SYMMETRIC CHERN-SIMONS-HIGGS VORTICES

ROBIN MING CHEN AND DANIEL SPIRN

ABSTRACT. We prove the existence of radially symmetric vortices of the static nonself-
dual Chern-Simons-Higgs equations with and without magnetic field in dimension 2. The
vortex profiles are shown to be monotonically increasing and bounded. For a given vortic-
ity n, when there is no magnetic field we prove that the n-vortices are stable forn = 0, 1.

1. INTRODUCTION

The Chern-Simons-Higgs (CSH) theory generally refers to a wide category of field-
theoretic models in (2 + 1) dimensional Minkowski space that contain a Chern-Simons
term in their action densities, see [2, 8, 9, 20]. These models have applications to several
important problems in condensed matter physics such as high-temperature superconduc-
tivity and quantum and fractional Hall effect ([2, 20]). CSH theory is one of the simplest
known anyonic models, i.e. a model that allows for quantized statistics of fractional values.

Define the Minkowski spacetime metric tensor g = diag(1, —1, —1), then in normalized
units, the Lagrangian density of the CSH theory is written ([8], [9])

Lesh = DouDou + %e“ﬁma% — 22 (1 = [uf?)” (1.1)

where A = —iA,dx® with A, : RY2 — R for a = 0, 1,2 is the gauge potential with
covariant derivative D 4 = d — i.A. The corresponding curvature F)y = —3 Fg~dz” A da?
with F, = d3A, — 0, Ag defines the gauge field, and v : R!? — C is the Higgs scalar
with Dyu = dqu — iAqu, a = 0, 1, 2. Furthermore, the antisymmetric Levi-Civita tensor
€*B7 is fixed by setting €°'2 = 1 and p, e > 0 are the Chern-Simons coupling parameters.
Here /7 A, F, i3~ 1s the Chern-Simons term. The Euler-Lagrange equations of (1.1) are

Do D%u+ Nu(lul* — 1) (3[ul* = 1) =0 (1.2)
%eaﬁmaFM L JY=0 (1.3)

where J¢ = (iu, D*u) is the matter current.
Since a = 0 refers to time coordinates, we replace Dy by g = 0; —¢®P and replace D,,

by V4 =V —iAwhena = 1,2, where A = (Ay, Ay). Here (®, A) is the field potential.
The curvature tensor is defined by

0 —-E1 —E
F=|E 0 -h |, (1.4)
Ey h 0
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where h = curld and F, = 0;A, — 0,P are the induced magnetic and electric fields,
respectively. We also use the standard current definition

J? = (tu,0pu) =q, J = (iu,Va,u)=ja,

for « = 1,2 which are the charge and supercurrent, respectively. Hence we get the set of
CSH equations as

3u = Viu+ Nu(|u|* — 1) (3Jul* — 1) (1.5)
q= —%cur]A (1.6)
jA:g(Exeg). (1.7)

Well-posedness for the initial value problem for equations (1.5)-(1.7) can be found in [3]
and [4].
We look for static solutions. Setting 9;u = 0 then equations (1.5)-(1.7) becomes

—®%u = Viu+ Nu(jul> — 1) (3[u|* — 1)
Plul?* = gcurlA
jalw) = £(V® x e3).
Removing the electic field potential ®, we are left with a system of coupled elliptic PDE’s
7/172 |curl A|?

T T Vaiu+ Nu(ful® — 1) (3ul* — 1) (1.8)
2 curl4 _
0= —%curl( o ) +ja(w). (1.9)

The above static equations can be viewed as the Euler-Lagrange equations of the following
Chern-Simons-Higgs energy

u? |curl A2

2
T + N ul? (1 — |uf?)” dz. (1.10)

1
Gcsh(uaA) = 5/ |VAU|2 +
R2

When there is no magnetic field the Chern-Simons-Higgs energy becomes

1
Eesn(u) = 5/ IVul? + A2 ul*(1 — |ul?)? de, (1.11)
R2
with the associated Euler-Lagrange equation
—Au+ Nu(1 — |ul*)(1 = 3Jul*) = 0. (1.12)

Due to the form of the potential in (1.10) and (1.11), locally minimizing configurations
should satisfy

lu| =1,  as |z| — oo
or luj—0, as |z — co.

We will only consider the first case which leads to the definition of the topological degree,
deg(u), of such a configuration:
. St Sl)
|z|=R

u
deg(u) = deg(m
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for R sufficiently large. The degree is related to the phenomenon of flux quantization.
Indeed, an application of Stokes’ theorem to (1.7) and using (1.6) shows that a locally
minimizing energy configuration satisfies

1 1
deg(u) = — / curlAde = —— q dx
27 R2 UTT JR2

so long as there is good decay at infinity. Therefore, topological vortices in CSH theory
carry both a quantized magnetic field and electrostatic charge.

1.1. Prior results. When p = % minimizers of the CSH energy satisfy a simpler system
of first order PDE’s. This self-dual mechanism was discovered by Hong-Kim-Pak [8] and
Jackiw-Weinberg [9] and has been the subject of rich mathematical development. The
resulting equations can allow for multivortex configurations and are similar to the Jaffee-
Taubes self-dual Ginzburg-Landau theory. We point to Caffarelli-Yang [2] and Tarantello
[18] for important results on the existence of such multivortex configurations in the self-

dual regime. However, once the self-dual regime is left, the theory is underdeveloped.
2 | curl Al?
4 Jul?

Immediately there are difficulties in understanding the term in the energy since

u vanishes at least once whenever deg(u) # 0.

In this paper we initiate a study of the CSH energies (1.10) and (1.11) on the plane
outside of the self-dual regime. We study, in particular, radially symmetric fields of the
form

u™ = f(r)en?, (1.13)
A = @) et (1.14)
T
where (r, 0) are polar coordinates, #+ = (—w5,21)7, n is an integer which corresponds

to the degree of u, and f (”), ap : [0,00) — R. We note Han [7] studied radial symmetric

one-vortex solution in the self-dual regime p = %
There are some similarities to the rigorous study of planar vortex minimizers of the

Ginzburg-Landau energy
1 2 2, 12 2\ 2
o, A) = 5 | [Vaul® +[eurl A + A (1—|u\) : (1.15)
R2

which originated with the work of Plohr [13] and Berger-Chen [1]. The stability of (1.15)
was initiated by Guo [5] and completely characterized by Gustafson-Sigal [6]. When the
magnetic field is not present, the Ginzburg-Landau energy simplifies to

E _ 1 2 2 2 2

g(u) = = [Vu|”+ X (1 —|u|”) . (1.16)
2 Jr2

Ovchinnikov-Sigal [12] established the existence and examined the stability of symmetric,

planar minimizers of (1.16). Our CSH existence proofs rely on the existence results of

[1, 12], as we look for minimizers in a constraint class of functions with finite Ginzburg-

Landau energy.

1.2. Main Results. We consider the existence problem of CSH n-vortex solutions, in the
cases when A = 0 and A # 0, as well as the stability problem of the n-vortex in the
absence of the magnetic field potential A. One major difficulty with the existence problem
is that there are trivial global minimizers. Therefore, we need to employ an unusual con-
straint to force a minimizing sequence f(™ — 1 as  — co. The main results of this paper
are the following:



Theorem 1.1. For any n, there is a radially symmetric vortex solution u™ = f("ein? of
degree n to equation (1.12). Moreover, f (") minimizes the renormalized energy functional
E7Sr given in (3.1) over a certain admissible set defined in (5.2). For n = 0, %1, u™ are

1 Ten
local minima of E$.

The proof of the existence part of Theorem 1.1 is similar in spirit to the methods de-
veloped in [12] for Ginzburg-Landau energy. The primary difficulty is the existence of a
trivial global minimizer. In order to establish a nontrivial local minimizer, we examine a
minimizing sequence of a renormalized CSH energy in a constraint class of functions with
finite renormalized Ginzburg-Landau energy. The renormalized CSH energy functional
yields the same Euler-Lagrange equation (1.12). To show coercivity of our minimizing
sequence, we need to control the size of the set in which |u| < i. This is done via a cov-
ering argument, similar to methods developed for Allen-Cahn by Modica-Mortola [11],
Ginzburg-Landau by Sandier [15], and Chern-Simons-Higgs by Kurzke-Spirn [10].

We want to point out that the potential term A\?|u|?(1 — |u|?)? in the energy functional
(1.11) prevents us from getting partial convexity of the renormalized energy functional
unlike the partial convexity found by Ovchinnikov-Sigal [12] for the reduced Ginzburg-
Landau energy. Therefore, we are unable to prove uniqueness of the n-vortex solutions.

The second part of Theorem 1.1 concerns the stability property of the n-vortices for
n = 0,+1. When n = 0 it follows from the definition that a strict absolute minimum
is given by u(®) = 2 for any z € C with |z| = 1. The proof for n = 41 uses a block
decomposition of the linearized operator for the energy functional which is similar to the
argument in [12]. However, because the potential term in the energy functional does not
imply partial convexity, the Hessian of the energy might induce some zero modes other than
the ones due to the symmetry breaking. We are able to show that the possible extra zero
mode is at most one-dimensional when n = =£1 and the vortices «(*1) are still minimizing
the energy along that direction. This, in turn, implies stability.

We now turn to the full CSH energy (1.10). Our primary result is:

Theorem 1.2. For any n, there are radially symmetric field solutions of the form (1.13),
(1.14) to equations (1.8) and (1.9). In particular, the radial functions (f(”), ay, ) minimize
the radial energy functional (1.10) and 1 — (), 1 — a,(r) — 0 as r — oo.

The proof of Theorem 1.2 also relies on the results for the Ginzburg-Landau energy.

We choose to minimize the energy functional over a constraint set suggested by Ginzburg-

2 2
Landau vortices, see Berger-Chen [1]. The difficulty now comes from the term - |°T2|’;‘|

in the energy functional (1.10). We show the pointwise convergence of that term by re-

covering A (in particular a,(r)) from the induced magnetic field term “72 |°TZI’2|2. Then
a combination of weak lower semi-continuity and Fatou’s lemma gives the existence of
minimizers, which is also a solution to equations (1.8) and (1.9).

We further investigate the basic properties of the minimizers of the energy functional
(1.10). It is straightforward to establish regularity of the vortex profile; on the other hand
establishing monotonicity and/or maximum principles turns out to be tricky. In the end,
though, we are able to prove the following

Theorem 1.3. For any n, the radial functions ( f (), ay,) obtained in Theorem 1.2 are C™°
on (0, 00) and have the following properties (for n # 0):

(1) 0< f™ < 1on(0,00),

(2) 0 < a, <1on(0,00),

(3) a, >0, f > 0.



The maximum principle and monotonicity for a,,(r) can be established by a truncation
argument, similar to the method used by Berger-Chen [1] to establish monotonicity of the
planar, symmetric Ginzburg-Landau equations. The proof of the monotonicity for f(")
cannot be attacked in the same way due to the nonconventional structure of the CSH en-
ergy. Truncation of f does not work effectively, due to the offsetting behavior of the terms

2 f2(1-a)? (a)? ‘g ; .
n — =jz in the energy. Furthermore, the elliptic equation for f:

2
14
and T

1 n2 M2 n2 (a/)Q
A —A2f2(3f2 1 2_ )= (2 g2

: PO (=) = () + (- = e
does not have a definite sign on the right-hand-side, hence no simple application of the
maximum principle. On the other hand, we use the first and second variations of the
energy, along with the Euler-Lagrange equations to prove that (™) (r) > 0. The bounds

on (™ follow.

1.3. Discussion. One quantity that we have difficulty describing is the induced magnetic
field, h = curlA = (n/r)al,(r) for r # 0. From Theorem 1.3 we know that h(r) > 0
and that . — 0 as » — oc. Furthermore, the Euler-Lagrange equation for (f("), a,,) and
the regularity result one has that h — 0 as » — 0. Since there is a quantized amount of
magnetic field, we can conclude that A is roughly of annular shape in the plane. Although
we are unable to determine much explicit behavior of h, we nonetheless assert

Conjecture 1.4. The magnetic field profile h(r) has exactly one local maximum for any
positive 1 and .

Another issue which turns out to be difficult to analyze at this moment is the instability
of vortices with large degree when A = 0. The potential term in the energy indicates that
the O state may also be preferable. Numerically this in turn gives rise to the existence of
a sharp transition layer of O(1) thickness, at a distance of O(n?) from the origin. So far
no sharp analytical results can be obtained on the behavior of the transition layer, which
seems necessary to excite an unstable mode. We offer

Conjecture 1.5. When |n| > 2, the n-vortices u(™ obtained in Theorem 1.1 are saddle
points of the renormalized energy, hence unstable.

It is natural to study the stability of the full CSH energy (1.10) as was done by Gustafson-
Sigal [6] for the Ginzburg-Landau energy (1.15). We note that the hessian of the CSH
energy (1.10) is significantly more complicated than the hessian of the Ginzburg-Landau
energy (1.15).

The rest of this paper is organized as follows. Sections 2-6 treat the case when A = 0.
In Section 2 we compute the linearized operator of equation (1.12) and identify the zero-
modes of that operator due to symmetry-breaking. We renormalize the energy functional
(1.11) in Section 3 and then consider minimizing the renormalized energy. In Section 4 we
establish a certain covering property of the Ginzburg-Landau energy which controls the set
on which the amplitude of solution is small, which enables us to choose a constraint set of
the minimization problem. We provide an existence result of the n-vortex in Section 5. In
Section 6 we make a block-decomposition for the linearized operator and give a spectral
characterization of the operator, which provides the stability of the n-vortex for n = 0, £1.
In Section 7 we prove the existence of the n-vortex of the full equations (1.8) and (1.9),
when A # 0. In Section 8 we give some basic properties of those solutions.
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2. SYMMETRY BREAKING

A central feature of the the static Chern-Simons-Higgs energy functional G4, (and the
CSH equations) is its infinite-dimensional symmetry group. Specifically, G5, is invariant
under U (1) gauge transformations

ui— ey 2.1
Ar— A+ Vxy (2.2)

for any smooth -y : R2?2 — R. In addition, G4}, is invariant under coordinate translations
and rotation transformations. The same thing holds for Ej,.
The following theorem from [12] is crucial in our analysis

Theorem 2.1 (Ovchinnikov-Sigal [12]). Let ug be a solution to the abstract equation
F(u) = 0 breaking a one parameter subgroup g(s) of the symmetry group of this equation.
Let T be the generator of g(s). Then DF (ug)Tug = 0, where DF (ug) is the linearized
operator around uy.

When the magnetic field A = 0 the Chern-Simons-Higgs energy reduces to (1.11). We
let L,, be the linearized operator around w, i.e.

l(ismO 005 Ecsp(u + € + 0n) = (L (€),n) = Re/ 7Ly () du.
£,0— R2
A simple computation gives
Lu(€) = [ = A+ 2201l = 8jul? + D]e + [Vl - 9]u?e. @3)

In the radially symmetric case, we are looking for solutions of the form (1.13). An
immediate consequence of Theorem 2.1 is:

Corollary 2.2. The functions u&?), u&.’;) and (™) solve the linearized equation

Ly (§) =0,
where L, (£) is given in (2.3).

We will also need the following lemma later

Lemma 2.3. We have

ul® = %(fm)/ _ Efm))ei(nﬂ)e + l(f(n)/ + Efm))ez‘(n—l)e (2.4)
; .
ul?) = *§(f f(" ) ey - (f(”>’ 4 D ) =10 (25)

A proof of this lemma can be found in [12].

3. RENORMALIZED ENERGY FUNCTIONAL

Lemma 3.1. If u € C'(R?) such that |u| — 1 as |x| — oo and deg(u) # 0, then
E.sp = 00, where E.qp, is given in (1.11).

Proof. Take u = fe'? with f = |u|. Then
Vul* = f2IVel* + [VFI? = £Vl
Because f — 1 at oo, IR sufficiently large such that |f|? > 1/2 for all |z| > R. Hence

27
/R2 |Vu|? dz 2/|>R |Ve|? de = / / |V |2 dbdr.



We also have that for r > R

2ndeg(u) :/ d(argu) :/ de
lz|=r 27T|gc|:r
<[ el = [ rIvelas
le|=r N ;)
§7"(27r/0 [Vl d9>.

Therefore

m 27 (deg(u))?
| 1veias > 2L

and then
> 1
2Ecsh 2/ |Vul® dz Zﬂ'(deg(u))Q/ —rdr = co.
R2 R T

O

We renormalize the energy as follows. Let x(z) € C°°(R?) such that 0 < x(z) < 1,
x(x) = 1 for for |z| > 2, and x(x) = 0 for |z| < 1. Define the renormalized CSH energy
functional to be

1 de 2
) =5 [ (v = S R - ) @
2 R2 T
where r = |z|. Then the renormalized energy functional has the same Euler-Lagrange

equation (1.12).

4. FURTHER PROPERTIES ABOUT GINZBURG-LANDAU ENERGY

Consider the renormalized Ginzburg-Landau energy functional as in [12]

, 1 degu)?
e () = 5/ (1w - 92 2 ) aa, @D
R2 r

From [12] we know that for any n there exists a unique radially symmetric vortex u(™) =
f™eim? such that f(™) minimizes

1

2
i =5 /]R (V12 + S+ N1 - 12)?) de “.2)

among all real f such that E7"(f) < oc. Denote

K = By (f),

7



We also have the following estimate, via the Cauchy -Schwarz inequality

2
i =5 [ (V5P + 50 =0+ R0 = ) do

1 5 A2 o9 1 n?
> - 21— _ -
_242(|Vf\+2(1 12)?) da 2/1<T<2T2das

r

1 A2 1 n2 n?t
S 2 2 A1 22 _7/ n- _/
_Q/RQ (IVf\ + 5= )dx 3] d - dx
4

:%/Rz (|Vf\2+)\—2(1—f2)2> de — (n mln2 + 4)\7;)

/ f\Vle—f [ dr — (w? 7T1n2+4)\2>

Let N(") = (n mln2 + 4/\2) then

A 2 1 2 A2 212 ren (n)
|, v = plae < g [ (957 + 50 27) do < B )+ N
4.3)

For any open set {2 we define

HL(Q) =inf {¥2r;: QB (2;)}, (4.4)
J
then H. () < H1(9Q), as noted in [15]. We can see that
t Mo ({z: flz) <t})

is an increasing function.
Suppose there exists some large R such that f > 1/2 on dBg. Hence

T@"<f>+N”>>—/ VAL = 2| de

\[/ —2H ()t
1/2
_\f/ —H () dt

1/2
> f/ 1 —t*|H. ({z € Br: f(z) <t})dt

> —Hl ({z € Bgr: f(z) < 1}) /1/2(1 — t%)dt
V2T e B 1/4
= 14912\)\[7-{1 ({z € Br: f(z) < %})

=~

Y
3|
o
8:&
—~
——
8
m
S
s}
=
=
IN
=
[——
~—



where we need the assumption that f > 1/2 on 0Bpg, between the third and fourth lines.
Therefore {x € Br : f(z) < 1/4} C U, By, (z;) with

5 €
> o< X(E;"l"( f) 4+ NM)y, (4.5)
J
Note that estimate (4.5) is independent of R.

5. EXISTENCE OF RADIALLY SYMMETRIC VORTICES WHEN A = 0
Letu = fe¥ with f real. Then |Vu|? = n2f2|V0|? + |V f|?. Hence

TEN 1 n2
E) =5 [ (9P + 50 =0+ 0= PR de= B G
Take a positive number M and consider the set
ASY = {freal | E5f"(f) < K™ + M, E(f) < o0}. (5.2)

Recall that £77"(f) is defined in (4.2).
Therefore Ag\z) is not empty and from the continuity of the functionals E;"(f) and
E(f) we know that Ax}) is open. Now we consider minimizing E over the constraint set
(n)
Ay
The main result of this section is the following
Theorem 5.1. For any given n, there is an M such that the functional E(f) has a min-
imizer £ on ASC[L). Such minimizer f) is radially symmetric, 0 < f < 1, and
u™ = fMen? s an n-vortex, i.e. solution to equation (1.12) of degree n. If |n| > 1,
then () is monotonically increasing.
Proof. We first show that E(f) > —oo on Ag{;). We provide two ways.
Method I: Let f € Ag\z). Taking f = |f| A 1 we have

E(f) < E(f), Eyi"(f) < E;"(f),
which shows f € ASC}). Therefore it suffices to consider 0 < f < 1. Letv = \/F, where
p(r) = 5 f027r p(r,0) df. Then

v =f2, vt < fA |V <V, f]2

Hence

o () < EGT(f), E(v) < E(f),
which shows that it suffices to consider f being radially symmetric.
From (4.3) we know that 1 — f € H*(R?). For any s > 0,

/1/ |f/|dr < (/1/ idr)1/2</1js(f/)2rdr>l/2
<( [, 7)) (Lura)” <o

so f" € L'[1/s, s], which implies f is absolutely continuous on [1/s, s]. Therefore we get
f(r) € C(0,00).



Due to the definition of Ag\? and (4.3) we know that |f| — 1, we can take R large
enough so that f > 1/2 for |x| > R. For f > 1/4 we have

2 4 4
n"oe2 20201 _ 22 5 __ 1 >74n
2 (fF=D+XfA-f) = ANZf2a = 2

Therefore we have

1 n?
S 2 n- .o 20201 £2\2
B2y [ (Ut =020 ) de
1 n? o 1 n?
> - —(f*—1 —l—)\221—22dm+7/ —(f* 1) dx
s ), Getrnenpam a0 Tt
4nt 9
> —deanx: flz) <1/4}
r>1 r
4 2
2—2%—2‘;2‘ (K™ + M+ N™)® > —o0, (5.3)

where we’ve used (4.5) in getting the fourth inequality.
Method 2: We use an averaging method by Struwe [17]. From (4.3), (5.2) and f > 0
we know that there exists some C' sufficiently large such that

C> / VS + (1= f2)2de > / VA2 + (- f)? da
R<|z|<2R R<|z|<2R

>R inf VP4 (1= f)? dw.
2t | wse e g

Hence there exists 7, € [R, 2R] such that

2C
|- o< 7
9 R

T

[2C
||1 - f”Hl(aBT*) < f

Since we have the H! bound of 1 — f on the circle, we may apply the Morrey’s inequality

to get
20
11— fllcorrzam,.) < VR

Suppose there is some point 7,.e!% € 9B, such that f(r.e?) < 1/2 then

11— f(rae®®)| > |1 = f(rae?®)| = |f(reei®) — f(r.e)|

1 0. w2, [2C
|r.e rye’| 7

2
2Cr
— 10, —9|V/2 ] ==
| M g

1
—2VC0, — 0] > 1

10

which shows

v

v

v
N = DN =



if we consider |0, — 0| < 1/(8+/C). Therefore
2C /
- =
R’ Jon,. ntje.~01<1/(v0)}
S 1 1 < R
T =
16 "8yC ~ 128VC
which is a contradiction if we choose R to be sufficiently large. Therefore, for any large
R, there is some r, € [R,2R] such that f > 1/2 on dB,.,, and (4.5) also holds for such

r«. We also notice that the estimate (4.5) is independent of R. The rest follows from the
similar argument for (5.3).

11— f|?r. do

Hence we’ve shown that E(f) is bounded from below on .Ag(}). We take a minimizing
sequence f,, € Ag{;) such that
lim E(fn,)= inf E(u).

m—00 uGAﬁC;)
Without loss of generality we may assume 0 < f,, < 1. Otherwise we consider fm =
| fm| A 1. Since
E(fm) < E(fm), Eg™(fm) < Eg™(fm),

{fm} would also be a minimizing sequence in Ag\}l).
Let g, =1 — f, then 0 < g,,, < 1. We have

1

2
n
KO M > B () = 5 [ (99 + 57 =0 + X1+ 1)) do

IV
N | =

\%

2n?
<|v9m‘2 — 5 X|z|>19m + )‘291271) dx
R2 r

)\2 1 n4

2 2

Cgm +7gm dr — < 7 Xz dr.
/]RZ (| ‘ 2 ) * /]R2 )\2 T4X| 21 *

/Rz (Ingl2 +931) dz < C,

for some fixed C' < oco. Therefore we have up to a subsequence that

A%
DN =

Hence

gm — go weaklyin H'
Ggm — go a.e. in R
Let fo =1 — go, then
E(fo) < liminf E(f).
m—00
On the other hand since 0 < f,,, < 1 we have that

E(fm) < EN™(fm) < K™ + M.

Therefore fo € A{Y, and

E(fo) = inf E(u).
ueASC})
Next we show that f is radially symmetric, using the same method in [12].
11



Letv = 1/ f2, where p(r) = & [™ p(r,6) d6. Then
V=3 ot <SS Vel < TV SOl
Hence
E(v) < E(fo), and Ej"(v) < Eg"(fo),

and the equality holds only if fj is radially symmetric. Thus fy must be radially symmetric.
Now we show that there exists an M such that fo is an interior minimizer. Let f¥ be

the minimizer of E(f) over AE\Z)HM

then by previous argument we know 0 < f# < 1 and

fork =1,2,.... If fé“ is not an interior minimizer

E(ff) = inf{E(u) : ue A"

vt S BT, Bt (fe) = K™ + M+ 1/k.

gl
(5.4)

Therefore all E;f”(fé“) are uniformly bounded by K™ + M +1. From (4.3),0 < f§ <1,
and the fact that [p, (1 — f§)? dz < [ (1 — (f§)?)? do we have that |1 — f§|| g is
uniformly bounded. Hence 1 — f¥(r) — 1 — fo(r) in H'. Since f} are radial, from [19],
radial H' functions on R? decays like 7~'/2. We know further that f¥(r) — fo(r) ae..
Thus applying the weak-lower semicontinuity of norms, Fatou’s lemma and (5.4) we get

E(fo) <liminf E(fg) = E(f3), Ey"(fo) <liminf Eji*(fg) = K™ + M.
k—oo 9 k—oo 9

(n)

In this way we see that fo is an interior minimizer of A}/ Jk

for any k.

Now we prove that f) > 0. Since fy minimizes E(f), E'(fo) = 0, E"(fo) > 0. We
have

2
B'(f) = =Acf + 55 f + N2 f (1= )1 = 3f%) (5.5)
2
E'(f) = —A, + ’;—2 FA2(15f1 —12f2 4 1). (5.6)
Differentiating E’( fo) with respect to 7 to obtain
1 2n?
(E"(fo) + ﬁ)fé = To,fo-

Since fo > 0 and fy # 0, applying the maximum principle (see, [16], Theorem B.4) we
obtain that f} > 0 when |n| > 1. Hence we obtain further that fo(r) > 0 for r > 0.
Lastly, since fj is radially symmetric, we have V fy - VO = 0. Hence

ing n? ind
A(foe™") = (Afo - ijo)em
and therefore together with (5.5) we obtain that fye'? satisfies the equation
—Au+ Nu(1 = |ul?)(1 = 3[ul*) = 0.

Since deg(foe'™?) = n, we have completed the proof of Theorem 5.1. ]

Remark 5.2. When n = 0, it follows from the definition that a strict absolute minimum is
given by u(®) = 2 for any z € C with |z| = 1.
12



6. STABILITY

We follow the argument in [12] to consider the stability of the critical points of the

renormalized Chern-Simons-Higgs energy functional, E7 (u). It is discussed in [12] that

this question is related to the spectral property of the Hessian of the energy functional,

HessES ().
We compute HessEZS (u) to be
A+ X2 (9fu|* — 8Ju? +1) 222(3Jul? — 2)u?
ren _
HCSSEcsh (“) - ( 2)\2(3‘u|2 _ 2)@2 —A + )\2<9‘u|4 _ 8\u|2 + 1)
(6.1)
Denote
£ ( g > , 6.2)
then we also have
ren g
Hess csh (U)E = Lu (5)7 (63)

where L,,(€) is the linearized operator given in (2.3). Using the same notation as in [12],
we denote Sym Null HessE”¢/'(u) to be the maximal null space of HessE”¢"(u) due to
symmetry breaking. Then it is known that

(i) HessEZS!' (u) > 0 and Null HessE7S (u) = Sym Null HessEZS (u) = wis a local
minimum of E7S (u),

(i) Hess 75 (u) has a negative eigenvalue = u is a saddle point of E7S" (u).

The main stability result of this section is
Theorem 6.1. ™) are local minima of E7¢(u) for n = 0, £1.

Theorem 6.1 says that the n-vortices are stable for |n| = 0,1. From Remark 5.2 we
know that when n = 0, (0 = 1 and the corresponding 0-vortex u(?) is an absolute
minimum. Hence we only argue the case when n = +1

From the previous argument we know that we need to understand the spectrum of
HessE7S(u). Without loss of generality we assume n = 1. The case n = —1 can be

treated the same way by observing that u@ = o),
We begin with an elementary harmonic analysis of the linearized operator L, ») which

is closely related to HessE7.5/'(u) (see (6.3)). Consider a function &(r, 6) in polar coordi-

nates and expand it in the Fourier series in 6

§r0) = Y &(r)e™,

k=—oc0
where the Fourier coefficients are given by
1 27 0
= — f)e~"""de.
Ek(r) o0 0 f(?‘, )e
Consider a map II of measurable functions £ : R? — C into measurable functions

g = k>n < 52?— i ) . If &’s are endowed with inner product

€ =2re [ eyan,

13



where E is given in (6.2), then I is unitary, provided é ’s are endowed with the inner product
2 A 3 ) < Mk )
R = Re s + Re< = y _ >
(€M) (Ens M) kz: ( Eon Ton—k
>n
Define the real linear operator f/u(n,> on functions f by
Ly (TI€) = T Ly (£). (6.4)

We first give the characterization of f)u(w,>.

Lemma 6.2. The operator IA/u(n) is block diagonal of the form

> _ k &k

Ly (€) = é} Ly ( B > : (6.5)
where Lﬁ(m are given by

o= A B N2 — 8lu™ | 4+ 1) 2)\2|2u(">|2(3|u(">|2 -2)
uf 2N2[u(™|2(3|u(™))? — 2) —A, + B A2 (9[uM]* — 8lul™]? 4 1)
(6.6)

where A, f = %ar(rarf).

Proof. First it is easily checked that

kQ n n n n -
(Lum ©), = [ =&+ 55 + O™ = 8™+ 1)] & + [N (61u™ 1 = )] [u" *Ean-.

6.7)
Since A = A, + 77293, we have
k2
(_Ag)k = _Argk + ﬁfk
Moreover we have
27
((u(n))2§—) _ |u(n) |2(27r)’1/2 / ei2n0 £—ik0 g
k 0
2
— |u(n)|2(2ﬂ_)—1/2 56—1(271—k)0d9 — |u(n)|2€2n—k-
0
Therefore (6.7) implies
< (L &k ) _ Ik ( Sk )
(L €)2n—k u gk )7
which, due to (6.4), yields (6.5). [l

Lemma 6.3. For n > 1, we have the following characterization of the linear operators:

(1) L., > 0and if 0 is an eigenvalue then it is non-degenerate.

2) LZZ‘;} > 0 and 0 is its non-degenerate eigenvalue.

3) LZM) > 0for k > 3n and 0 is not an eigenvalue.
(4) The continuous spectrum
cont specLk ., = [0, 0),

for any k.
14



Proof.
(1) Due to the breaking of the gauge symmetry we have
Lu(n) (iu(")) =0.

After separating out the angular variable we obtain
n’ 2(q ¢4 2
[ =2+ 55+ NG - 472+ )] fa =0,
where f,, = |u(™)|. We can rewrite the equation as
n? 2 2 2 4
[ = A+ S5+ 21— ) =331 = S f = 0.
r

Since f,, > 0, bounded and ¢ L?(R*,rdr), we can apply Theorem B.1 in [12] to conclude
that the operator —A,. + 2—22 + A2(3f% — 42 + 1) is non-negative, 0 is not its eigenvalue,
and any solution g to the equation

2
|~ A S NEA -4+ 1)]g =0

is of the form g = ¢f where c is some constant.
Also since f,, minimizes E(f) we have

2
E"(fa) = =D+ ’:—2 FAZA5£E 1221 1) > 0.

Suppose E”(f,,) has an eigenvalue 0, and the corresponding eigenfunction is ¢y (7). Then
we can write

2
0= E"(fu)th = [ = A+ T + 411 =32+ 1) =331 = £D)]wn.

where we see that
AN(3f —3f24+1) > A2 > 0.
We now follow the idea from [12]. Let

n2

Lo=—Ar+ — +4X@3fy —3f2+1), V=3X(1—f,)>0.
T

Then V = O(r=2) as r — oo. Let Ry(a) = (Lo — ) ! with a < A? and consider the
Birman-Schwinger-type operator function

K(a) = VVRy()VV.
Then we have
o if (E"(fn) —a)y = 0, then K(a)p = ¢ with ¢ = V). If ¢ € L?(R?) then
¢ € L*(R?).
o if K(a)p = @, then (E"(f,) — )y = 0 with 1) = Ro(a)VVe. If p € L*(R?)
then for a < A2, [¢)| < Ce™"VA*—2,
We also have the following result
Lemma 6.4 (Ovchinnikov-Sigal [12]). K (a) with @ < M2 is positivity improving, i.e.
K(a)e > 0 (modulo a set of zero measure) whenever @ > 0, and

(1) «is an eigenvalue of E" (fy,) iff 1 is an eigenvalue of K (o).
(2) « is the lowest eigenvalue of E” (fy,) iff 1 is the largest eigenvalue of K ().
15



By assumption that E”(f,,) has an eigenvalue 0 and the fact that E”(f,,) > 0 we know
that O is its lowest eigenvalue. Hence from the above lemma, 1 is the largest eigenvalue
of K(0). Therefore we have (see [14], Theorem XIII.43) that the eigenfunction of K (0),
©o, is positive and the eigenvalue 1 is non-degenerate. Thus from Lemma 6.4, 0 is a non-
degenerate eigenvalue of E"(f,,) and 1 can be taken to be o = Ly 'v/Vo > 0 and ¢
decays exponentially fast.

On the other hand when & = n, we have

RL'.\R" =L,
where
1 /-1 1
R\@(l 1)’
Lo A B NG -4+ 0
0 A+ 215 — 1224 1) )

Therefore L7, > 0 and if 0 is an eigenvalue then it is non-degenerate, which proves (1).

(2) We perform the similar argument as in (1), but instead of the zero mode due to break-
ing the gauge symmetry we use the zero mode due to breaking the translation symmetry.
SEIE zero mode is Vu(™. Due to Lemma 2.3 and sincen — 1 = 2n — k fork = n + 1,

Oz, u(™ contains only the k = n + 1 block, (n + 1,n — 1):

0oy u™ = @B g oknr1,  Opu® = P —ig™ i,

k>n k>n

(n) _ nf(n)
where g = 1 ( ;(n), N :cht(n) > . Hence

0= Loy (0r,u™) = P ( AN g(”))ék,n »
k>n
and therefore
Lg™ =o. (6.8)

-

The zero mode 9,,, u(™ leads to the same equation.

n £(n)
Notice that Rg(™) = ( }{n)/ ) Since f™ > 0and ™' > 0,7 > 0, Rg™ has

positive entries. Hence (6.8) together with Appendix B in [12] shows that O is the lowest
eigenvalue of Lz(ﬂ and is non-degenerate. This and statement (4) imply statement (2).
(3) We have

i -~ E-(nt1)? 0
Luow = Lyt = o Geoeer? |20
7’2

for k£ > 3n. From (2) we obtain (3).
(4) As |x| — oo, we have
—A+2)2 2)2
Lo = ( 22 Ay ) T
We know that
cont specL” .., = specLy. (6.9)

w(n)
16



Using the transformation matrix R to diagonalize L as

—-A 0

T _

RLoR" = ( 0 —A44x? )

Thus specL = [0,00) |J [4A\2, o), which together with (6.9) yields (4). |

Proof of Theorem 6.1. When n = 1, due to Lemma 6.2 and Lemma 6.3, ﬁu(l) > 0, i.e.
HessEgse,’f(u(l)) > 0 with zero modes determined either completely by the symmetry
breaking or by symmetry breaking and an extra mode voe®’. In the first case we obviously
know that u(!) is a local minimum.

If (0e?,10e~%)T € Null HessE" (u(!)). Then we know that except for the direc-
tion generated by 1pe?’, u{!) minimizes E7¢" locally. Along this direction we compute
the second variation of the renormalized energy to be

lim O2ET (uM +ey)) =Re | L, () dz, (6.10)

csh
£—00 R2

where 1 = ci)pe’? for some ¢ € C and L, is given in (2.3). If ¢ = a + ib where a,b € R,
further computation gives

Re | 9L, (¢)dx
R2

2
—Re /R le[24g - [— A, + % FA2fE - 812 + 1)}1/}0 +EN (67 — 4) [T dx

2

n2
= a*(E"(f1)vo,%0) 12 + b2< [ — A+ o N3 A7+ 1)]7/10,1/10>L

2 n’ 2(q ¢4 2
=b <[—AT+T—2+A (3f1 —4fi +1)}wo,wo>m >0
if b # 0 (from Lemma 6.3). Hence
o (M + epoe) > ELGH(u®)

for |c| sufficiently small. Therefore we only need to check the case when ¢ € R. In this
case, from (5.1) we know that

Er(u® 4 4p) = BT ((fi + ebo)e™) = E(f1 + cibo).

Hence we can apply Theorem 5.1 to obtain that u(!) is also a local minimizer along this

direction 1pe*. Thus we conclude to obtain Theorem 6.1.
O

7. EXISTENCE OF RADIALLY SYMMETRIC VORTICES WHEN A ;7é 0

When the magnetic field A # 0, the CSH energy functional and the Euler-Lagrange
functions become more complicated. We look for minimizers of the CSH energy (1.10)
among all symmetric vortices of the form (1.13), (1.14), with f™ a, — lasr — oo
(This means we are looking for topological symmetric vortices).

Let

u=f(r)em?, A= n@f‘. (7.1
r
Then the CSH energy functional takes the following radial form
1 e 1 20, WP ra/\2 2 2 22
"o (fa) = = LT 77(7) A2f2(1— 2 de. (72
tlfa) =3 [P - ap e L (5) P ) e )
17



Our argument is also based on the results for Ginzburg-Landau vortices. Following [1],
we define the spaces

C = the set of real-valued radially symmetric functions f(|z|) defined on R? such that
f>0ae and1— f € H'(R?).

C, = the set of real-valued radially symmetric functions a(|z|) defined on R? such that
a/r € L2 (R?) and o’ /r € L*(R?) where the derivative a’ is in the distributional sense.

Recall the following results for Ginzburg-Landau equations.

Lemma 7.1 (Berger-Chen [1]). The C, and C'¢ spaces satisfy the following:

(1) Cq with the inner product which induces the norm ||allc, = ||a’/r||L2w2) is a
Hilbert space.

(2) For f € Cy, f(r) € C(0,00).

(3) Fora € Cy, a(r) € C[0,00), a(0) = 0,a(r) = [, a/(s)ds, and

sup |a/r| <llallc, .

re (0,00

@ If f € Cr,a € Co, and Gy(f,a) < oo, where G, (f, a) is the radial Ginzburg-
Landau energy given by

1 2 2(,1\2
a5 [P+ TR e ) s

then f € C[0,00) and f(0) = 0.

Theorem 7.2 (Berger-Chen [1]). For any integer n and ), there is a solution (u(™, A™)
to the Ginzburg-Landau equation which is of the form (1.13), (1.14). In particular, (f("), an) €
Cy D Cq minimizes the radial Ginzburg-Landau energy G7,(f, a) defined in (7.3).

First we note that G7_, (f,a) > 0 and G._,(1,1) = 0.Therefore v = 1 and A = 1
give a trivial solution to the CSH equations and minimize G7;, (f, a) without restricting

vsn(f,a) by any vortex number n # 0. On the other hand if we take (u, A) of the form

(7.1) with f,a — 1 at co and if m = infe, @ o, Giy,(f,a) is attained at (fo, ag), then
m > 0. Otherwise [i, f3(1— f3)* dz = [z (1 —ag)?f§/r* dz = 0. From Lemma
7.1we obtain the continuity of fy and ag. Therefore we know from the integral identies
that fo = 1 and ag = 1, which contradicts that ag/r € L2 _(R?). Similarly we know that
info, @ c, Gy (f,a) > 0.

Let mo = infc, g ¢, G (f, @) > 0. From Theorem 7.2 we know that m is attained
inCy @ C,. For any M > 0, let

BMZ{(f,a)ECf@Ca: Gy (f,a) <mo+ M}. (7.4)
The main result of this section is the following

Theorem 7.3. There is an M such that the infimum of G, over By is attained and is
positive.

Proof. Since G7,;, > 0, we can take a minimizing sequence (fp,, am) € Bas. Therefore
we have
D) GZ.p,(fmsam) < K for some K < oo, and
(i) Gzl(fﬂh am) <mo+ M.
18



From (ii) we know that
K> [ 1P X 22 do = [ AP+ 0= £ (1 ) da
R2 ]RQ
> win{1, 3} [ £+ (1= f)? do = muin{1 N1~ Fn By ey,
]R2

20,1 \2

n-(a

K>/—J%Lm:wma
R2 T

Therefore 1 — f,,, is bounded in H* (R2) and a,, is bounded in C,. Hence we may extract
a subsequence, still denoted ( f;,, a., ), such that
1 — fm — 1 — fo weakly in H'(R?), a,, — ag weakly in C,,

with (fo,a0) € Cy@ C,. Thus the Rellich-Kondrachov embedding theorem implies
strong convergence in L? (R?). From [19] we know that radial H' functions in R? have
good decay properties, like 7—1/2. Hence it is easy to see that

fm(r) = fo(r), am(r) — ao(r) ae.

Using Fatou’s Lemma and the weak lower semicontinuity of L2?-norm of f/ we obtain that

n? 2
[P+ T 0 a4 02 (1 f3)* o
R2

2
< 1iminf/ |11+ %(1 —am) 2 fE AN (1 - f,i)2 da. (7.5)
m—oo [p2
It’s also easy to see from the Ginzburg-Landau energy form (7.3) that

Gi(fo,a0) < I}T?Liglongl(fm’am) <mo+ M.

Hence (fo,a0) € Bas.
From (i) we know that

(a;n/fm) c LQ(RQ)

Let g/, = a.,/ fm- Then since g/, /r € L?(R?),

T T 172, (71 1/2
[ tias < ([ sas) ([ Hianas)
0 0 o T
1 172 242K
SL(/ —Q\gin|2dx) <7\2[2 < 0.
V2 \Jge 7 won

Therefore ¢/, € Li.(RT), hence

loc

MMM@AQMM&

It’s also easy to see that (g (r) — g (0)) € L. (R?). Let by, = gm(r) — gm(0),
then h,, € C, and ||h.,||c, < K. So there is a subsequence, still denoted h.,, such that
hum — hg weakly in Cy, and h,, (r) — ho(r) ae.

For any r > 0, since a,,, € C,, we know that a,, € L{. (R™). Thus

am (1) = am(l) + /lT al (s)ds,

19



for 0 <! < r. Plugging in a,, = f,,h!, and perfoming integration by parts we obtain
- / Il b ds.
! l

T ‘ s

z — foho

am(r) = am(l) + fihm

Letting m — oo we get

am(r) - a’m(l) - ao(r) - aOU)v fmhm

’

[ s = [ gimads| = | [ g = ho)ds+ [ (57, fiho ds
l l l l
T 1/2 1/2 r

< W = ol ([ 5s) ([ AP de) " [ (g7 foho ds
1S R2 l

— 0 asm — oo.

Therefore
aor) = ao(0) + falo|| ~ [ Fiho ds,
l
which in turn gives that aj, = foh(. Thus

/ /
U/, G0/ fo earty in £2(R2).
T T

Hence the weak lower semicontinuity of the L2-norm implies that

2.2 /2 2 02 N2
il(“i) dz < li 'f/ ‘L’L(“—M) d 7.6
/Rz4’l“2 f() z_}}ln*glo R24T2 fm - ()
Combining (7.5) and (7.6) we obtain that
GZsh(f()? G‘O) < lim inf GZsh(fWh am)' (1.7)
m—0oQ

Thus we have G7,_;, (fo, ao) = infg,, GL.,(f, a).
Next we show that there is some M such that (fo, ag) is an interior minimizer. The
argument is similar to the one in Theorem 5.1. Let (f§, ak) be minimizers of G”; over

Bt/ for k =1,2,. ... If they are not interior minimizers, then
(5o 00) = il Grun < Gl (670 6™, Gyl a6) = mo + M+ 1/k-
(7.8)
Hence G ( f¥, ak) is uniformly bounded and then as is discussed before, we have
L= fg(r) = 1= fo(r)in H', al(r) = ao(r) in C,.
750 = o). () — an(r) a., GOLIE L oy, 2

Therefore applying lower-semicontinuity of norms, Fatou’s lemma and (7.8) we obtain
Glon(for a0) < Timinf Gy (8, af) = Gl (3, a),
Gu(fo, a0) < lim inf Gri(fd,al) = mo+ M.

Thus (fo, ag) is an interior minimizer of By 1y, for any k.
The positivity of the infimum is given in the argument before the theorem. (]
20



It is easy to check that the minimizing solution ( fo, ag) obtained in Theorem 7.3 solves
the following equations on R?\ {0}

2 2,2 AV

af=Su-aps - SR v pa-stn 09
pread N ff(1-a)

_T(W) - g (7.10)

where A, = %ar(rar) is the radial Laplacian.

8. BASIC PROPERTIES OF SYMMETRIC VORTICES

In Section 5 we showed the existence of symmetric vortices in absence of the magnetic
field, and discovered some properties of the vortices. In this section we will develop some
basic properties of the symmetric vortices when A # 0.

1. Regularity.

Theorem 8.1. Suppose (u(™), A™) is of the form (1.13), (1.14), where (™) (1), a, (1)) is
obtained from Theorem 7.3. Then ) (r),a,(r) € C°(0,00), hence (u(™, AM) is C?
on R?\{0}.

Proof. For simplicity, we omit the superscript and subscript 7 in (f(™), a,,) in the proof of
Theorem 8.1. We know from the previous section that (f, a) satisfy equations (7.9) and
(7.10) on R?\ {0}.

From Lemma 7.1 we know that f,a € C[0,00), f(0) = a(0) = 0. Moreover, since
f,a— lasr — oo, we have f,a € L.

From (7.10) we have for any [ > 0,

l a N\ 4 l f2|1 _ a|
Gr)lir=a ), =
i f w oo

e ) ([ PO

< el ( / Lar) " (2ezatra) <o

dr =

’ / ’
Thus (%) € L'[1/1,1) for any I > 0, which implies that ;% € C(0,00). Hence
a € C*(0,00). Using standard elliptic theory on equation (7.9) we obtain f € C?(0, 00).
A standard iterative bootstrap argument shows that f,a € C*(0,00). Hence f,a €

C2%(R?\{0}), which implies that u(™, A € C2(R?\{0}). O
2. Maximum Principle.

Theorem 8.2. For any M > 0, if (f, a) minimizes GL;, over Byy, then
i) 0<a(r) <1, forre(0,00);
(i) a'(r) > 0;
(iii) f'(r) > 0;
(iv) 0 < f(r) < 1, forr € (0,00).

Proof. Since (f, a) minimizes G, over Bas, we know that (f,a) also solves equations
(7.9) and (7.10) on R\ {0}.
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(i) First we use a truncation argument to show that 0 < a(r) < 1. Suppose not. Then
the set D, = {r € (0,00) : a(r) < Oora(r) > 1} is not empty. We define a truncated
function a(r) by

0 ifa(r) <0,
a(r) = n ifa(r) > 1, (8.1)
a(r) otherwise.

Since a(r) € C?%(0,00) and D, is not empty, we know

2 2.2 =19 2 2.2 19
gzt (v USRS B
/]Rz a-ars +4r2(f) dm</Rz -l 4r2<f) a2,

2 2 2 2
/Rz %(1—&)2f2+:—2(a’)2da:</ m a4 ) d

R T2
So (f,a) € By and G7, (f,a) < G, (f,a) = infg,, G%,. a contradiction. Therefore
0<a(r)<1.

We then make use of the second Euler-Lagrange equation (7.10), which can also be

written as . 2 )
a /(i>/:_iﬂ7_a<o 82
7 +a 7 2 - <0. 8.2)
Hence maximum principle implies that either a(r) > 0 on (0, c0) or a(r) = 0.

If a(r) = 0 then from the energy we know

From the fact that (f, a) € By; we also have
1
/RQ 11— fH%dx < FG;l(f,a) < 0.

Therefore

/T>1de§ (/r>1:idx)l/2(/Rz (1_f2)2>1/2 < 00,

which implies that

n2
— dr < o0,
r>1 7

a contradiction. Hence a(r) > 0 on (0, 00).
(ii) Suppose a(r) is not nondecreasing. Then there are 7y < ro € [0, 00] such that
a(ry) > a(rz). Now let
(r) = a(r) forr € [0,7],
max{a(r),a(r1)} forr € [ry,o0].
Then the distributional derivative of @ is equal to the classical derivative a.e. and a € C,,.

Since f = 0 forces a’ to be zero and hence a equals a constant, we know that f # 0 in
[ 71,72]. Therefore

(8.3)

f2(1—a)?

7‘]02(1 _ d)2 dr < 5

R2 7"2 R2 T
By the continuity of f, a and the fact that |a’| < |a’| we know that (f,a) € By and
Geon(fra) < Ggp(fra),

which contradicts the minimality of G”._, (f, a). Hence a'(r) > 0.
22
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Moreover, when a(r) is between 0 and 1, from (iv) 0 < f(r) < 1 for r > 0, we know
that the right-hand-side of (8.2) is negative. Therefore by a maximum principle we get that

a'(r) > 0when 0 < a(r) < 1.
(iii) Since (f, a) minimizes G, over Bs, we have that

( ZSh)/(fv a) =0, and ( Zsh)/,(f? a) >0

An explicit computation gives

“ALS 4 5 (- )2 f - g G N (L (1 - 372

( csh) (fﬂ ) 2 \ 2
_#47’ (Tan) _%(1_0’)]02
- G G
o= gr G ) =0
where
2 2,2 (1\2
G = —A, + "—(1 —a)?+ 32 - (6}2 FA2(1554 — 12f2 4 1),
2 2 n2 a/ /
)
2,2
__pmirl p 2
Go2 = 4r2 [fzar (rf2 fs) } zf

Differentiating equation (8.4) with respect to r and using (8.5) we obtain

<8>_j7«( esn) (fra) = {( esn) (foa) + Q} < r >+R

where
/
#2n2 a,
r rf3
2, 2

non 9. — 3u n? B
27’3f (s 4T‘4f2 T3f3

2 « 27742 (ll 2
R— -2 _2a)2f -4 (f‘2 ,
27%(1 —a)f?

Q=

o =

)
2TL2

The first-row equation in (8.6) is
2,2
<G11 + )f + [G12 - Lr (

On the other hand we have

/// 2 22 2
e =g

n?a' \" , n n?/a \/ o
{Gu_ﬂr (rf3)}a:[_2r2( %) M (rf3)}

From the second-row equation in (8.4) we know that

©2n? / d N
2: (1= )fi 2rf (er)'

Hence the previous expression becomes

/ / 2,2 /

(8.4)

(8.5)

(8.6)

(8.7)

2,2 / 2,2 / ’ 2.2 1
-G =57 Gr) -5 Gp) o =5
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Therefore (8.7) becomes
1 [L2Tl2 CLI , 2n2 ) 3u2n2 (al)Z
el I A = ) .
<G11 + T2 + 2T2 f4>f 7"3 ( CL) f + 2742 f4 (8 8)
Since (G~,,)"(f,a) > 0, we know G711 > 0. From part (i), (ii) and the fact that f > 0,
f # 0, the right hand side of (8.8) is nonnegative and %J‘?—; > 0. Therefore using the

maximum principle (see [16], Theorem B.4) we know that f’ > 0.
(iv) Combining the regularity result and (iii) we conclude that 0 < f < 1. ([
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