THE CAUCHY PROBLEM AND THE STABILITY OF SOLITARY WAVES OF
A HYPERELASTIC DISPERSIVE EQUATION

ROBIN MING CHEN

ABSTRACT. We prove that the Cauchy problem for a certain sixth order hyperelastic dis-
persive equation is globally well-posed in a natural space. We also show that there exist
solitary wave solutions u(z,y,t) = ¢c(x — ct,y) that come from an associated varia-
tional problem. Such solitary waves are nonlinearly stable in the sense that if a solution is
initially close to the set of such solitary waves, it remains close to the set for all time in the
natural norm.

1. INTRODUCTION

In this article, we consider the following two-dimensional nonlinear dispersive elastic
wave equation

[ut — Ugat + 5Uzrxzt + guum - 7(2Umurx + uumzz)}m - auyy + 5Umryy = 0. (11)

Equation (1.1) was derived by the author in [10] as a model for the deformations of a
hyperelastic compressible plate relative to a uniformly pre-stressed state. In this model
u represents vertical displacement of the plate relative to a uniformly pre-stressed state,
while x and y are rescaled longitudinal and lateral coordinates in the horizontal plane. To
reduce the full three-dimensional field equation to an approximate two-dimensional plate
equation, an assumption has been made that the thickness of the plate is small in compar-
ison to the other dimensions. It is also assumed that the small perturbations superimposed
on the pre-stressed state only appear in the vertical direction (the z-direction) and in one
horizontal direction (the x-direction). Hence the variation of waves in the transverse direc-
tion (the y-direction) is small. Equation (1.1) is obtained under the additional assumption
that the wavelength in the z-direction is short. On the other hand, if the wavelength is
large, we obtain the Kadomtsev-Petviashvili(KP) equation.

The parameters in equation (1.1) are all material constants. The scalar § describes the
stiffness of the plate which is nonnegative. The coefficients « and (3 are material constants
that measure weak transverse effects. The material constant v occurs as a consequence of
the balance between the nonlinear and dispersive effects. Note that there is no dissipation
in this model.

Equation (1.1) generalizes several well-known equations including the BBM equation
[1] when § = o« = B = v = 0, the regularized long-wave Kadomtsev-Petviashvili(KP)
equation [3] (also referred as KP-BBM equation, see [34]) when § = = v = 0, and
the Camassa-Holm (CH) equation [9] when 6 = o = 3 = 0, = 1. In contrast to our
derivation in [10] of nonlinear dispersive waves in a hyperelastic plate, these particular
equations are usually derived as models of water waves. In equation (1.1), the two spatial
dimensions make the analysis very different from the CH equation. The ~y-terms include
a nonlinear term of fourth order, which makes equation (1.1) very different from the KP-
BBM equation. This is the reason why we need the stiffness §-term and the higher-order
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dispersion (3-term in y to overcome the technical difficulties in estimating the nonlinear
terms.

One aim of the present paper is to establish the global well-posedness of (1.1) in the
natural space suggested by the following conservation law. Multiplying (1.1) with v and
integrating over the whole space leads to the formal conservation law

d _ d 2 2 2 _
ZE(u) = i{ /R [u? +u2 + (5um]da:dy} —0, (1.2)

hence we may consider the space H2 C L?(R?) with the norm
lullfre = lullZs + llusllZe + lusalZ2,

as a good candidate for solving the global Cauchy problem for (1.1). Note the absence of
the y derivatives.
For any s > 0, we also introduce the space Y* C H? equipped with the norm

ullve = I€)2(Ie] + lnl)*a(&, ).z, (13)

where for z € R, (z) = (14 22)!/2 and 1 is the Fourier transform. Clearly, Y° = H2. In
addition, we define the “Bourgain space” X** C &'(R?®) equipped with the norm

lullxce.s = 147 = P& MO (€] + ) alr, &) 2, (1.4)
for any b € R, where

ag”'n? + pen’

14 &2+ 6¢*
Theorem 1.1. For any ¢ € H?Z, there exists u € C(R;H2) which solves (1.1) with
u(0,2z,y) = ¢(x,y) such that E(u(t)) = E(¢) for all t € R. Furthermore, there ex-

ists some b > 1/2 such that v € X"° and u is unique in the class X*°. Moreover, if
5 > 0, then the map ¢ — u(t) takes Y* to X®* continuously.

p(&n) =

Formally, equation (1.1) can be written in the Hamiltonian form
ug + JF'(u) =0, (1.5)
where J = $(1 — 92 + 693) 719, is a skew-symmetric operator and
F(u) = [u® + yuul — a(0; "uy)? — Bu;ldedy (1.6)
R2

is the Hamiltonian. Here, 0 luy is defined via the Fourier transform as
T N
Or uy = gu(g,n).

Hence the functional F'(u) is formally conserved. Both E(u) and F(u) are crucial to the
stability analysis.
Combining E(u) and F(u) gives us the space W C H?2(R?) equipped with the norm

lullfy = ullZs + llualZe + luwsllZz + llug 22 + 1105 uy 122

Because of the last term, any v € W has (formally) a zero z— average for each y. The
space W will be the natural space for our stability theorem.

Theorem 1.2. If ¢ € W and a3 > 0, then the solution obtained in Theorem 1.1 satisfies
u € C(R; W). Moreover, for each t € R, F(u(t)) = F(¢).
2



Beginning with Section 5 we study the solitary wave of equation (1.1). A solitary wave
is a solution u € W to equation (1.1) of the form u(x,y,t) = ¢.(x — ct,y). Note that
any translate of a solitary wave is another solitary wave. Solitary waves in solids are easy
to detect because they do not change their shapes during propagation, and can be used for
determination of material properties and flaw detection. Therefore it is of great interest to
decide whether they are stable or not. The appropriate notion of stability here is orbital
stability as follows.

Definition. Let .S C W be a set of solitary waves. It is called W -stable if for any ¢ > 0,
there is a v > 0 such that for any ug € W with

f _
;I€1S||uo vllw < v,

the solution u of equation (1.1) with initial data u(-,0) = ug(-) satisfies

sup inf |ju(t) —v|lw <e.
—oco<t<oo VES
Otherwise, S is called T/ -unstable.
Substituting ¢(z — ct,y) into equation (1.1) and integrating once in = we obtain the
equation for any solitary wave to be

—Chz+CPrax — C(Sﬁba:x;c;cm +3¢¢, — ’Y(QQbad)xx + ¢¢xzx) - a8;1¢yy +6¢zyy =0. (1.7)
A solitary wave ¢. € W is therefore a critical point of the functional cE(u) — F(u).
Let

d(C) = CE(¢C) - F((bc) (18)

This variational characterization allows us to apply the concentration-compactness prin-

ciple for the existence of solitary waves. Our strategy is to minimize the sum of all the

quadratic terms in the functional under the constraint that the sum of the cubic terms is a
constant, that is, to minimize

G.(u) = /2 [cu” + cul + coul, + (0, uy)? + Bul]dady (1.9)
subject to the constraint )
K(u) = /2 [u® 4+ yuuZ)dedy = . (1.10)
Using this variational method, we hailfe the following existence result

Theorem 1.3. If ¢, «, 8 > 0, then equation (1.1) admits nontrivial solitary waves ¢.(x —
ct,y) which are multiples of the minimizers to this associated variational problem.

Solitary waves thus obtained are called ground states. In Section 6 we investigate the
stability of the solitary wave solutions to equation (1.1). The stability analysis makes use
of the function d(c). We show that for each ¢ > 0, the function d(c) defined in (1.8) does
not depend on the choice of ground state ¢. and d(c) is smooth. Moreover, the sign of
d"(c) determines the stability of the ground states. Our main result is the following

Theorem 1.4. If c,«, B > 0, then the set of ground states of (1.1) is W -stable.

There have been several results regarding the well-posedness and stability for equation
(1.1) in some special cases. When the space dimension is one (&« = 3 = 0) and the stiffness
is zero (6 = 0), the equation becomes the generalized Camassa-Holm (CH) equation. In
[14] was proved the local well-posedness of CH equation in H*(R), s > 3. The result
was improved to s > 3/2 in [23] and [32]. It is also discussed in [23] that a necessary and

3



sufficient condition for a global solution w to exist in H*(R) is that the L>°-norm of u,
remains bounded. A Besov space approach can be found in [18]. The phase plane analysis
used in [17] shows that there are smooth solitary waves for v < 1. In the case v = 1,
the solitary waves are peaked solitons ([9]). The stability of solitary waves was proven
in ([15], [16]). The difference between those papers is that the first one is the exact CH
equation (y = 1) while the second one treats the case v < 1. The methods of proof are
necessarily very different however. The first paper [15] gave a quantitative estimate on the
H' deviation from a translated peakon shape in terms of two conservation laws of the flow.
In the second paper [16] the authors used a spectral analysis of the linearized Hamiltonian
operator following the method of [21]. In contrast to the CH equation, this present paper
considers an equation in two spatial dimensions.

In two dimensions the standard generalization of the KdV equation is the Kadomtsev-
Petviashvili (KP) equation. The first result regarding well-posedness for a KP type equa-
tion appeared in [37] which proved local well-posedness for KP-I and KP-II equations for
initial data in H*(R?) for s > 3. A significant result on the global well-posedness was
given by Bourgain by using an analysis of multiple Fourier series introduced in [6]-[8],
in the context of Schrodinger, KdV or KP equations. He proved that the KP-II equation
is globally well-posed for initial data in L?(R?). Bourgain’s result was improved in an
anisotropic Sobolev space in [35] and [36]. The gain in regularity for the KP-II equation
was proved in [22]. Flows of the KP-I and KP-II equations, considered in the natural
spaces, behave very differently in the sense that the KP-II equation can be solved by Pi-
card iteration ([8]) while KP-I cannot, in any Sobolev class ([31]). In [19]) and [38], a
global existence result for small initial data was obtained via inverse scattering techniques.
The smallness assumption was later removed ([11]). It was improved in [33] that the so-
lution is locally well-poseded initial data and their antiderivatives in H® for s > 3. It
was also shown later in [30] that one obtains global well-posedness provided more regular
initial data. In [13] a well-posedness result for small data in a weighted Sobolev space
with essentially H? regularity was obtained and the result was improved for data in the
intersection of the energy space and a natural weighted L? space ([12]).

The situation is quite different for KP-BBM equations. It has been proved in [3] that
the KP-BBM equation can be solved by iteration, yielding local and global well-posedness
results. Later [34] showed the global well-posedness for less regular initial data without the
extra constraint on the initial data used in [3]. In contrast to the KP and KP-BBM equations,
the equation considered in the present paper involves much higher nonlinearities.

The equations for the solitary waves of the KP and KP-BBM equations are identi-
cal. The main result on the existence of solitary waves was obtained in [5] using the
concentration-compactness method ([24]). For stability results for the KP equation, we
recall the work of [27], [26] and [4]. For stability of KP-BBM equation, we recall the work
of [3], [25] and [34].

This paper is organized as follows. We prove in the next three sections that the initial-
value problem in R? is globally well-posed using the Fourier transform restriction method.
We first show that equation (1.1) is locally well-posed. This is accomplished by means of
some bilinear estimates and the contraction-mapping principle in a suitably chosen space.
The global existence is achieved by use of the two conservation laws. In later sections the
prospect in view is the solitary wave problem. In Section 5 we give an existence result
of solitary waves using a concentration-compactness argument. Next we prove that the
solutions are regular. In Section 6 we show that all such solitary waves are orbitally stable



when considered as solutions of the full evolution equation. In Section 7 we provide a
condition for the nonexistence of solitary waves.

Notation. For A, B € R, the notation A ~ B means |A|/2 < |B| < 2|A]. AV B =
max{A, B} and A A B = min{A, B}. For a Lebesgue measurable set D, we denote by
| D| its measure. Constants are denoted by C' and may change from line to line.

2. LOCAL WELL-POSEDNESS

In this section we consider the Cauchy problem for

2.1
u(z,y,0) = ¢(z,y) @D

in (z,y) € R2, ¢ > 0. Integrating once in x, we see that the equation can also be written
as

{ [ut — Ugat + 5u.L.L.L‘Lt + 3““@ - 7(211'.LU.L‘L + uu.L‘L‘I)].L — QUyy + ﬂuwwyy =0

(1- 85 + (58;1)1” — a@;luyy + Bugyy = —

u(z,y,0) = ¢(x,y).
We formally solve for u; and invert its linear part to see that equation (2.2) is equivalent
to the following integral equation

u(t) = 56— 5 / S(t = ){BPUD.) = YPa(D)| (WA ()) + Y Pu(Da) (W2(¢') .
(2.3)

20+ [0 — ()]

2 (2.2)

where S(t) is the Fourier multiplier operator with symbol exp {it(af I+ Ben?)(1 +

S }, Py (D,) is the Fourier multiplier with symbol £/(1+£2 +6£%) and P»(D,,)
is the Fourier multiplier with symbol £3/(1 + &2 + 6¢%). If u solves (2.3) locally, then it
also solves (2.2) in sense of distributions.
Let 9(t) be a cut-off function such that ¢ € C§°(R), suppyy C [-2,2], ¥y = 1 on
[—1,1]. For T > 0, let ¢p(t) = ¢(t/T). Let
3
f) = |SPUD.) = S Po(D2) | (u?) + S P (D) ().

We define the “temporally truncated" operator

Lut) = $()S()6 — r (1) / S(t— 1) f(u(t') )’ 24)

for which we will estimate each term separately.
We use the idea in [20] to give the linear estimates.

Lemma 2.1. Let s € R. There exists C > 0 such that
(t)S(#)pllxv. < Cllgllys. (2.5)
Proof. By definition of || - || xb.s,

IS ©)l 0+ = 1t = p(&ME el + Il Fu (0P ED (6, m)) iz,

= I6eyIel+ o€ m (1) DDl o) e,
— 6lly- [l < Cllélly-.




Similarly we get
192 () S() ¢l xv. = (19|

Lemma22. Let0 <& <1/4,b=1/24¢ b =1/2 — 2. Let g € H Y (R). Then

vel[¥rllm < C (2.6)

t
|w¢/mwmmpgaﬁwmﬁu @.7)
0

Proof. First we split the integral into three parts as follows

Yr /Otg(t/)dt/ =7 /Ot/Re”/Tg(T)det’

. t et _ 1 .
=7 / g(T)/ et Tt dr = z/JT/ g(r)dr
R 0 R IT
3 ( itT

T 1
= ¢T/ € - g(m)dr — z/)T/ )dT + wT/ e‘ g(rydr =1 + Iz + Is.
T|7|<1 T|r|>1 i T

iT |r|>1 T

Now we estimate the contribution of the above three terms separately. The first term
can be written as [1 = ¢ fT|T|<1 Zk>1 o (ZT)k 1g(7)dr. Therefore

i = e (S5 [ n
_ / —m(zt Ur /T - (i) g (" dT)dtH

k>1
‘/ (ir)E=tg(r")dr'
T|r|<1

_ <T>b/67it‘r tF wT
R E>1

thy TR
ZuTmt/ jir Y (r)|dr
: T|r|<1

k>1

t* ¢T 1-k / 20’
< v T g ’- ) dr
> Il T gl - () )

k>1

() Lg(r )dT)‘

2

1/2

C _ _ -
< T T T gl e
E>1

( since we know from (2.6) that ||t*¢p|| » < CTF+1/270 )

<CT gl gr—v = CT gl gy

The second term I5 can be bounded as follows.

g(T
|mmsmhg/ s
T|r|>1

7l

,oN1/2
<|lozllme - lglla-v - (/ |72 (r) 72 dT)
T|r|=1

< T gllyg-v = CT|lgll v -
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Contribution of I3

(PEYIPES

(s / o)
o L |
e

= (n)® (lewx)H

Let G‘(T) = %hlrlzl' Then
< >b+b’

L2

Gl = [(T)°Gllz2 < lgllgg-v - sup
T|7|>1 |7

Hence

1Bl = || (b G)| | < (KR rlilGllee + ol IGlm )

<CT gl g-v = CT"||gll v
Altogether, we obtain

t
e / o)t [z < CT* Y |lg]l 0 = CT=[lgl .

Lemma2.3. Let0<e<1/4,b=1/2+4¢ b =1/2 — 2e. Then

t
lor / S(t — ) (u(t')dt' || xre < CT|F()][x.e-

Proof. 1t is easy to see that
[ullxe.e = [1S(=t)ul g
where H"* denotes the subspace of S’(R?) with the norm

lull ro.s = (7)€Y CIE] + Inl) (& )l e,

Therefore
t

lor / S(t — ) f(u(t))dt | xn = [S(—t)br / S(t — 1) f(u(t'))dt'|| .-

. / S(—t) f(u(t'))dt' | g

IN

(from Lemma 2.2)

= CT "7V f(u) ]| x-vc = OT%|| ()] x- ..

L2

— Tb 2 s vy (VT ‘ o ult /
= it ter2 el + < Foa (0 [ S0 1)

2 s ' —t" Flu(t ! b
€l + 1)1 7o (vr | SO0t Nt )y

IN
—~
-~
fetin
Al
+
=
~
Q
N
A
=
L
o
@
Y
—
-
—
~
—
S
—
~
Q
=
N—
|

< CT" gl gr-v = CT|lgllgg-v-

2.8)

L2

TEN



As stated in the introduction, the two functional E'(u) and F'(u) are formally conserved.
Hence it is possible to draw some preliminary conclusions. First the conservation of E(u)
implies that if the initial data ¢ € H? then the corresponding solution u of (1.1) lies in
H?2 for all ¢ for which it exists. To draw an inference based on the invariance of F'(u), the
following lemma is helpful. This lemma is closely related to the embedding theorems for
anisotropic Sobolev spaces studied in [2].

Lemma 2.4.
@) [[fllee ey < CUf 2oy + | faallzz@ey + I fyllL2®2))- 2.9
(i) 11135 a2y < ClAIatmey | Fllma o) 105 Fyllte)- (2.10)

Proof. (i) We can easily see this from the following estimate

. PP 1/2 1 1/2
[ idean < ([ et vopipasan) ([ aadedn)
< CUlf 22y + [ feallL2me) + 1fyllL2e))-

(ii) See [3] Lemma 2.1. Il

Remark. Now suppose the initial data ¢ € W. Consider the case a3 > 0. For simplicity,
we assume «, 3 > 0 and § < 1. The invariance of F infers that v € H?2 and more
precisely,

1 1
[ i) dody< 5 [ (624 62+ o] dudy < ol
R2 6 R2 (5
Thus we would like to show that u(t) € W for all ¢ for which the solution exists. So it

suffices to show that 9, 'u, € H}(R?), thatis, d; 'uy,u, € L*(R?). The invariance of F'
means

/R [ yuug — a9, uy)? = Buy) dady = /R 8747005 — (9, 6,)° = Bey) dady.
(2.11)
Hence by Lemma 2.4 we know that

min{«, 5} /]R2 (05 tuy)? + ui]dxdy

< / [ + ) ddy — / [6° + v¢2]dedy + max{a, 5) / (05 26,)* + &2)drdy
R2 R2 R2

<llulds + bylllul o llus 22 + 19125 + Il o 222

+max{a,ﬂ}/ 0,1 9,)? —&-d)z]dxdy

<lullzs + lelzs + Clvl(lullze + llussllze + lluyllz2)lluz |72
+ Ol + 1gaallLe + dyllL2)l@ellZ> + max{e, B}¢l5

Cly
< Nl + 19135 + Ol ez + E20 1618y + max(a, B 101
Y
oy uy||“2+cn¢||w+cm\|¢>||wuuy||m+ By, + maxta, B0l

< C(,0, 8,7, 6llw) + C v, o llw) (1197 My 115 + ||UyHL2)~
8

< Ol



Therefore sup, (||a;1uy|\2L2 + ||uy|\§2) < (8, B, 7. |||lw)- That s,
Sgp(llullw) < C0, 0, 8,7 llllw)-

This discussion leads to the following formal statement:

If a solution u of equation (1.1) that starts in the space W, it will remain in this space
throughout its period of existence.

To prove the local well-posedness of the Cauchy problem of (1.1), we need the follow-
ing bilinear estimates.

Theorem 2.5. For every s > 0, there exists 0 < € < 1/4 such that for b = 1/2 + ¢,
b =1/2 — 2¢, we have

[1P2(Dz) (uv) | x - < C(IIUwa vl xe0 + ||u||xb,oHv||xb,s)- (2.12)

[1P1(Dg) (wo) || x .6 < C(HUHXMHUHvaO + ||U||va0HU||vas)- (2.13)

1P (D))o < (Il ol xen + Nullxosllollxes ). @14)

Proof. First we introduce some notations. Let

C = (T7§7n)’ Cl = (T1a§15n1)7 U(C) =T _p(€777)

Then estimate (2.12) is equivalent to

3 2 s
e S [ it - caal],

< € (JJullxe ollxoo + fullxoololl e ). 215)

Now let

Q

F1Q) = (a (O (&l + In)*a(C),  g1(¢) = (a()*(€)*(Q),
£2(0) = (@(O)E*aC),  g2(C) = (a(O)(E)X(IE] + Inl)*5(C).
Since for s > 0,

(1€ + [nl)® 1 1
C
(€] + Imy*{l€ = &l 4 In = ml)* = <<|€1| Fimle - al+ |77—771|>S)’

the left-hand side of (2.15) is no bigger than

CH € / (€)? fl(Cl)gl(C_Cl)+f2(c1)g2(<_<1)dcl‘
1+82 406 Jps (€)= 61)*  (a(O)¥a(Cr))Po(C = G))° L
The right-hand side of (2.15) is equal to
C(Ifllz2Ngalles + 112l z2 gzl )-
Therefore it suffices to show that for i = 1, 2,
H €1° / () fi(€)gi(€ — &) dCl‘
14 E€2408* Jra (£1)%(€ — &1)% (0(0)¥ 0 (C1))bo (¢ — (1))° L2
< Cllfillz2llgill o (2.16)



Using L% —duality, (2.16) is equivalent to

_ £13(€)? J(C1)g(¢C = C)h(Q)
7| / L+ € 1 0ED(E2E — 62 () o (CVPo(C — oy o™
< Clfllzz gl 2 ] e 2.17)

Without loss of generality we may assume f, g, h > 0 and hence can neglect the absolute
value in the left-hand side of (2.17).
Define the dyadic levels
Dy = {(¢¢) (€ ~ M (&) ~ My, (€ = &) ~ Mo,

(0(Q)) ~ K, (0(C1)) ~ K1,{0(C = C1)) ~ K2}, (2.18)
where K, K1, Ko, M, My, M, are all dyadic integers 2", n = 1,2, 3, .. .. The set Dﬁ%}jjz
is not empty only if

M < C(M;, + M), M <C(M+ M), My <C(M+ M). (2.19)
Let J ﬁﬁljfz be the contribution of Dﬁlj\(/}ﬁi to J. Then we have
J<C > Tanihz (2.20)
K,K1,K2,M,M;,M>

where the sum is taken over the dyadic integers such that (2.19) holds. Next we define the
localizations on level sets of dispersion relation

f(©),  when (a(Q)) ~ K, (&) ~ M,
Trm(¢) = {0 elsewhere. 221)
Now we write
KKK M?®
L2 < h 2.22
J]y[]\/h]\/[2 = C(l + M4)M12M22Kb/(K1K2)b <fK1M1 * JK> Moy KM>L27 ( )

where (-, -) > is the scalar product in L?(R?). Before estimating the convolution in (2.22),
we give the following two elementary lemmas. The proof is straightforward.

Lemma 2.6. Let C > 0. Let the measurable set A C I x R, where I C R is measurable.
Suppose

S;g‘f\ﬂ{(&n) ineR} <C,

Then |A| < C|I|.
Lemma 2.7. Leta # 0,b,c € R and I an interval on R, then

I
H| = [{z € R:a2® + bz +ce T} <2 al (2.23)

The following lemma is crucial to the estimates.

Lemma 2.8. Let u;,i = 1,2 be two functions on R® such that for ¢ € suppu;, we have
(0(¢)) ~ K; and (€) ~ M;. Then

g * ugl| L2 < C(Ky A K)Y2(Ky V Ko)Y4(My A M) 4 uq || 22| ugl|2. (2.24)
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Proof. Take a map ¢ : L?(R3) — L?*(R3?) defined by q(u)(¢) = u(—(), hence q is iso-
metric on L?(R3). Moreover, for real-valued u, v,

[ux vl L2 = [uxq(v)] L2

Hence we may assume & > 0 on suppu; in the proof of Lemma 2.8. Using the Cauchy-
Schwartz inequality we get

|ur * uz||p> = (/]R3 ‘/Rs u1(C1)ua (¢ — Cl)dQ‘QdC)l/Q

< (/Rs (/R3 luy (C1)uz (¢ — C1)|dC1)2dg)1/2
< (/RS /RS ur (G1)2dG /RS lus (¢ — C1)[2d¢y dC)1/2
C

1/2
< C( sup [Ac]) " funl e us | o2, (2.25)
(eRr?
where

A<:{§1€R3: 1<146~M,1<14E—E ~ M,

(0(C)) ~ K, (0(C = ) ~ Ko - (2.26)
Consider the set

Be={(61m) €R®: 1<1+6 ~ My 1< T4E— 6 ~ M,

7 —p&,m) —p€ —&,n—m) < C(Ky \/Kz)}- (2.27)

In set A¢, we have

1
T—2(K1 ANKo) <1 <7-— §(K1 Vv Ky),
therefore
|A¢] < C(Ky A K)|Be|. (2.28)

Now we estimate |B¢|. First we have that [Proje, (B¢)| < C(Mi A Mz). Now we fix
&1, then use Lemma 2.7 to get that the Lebesgue measure of the sections of B with lines
parallel to the 7; —axis is bounded by

C(K1 V Ko)Y2(My A Ms)*/?,

since now the interval |I| ~ K1V Ko, |a| ™! ~ [&1](1+£€2), and |€ — &1|(1+ € — &1]?) <
C(M; A M>)3. Finally, we use Lemma 2.6 to obtain that

|Be| < C(Ky V Ko)Y2(My A Mo)/2, (2.29)
which, combined with (2.25) and (2.28), completes the proof of Lemma 2.8. (Il
Proof of Theorem 2.5. Using (2.22) and Lemma 2.8, we can now write
JKK1 Kz
M My My

M>(K AN Ky AK)YV2(K VKV Ko)Y4(M A My A My)®/4

(1+ MAHMEMZKY (K, K5)b
N fllzzllgllzz Pl 2z (2.30)
11
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with (2.19) satisfied. Hence now we pick 0 < € < 1/4 and choose b = 1/2 4+ ¢, b =
1/2 — 2e. It’s easy to see that we always have

(K A Ky h o) VAV GV ) )
KY (K1 K>)? - K1/4—25K11/2+6K§'
Also we obtain that
M®>(M A My A My)>/* 1
(L+MYOMTM3 = 7 A /2p Pt

Thus choosing € < 1/8 small enough, we may find some 6 > 0, for example, § = 1/16,
so that

M5(K NKy ANKR) 2KV Ky V K)YA(M A M A My)5/%
(1+ MAHMEMZKY (K, K,)b
< C(KK KoM M M,)~°. (2.31)

Then the proof of (2.12) is completed by summing up with respect to the dyadic integers
M, My, Ms, K, K1, K5 in (2.20).

Similarly we can obtain the bilinear estimate (2.13) for Py (D, )(uv).

Now we are left with the estimate (2.14) for P; (D,)(uyv,.). First we rewrite (2.14) in
the form

SIS

L F9(6 = MOy
re (14 €%+ 684)(&1)%(€ — &1)? (0(Q))' o (C1))ba (¢ = C1))®
< CllflIzzllglz2 1Rl 2o (2.32)
Introducing J ﬁﬁliﬂ(/f as before, we have
M3
J]\If[f/lllllfjg < C(l MMM KY (K Ka)P (frc, 00, * GRa My, hECM) L2 (2.33)

We now bound the term (fs, pr, * Grc, My Pic M) 2 @s in the proof of Theorem 2.5 and thus

JKK1K2
M My Mo

M3 (K A (K1 A Ko))Y2(K V(K V Ko))Y4(M A (My A My))®/4
(1+ M*M; MK (K, K3)b
N fle2llglizz 1Rl L2, (2.34)
Therefore we can choose ¢ and (b, b') satisfying the assumptions in the theorem so that for
some 6 > 0 small enough as before, for example, § = 1/16,
M3 (K A (K A K))Y2(K V(K V EK))Y4(M A (My A My))®/4
(14+ MM MK (K Ka)b
< C(K K1 KoM M Ms)~°. (2.35)

<C

Therefore the proof is complete. (]

With the above estimates by hand, we can now finish the local version of Theorem 1.1.
As mentioned in the beginning of this section, the Cauchy problem (2.1) is equivalent to
the integral equation (2.3).

We define the localized space XT , equipped with the norm ||uHX;.s = inf ||Jv|| xv.s

where the infimum is taken over all v € X% such that v = won [T, T] x R2.
12



Theorem 2.9. Let s > 0. For any ¢ € Y, there exist b > 1/2, T = T(||¢||z2) indepen-
dent of s and a unique solution u € X%S of (2.1). Moreover, for eacht € [—T,T), the flow
map ¢ — u(t) is Lipschitz continuous from bounded sets of Y*° to Y's.

Proof. Fix ¢ € Y not identically zero. Let v = |¢|gz2/||¢|ly:. We start with the
truncated problem (2.4), from Lemma 2.1 and 2.3 and the bilinear estimates theorems, we
have

[ Lullxv0 < Cllgllag + CT®[[ul|5s.0,

[Lullxe.s < Cll@llys + CT[ul| xo.s

ul| xv.0,
where L is defined in (2.4). Define the space
Z={ueX": |ulz = llulxuo+viullxe. <oo}.
Then we obtain that
[Lullz < C(lI¢llmz + viIelly+) + OT%||ull%, (2.36)
also we have the contraction

|Lu — Lol xv.0 < CTF||u — v|| xv.0|lu + v|| xv.0, (2.37)
ILu — Lo|| xb.s < CT(||lu—v| xv.0|l+ 0| x6.s + || — v x0. [|u+ 0| x6.0). (2.38)

Combining the above two we deduce that
ILu — Lo||z < CT¢||u+ v||z|lw — v||z- (2.39)

Setting
1 1

~4C([glluz + vlIgllve)F  (BCE[pllu2)=’

we deduce from (2.36) and (2.39) that the mapping L is strictly contractive on the ball of
radius 4C|¢|| g2 in Z. This gives the existence and uniqueness of solution to the truncated
problem (2.4), hence also proves the existence of solution u € X% to the full integral
equation (2.3) on the time interval [T, T'] with T" = T'(||¢|| zz2 ). Choosing T" small enough
to make 1, ¥y = 1 on [T, T], we deduce the local existence and uniqueness of solution
to equation (2.3).

To show that the flow map ¢ — wu(t) is Lipschitz continuous from bounded sets of Y
to Y*, we consider u, v are two solutions on [—T', T'] with initial data ¢ and « respectively.
Similarly to the derivation of (2.38), we have

T

o= vilxne < o= blly= + o [ St =)ir(e) - e )lar

Xhe
<o —dllys + CT?[[ f(ur) — flu2)ll x-v -
<|l¢p —V|ys + CT||u+ v]| xo.s || — v]| x0.5- (2.40)
Hence on any bounded set of Y*, say a ball of radius R, we have
vs <o — 9| ys, (2.41)

sup  JJu(t) — v(t)] ys +2CRT® sup |lu(t) —v(t)]
T<t<T T<t<T

which immediately gives the Lipschitz continuity of the flow map. Thus we complete the
proof of Theorem 2.9. (]

13



3. GLOBAL WELL-POSEDNESS IN Y*

In this section we prove Theorem 1.1.

In Theorem 2.9 we know that the existence time 7" depends only on the HZ2-norm of
the initial data. As long as ||u(t)||z2 does not blow up, we can always reiterate the result
of Theorem 2.9. Hence the global well-posedness will follow from the conservation of

[u()] 2

Lemma 3.1. Let ¢ € H2. Then the solution u of (2.1) obtained in Theorem 2.9 satisfies
the conservation law E(u(t)) = E(¢) on [-T,T).

Proof. First consider the case when ¢ € Y2, From Theorem 2.9, we get a solution u(t) €
X%z for some b > 1/2. We use a regularization argument due to Molinet ([29]). For
€ > 0, we define the function ¢* as

— 1, ife <&, |n| < 1/e,
5 €l nl <1/ o
0, otherwise.
Denote u®(t) = ¢° * u(t). Then u®(¢) satisfies the equation
£ _ € Sus § € 2y 1 € 2 € 2
Up = Uggy + OUgpgpy + 290 * (u”)y B (0% * (U™)gza — ©° * (u3)z]
—ad; Mg, + Bus,, =0, (3.2)

where ;! is defined as the Fourier multiplier with symbol (—i¢)~1. Multiplying (3.2) by
uf(t) and integrating over R?, after several integrations by parts we obtain

1d 3
5 EW) = 7/ [p7 % u? — (u°)?ug dxdy + 1/ [0 % uf — (u3)?Juzdedy
2 dt 2 Jpe 2 Jpe

3 [l o
R2

Integrating on [0, ¢] for ¢ € [T, T yields
t t
B(u) — E(6°) = 3 / / (6w = ey +y [ [ 16 e = () Plusdodyat
0 R2 0 R2
t
— / / (0% % u? — (u¥)?ug,  dxdydt’. (3.3)
0 R2

From the Sobolev embedding theorem we know that Y2 ¢ L* and moreover, U, Uy €
L. Thus

% u® = (u)?[lz2 < llo® * u® = w?|p2 + [lu® = (w%)?| 2

? = u?l|z2 + lu — w2 | (u + uF) | Lo

— 0, ase—0. (3.4

< ¢ xu

Similarly, we obtain
giir(l) [l * ui — (u§)2||L2 =0. 3.5)

14



We also have

| [l = 0P dn]
—2| [ 7« (wa) — w sl dndy| < 26 () = 0 ol
R
< 2{ 6" # (utta) = w2 + sy — w2 + fuue = wus]|p fllug, |l
< 2l * (ua) = w2 + = Lo a2 + o ooe s = 2 |
Since Y2 C L, uu, € L2, therefore
lim ||¢® * (uty) — wtgllz =0, lim ||u — u®||fe = 0.
e—0 e—0

Fixing t' € [T, T, from all the above estimates we know

lim 3 /R 6 ult)? — () () dady

e—0
7 [+ ) = ()P (¢)dady
= [ R = (0 ()P () = 0. 3:6)

Moreover since u(t) € X:bp’2 for some b > 1/2, from the Sobolev embedding we that
u € L*([~T,T]; Y?). Therefore the integrals in (3.6) are uniformly bounded on [T, 7.
Thus by the Lebesgue dominated convergence theorem, passing to the limit in (3.3) we
obtain that

forall ¢ € Y2,
Now we approximate any ¢ € H?2 by a sequence in Y2 and use the local well-posedness
theorem 2.9 to get the conservation of F(u) for data in H2. O

Now combining Theorem 2.9 and Lemma 3.1, we obtain the global well-posedness in
Y® for all s > 0, hence completing the proof of Theorem 1.1.
4. GLOBAL WELL-POSEDNESS IN W

In the previous section we made use of the conservation law F(u) to establish the global
well-posedness result in the space Y * for all s > 0. As we pointed out in the introduction,
there is another formal conservation law F'(u), which, together with E(u), suggest to
us another function space T to work on. As before, we define the Bourgain space 1W°
associated to the space W by the norm

lullwe = {7 = p(&, ) (E)IEl + 1]~ ID)a(r, &, m)ll 2, - 4.1)

To get the well-posedness, we first establish the bilinear estimates as before.
Lemma 4.1. There exists 0 < & < 1/4 such that forb=1/2+¢, b' =1/2 — 2, we have
[1P1(Dz) (wo) [y v < Cllufwe [[0]fwe- (4.2)
1P2(Dz) (wo) [y-v < Clluflwe [[0]lwe- (4.3)
121 (D) (g ve) [y - < Cllullwel|vflwe- (4.4)

15



Proof. The proof is similar to that of Theorems 2.5. We first prove estimate (4.3). Denote
k(&) = (€) (€] + €] nl)-
As with (2.17) we see that estimate (4.3) is equivalent to

f(C1)g(¢ = C1)h(C)
(a(O)Y o (C))bo(C — )

\/ﬂ@m@’m’m) —dcdG:| < Cllf N lgll e bl 2y 45)

where

€13k (€,n)
14 &2 4 04 k(E,m)k(€E — &, —m)’

or equivalently, we may replace m by m defined as

€17 ()&M)

m(§7§1an7n1) = (

_ 4.6
&) = e e e € - el ) O
where [(£,1) = 1+ || + |€]71|n]|. Since l(gll);zlgglgl) < C<£1>§?7€1>,we have
SEEIS;
&G S G E e i) (€ — Enie — &)
o PO
(1+ &2+ 064) ()€ — &1)
In view of Theorem 2.5, it suffices to prove (4.5) with
€RInle) )

MU0 = T e (e, i) € — EIE —€1)'
JEKIK:

Introduce J )/ 17 as before. Using [n| < [n1| + [ — 71| and Lemma 2.8, we obtain that
the substitute of (2.22) in the context of (4.3) is

JKKlKg
M My Mo
M3 My M, 1
co MMy 1 ,
S O niG \h T 3 ) KR ) K * 9k hicar) 12

- O(% N %) M3 (K AN Ky AN Ko)YV2(K VKV K)Y4(M A My A My)®/4

- \M, M (1 4+ MMMy KY (K, K5)b

X fllz2llgllzz (Al 2

(My v Mo) M3 (K A Ky A Ko)Y2(K VKV Ko) Y4 (M A M A My)5/*
(1 4+ MAYM, MoKV (K, Ky)?

XA fllz=llgll 2]l 22 (4.8)

Hence we may choose proper ¢ > 0 and forb = 1/2+ ¢, = 1/2 — 2¢ so that

<C

(M1 V My)M3(K A Ky AKo)Y2(K VKV Ky)Y4(M A M A My)/*
(1+ MAHM, MyKY (K, K)?
< CO(KK, KoM M, My)~?.

for some 6 > 0 sufficiently small (for example, § = 1/16). Therefore the sum over the
dyadic integers M, My, M, K, K1, K satisfying (2.19) is bounded by C|| f|| .21l g]| L2 || || 2,
16



which gives (4.3). We can apply the same method to get (4.2). As for (4.4), the substitute
of (4.8) is

JKK1K2
M My Mo

- O<% N %> M(K NEKy ANKR)Y2(K vV Ky V EK)Y4(M A M A My)®/4
T \My, M,y (1+ MYKY (K K3)b
x ([ fllz2llgllc2 (Al 2
(M, V My)M (K A Ky A Ko)Y2(K V Ky V Ko)Y4(M A My A My)>/*
(1+ MYHKY (K, K,)b
| fllezllgllcz Al 2z (4.9)

Therefore we have completed the proof of (4.4). (I

<C

With Lemma 4.1 in hand, we deduce the local well-posedness lemma for data in W.
The proof is similar to the proof of Theorem 2.9.

Lemma 4.2. Let ¢ € W. There existb > 1/2, T = T(||¢||lw) and a unique solution u €
C(-T.7T;W)N X%O of (2.1). Moreover, for each t € [—T,T), the flow map ¢ — u(t)
is Lipschitz continuous from bounded sets of W to W.

Now we are ready to prove the conservation of F'(u).

Lemma 4.3. Let ¢ € W and a8 > 0. Then the solution u of (2.1) obtained in Lemma 4.2
satisfies the conservation law F(u(t)) = F(¢) on [-T,T).

Proof. First we prove the conservation for initial data ¢ € V where
V={fcL?R?:fcH" and0;'f € H*}.

In view of Theorem 2.9 we know that there exists a unique solution u(t) € C([-T,T]; H*) N Xibp’o.
Using the Duhamel’s integral we may write u(t) as

u(t) = 56— 5 / S(t = t)(1 = 07 + 60) 7 0, [3u*(¢) = V(W (¢)) + Y (¢)].

Hence

0. u(t) = 50,0~ 5 | St~ 0)(1 = 02+ 8087 BU(E) = (P (W))en + R
0

which implies that 9, 'u € H?2. Let P denote the operator 1 — 92 + §d+. From equation
(2.2) we know that

Uy = *Pil{i(lﬁ)z - g[(uz)rrr - (ui)r] - O‘a;luyy + ﬁu?“yy} (4.10)
Therefore u € V implies that u; € HZ.
Introducing ¢° as in (3.1) and u® = ¢° * u the convolution, we know that u® satisfies
equation (3.2). Define
3
w® = —P_l{igoe *u? — %[ = ()2 — ¢ * (u)] — a0, Pus, + ﬁuzy} (4.11)
17



Then

1d g 3 g 7 g g - g 13 [
3P = [ {50 = JI s — 7] = 0, + g, . dedy
= —rPw)u; axrady + = U — *ut|u, dray
5 Pw)u; dxd 2]1«2 ) — ¢ xu’fuf dad

3t e et dody+ ] [ (02 - el dady,
2 ]RZ 2 RQ

4.12)

Since u; € H, ;‘ , from (3.4) and (3.5) we know that the last three terms converge to zero as €

tends to zero for any fixed ¢ € [T, T']. From the definition of w® we know that ws = u5.
Therefore the first term in (4.12) is equal to

/ —w®Pu; dzdy :/ —w®Pw; dzxdy = 0.
R2 R2

Therefore by the Lebesgue dominated convergence theorem as used in Lemma 3.1 together
with F(u®) — F(u), ase — 0, we obtain that
F(u(t)) = F(¢).
Now for general initial data ¢ € TV, we use a sequence {¢, } C V converging to ¢ in
W with corresponding solutions u,, C V. From Lemma 4.2 we know that u,,(t) — u(t)

in W for all t € [-T,T] where u(¢) is the solution to equation (2.1) associated with initial
data ¢ and T' = T'(||¢||lw ). From the embedding Lemma 2.4 we obtain that

F(on) = F(¢),  F(un(t)) — F(u(t)).
Thus F(u(t)) = F(¢) forallt € [-T,T]. O

Combining Lemma 4.2, Lemma 4.3 and the remark after Lemma 2.4, we complete the
proof of Theorem 1.2.

5. EXISTENCE OF SOLITARY WAVES

The focus of the development of the following sections is the solitary wave of (1.1),
defined in (1.7). Localized, travelling-wave solutions of nonlinear wave equations are
known in many circumstances to play a distinguished role in the long-time evolution of an
initial disturbance.

In this section we prove the existence of solitary waves for positive o and 3. The result
is the following:

Theorem 5.1. Let o and 3 be positive. For any ¢ > 0, the equation (1.7) possesses a
nontrivial solution ¢. € W.

We will prove existence of solitary waves in the space W by considering the following
variational problem. Define forany u € W, p(u) = cu®+cul +cul, +o(9; 'uy)*+Bus.
Define

G.(u) = / p(u)dedy, 5.1)
RQ

K(u) = / [u® 4+ yuuZ)dedy. (5.2)
R2
Then if the minimization problem:

I, = inf {Gc(u) ‘ we W, K(u) = )\} (5.3)
18



has a nontrivial solution ¢, € W for some A > 0, then there is a Lagrange multiplier
1 # 0 such that

A I R et AR (CRTR IR ATR) R
(5.4)

where 9,202, is the element of W (the dual space of W in L?-duality) such that for any

few,

(0:2050e, Fywrw = (05 0ytbe; 0510y f) 2.

By taking the x-derivative of (5.4) in D’(R?), and performing the scaling ¢. = 1., one

can easily see that ¢, satisfies the equation(1.7) in D’ (IR?). We call such solutions ground

state solutions and denote the set of all ground state solutions S.. By homogeneity of G,

and K we know that ground states also achieve the minimum

. GC(U>
Il_mf{m ( ueW,K(u)>o}. (5.5)
It then follows that
I = N3, (5.6)

First we show that I is bounded from below.
Lemma 5.2. Forany A > 0, I, > 0.

Proof. First it is obvious to see that for every positive ¢, a, (3, there are positive ¢1, co such
that

cillully < [ | pla)dady < ealulfy )

From the embedding Lemma 2.4, we get that ||u||r« < C||lu|lw , for 2 < ¢ < co. Hence
A= [l 4 qunldedy < Clulfy.
RQ
112/3
and then I > ¢; (%)™ > 0 forany A > 0. O

C

We say that a sequence {u,,} C W is a minimizing sequence if for some A > 0,
lin% K(ug) = A, linb Ge(uyn) = I. (5.8)

Proof of Theorem 5.1. From (5.6) we see that the subadditivity condition holds
I)\<I,\1+I,\7)\1, for \q E(O,)\). 5.9

Let u,, be a minimizing sequence for (5.3). Then from the anisotropic Sobolev embedding
(2.9), we can find a sequence ¢, € L;’(fc(R2) such that u, = Oy, and v, = Oy, =
0, *0yu,. We denote p, = p(u,). Hence we know that fR2 pndxdy — Iy > 0 as
n — oo.

(i) Assume first that “vanishing" happens, i.e. for any R > 0,
lim sup / pndxdy =0, (5.10)
700 (2,y)€ER? J(z,y)+BR

where the Bp is the ball of radius R centered at the origin. In [2] the authors give a
complete proof for the local version of anisotropic embedding (see [2], p.187). Here for
u = @,, we denote ) = (z,y) + B;. Then for any ¢ > 2 this local version becomes

lesllzae < Clleallzzy + leylliz + Iosmsllizy]. 6D
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ie. foru e W,
ooy < C|[llull 2@y + 1105 uyllra() + a2y |

where in (5.11) the positive constant C' is independent of (z,y) € R?. Therefore we know

that foru € W,
q/2
/ |u|tdady < C(/ p da:dy) ,
(z,9)+B1 (z,y)+B1

1/3 2/3
/ luu? |dzdy < C(/ |u\3dxdy) . (/ |ux\3da:dy) .
(z,y)+B1 (z,y)+B1 (z,y)+B1

Applying Lemma 2.4 we get
lluzlls < Cllullw. (5.12)

Covering R? by balls of radius 1 such that each point of R? is contained in at most 3 balls,
we obtain that for any u € W

q/2—1
/ |u|?dxdy < 30( sup / P dxdy) i,
R? (z,y)€R? J(2,y)+B1

1/2 1/3
/ |uu?|dxdy < C|lul| [30( sup / P dmdy) ||u\|%,v} .
R2 (z,y)€R? J(z,y)+B1

Hence from (5.10), we get
U, — 0in L3, / |t (Opun)?|dzdy — 0,
RQ
which contradicts the constraint in .

(i1) Assume now that “dichotomy" occurs. We define the usual concentration function

Q(t) = lim  sup / pndxdy where for t > 0.
($07y0)+Bi

7770 (wo,y0) ER?
“Dichotomy" means that there is a § € (0, 1) such that lim; . Q(¢t) = 6. We will
show that (??) will give a contradiction provided that it leads to the splitting of u,, into
two sequences u) and u2 in W with disjoint supports. We will construct v’ and u? by
localizing ¢,,.
For any fixed ¢ > 0, we can find ny € N, Ry,R,, > 0, with R,, / +o00, and points
/_1'” € R2?, such that

0> / pndxdy >0 —e, Qn.(2R,) <0+¢, foralln > ng,
I‘YnJrBRO

where

N
(z0,y0)€ER? J(x0,y0)+ Bt

Hence fRoéli—anIQRn pndrdy < 2¢.
Now let £, € C§°(R?) be as follows: 0 < £, < 1,£ = 1on By, suppé C Ba;n =1
on R?\ By, suppé C R?\B;. We set &, = f('*A"), My, = n(%). and we construct

Ry

u}l = 0x[&n(Pn — an)]; ui = O [Nn(n — bu)],
20



where the {a, } and {b,} are sequences of real numbers to be chosen later. Also we can
set

U = 07 (un)y = 0ylénlpn —an)l, vp =07 (up)y = By[nnen — ba)l,
and then we have
g +un — up| 2 <
1(026n) - (o0 = an)llz2 + [1(Bamm) - (o0 — bn)llL> + V2e

and

1/2
10u60) - (o — el = ( 0,60 Plion — anddy)

R1<|7—A,|<2R;

1/q
< 10:aller ( / C lea—anlrdeay) ",
nglf_An‘SQRl

where % + % = % In order to determine a,, and b,,, we need the following lemma:

Lemma 5.3. Let ¢ > 2, then there exists a positive constant C' such that for all f €
L (R?)with Vf € L? (R?), for all R > 0 and for all T € R?

loc loc

1/ 1/2
(/ @)~ matpyeaz) " < crio( [ viiaz)
R<|E—20|<2R R<|Z—%0|<2R

where
1
melh) = o | F(@)dE, &= (x,y) € R?
r(f) vol(Qz, r) Jr<|7-20|<2R @) ()

and
Qz, r={T€R?: R<|¥— 7| <2R}.

Proof of Lemma 5.3. The lemma is proved by applying the Poincaré inequality for zero
mean-value H' functions on the bounded open set 2z, r. Then using the Sobolev embed-
ding theorem we obtain the existence of a positive constant C'(Zg, R) such that

1/q 1/2
(/ £@) -~ malp)paz) " < o m)( [ vsPaz)
R<|Z—%0|<2R R<|Z—%0|<2R
Then the translation invariance of Lebesgue measure and the scale change f — f(3) show
that C(Zo, R) = CR?*/? where C is independent of & and R. O

Now we continue the proof of Theorem 5.1. We pick
1

I on(Z)dZ.
vol(ngRl) /Rﬁf—anSQRl

an =mg, (¢n) =

Applying Lemma 5.3 we get
1(08n) - (Pn — an)|| L2

2,2 1
<CRy' (/ [Junf? + va|*]d7)
Ri<|#—A,|<2R;

In the same way, we can choose b, = mp, (¢y,) to get the bound:
||(a:r7]n) : (‘Pn - bn)||L2

1/2
= C(/ [l + [vn[2)d7) < CVE.
R, <|T—A,|<2R,

21
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The above two bounds imply that ||u) + u2 — u,||z2 < C+/. Similarly we obtain v} +
v2 — v, ||z < C/z. Now we consider

|0pus + Opu — Optin || L2

= 102 (&nlon = an)) + 02 (mu(ion = b)) = B2¢oull 12

S“(aﬁfn)(@n - an)HL2 + ”(6.37771)(9071 - bn)HL2 + ||(1 —&n — Wn)arunHLz
+ 2[[(82€n)un|| L2 + 2[|(8znn)un || L2

The first three terms in the right hand side of the above inequality are bounded as the
preceding ones. For the last two terms, one may consider for example

5 \1/2
IOcualis < Woctalln ([ jala) T < 0vE

Hence we have |0 ul + 0,u2 — Opun /L2 < CVE, [|0yul + 0yu? — Oyun|L: < Cy/E.
Finally, we estimate

102uy, + OFul, — O3un | L2
<[[(03&n) (n — an)llL> + 1(030) (on — bn) |2 + (1 = &n — 1) O un]| L2

+ 3([(026n) Oz uin || 2 + 3[[(02nn) Oxtinl| L2 + 3”(83571)”71”9 + 3||(a£77n)un||L2
< Cy/e.

Therefore we have proved that for any € > 0, there is a o(¢) > O(with o(¢) — 0 as € — 0)
such that we can find v} and u2 in W satisfying that for all n > ng:

/ pluy +u2 — uy,)dedy < o(e) (5.13)
R2
Similarly we can get
‘/ Uy dzdy — ﬂ<a ’/ M@—waﬂgdq (5.14)
R2
an
dist(supp ), supp u?) — oo as n — oo, supp uk ﬂ supp u2 = 0
So
| / (W) + (u2)? — () ]dzdy| < o) (5.15)
R2
‘/ L(0pul)? 4+ w2 (0,u2)? — upn (Opuy)? dxdy‘ <o( (5.16)

Now by taking subsequences if necessary, we may assume that as n — oo,

[ ) + e @uuddody — ), [ ((62)° + @ Pldady — da(e),
R2 R2

with |A1(e) + A2(e) — A < a(e).

(a) Assume first that lim._, )\1( ) =0, then choosing € small enough, for n suf-
ficiently large, we get kn = [go (u2)® + yu2(8,u2)?dzdy > 0. So by considering

Wy, = ( 2(5)/kn) 8 u2, we get

Iy, (e) < liminf p(wy,)dzdy = lim inf . p(u?)dzdy < Iy — 0 + o(e),

n—oo R2 n—oo
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which contradicts the condition lim._g A2(g) = A.

(b) Therefore we may assume that lim._,g [A;()] > 0, lim._q|A2()] > 0. In the
same way, we get

I, (o) + Iry(e) < lim inf/ p(uy)dzdy + lim inf/ p(u?)drdy < I + o(e).
n—oo R2 n—oo R2
Hence by letting & go to zero, and by using the fact that for A > 0, I = A?/3I;, we reach
a contradiction. This ends to rule out the “dichotomy" case.

(iii) So by [24] we can only have “compactness". Thus there exists a sequence {Z,,} C
R2 such that for any € > 0, there is a finite R > 0 and ny > 0 such that

/ pndxdy > I\ —e forn > ny.
Zn+Br

Let H} ., (R?*) = {u € L}, (R?) : u, € L}, (R?)}. Since u,, is bounded in W, we may
assume that u,, (- — Z,,) converges weakly in W to some ¢, € W. And for large n, we

have

/ |un|2dacdy2/ |un|2dxdy—2€,/ |8$un|2dxdy2/ |02ty |2 dady—2e.
#,+Br R2 #n+Br R?

So this implies that

el < liminf flun||, < liminf / B[Iun|2+|amun|2]dxdy+2s. (5.17)
Zn+Br

Now we need the following lemma to show that the injection W C H, ; 1oc(IR?) is compact.

Lemma 5.4. Let u,, be a bounded sequence in W, and let R > 0. Then there is a subse-
quence u,,, which converges strongly to w in H:(Bg).

Proof. Let u,, be a bounded sequence in W, with u, = Oy¢n, o € L7 (R?), and

loc
let v, = dypn € L} .(R?). Multiplying ¢, by a cutoff function ¢ € C§°(R?) with
0<% <1,v=10on Bgandsupp ¥ C Bag, we may assume that supp ¢,, C Bag. Thus
supp u, C Bsg. Now since u,, is bounded in W, we may assume that v, — u = J,¢

weakly in W, and replacing ¢,, by ¢, — ¢, we can also assume that ¢ = 0. Then we have

i Bz = [ a4 10,0, Pldady = [ 1+ 1€l Py
2R

(1 + [€1%) [ 2dedn + / (1 + [€1%)|an|2dedn

/{E|§R17|W|SR1} {I€|>R1}

+ (1+ IeP)lan e,
{l§|<R1,|nl>Ra}

(5.18)
where i, (£, n) is the Fourier transform of u,, (z, y). The third term in (5.18) satisfies
. Lo N
/ (1+ )i Pn = [ 5 (o0 + Il e
{I§]<R1.|n|> R} {lel<RyIni> Ry [l

1
< R*%(H%HQB(RZ) + 10yunll?2@2))
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The second term is bounded in the following way

N 1
[ Qs < (10l + 1020 o)
11

So for a fixed € > 0, we can choose R; sufficiently large to get

~ N 3
[Pl (1 +[€[%) e ey < .
{I§1>R1} {l€I<Rq,[n|>R3}

We then use the Lebesgue dominated convergence theorem for the first term, having no-
ticed that since u,, tends to 0 weakly in Hy (R?), @, (§,7) = [, €™ ¥ u, (2, y)dzdy
tends to zero as n. — oo, for a.e. (¢,1) € R?, and that |ty | < ||un||11(B,,)- Therefore the
first term in (5.18) also approaches zero as n — oc. Hence u,, — 0 strongly in H}(Bsr),
thus proving the Lemma. (]

By Lemma 5.4, we can assume that u, (- — Z,,) — . strongly in H}

w,loc(RQ)' Then
(5.17) shows that in fact
ellZn < tminf a3 < el s, + 22

Therefore by taking a subsequence we obtain that u,, (- — #,) — . strongly in H}(R?).
Using the embedding W C L%(R?) for ¢ > 2, we get u,, (- — ) — 1. strongly in L9(R?)
for ¢ > 2, hence fR2 ul dady — ng Y3dxdy. In the same way, we obtain

Optin (- — Tn) — Oyt strongly in L*(R?).
So

’ / " [t (Ot )? — 1/’c(8z¢c)2]dxdy’

| [ A = @) 0l ~ (@00 oy
Zn+Br

< Hun - ¢C||L3(£n+BR)”arun||2L3 + ||7/10HL°° Harun - ard’c”L?(aEn-&-BR)

< Hun - ¢0||L3(fn+Bn)||un”%V + chnlﬁo ||awun - aw¢6||L2(fn+BR) (by (5.12))
— 0 asn — oo.

Therefore [g, wn(Optn)?drdy — [oo 1he(0ztc)?dzdy. So

/ [1/)5’ + 7¢c(8mwc)2]dwdy =\
]R2
Since
/ p(e)dxdy < lim inf/ plup)dxdy = I,
R2 n—oo R2

we can conclude that 1., is a solution of the minimization problem (5.3). Thus (1.7) admits
a nontrivial solution. O

Next we prove that any solitary wave of (1.1) is smooth. More precisely we have
Theorem 5.5. Any solitary wave solution of (1.1) is in H* provided o, 3 > 0.

Proof. The solitary wave equation of (1.1) can be written as the following "elliptic" equa-
tion:

— 608 + Ot + 0207 — 2 — aaﬂu = —30, (uug) + 703 (uuy) — gag(ui). (5.19)
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The difficulty arises from the nonisotropy of the symbol of the linear "elliptic" operator
L= —c60% + co* + /33385 —c0? — 048?3. We will proceed by "bootstrapping"”, using the
embedding theorems for anisotropic Sobolev spaces ([2]), and the following variant due to
Lizorkin ([28]) of the Mikhlin-Hormander multiplier theorem.

Proposition 5.6. -[28] Let ®: R” — R be C" for |¢;| > 0, j = 1,2,.... Assume that
there existsM > 0 such that

OFd
65’1“ . 055"

withk; =0o0rl,k=k +--+k,=0,1,...,n Then ® € M,(R"), 1 < ¢ < 0, i.e.
® is a Fourier multiplier on L1(R™).

P ghn | < M, (5.20)

Set g = —ung, h = —u2. (5.19) yields that

i(3¢ +7€%) g + €%

0= — 21
U T T G e T o 20
Thus
(363 5\g 4 2edf
- (367 +9€°)9 + 3¢ (522)

086 + c&* + BE2? + €2 + an?’
Lemma 5.7. Let u € W be a solitary wave solution of (1.1). Then

u € {f € LY(R?) Vq € [2,00], fo € LS(R?) (LY (R?), faus fraw: fy» foy € L3(R?)}.

Proof of Lemma 5.7. A stronger embedding result than Lemma 2.4 can be found in [2]
(Theorem 15.7, p.323) which states that in fact

we Ll for ¢>2, wu, € LD for ¢ €[2,6].
Therefore g = —uu, € L% (R?),and h = —u2 € L3(R?). It is easily checked that
_ 3¢ + 18 o 3¢
S €N 4 BEPE e fan? T cOES + €+ BENP + €2 + an?

satisfy the assumption of Proposition 5.6, yielding that u € L?(R?). Similarly we obtain
that Uy, Ugge, Uy, Uzy € L3 (R?). O

®q

Let w = u,. Lemma 5.7 implies that u, ., u, € L3(R?) and w, wy,, w, € L3(R?).
By [2], Theorem 10.2, one has u,w € L°(R?). And by interpolation between w &
L*°(R?) and w,, € L*(R?), one has w, € L5(R?). So

Gow = — (Wlaay + Buguy,) € LA(R?), g, = —(uyuy + uug,) € L*(R?).
hyw = —2(u2, + Uptizey) € L3(R?),  hy = —2uzu,, € L3(R?).
Another application of Proposition 5.6 leads to

Now let U = Uyy, w1 = Wy, then uy, O2uq, Oyuy, wy, 02wy, Sywy € L3(R?), which

implies that vy, w; € L>(R?). Thus we obtain g, hy, € L°(R?). Similarly, one can

get gy, h, € L°°(R?) by considering uy = u,,ws = w,. Hence Lizorkin’s Theorem

implies that Upzra, Uzay, Uyy € L>(R?), Warwe, Waay, Wyy € L (R?), which implies

that gozas Gzay, Pozws Reay € L™ (R2). Iteration of the process leads to the conclusion of

Theorem 5.5. O
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6. STABILITY OF SOLITARY WAVES

In the previous sections we proved that there exists a nontrivial smooth solitary wave
solution ¢, to equation (1.7) with positive speed c, i.e., . € W solves the equation

3 1
—CU + ClUgy — COULgpy + §u2 — 'y(iui + Ulgy) — a@;zuyy + Buy, = 0. 6.1)

We also know that equation (1.1) can be written in Hamiltonian form and has the invari-
ants

E(u) = / [u? 4+ uZ + du2,] drdy, (6.2)
R2

F(u) = / [u® 4+ yuul — a(0; Muy)? — Bul] dudy. (6.3)
R2 )
A central role will be played by the functionals G.(u) and K (u), where
G.(u) = / [cu2+cu2+c5ug2mJroz(a;luy)%rﬂui}dxdy, K(u) = / [ +yuu?|dedy
R2 R2

are defined for u € W. Note that the functional K (u) is well-defined on W by Sobolev
embedding theorem. Equation (6.1) is the Euler-Lagrange equation of the functional

Le(w) = 5[Gelw) ~ K(w)] = 5leB(w) ~ F(u)].

Recall that from Section 5 we have introduced the ground states to be the solutions to
the solitary wave equation that come from the associated variational problem. Multiplying
equation (5.4) by 1. and integrating yields that

I, = Gc(wc) = gK(wc)

Using homogeneity, we have
1
D= XL, Gele) = 75Gc(de), K() = WK (vo).

This implies that

4 . 3
Gel@e) = 51T = SK(0e)- (64)
Thus we may characterize the set of ground states S, as

4.3

Se=10c € W : Gulge) = 51 = gK@)C)}. 6.5)

Define the scalar function d of the wavespeed c as introduced in [21] to be
d(C) = CE<¢C) - F<¢c)

for ¢, € S.. It’s easy to see that d(c) depends only on ¢ and not on ¢, € S.. In fact, from
the definition of d and the characterization of .S, it follows that

dle) = Gl0:) = K(6:) = 5K(00) = 5

27 ! ( )
Consider the equation

3 1
—W + Wy — OWgppr + §w2 — 7(51113 + WWwyy) — a@;way + Pwy, = 0.
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By the theorem of existence of solitary waves we know that there is a ground state solu-
tion w to this equation and obviously w does not depend on c¢. Using the transformation
¢c(z,y) = cw(z, \/cy), we get that ¢.(z, y) is a ground state of (6.1). Hence we consider

Gi(w) = [ | [u? +ud 4+ 5u2, + a(d; 'w,) + puildady,
R2
then G (w) is positive and independent of ¢ and G.(¢.) = ¢*/?G;(w). Hence
1 1 5/2 " )
d(c) = 6GC(¢C) =3¢ Gi(w), d"(c) = gﬁGl(w) > 0.

We will prove Theorem 1.4 in the following argument. The following two lemmas are
helpful in order to prove the stability.

Lemma 6.1. Let ¢ > 0 and suppose d’(c) > 0, then there exists g > 0 such that if
lc — 1| < &g then

d(cr) > d(c) + d'(c)(e1 — ¢) + id”(c)(cl — o2

Proof. The functionals F and F' are C'°°-mappings from W to R. and the mapping ¢ — G,
is also C* from R to C°°(W;R). Hence the value I varies smoothly with ¢ € (0, 00),
and consequently d is a smooth function of ¢ > 0. So the lemma is just a direct application
of the Taylor’s Theorem. O

Now for ¢ > 0 and ¢ > 0, we define the “c-tube" of the set of solitary waves of
speed c to be S.. = {u € W :infy s, [Jlu — ¢cllw < 5}. Since d'(¢) > 0, by

the Implicit Function Theorem, for each ¢ > 0, there corresponds a tube S. ., and C L
mapping f : S, . — R such that

d(f(u)) = 5K (u)
6.7
L Tote ©7
In fact, from the previous calculation we may write out f explicitly in the form that f(u) =
[3K(u) } 2/5
Gl (w) :

Lemma 6.2. Suppose d"'(c) > 0 for some ¢ > 0. Then there exists g > 0 such that for
any u € S¢ ., and ¢. € S,

@) [B@w) - Bgo)| - [Fw) = F(oo)| = 30" fw) = e, ©63)

where f(u) is defined in (6.7) above.
Proof. We know that
K(u) = 20(f(u) = 2[ FE(G5) ~ F(65)] = 2G(05) — K(67)] = K(6)

since G.(¢.) = 3K (¢.) for all c.
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By definition, ¢,y minimizes G,y subject to the constraint & (u) = K (¢y(y)). This
implies that G ¢(4) (¢ () < G (u)(w). Applying Lemma 6.1 we obtain

f)E(u) — F(u) = Gyy(u) — K(u)
> Gy (D)) — K(@rw)) = d(f(u))

> d(e) + () (f(u) ) + id”(c) () - c)2
= F)B(60) ~ F(60) + 3" () fu) —c)

this is

f() [B(w) = B(9)] = [F(uw) = F(90)] =

Proof of Theorem 1.4. Suppose S, is W-unstable. This means that there exists o > 0 and
initial data u,,(0) € S 1/, and times ¢, > 0,n = 1,2,... such that

JQ&EC [un(- tn) — dllw = 0. (6.9)

Because the functional E and F' are continuous on W and are conserved, there are elements
{¢n} C S. such that as n — oo

|F (un (- tn)) = F(¢n)| = |F(un(0)) = F(¢n)| — 0. (6.11)

Pick o0 < ¢¢ small enough so that Lemma 6.2 applies, which is to say that for all n =
1,2

g Ly e

S () [ Bn(t)) = B(6)] = [Flun(tn)) = F(6n)] = 78" ()1f (un(tn)) = ol

(6.12)

NGRS

Observe that for any n > 1
[un(tn)llw < ll@nllw + 20

< CGY%(¢,) + 20  (from (5.7))

2
O 3/2 + 20 (from (6.5)) < +oo.

Therefore the sequence {u(+,t,)} is uniformly bounded in W. It follows immediately
from (6.7) that { K (u,(-,t,))} is bounded and hence so is {f(un(t,))} since f(u) =

2/5
[3K(u) lex (w)} . Combining this with (6.10)-(6.12) yields
flun(tn)) — casn — oo. (6.13)

This relation implies in turn that

K(up(tn)) = 2d(f(un(tn))) — 2d(c) = 8 — I3 asn — oo, from (6.6).

27
Hence
Ge(un(tn)) = cE(un(tn)) — F(un(tn)) + K (un(tn))
—d(c) +2d(c) = 3d(c) = glf.
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Now define w,, by w, = K(un(tn)) "?un(t,), Then K(w,) = 1 and G.(w,) =
K (tn(tn))"2/3Ge(un(tn)) — I1. Therefore the sequence {w, } minimizes G, subject
to the constraint K = 1.

In the proof of Theorem 5.1 we showed that for a minimizing sequence {¢,,} C W
with the constraint K (1),,) = 1, there exist a subsequence of {t,,} (still denoted {1, })
and a sequence of translation vectors {&,, } such that ¢,,(- — &,,) converges to a minimizer.
Hence there exists a subsequence of {w,,}, still denoted {w, }, a sequence of translation
vectors {Z, }, and aw € W with K (w) = 1 such that lim,, o ||w, (- — &) — w||w =0,
that is lim,,— o ||w, — w(- + Z,)|lw = 0. So let ¢,, = %Ilw(- + &,) € S.. This in turn
implies that lim,, o ||tn (1) — ¢n||w = 0, which contradicts (6.9). Hence we obtain the
stability. (]

7. NONEXISTENCE OF SOLITARY WAVES

In contrast to the existence theorem of the solitary waves, we also provide a nonexis-
tence result of the solitary waves. The main result of this section is the following theorem:

Theorem 7.1. The equation (1.7) with § > 0 does not admit any nontrivial solitary wave
satisfying u € W, u € H?(R?) N LS (R?), wyya, uyy € L2 (R?) ifa < 0and 3 < 0.

loc

Proof. The proof is based on the Pohojaev type identities. The regularity assumptions in
Theorem 7.1 are need to justify the identities by the following standard truncation argu-
ment. Let fo € C5°(R), 0 < fo < 1, fo(t) =1if 0 < |t| < 1, fo(t) = 0if [t] > 2. Set

- f0(| : |/32)’j =12,
Multiplying (1.7) by z f;u and then integrating over R? we get

2
_ C/R? a:fj(%)zdxdy + C/R2 Z fjutggpdedy — cd /R? T fiUulgrgradedy + /Rz zf; (u?’)xdxdy

— fy/ zf; (u s ) pdady — a/ z fudy "uy,dedy + ﬂ/ z fjutgyydady = 0,
R2 R2 R2

By using several integration by parts and Lebesgue dominated convergence theorem, we
can get that as j — oo

2
— c/ xfj(%)mda:dy —>/ qudxdy, / xfj(u?’)zdmdy — — uwddxdy,
R2 R2 R2

R2

—a/ z fudy uy,drdy — —g(agluy)dedy, ﬂ/ o:fjuuxyydxdy%/ éudedy,
R2 2 R2 Rz 2 Y

R2

w2
c/ zfjulypgdedy = —c fijuugzdrdy —|—/ z(f;) vtz drdy —|—/ xf](f) dxdy}
R2

L

c[ / ) pugdrdy — AQ(x(fj)xu)xuxdxdy—/Q(xfj)xl;‘%dxdy}
/R2 dxdy+/ fius dxdy—i—/ 2(f;)a( 2) dzdy
/R2x [i)aty dxdy-i-/ fg*dxdy—&—/ (fj)x%dxdy}

—>/ —u dacdy
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Similarly we get
2

e | fjutppazedrdy — cd Yo dzxdy.
R2 R2 2

Now

—7/ xfj(u2um)wd:vdy:’y{/ fjuzumdxdy—F/ x(fj)xu2umd:cdy]
R2 R2 R2
= 7,),/ (fj)muzumdxdy - 'y/ i Quuldrdy + ’y/ x(fj)muzumdxdy
R2 R2 R2

— —2yuu’drdy.
R2

Putting all the above together we obtain

2 2
Multiplying (1.7) by y0, 1uy and integrating over R?

—c/ uwya;luydxdy + c/ uzmy(?gu_luydmdy +/ Suuzyaw_luydxdy
R2 R2 R2

3
/ Cu? + 2 -+ e . 2yuu? — %(8;1%)2 + gui dedy =0. (7.1)
R2

-7 /R2 (2Up Uz + Wiy )yOy uydrdy — /}R2 9, Yy yoy tuy drdy

+ B/ uwyyyﬁ;luyda:dy =0,
]R2

Again, integrating by parts we get
— c/ uzyax_luydxdy = / —Equxd% c/ umzyam_luydxdy = / —Euidxdy,
RQ ]RQ 2 ]R2 ]RQ 2
0 1
— 05/ UprreeyOy Uydrdy = / fc—uixdxdy, / 3uu,ydy tuy,drdy = / —u3dxdy,
R2 Rz 2 R2 R2 2
- 0‘/ 8;1uwy6;1uydxdy = / g(aw_luu)dedya ﬁ/ uxwyagluydxdy = / ézﬂdmdy,
R2 o ’ R2 2 ’ R2 . ’ R2 2 Y
—7/ (2up gy + uumm)yﬁgluydazdy = — / (UZ)MI — (ui)m]ya;luydxdy
R2

1
2
7 2 2 dad
=2 [y, — (P)eayuydady
1
2

[
R2
RZ
[ / (uu)yydady — / 2utptiyy + (u?)soyuydrdy
R2 R2

= / zuuidxdy.
R2 2

This implies that

1
/}R2 gu + 2uac + 52um - §u3 - %uui - %(agluyf - é’uQ dedy =0. (7.2)
To get the third identity, we first notice that if u € W satisfies (1.7) in 2’ (RQ), then u
satisfies
3
—cU + CUgy — COUppps + 2u — %( uZ + 2y, ) — ady vy, + Buy, =0 in W,
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where v = 9, 'u, € L? and 8; 'v, € W’. Now taking the W — W’ duality product of the
last equation with u € W we have

/ cu® 4 cu? + Scu?, — gu?’ - %uui + a(9; tuy)? + ﬁuz dxdy = 0. (7.3)
R2

(7.2)-3—(7.3) we obtain

5
/ Sl 4 0ul,) = S[a(0; ) + Bul) dedy =0, (74)
R
which rules out the case that < 0, 5 < 0. O
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