O

Our next two lemmas rely (in part) on the Harris-FKG inequality. They concern the
behavior of viable processes.

(3.11) LEMMA. Let {2 :t>0,A C Z%} be a spin system with finite-range translation-
invariant attractive rates (B3,8) such that 6(N!) > 0. Suppose D C Z% is such that
Pg (&P survives) > 1 — ¢ with ¢ > 0. Choose positive integers Ny and Ni, and let
N = Ny + Z _[N;" + N.]. Then there exists a space-time box B = B(w,h) depending
on N and e such that the followmg statements are true. Let B'(w', h';a') be a space-time
box containing B. In the discrete-time case, assume that the components & of the vector
o' are bounded above by arctanr in absolute value. Then

Pss(N(B') > N) > 1—g¢,

and
(3.12)

d
(1= Pps(Ve(B') 2 No) JT101 = PN (B) 2 NOY1 = PasNs (B) 2 ND)) <

PRroOF: To prove the first statement assume to get a contradiction that no such B exists.
Then there exists a nested sequence By, 1 Z? of space-time boxes (each of which is tilted
no more than arctanr in any of the d spatial directions in the discrete-time case), so that
if Ej, is the event {N(By) < N} then Pg 5(F)) > . But then

P(Ey i.0.) > limsup Pgs(E,) > e.

n—>00

We may assume without loss of generality that for each k, the boundaries of the boxes By
and Byy1 are at least one unit apart (in all directions). Then it can be shown that

3.13 Ps5(£P dies out in Bigy1|Ex) > ¢ > 0
B, +
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where c is a constant independent of k. The key facts here are the Markov property and
the fact that the sets T'(B) and SZ-jE have been chosen so that all occupied space-time points
outside of B are necessarily ”descendants” of occupied space-time points in the sets T'(B)
and/or Sz-i. If the time coordinate is discrete, a proof of (3.13) based on these facts is
straightforward. In the continuous-time case, the proof is slightly more technical because
we count particles in terms of the measure of the set of occupied space-time points. See
Bezuidenhout and Grimmett (1990, (17) in the proof of Lemma (7)) or Durrett (1989)
for details. It is easy to show using (3.13) that Pgg(¢P dies out |Ej i.0.) = 1, and hence
that Pgs(¢P dies out) > e. This contradiction establishes the first part of the lemma.
The second part, (3.12), follows from this and the FKG inequalities because the events in
(3.12) are all positive. O

Note that the essential ingredients in the proof of this lemma are (i) the FKG inequal-
ity, and (ii) the lower bound (3.13).

(3.14) LEMMA. Let {2 :t>0,A C Z%} be a spin system with finite-range translation-
invariant attractive rates (8,8) such that §(N!) > 0 and &%} is viable. Fix ¢ > 0. Then
there exists a finite set D and an integer J so that

(3.15) Pas(D C €YD x[0,]) >0
and
(3.16) Pg 5(¢P survives) > 1—ce.

Proor: First we shall show that there exists a finite set D and a positive integer J such
that (3.16) holds and

(3.17) Pgs(D C ey > 0.

Suppose not. Then for every finite set D satisfying (3.17) for some J, (3.16) fails. But
then for each such set D there exists a finite time 7p so that Pg s (5% =()>¢>0. Bya
standard stopping-time argument, one obtains from this that Pg 5 (5{0} survives) = 0.

A standard limiting argument also shows that (3.17) implies the existence of a minimal
finite set C C Z% such that

Pas(D C EH(C x [0,])) > 0

(just take limits as C 1 Z?). Since C is minimal, the probability that every site in C is
occupied at least once during [0, J] must be positive. Since there is a positive probability
that any site that is occupied at some time before time J is still occupied by time J (recall
that in the discrete-time case, the death probabilities are bounded away from 1), it follows
from the Harris-FKG inequality that there is a positive probability that every site in C' is
occupied at time J by the process starting at {0} and restricted to C. After enlarging D
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if necessary to equal C, (3.15) follows. O

Our final lemma states that, for a spin system with translation-invariant finite-range
rates and with minimal birth rate equal to 0 started from a finite set, the set of occupied
sites is contained with probability close to 1 inside a space-time cone whose width grows
linearly with time.

(3.18) LEMMA. Let {¢/:t>0,A C Z%} be a spin system with finite-range translation-
invariant rates (8,0). Assume that 3() = 0. Then for each € > 0, there exists an angle
ag € [0,7/2) such that for all finite initial states A,

(3.19) P 5(¢f C[—p —ttanag, p+ ttanag)® for allt > 0) > 1 — ¢,

where p = max{max; |z;| : x € A}. The quantity oy depends only on €, the range r, and
the maximal birthrate B(N}).

PRroor: For the discrete-time case, this result is trivial, since growth occurs only at integer
times, and since a vacant site cannot become occupied unless it lies within distance r of
one or more occupied sites (let ag = arctanr, independently of €). For the continuous time
case, we first note that the result is obviously true if we restrict ¢ to a bounded interval
(that is, replace the expression ‘¢ > 0’ in (3.19) by ‘¢ € [0,T] for T finite). For large t,
we compare the process 554 to a range-r process with death rate equal to 0 and birth rate
equal to B(N)). It is known that for such a process, p(t)/t — c a.s. for some constant ¢
independent of A, where p(t) is the maximum diameter of the set £/. This convergence
of the quantity (p(t) — p(0))/t to the constant ¢ happens uniformly in the size of A, in
an appropriate sense. See the discussion of Richardson’s growth model in Durrett (1988).
Using on these observations, it is easy to finish the proof. O

4. The fundamental lemma

The following lemma is the heart of the proof and we go into some detail in proving
it. Unfortunately, the details in the discrete-time case are somewhat messier than in
continuous time, although there is no essential difference. We give the proof for continuous
time first and indicate the necessary changes for discrete time afterward. In the statement
of the lemma, the set D and the integer J are provided by Lemma 3.14, and the quantity
ag comes from Lemma 3.18. The quantities Np(B) and N 5* (B) were defined earlier, in

terms of D and J. See the “Notation” section above.

(4.1) LEMMA. Let {¢:t>0,A C Z?%} be a spin system with finite-range translation-
invariant attractive rates (8,68) such that §(N!) > 0 and ¢{% is viable. Assume that
§(0) < 1 in the discrete-time case. Fix § € (0,1). Suppose that D is a finite subset of Z%
and J is a positive integer satisfying (3.15) and (3.16), with e = 63/2 (in the discrete-time
case, we need to takee = §*/4). Fix Ny and N* > 1. Let o be given by Lemma 3.18, with
e = §. Then, possibly after a relabeling of coordinates, there exists a box B = B(w, h;a)
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witha = (0,...,0,aq4) and |ag4| < ag, so that
(42) Pgs(Nr(B) = No) -0
(4.3) Pps(Ng=(B) > N¥) — 24,

Furthermore, the coordinates of w and the quantity h can be chosen as large as we wish.

> 1
> 1

PROOF IN THE CONTINUOUS-TIME CASE: Because §(N!) > 0, the process &P is sure to die
out if the size of £P falls below Ny infinitely often. Consequently, by (3.16) with € = 63/2,
there exists a positive number ¢y so that if ¢ > ¢y then

(4.4) Pas(|&P| > No) > 1-6%/2.

Noting that the proof of Lemma 3.11 is still valid even if we require in the statement
of that lemma that the first d — 1 coordinates of w equal oo, we see that there exist
wo = (00, ...,00,wd) and hy > ty so that if B’ is any box containing B(wy, hg), then

4.5
O Baava#) > N1 - Pps(Ngs (B) > N*))(1 = Pas(Ny- (B') > N))
< §%/2.
By (4.4), there exist wy = (00,...,00,w$) and hy, with w{ > wd and hy > hg, such that
(4.6) PB,J(NT( (wi,h1)) > Np) > 1-=46/2.

By our choice of «y,

(4.7) Pgs(¢P ¢ R x [—p — ttan g, p + t tan ag] for some ) < 1—,

where

(4.8) p= max{mzax |z;| : x € D}.

Fix a width w¢ & Z so that

(4.9) wd —wl >2r and arctan[(wd — wi — 2r)/hi] > o,

and let wy = (00,...,00,w$). We have chosen wd so that any space-time box B =

B(wg, h;a) with h 2 h1 that does not contain B(wq, h1) has either its right hand side or
its left hand side in the d*® co-ordinate direction (depending on whether g is positive or
negative) outside the ‘light cone’ {(z,t) € R*xR* : —p—ttan oy < z4 < p+ttanag} and
consequently (by (4.7)) either Pﬂ75(NS; >Nt) < 1-4or P,375(NS; >N7) < 1-4.
See Figure 2. In the proofs of the two claims below, all of the boxes that we define will
be of the form B(wg, h;a), for h > hy and @ = (0, ... ,0,a). It will follow from (4.7) and
the way in which these boxes will be defined that we shall never have to consider angles
« larger than «q in absolute value. Therefore, any such box will contain B(wi, k1) (and
hence B(wy, hg)), so we shall be able to use (4.5) to obtain information about the numbers
of particles on the sides and top of such a box.

We show first (in Claim 4.10 below) that it is possible to choose a space-time box
(unbounded in the first d — 1 spatial co-ordinate directions and with vertical sides in the
d*") for which (4.2) is satisfied with § replaced by 4/2, and for which at least one of the
two inequalities in (4.3) is satisfied.
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(4.10) CLAM. There exists ho > hy so that

(4.11) Pg s(Np(B(wa, hy)) > Np) > 1—5/2
and either

(4.12) Pps(Ngt (B(wa,h2)) > NT) > 1-0
or

(4.13) Pps(Ns-(B(wa,h2)) 2 N7) 2 146

PrROOF OF CLAIM 4.10: Let us introduce some temporary notation, to be used throughout
the remainder of the proof of Lemma 4.1. Let

B(h,a) = B(oo, ... ,00,wd, h;0,...,0,aq).

(As mentioned earlier, if & > h; and a € [~ag, o], the box B(h, ) contains B(wy, hi),
by the definition of w4.) Since T'(B(h1,0)) 2 T(B(w1,h1)), it follows from (4.6) that

(4.14) Pg 5(N7(B(h,0)) > Ng) > 1—§/2
for h = hq. Suppose there exists h > hq for which (4.14) fails. Let
(4.15) hy = inf{h > h; : (4.14) fails}.

In the continuous-time case, the left hand side of (4.14) is continuous in A and therefore
there is equality in (4.14) for h = hy. So since B(hs,0) D B(wq, ko), we have by (4.5) that
either (4.12) or (4.13) holds with B = B(hs,0), and Claim 4.10 is verified in this case.

If the set in (4.15) is empty, then (4.14) holds for every h > hq, and hence the proba-
bility that the system survives inside the d-dimensional space-time slab B (00, 0) is at least
1 —6/2. Assume that the birth rate is such that when only the origin is occupied, there is
at least one point with non-zero d*" coordinate at which the birth rate is positive. Since
we are assuming that the process survives when only the origin is occupied in the initial
state, this assumption is true, at least after a possible relabeling of coordinates. We shall
assume that this point has positive d* coordinate (it is obvious how to modify the argu-
ment if its d*® coordinate is negative). Then it is easy to see that, conditioned on survival

in the slab, N st (B(0,0)) is infinite with probability 1. Therefore there exists an hy > h

so that, conditioned on survival in the slab, the probability that Ng+(B(hg,0)) > N*
d

exceeds 1 — §/2. Combined with the fact that the survival probability is at least 1 —4/2,
this yields (4.12) with B = B(hg,0). This proves Claim 4.10. O

We now show that there exists a space-time box, infinite in the first d — 1 spatial
directions and possibly tilted in the d*", so that (4.11), (4.12) and (4.13) all hold.
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(4.16) CLAIM. There exist hs and of so that if B = B(c, ... ,00,wd, h3;0, ... ,0, af)
then the analogues of (4.11), (4.12) and (4.13) with B(wa, ho) replaced by B all hold.

ProOF OrF CLAIM 4.16: In this proof, we use the same temporary notation B(h, a) as in
the proof of Claim 4.10. Let us assume that hg has been chosen so that (4.11) and (4.12)
hold. By Claim 4.10, if we cannot find such an hy, then we can instead find an hy so that
(4.11) and (4.13) hold, and we modify the argument accordingly.

Consider the set of non-negative angles « for which there exists an A > h; so that

(4.17) Pg 5(Nz(B(h, a)) > No)
(4.18) Fps(Ng+(B(h,a)) > N*)

This set is not empty since by assumption it contains & = 0 (at h = hs). By the definition
of ag (see (4.7)), the set is contained in [0, ap). Let

(4.19) ol = sup{a > 0:(4.17) and (4.18) hold for some h > h;}.

Since we have chosen the width w¢ to be a non-integer, for fixed h the quantities on the
left sides of (4.18) and (4.19) are constant for a near 0. It follows that 0 < af < ay.

By definition of af, there exists a sequence of positive angles a(n) 1 a¢ and a sequence
of heights h(n) > h; so that both (4.17) and (4.18) hold when (h, @) = (h(n), a(n)). First
consider the case in which it is possible to choose the sequence of heights h(n) so that
h(n) — oo as n — co. We may assume that a(n) > A where A is some positive constant.
For any box B(h,«a) with a > A, a particle in the box B(h,«) that survives at least
2wd cot(A) time units must hit the left side of the box. Since the maximal death rate is
finite, there is a (p0551bly small) quantity p > 0 such that the probability is at least p that
any given particle in B(h, ) will survive long enough to hit the left side of the B(h, c). It
is easy to prove from this fact and the fact that survival events are positive events, that for
all sufficiently large h, conditioned on the event E = {£P(B(h,a)) # 0}, the probability
that NS; (B(h,)) > N~ is at least 1 —4§/2. The event E is implied by the event in (4.17),

so we conclude that for all sufficiently large n, Pg (N, s (B(h(n),a(n))) > N™) is at least

1 — 4. The statement of Claim 4.16 thus holds in this case.

We now turn to the case in which we cannot choose the sequence h(n) to tend to
infinity. Let H be the (bounded) set of heights h > h; such that (4.17) and (4.18)
both hold when o = af. This set is nonempty, since it contains any limit point of the
sequence h(n) (the left sides of (4.17) and (4.18) are jointly continuous in A and « if time
is continuous). If there exists an hz € H so that for (h,a) = (hs,af),

(4.20) Pp (N (B(h,a)) >N™) > 1-39,

then the assertion of Claim 4.16 follows with B = B(hs, a?).

It remains to deal with the possibility that no height hs in the bounded set H exists
such that (4.20) holds with A = hs and o = a¢. We show that this leads to a contradiction,
completing the proof of Claim 4.16. This part of the argument is illustated in Figure 3.
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Define
(4.21) hy = supH = sup{h > hy: (4.17) holds when a = a{}.

Since the left hand side of (4.18) is increasing in h for fixed «, the fact that H is bounded
implies that there exists h € (hy,00) so that (4.17) fails for @« = a¢. So hy < co. By
the continuity in h of the left hand side of (4.17) we have that there is equality in (4.17)
when o = a‘f and h = hy. Recall that we are assuming that hz does not exist — in other
words that whenever (4.17) and (4.18) hold simultaneously for o = af and h > hy, (4.20)
fails. Therefore since B(hy, a$) D B(wq, ho), it follows from (4.5) that there must be strict
inequality in (4.18) for h = hy and a = af. See Figure 3(a). Define:

(4.22) of = inf{a > o : (4.18) fails when h = hy}.

By definition of a (see (4.7)), (4.18) fails for every h when o = «p. We also have that (4.18)
holds with strict inequality when h = hy and a = af. By the continuity in « of its left hand
side, (4.18) holds with equality when o = a and h = hy. So af < a@ < ag. Therefore by
definition of a¢, (4.17) fails for h = hy and a = af. Therefore since af € [0, o) and hence
B(ha, ad) D B(wo, ho), (4.5) implies that (4.20) holds with strict inequality for b = hy
and o = ad. See Figure 3(b). Let

(4.23) of = sup{a < af: (4.20) fails when h = hy}.

When h = hy4, we have that (4.20) fails for @ = af and that it holds with strict inequality
for o = ad. By continuity, (4.20) holds with equality when h = hy and o = a4. Therefore
af < of < of and, by definition of o and aof, (4.18) holds with strict inequality and
(4.17) fails when h = hy and o = a@. See Figure 3(c). Let

hs = sup{h < hy : (4.17) holds when a = ad}.

By definition of w¢ and because o < g, (4.17) holds when h = h; and a = a4. We also
have that (4.17) fails when h = hy and o = af. By the continuity in h of its left hand side,
(4.17) holds with equality when h = hs. Therefore hs € [hy, hy) and, since ad > of, (4.18)
fails for h = hs and o = od. Hence since B(hs,ad) D B(wy, ho), (4.5) implies that (4.20)
holds with strict inequality when h = hs and o = ad. See Figure 3(d). Since hs < hy4 this
contradicts our earlier observation that (4.20) holds with equality when (h, @) = (hy, o).

This completes the proof of Claim 4.16. O

It follows from Claim 4.16 that if we choose wy,...,wq_1 sufficiently large and let
B = B(wi,...,wq—1,ws, h3;0,...,0,ak), then (4.2) and (4.3) hold. It is clear that the
coordinates of the vector (w1, ...,w4) can be chosen as large as we wish. Just before (4.6)

in the proof of Lemma 4.1, the height h; can be chosen as large as we wish, so hg (which
is at least as large as hy) can also be chosen as large as we wish. Thus we have established
Lemma 4.1 in the continuous-time case. O
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PROOF OF LEMMA 4.1 IN THE DISCRETE-TIME CASE: In the continuous-time case, we
relied several times on the continuity in h and « of certain probabilities. In discrete time,
h is restricted to integer values, and for fixed h, these probabilities are not continuous
as functions of a. However, it is easily checked from the definitions that for fixed h,
the quantities on the left sides of (4.17), (4.18), and (4.20) are upper semi-continuous as
functions of a. That is
limsup f(h,a) < f(h,a)
a—a’

for f equal to each such quantity. This upper semi-continuity will be useful in the proof
that now follows.

Starting from the beginning of the continuous-time proof, we now indicate the places
where modifications are needed. The first change is that we assume (without loss of
generality) that Ny > max{N+ N~}. We then choose wo = (c0,...,00, wd) and hg so
that for all boxes B’ containing B(wg, hg),

(4.24)
(1 — Pgs(Nr(B') = 2CNo))(1 - Pﬂﬁ(Ns;(B,) > NF)(1- Pﬁ,J(NS; (B") > N7))

< 6*/4,
where C' > 1 is chosen large enough so that the following is true:
(4.25) Pps(IGNES| > ON) < Pas(IGN €L > N) +6/4

for all integer times ¢ > 0, finite sets G, and positive integers N. We can choose such a
constant C' because of the assumption that the death probability is bounded away from 1.
Now we choose w1 = (00, ..., 00, w}) with w{§ > wd, and hy > hy, so that

(4.26) Pa s(Np(B(w1, hy)) > CNo) > 1 — 8/4.

Throughout the rest of the proof, we shall use (4.24) and (4.26) in the place of (4.5) and
(4.6).

The proof now follows the continuous-time case until the first place that continuity is
used, namely in the paragraph containing (4.14) and (4.15). Replace (4.14) by

(4.27) Pg 5(N7(B(h,0) > CNy)) > 1—0/4,

which holds for h = hy by (4.26). Define hy accordingly. Then (4.27) fails at h = hg, so
by (4.24), either (4.12) or (4.13) holds. Since (4.27) holds at h = hy — 1, it follows from
(4.25) that (4.11) also holds at h = hy. The rest of the proof of Claim 4.10 is unchanged.

We now move on to the proof of Claim 4.16 in discrete time. If the analogue of the
sequence {h(n)} introduced in the first paragraph after (4.19) is unbounded, we proceed
as in the continuous-time case. If this sequence is bounded, we may assume that is is
constant since time is now discrete. Now upper semi-continuity of the left sides of (4.17)
and (4.18) in « for fixed h is sufficient to prove that the set H is non-empty.
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This brings us to the last part of the proof of Claim 4.16, in which we assume that
the bounded set H does not contain a height hs such that (4.20) holds with A = h3 and
a = af. We define hy as before (see (4.21)). Lacking continuity, we know only that
(4.17) and (4.18) both hold and (4.20) fails at h = hy and o = af. Now consider the
situation at h = h4 and angles « slightly larger than af. By upper-semicontinuity, (4.20)
still fails. There are two possibilities concerning (4.17) and (4.18): either (4.17) fails and
(4.18) holds, or (4.18) fails and (4.17) holds (they cannot both fail because of (4.24), and
they cannot both hold because of the definition of o). In the second case, (4.24) and

upper semi-continuity imply that
(4.28) Ps 5(N7(B(h,a)) > 2CNp) > 1 — 6%/4

at h = hy and a = af. At the end of this proof, we shall show that (4.28) implies that
either (4.20) holds, or (4.17) holds with h replaced by h + 1. Since (4.20) fails at h = hq
and a = of, and (4.17) fails at h = hy + 1 and o = af (by the definition of hy), we see
that the second case leads to a contradiction.

For the moment, then, let us assume that the second case mentioned in the preceding
paragraph does not happen. That is, we assume that (4.17) fails and (4.18) holds at h = hy
and angles « slightly larger than af, and we continue the argument as in the continuous-
time case. Namely, we deﬁne af as before (see (4.22)), and because of our assumption, we
are assured that o < ad. We also define of as in the contmuous time case (see (4 23))
Since (4.20) fails at h = hy and angles « slightly larger than o, we have that ad > of.
However we cannot prove, as we did 1i 1n the contlnuous time case, that af < of. Instead,
we merely have the trivial inequality a3 < ad.

Now consider the situation at height h = h4 and angles « slightly less than of. By
the definitions of the various angles o, we can find an angle o € (af,ad) such (4.17)

fails, (4.18) holds, and (4.20) fails at h = hy and a = a$. Define
hs = sup{h < hy : (4.17) holds at a = a§}.

As in the continuous-time case, hs > hy, and since af > af, (4.18) fails at h = hs and
a = a$. Also as in the continuous-time case, we have by monotonlclty that (4.20) fails at
this location. By definition of hs, (4.17) fails at h = hs + 1 and a = of. By (4.24), (4.28)
holds at h = hs and @ = a4. Thus we have the same contradiction as in the paragraph
containing (4.28), once we show that if (4.28) holds, then either (4.20) holds, or else (4.17)
holds with A replaced by h + 1.

To complete the proof, assume that (4.28) holds. Of course, it has been implicit in our
discussion that we are interested only in heights h > h; and angles a € [0, ap]. Because
we are in discrete time, we may take ap = arctanr, where r is the range of the birth and
death rates. Let B denote the box B (h,a), and define two sets:

)
E=T(B)nS;(B)
F=T(B)\E.

Let Ng be the cardinality of (€2 (B) x {h})NE, and let N be the cardinality of (£P(B) x
{h}) N F. In other words, Ng counts the particles on the top of B that are also within 2r
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units of the side of B in the negative d*® coordinate direction, while Nz counts particles
on the top of B that are more than 2r units from that same side, so Ng + Ngp = Np(B).
It is obvious that N S (B) > Ng. It follows that if the event in (4.28) occurs, then at least

one of the following two events also occurs:

A= {Ng; (B(h,0)) = N7}

(We have used here the assumption that Ny > N~.) Both A; and A, are positive events.
By (4.28), their union has probability at least 1 — §2/4. Tt follows from Lemma 3.10 that
either Pg 5(A1) > 1—0, or Pg §(A2) > 1—46/4. The first inequality is (4.20). We claim that
the second inequality implies (4.17) with h replaced by h + 1. To see this, first note that
since g = arctanr, then if we let G = {x: (x,h) € F}, then Gx {h+1} C T(B(h+1,q)).
Now apply (4.25). This completes the proof of Claim 4.16 in the discrete-time case. The
rest of the proof of Lemma 4.1 is the same as in the continuous-time case. O

5. The basic ingredients of our main construction

We state three propositions. Each concerns the ability of a viable process to reproduce
a given finite set D within a given target area. These will be the basis of the construction
we use in proving our main results. The notation is as in Section 3. See especially (3.7).

(5.1) PROPOSITION. Suppose {¢ 1t > 0, A C Z?} is a spin system with translation-invariant
attractive rates (B,0) with range r such that 6(N]) > 0, and in the discrete-time case,
§(0) < 1. Further suppose that £1% is viable. Fix ¢ > 0. Then, possibly after making

a linear change of space-time coordinates that leaves the time coordinate fixed, one can
find a finite set D C Z¢ and numbers h > 0 and w; > 0 so that with probability at least
1—e¢, {(x,t) : x € £P(B(w,h))} N R(w, h) contains a translate of D x {0}, and similarly
for L(w, h).

This proposition suffices for the proof of Theorem 2.4. In order to prove Corollary 2.7
and Theorem 2.8, we need the following refinement of Proposition 5.1:

(5.2) PROPOSITION. Let {¢*:t > 0,A C Z?} be as in the statement of Proposition 5.1.
Fix ¢ > 0. Then after making a linear change of space-time coordinates that leaves the
time coordinate fixed, one can find a finite set D C ~Zd and numbers h > 0 and w; > 0
so that with probability at least 1 — ¢, {(x,t) : x € £2(B(w, h))} N R*(w, k) contains a
translate of D x {0}, and similarly for R~ (w,h), LY (w,h), and L~ (w,h).

Proposition 5.2 is used to prove the following proposition, which constitutes the basic
building block in the construction. Translates of the event described in this proposition
will be used to construct a supercritical discrete-time process.

(5.3) PROPOSITION. Suppose {¢£:t >0, A C Z%} satisfies the hypotheses of Proposition
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5.1. Fix k > 1 and for w; > 0 and h > 0, define

B° = B(0,...,0,wq_1,wq, h)
5.4 +
(5.4) B,:c‘E = B(3kwy,...,3kwg_2,2w4_1,2wg, (k+ 1)h;0,...,0, arctan(%)).
Choose ¢ > 0. Then there exists a finite set D C Z%, numbers w,w; and h, and a
neighbourhood U of (B,0) in parameter space, such that for every (B',8') € U and every
(x,5) € B, with Pg g-probability at least 1 — ¢, after a suitable change of variables that
leaves the time co-ordinate fixed, {(y,t) : y € £’ 7*(BE)} contains a translate of D x {0}
lying in the set

Wq

(0,...,0, k5 kh) + B + [—3kw, 3kw]*=% x 0 x 0 x 0.

Let us briefly describe in words the content of the last proposition. The sets B,:cIE should
be visualized as slanted slabs that are quite narrow in the (d — 1)%* and d*® coordinate
directions. The quantity k is a scaling factor which will later be chosen to be > 20. The
set B? is a ‘source’ located at the center of the bottom of the slabs B,:gIE and containing
an occupied translate of D x {0}. The proposition asserts that with high probability, the
process restricted to the slabs and starting at the source copy of D x {0} will reproduce
occupied translated copies of D x {0} in some target sets located at the tops of the slabs.
These target sets are like the source set B°, except that they are allowed to be thicker in
the first d — 2 coordinate directions.

Proof of Proposition 5.1.

We shall restrict our attention to the part of the proposition concerned with finding
an occupied translate of the set D in the box R(w, h). The proof for L(w, h) is completely
analogous.

Let B = B(w',h';a),D,J, and ap be as in Lemma 4.1, with A’ and w’ playing
the roles of A and w in that lemma. The quantity 0 of that lemma is assumed to have
been chosen suitably small, as described later in this proof. Define h = b/ +J, w =
w' + (p,p,...,p,p+ Jtanag), where p = max{max; |z;| : x € D}, and B = B(w, h; ).
We may think of the dimensions of B as large in comparison with p and J tan ag, so B is
a slightly thickened version of B. Let w = 4w, h = 3h and B = B(w, h:a). We are going
to consider processes restricted to B and B.

Let ET be the event that there exists an x € Z? such that D + x C g}? (B). One

way in which this event can occur is for a site x in E,?,(B) to ‘produce’ the occupied
set D + x after J time units. More precisely, the event ET occurs if there exists an
x € &ER(B) such that D + x C 5}—{Lx}’h (D 4+ x) x [h',h]). (Note that if x € £5(B), then

gf{lx}’h’((D—i-x) x[W,h]) C 5,—? (B), because of (3.4) and the way in which we have thickened
up B to form B.) We shall see in a moment how to use this fact and (3.15) to show that
for any v > 0, there exists an N such that

(5.5) Pgs(ET|Np(B)> N) >1—1~
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for all choices of B such that the event that Np(B) > N has positive probability. The value
of N can be chosen in a way that depends only on v, D, J, and the probability on the left
side of (3.15). Similarly, we shall indicate how to show that if we let E™ be the event that
there exists a space-time point (x,s) such that D +x C ¢P(B) and (x,s — J) € S;(B),
then for all v > 0, then there exists an N such that

(5.6) Pag(E*Ng: (B) > N) > 11

for all choices of B such that the event that N st (B) > N has positive probability. In-

tuitively, the idea behind both (5.5) and (5.6) is that if a space-time set contains enough
occupied points, then it is likely that at least one of those occupied points will produce an
occupied translate of the set D in time .J. A similar fact can be found in Bezuidenhout
and Grimmett (1990; see the proof of Lemma 18). But the argument here is technically
slightly more complicated than the one needed in Bezuidenhout and Grimmett (1990), so
we shall indicate briefly how it goes.

We focus on the proof of (5.6). The argument for (5.5) is very similar (and slightly
easier). Let X = {(x,t) € SJ(B): x € £P(B)}. In order to be systematic when we refer
to various points in X, we lexicographically order the points in space-time, with the time
dimension being given precedence over the spatial dimensions, and with the precedence
among the spatial dimensions being fixed arbitrarily. Since Sj(B) is a closed set and since
the processes under consideration have right-continuous paths, it is clear that, with respect
to this ordering, there is a minimal space-time point (xg,%o) in X, provided of course that
X is non-empty. Now we proceed inductively to define (xg,tx) to be the minimal space-
time point such that (x; + D) X (tg,tx + J] does not intersect (x; + D) X [t;,t; + J] for
any j =0,...,k — 1. Of course, from some k on, there will not exist a point (x, ) that
satisfies this definition. Let N’ equal the largest integer k such that (xg,tr) exists. A
routine argument can be used to show that N’ > aN st (B) for some appropriate positive

constant a. For each k, let
Ap = {N' >k} N {D +xp CEPHY™ (D + xp) x [th, te + J])}-
Thus, if N’ > k, Ag is the event that the occupied site (x,tx) produces the set D + x

in time J. Note that ET contains the union of the events Aj. Thus, because of the
relationship between Ng+(B) and N’, in order to prove (5.6), it is enough to show
d

Pgs(UARIN' > N) >1—+«
for sufficiently large N. This last inequality is an immediate consequence of the following:
(5.7) P s(Ak41IN' >k, AG, ..., A7) > b
for all k£ and some positive constant b independent of k. And (5.7) follows in a straight-
forward manner from the strong Markov property together with (3.5) and (3.15). This

completes our justification of (5.5) and (5.6).
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If we choose v > 0 sufficiently small and then choose a sufficiently large N so that (5.5)
and (5.6) both hold, then by applying Lemma 4.1 with Ny = N* = N and a sufficiently
small 6 > 0, we see that B, D, J, and «p can be chosen so that

(5.8) Pss(ET)(Pgs(ET))® >1—ce.

Lemma 4.1 also allows us to choose the width w/; as large as we wish, so we may assume
that

(5.9) wq > 48(r + p+ J tan ayp)

where, as above, wg = 4(w); + p + Jtanag). Let us assume that the event ET occurs.
Then there exists a space-time point (x,s) near the right edge of the box B such that
D+x C €P(B). We can choose the time s to be as small as possible, and choose the site x
in some systematic way that does not depend on what happens after time s. We describe
the situation informally by saying that ‘the process has moved the set D to the right from
(0,0) to (x, s)’. We employ similar informal terminology when the event ET occurs: we say
that ‘the process has moved the set D up from (0,0) to (x,h) if D +x C é,_?(B)’. Again,
we can choose the site x in a systematic way that does not depend on what happens after
time h.

Assume that the process has moved the set D to the right from (0,0) to (z1,$1)-
This happens with high probability. Now think of restarting the process at the space-
time point (x1,s1). Using the strong Markov property, we see that with high probability,
the restarted, restricted process EPT*1:51 (B + (x1, s1)) moves the set D to the right from
(x1, s1) to a point (X2, s2) near the right edge of the box B + (x1, s1). Next, instead of
moving again to the right, we move up. That is, the process

EDHx2:92 (B 4 (x4, 59))

moves the set D up from (x3, 53) to a point (x3, s3) at the top of the box B+ (x2, s2). And
finally, we move the set D once more to the right, this time from the point (x3,s3) to a
point (x4, s4) near the right edge of B + (x3, s3). All of this happens with high probability.
In fact, the strong Markov property and (5.8) imply that this sequence of four movements
of the set D (two to the right, followed by one up, followed by another to the right) happens
with probability greater than 1 — e.

Now we observe that the bound in (5.9) and the boxes B and B have been chosen
in such a way that at least one of the sets D x {0} + (x;,s;) (i = 2,3,4) lies inside
R = R(w, h;a), where, as above, w = 4w and h = 3h. Note that R is the upper right
corner box of B. Choose j to be the smallest value of i such that (D x {0}) + (x;, s;) lies
inside R. We have chosen the dimensions of the boxes so that it is necessarily the case
that the first 7 moves described in the preceding paragraph all take place with processes
that are restricted to subsets of the box B.

Let us summarize. We have described a procedure whereby, with probability at least
1 — &, an occupied translated copy of the set D lying in the set R(w,h;a) is produced
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by the restricted process ED (B) To complete the proof, we simply make the change of
coordinates

(5.10) (1. yxq,t) = (T1,... ,Td_1,Tq — ttan ag,t).

Since ag,...,aq_1 are all equal to 0, the result now follows. Il

Proof of Proposition 5.2

We now complete the proof of Proposition 5.2, making use of Proposition 5.1. It
follows from Proposition 5.1 that after a change of co-ordinates (as in (5.10)), there
exists a box B’ = B(w',h’) such that if Er is the event that the set {(x,?) : x €
¢P(B(w',h'))} N L(w',h') contains a translate of D x {0} and if Ex is the analogous
event involving R(w’, k'), then for the € in the statement of Proposition 5.2,

(5.11) Pgs(ELNER) >1—¢>

We shall work in the transformed co-ordinates just described.

The strategy of the proof is to find a hyperlane that splits the two corner boxes
R(w',h') and L(w',h') into four boxes, each of which is likely to contain an occupied
translate of the set D x {0}. The procedure for finding such a hyperplane is very similar to
that used in the proof of the Fundamental Lemma 4.1. Once this procedure is successfully
carried out, a change of co-ordinates completes the proof.

For each real number a and angle 6, let P(a,6) be the hyperplane in R% x R* that
passes through the origin (0,0) of space-time and contains the set:

£a,0) = {(y,t) eER*x R :yg_1 =a+ygtan,t = h'}

in R¢ x R*. Since P(a,0) = P(a,0+ ), we may restrict our attention to 6 € [~ /2, m/2].
Each P(a,#) divides R? x R™ into two half-spaces H*(a,#), where H*(a,#) is the half-
space containing (0,...,0,a + 1,Ftan6, h'). Let L*(a,0) and R* (a, ) be the respective
closures of the intersections of L(w’, k') and R(w’, h') with H*(a, ). See Figures 4 and 5.
Since at least one of these four sets is empty for |a| > 3wg_1, we shall restrict our attention
from here on to a € [~3w4_1,3wq_1]. Let EZ(a,6) and EZ(a,0) be the analogues of the
events Er and Er with L(w’,h’) and R(w’, 1) replaced by L*(a,f) and R*(a,6). We
show that there exists a hyperplane P(a, ) so that

(5.12) Pg 5(E£(a,0)) > 1—¢ for i=L,R.

The assertion of Proposition 5.2 will follow from this after an appropriate change of vari-
ables in space-time.
For + = L, R, define
fzi(aae) = Pﬁ,&(Ezi(a’ae))

Note that each f(a,0) is jointly upper semi-continuous in (a,). By (5.11) we have that
when a = —3wg_1, f;"(a,0) >1—¢2>1—¢ fori= L,R. Let

(5.13) a1 = sup{a > —3wq_, : 30 € [-Z,Z] with f;"(a,0) > 1—¢,i= L, R}.
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The set in (5.13) is contained in [-3wg_1, 3wq_1] so a, is finite. Moreover since [—F, 7] is
compact and by the joint upper semi-continuity in (a, ) of fi+, we have that a; is in the
set of which it is the supremum.

Suppose there exists 6 > 0 for which f; (a1,0) and f (a1, 6) are both greater than or
equal to 1 — e. If this does not occur then there exists 6 < 0 satisfying this condition and

we modify the argument given below accordingly. Define:
01 = sup{f € [0,7/2]: ;" (a1,0) > 1 —¢,i= L, R}.

Note that § < /2 since f7(a,m/2) = 0 for every a. By the upper semi-continuity in
0 of f(a1,0), we have f(a1,01) > 1 —¢ for i = L, R. By definition of §; and since
f;{ (a1, 0) is non-increasing and f;(al, f) is non-decreasing as 6 increases, we must have
that f7 (a1,0) < 1—eif ; <6 < m/2. By Lemma 3.10 and because Pg s(Er) > 1—¢? and
Er = E#(a,0)UER(a,0), f5 (a1,0) > 1—¢ for such 6. Therefore by upper semi-continuity
n 0, fﬁ(al,Ol) 2 1—¢ If fL_(al,Ol) 2 1-— g, (512) holds with (0,, 0) = (a1,91).

So we may suppose that f; (a1,61) < 1—e. As 6 decreases, f; (a1, 6) increases. Define

(5.14) 0y = sup{ <0y : f; (a1,0) > 1—¢}.

The set in (5.14) is non-empty since ff (a1, —7/2) > 1 —¢?. By the upper semi-continuity
in 0 of f; (a1,0), we have that f; (a1,602) > 1—¢ and so 02 < 6;. Since f; (a1, —%) > 1—¢,
we also have 6, > —%. By definition of 03, f; (a1,0) < 1 —¢ if 3 < 6 < 6;. Therefore
for such 6, Lemma 3.10 implies as above that fL (a1,92) > 1 —¢e. So by upper semi-
continuity, f; (a1,02) > 1 —e. If we had that for some 0 € (92,91) Ir (al,é) <1-—cg¢,
then by the upper semi-continuity in a of f; (a, 0) and IR (a, 0), there would exist @ > a4
so that f;(@,0) < 1 —¢ for i = L,R. Since Pss(ErL N Eg) > 1 — €%, using Lemma
3.10 as above, we would have that f+(d é) > 1 — g, violating the deﬁnition of a;. So
if 0 € (02,01), fr(a1,0) > 1 —e. Since f(a1,0) increases as 6 decreases, we have that
f;(al, 0) > fR (a1,01) > 1 —¢ for such #. So by upper semi-continuity, fR (a1,02) >1—e.
So (5.12) holds with (a, ) = (a1, 62).
Assume that (5.12) holds. Make the change of variables

¥y, — y; for i=1,...,d—2
t
Yd—1 — —%cos@+yd 1c0sf —ygsinf
at . .
Yda — —W51n9+yd_1s1n0+ydcost9
t =t

Let w; = w) for 1 < i < d—2, wg_1 = acosf + w,y_,cosd + w,|sinf|, wg = a|sinf| +
w,_,|sinf| 4+ w,cosf and h = '. The proof is now complete. O

Proof of Proposition 5.3
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This result is the analogue of Lemma (19) in Bezuidenhout and Grimmett and, details
aside, its proof is essentially the same as the proof of that result. The statement of
Proposition 5.3 involves two parts involving regions B,:f. We prove the one involving B,:L.
The proof of the other is entirely analogous.

Fix e; > 0. Its value, depending on €, will be determined later. We use Proposition
5.2 to choose a set D C Z? satisfying (3.15) and numbers w; and h so that (after a suitable
change of co-ordinates if necessary) the following is true. Let BY = B(w,h), and let
R* = R*(w,h) and L* = L*(w,h) be as in (3.7). Let Ex be the event that {(y,s) :
y € £P(B®)} contains a translate of D x {0} contained in R* and define EF similarly.
Then by Proposition 5.2, we can make appropriate choices so that Pg s (Ei) >1— ¢ for

(2
1 = R, L. Note that we may assume that w; = w, say, for: =1,...,d — 2, so that

BY = [—w,w]*? x [~wq_1, w4_1] X [~wg, wq] x [0, A,

and, for example,

h
%,wd] <[5, hl

R~ = [—w,w]* % x [—wg_1,0] x |
Each event EZjE depends only on the configuration inside the space-time region B° and
so its probability depends continuously on the parameters (8,4). Therefore there ex-
ists a neighbourhood U of (B,64) in the space of parameters so that if (8',6’) € U then
Pg: 5 (Ezi) >1—¢g; fori = R, L. As a first step in establishing the part of Proposition 5.3
that concerns B,‘:, we show:

(5.15) CLam. Let B' = B(3w, ... ,3w,2wq_1,4wq/3,2h). Then for every (8',8') € U,
and every (x,t) € B°, with Pg s-probabilty at least (1 —e1)3, {(y,s) : y € ¢PT4(B)}
contains a translate of D x {0} contained in

(5.16) B? = [—3w, 3w]?2 X [—wg_1, wg_1] X [-2wq/3, 4wg/3] x [h, 2h].

Proor or CrLAIM 5.15: We consider a number of space-time regions; the space-time

region B is contained in their union and four are auxiliary regions. For s = —2,...,3 and
1=1,2,3,let
4o . . d—2 . Wq Wq . h h
TH(i,3) = [0 = Dw, (G = Dwl x [0,wa1] x (- D)5+ [0, 58 x (G- )3 + [0, 5
.. ) . _ . Wy Wy . h
T(5,4) = [=(G = Dw, (G = D™ X [=wa1, 0] x (= 152+ 10, %) x (G - 1)

We consider also the auxiliary regions T%(4,2) and T*(4,3). If (x,t) € T*(4,5) with
—2 <4 <1, we use translation invariance together with the fact that Pg g (Ef) > 1 — €1
to conclude that with Pg/ s-probability at least 1 —eq, {(y,s) : y € EPT1(BY + (x,1))}
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contains a translate of D x {0} contained in RT + (x,t). In particular if (x,t) € T (s, 3)
with —2 <4 < 1, then since for such (x,t),

Wy 2h
— | X

B + (x,t) C [—3w, 3w]* 2 x [~wg_1, 2wa_1] X [(i — 4) 5 1% 5

(i+3) 2h),

Wd
3 b))
and w w

R™ + (x,t) C [-3w, 3w]* 2 X [~wg_1, wg_1] % [i?d, (i + 3)%] x [h, 2h),

we have that the event in the statement of Claim 5.15 occurs with Pg: s-probability at
least 1 — &1 in this case. If (x,t) € T (4,3) with —2 < < 1 we use a translate of E}; to
draw a similar conclusion. Finally, for (z,t) € T*(4,3) with 2 < i < 4 we use a translate
of Ef. Thus we have that if (x,t) € T%(4,3) with —1 < 4 < 4 then the event in the
statement of Claim 5.15 occurs with FPgs 5-probability at least 1 — ¢;.

If j = 2 and (x,t) € T*(4,5) and one uses a translate of the event EF or of Ef,
depending on whether —2 < 4 < 1 or 2 < ¢ < 4, one finds that the region into which
the translate of D x {0} falls with large probability may not be entirely contained in the
region B2 of (5.16). However, the region obtained is contained in

B*U | J [TT(,3) uT (i,3)].

i=—1

If the lowest translate of D in {(y, s) : y € ¢€P+**(B° + (x,t))} is in T*(4,3), then we use
the strong Markov property to restart and then use the previous step. We conclude that
if -2 <i<4and (x,t) € T*(i,2) then with Pg s-probability at least (1 —¢e1)?2, the event
in the statement of Claim 5.15 occurs.

Similarly we find that if —2 < i < 3 and (x,t) € T*(i, 1) then the event in the state-
ment of Claim 5.15 occurs with Pg: g-probability at least (1 — e1)®. This completes the
proof of Claim 5.15. O

Iterating this step k£ times gives the result of Proposition 5.3 as long as 1 is chosen
small enough to ensure that (1 —e1)3% > 1 —¢. This completes the proof of Proposition
5.3. O

6. Proof of the main results

Construction of a process

Fix ep > 0 and k& > 20. Assume {&?:t>0,A C Z%} satisfies the hypotheses of
Proposition 5.1. Choose w, h, D, and a neighbourhood U of (3,4) so that the statement
of Proposition 5.3 holds.

We shall define a discrete-time Markov process =, = (I, P,) taking values in

[{0,1} x (Z4 x R .
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For x € Z471, 5,,(x) will be defined only if z4_; + n is even.

Before giving precise definitions, we shall give an informal description of the various
objects that are involved in the process we are about to construct. For x € Z4~ ! and n > 0
subject to the above parity restriction, the quantity I,,(x) is a random variable which can
take only the values 0 and 1 and indicates whether or not the site x is to be considered
occupied at time n. The space-time point (x,n) is identified with a space-time box in our
original process {5;4 :t>0,A C Z%}, and occupation in the new process signifies that a
certain event has occurred involving that space-time box in the original process. When
I,(x) = 1, the quantity P,(x) gives us more precise information about about where in
space-time the corresponding event occurred in the original process. The kinds of events
that we shall be concerned with in the definitions of I,, and P,, will be of the type described
in Proposition 5.3. Note that the spatial dimension of the new process is one less than
that of the original process. In trying to match up the coordinates, the reader should
think of the first d —2 coordinates of the two processes as corresponding to each other, and
the (d — 1)*® coordinate of the new process as corresponding to the d*"' coordinate of the
old process. In our argument, the (d — 1)*" coordinate of the old process will essentially
disappear, because we shall restrict everything that happens in that coordinate direction
to the interval [—wq_1,wq_1]-

For (i,n) € Z x Z* with 7 + n even, let

Vii,n) = (O,ik%,nkh) + [~wa_1, wa_1] X [—wa, wa) X [0, k.
If x =(x1,...,Z4-1), Ta—1 + n is even, and I,,(x) = 1, then P,(x) will lie in
(6.1) Ty X oo X Tg_g X V(xg_1,n).
For (u,t) € Z¢ x R, and (uq_1, uq,t) € V(i,n) for some i and n, define
xTu,t) = {(v,s) € Z4x R : v € EP1 ((uy, ... ,ud_z,O,ik%,nkh) + B}

(See (5.4) for the definition of BE and also for the definition of B® in the next display.) For
such (u,t), let G*(u,t) be the event that x*(u,t) contains a translate of D x {0} lying
inside

(1, ..., uq—2,0, (i £ 1)k%, (n +1)kh) + B® + [=3kw, 3kw]?=2 x 0 x 0 x 0.

Then by translation invariance, Proposition 5.3, and the choice of w, h, D, and U, for
every (8,8') € U and every (u,t) in Z% x Rt with

(ug—r,uat) € |J  V(i,n),

2,n:n-+1i even
we have that
(6.2) Pgi 5 (GE(u,t)) > 1 — .
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We define Z,, recursively, beginning with Z¢. For n = 0 and x € Z4~!, define I, (x) to
be the indicator function of x = 0 and define Py(x) = (0,0) € Z? x R for every x € Z41.

Suppose that we have defined the random variables Zj(x) for k = 0,... ,n and x € Z41.
Consider x € Z97! with £4_1 +n + 1 even. Unless there exists a y = (y1,... ,¥4_1) in
71 with

|zg —ye| < 3wy forl=1,...,d—2,

(6.3)
|Tag—1 —ya—1| =1

so that I,,(y) = 1, we define I,,;1(x) = 0 and P,41(x) = (0,0). Suppose there exists a y
satisfying (6.3) for which I,,(y) = 1. Suppose in addition that for some such y,
(i) Yya—1=mg-1 £1,
(ii) the event GT(P,(y)) occurs,
(iii) the lowest translate of D x {0} lying inside

XT (Pu(¥)N[(W1,- - -+ Yd—2, 0, Zg_1kwa, (n + 1)kh) + B® + [=3kw, 3kw]* 2 x 0 x 0 x 0]

is (D + (.Tl, .. .,.Td_2,53d_1,.’1~3d)) X {Z} for some (.’fd_l,.’fd,f) € V(.Td_l,’n + 1). (In
discrete time there may not be a unique ‘lowest translate’, but in that case we can
choose among the alternatives in some prescribed deterministic way that does not
depend on the future.)
Then we define I, 1(x) = 1 and we choose P,11(x) = (z,t) so that the lowest translate
of D x {0} contained in

21X 0 X Tgoz X V(@g-1,m) N X7 (Pu(y)) UXT (Pa(y))]

for some y satisfying (6.3) is at (D + z) x {t} .

Let F,, be the o-field generated by {Z,, : 0 < m < n}. Then for every (8',d') € U,
(En, Fn, Pp s) is a Markov process and in fact, the conditional distribution of Z,1(x)
given F,, depends only on the quantities Z,(y) for y such that (6.3) holds.

Proof of Theorem 2.4 and Corollary 2.7

With {Z,(x) : x € Z91,n > 0} as above, define random variables Z,(z) for z € Z
and n > 0 with  + n even as follows: Z,(z) = 1 if L,(z1,...,24_2,2) = 1 for some
(1,...,24-2) € Z%2 and Z,(x) = 0 otherwise. Then it follows from the definitions that
for i = 0,1,

P 5t (Zns1(3) = i\Fa) = Por g (Zosr(@) = i1{En() : lya_1 — 2] = 1}).
Using (6.2), we have that
Fpr 5t (Zna(z) = 1[Fn) 2 p(Zn(z — 1), Zn(x +1))

where p(0,0) = 0 and p(1,0) = p(0,1) = p(1,1) = 1 — gp. For fixed n, conditioned on F,,
the random variables Z,,;1(x) and Z,1(y) are correlated only if x = y + 2, as long as we
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choose k in the statement of Proposition 5.3 sufficiently large (k > 20 will do). Therefore
one can modify the usual contour argument for 1-dependent oriented site percolation —
see Durrett (1988, p. 85) — to show that if g¢ is sufficiently small, then with positive
Ppg: 5-probability, there exist infinitely many values of n for which

(6.4) {(z: Zp(z) =1} £ 0.

For any n for which (6.4) holds, we have that gfkh(B(oo, e 4,00, 2wg—1,00,00)) # 0. So
we have that with positive Pg si-probability, ¢P survives inside

(6.5) B = B(o0,...,00,2w4_1,00,00).

Thus we have that if Pgs(£° survives ) > 0 and §(N)) > 0, and, in the discrete-time
case, d() < 1, then there exists wg—_1 and a neighbourhood U of (8,d) in the space of
parameters so that for every (8,8") € U, &P survives inside B (see (6.5)) with positive
Pg: s-probability.

We have just proved that there is a positive survival probability for a certain open set
U of parameter values, with the initial state being a certain finite set D. It remains to prove
an analogous result for the process starting at the singleton {0}. Since the event in (3.15)
depends only on the configuration inside the finite space-time region D x [0, h], its proba-
bility is a continuous function of the parameters. Therefore there exists a neighbourhood
U’ of (B,6) in the space of parameters so that if (8’,6") € U’, then (3.15) holds with Pg 5
replaced by Pg: 5. It follows from this and the Markov property that if (8',6') e UNU’,
¢9 survives inside B(oo, ... ,00,2wq_1,00,00) with positive probability. Theorem 2.4 and,
in fact, Corollary 2.7 now follow. O

Proof of Theorem 2.8

The proof is by induction on the dimension d. We note that we have already estab-
lished the result when d = 2 and that for general d > 2 we have constructed a discrete-time
Markov process =, = (I, P,) where I,, takes values in {0, 1}Zd_1 and P, is an auxiliary
process. If x € Z%~! and I,,(x) = 1, then P,(x) gives the precise location of the translate
of D x {0} in the underlying process whose presence makes the ‘cell’ in (6.1) occupied.

In order to decrease the spatial dimension once more, we would like to apply the
result of Corollary 2.7 to the process {I, : n > 0}. However, since {I,,} does not satisfy
the hypotheses of that result (it is not even a Markov process), we have to check that the
proof can be modified to accomodate a wider class of processes.

There is one respect in which the process {I, : n > 0} is easier to handle than the
original one, and that is that we can assume that the probability of ‘survival’ (i.e. the
probability that the set of n for which

(z:I(x) =1} #0

is unbounded) starting with {z : Iy(z) = 1} = {0} is as close to 1 as desired. The reason
we can do this is that we can choose € in the statement of Proposition 5.3 as small as

29



we like. In particular, for the new process, we need not repeatedly generate translates of
a large set (D x {0} for the original process); the process can be restarted from a single
‘occupied site’.
The basic ingredients needed to make the proof of the technical results leading up to
the proof of Corollary 2.7 work are:
(i) the FKG inequality for events like those whose probabilities appear in (3.12), and
(ii) a result which states that

Pg s (E dies out | [{(x,n) e R:E,(x) =1} < N) >y >0.

for certain space-time regions R.
In both cases, these results are available because the events can be interpreted in terms of
events in the underlying process, in which the analogues of (i) and (ii) hold, and the result
for the rescaled process follows. The only other potential difficulty is that, in the proofs of
Propositions 5.1 and 5.3, we use the strong Markov property to restart the process. The
process {I,, : n > 0} is not Markov. However the process =, = (I, P,,) does satisfy the
Markov property, and this fact suffices. Keeping these observations in mind, one can check
that the proof of Corollary 2.7 carries over to the present setting.

We obtain a process

(ED(x) = IP (x), PP (x)) : n > 0,x € 2972}

where, if I$ (x) =1, p® (x) gives the precise location of the lowest occupied (rescaled)
site in Z%~! x R that causes IT(,,2)(X) to take the value 1. As long as the probability that

{I, : n > 0} survives is sufficiently close to 1, we have that {L(f) :n > 0} survives with
probability as close to 1 as we like and hence that, for some D C Z%, and wy_o and wg_1,
the original process {¢P : ¢t > 0} survives inside

(66) 7473 % [—wd_g,wd_g] X [—wd_l,wd_l] xZ xRt
with positive probability. As before, the fact that D satisfies (3.15) ensures that {£) : ¢ > 0}

survives inside the region (6.6) with positive probability. Since {L(f) :n > 0} is the same
sort of process as {I,, : n > 0}, the result follows by induction. O
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FIGURE CAPTIONS

Fic. 1. The projection of B(w,h;a) onto the (z;,t) plane. The subsets T(B) and S
of B are defined in (3.8).

Fi1G. 2. The choice of w§ in the proof of Lemma 4.1. For i = 0,1, B; is the projection of
B(w;, h;) onto the (z4,t) plane. The heavily shaded region is S (B) where B is a box not
containing B;. Note that it lies completely outside the lightly shaded ‘light cone’. The
angle labelled & is arctan[(wd — w¢ — 27)/hy].

FiG. 3. A schematic representation of the contradiction reached at the end of the proof
of Lemma 4.1. In each case, the shaded region is the projection of B(wyg, h) onto the (z4,t)
plane.

FiGg. 4. The projection onto the (y4,y4—1) plane at height A’ of various regions defined
in the proof of Proposition 5.2.

Fia. 5. A three-dimensional view. The regions R and L are projections of R(w’, k') and
L(w',h'). The dot in the center is the origin of space-time.
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