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ABSTRACT. We study condensate solutions of a nonlinear elliptic equation in R?, which
models a WW-boson with a cosmic string background. The existence and an energy identity
of condensate solutions are discussed, based on which the refined asymptotic behavior
of condensate solutions is established by studying the corresponding evolution dynamical
system. Applying the “shrinking-sphere" method, the symmetry under the inversions of
condensate solutions is also proved for some special cases.

1. INTRODUCTION

We consider the semilinear elliptic equation
—Au = Xe™ + |z|*Nev (1.1)

on R2, where A > 0, @ > 0 and N > 0 are nonnegative parameters. Equation (1.1) arises
from the coupling of electroweak theory to a nonsmooth matter field. In particular, (1.1)
is the reduced form of the Bogomoli’nyi-Prasad-Sommerfield type of equation modeling
a superconducting cosmic string with a matter field given by the massive W -boson of
electroweak theory. We point to Ambjorn-Olesen [1] and Yang [18] for the derivation of
(1.1), as well as its physical background from the corresponding Einstein-Weinberg-Salam
theory.

In the physical model the coefficient \ of (1.1) is an arbitrary positive constant. How-
ever, the parameter [V of (1.1) satisfies N > 1, which denotes

N := number of cosmic strings.

Therefore, (1.1) can be thought of as the problem of N cosmic strings coinciding at the
origin. In view of (10.7.12) in [18], the parameter a of (1.1) satisfies a = 8”27;”%‘/ > 0,
where G is Newton’s gravitational constant, myy is the mass of the W-boson, and e is the
charge of the electron. After considering physical parameters, one finds a > 1. However,
we are mathematically interested in considering (1.1) with general A > 0, @ > 0 and
N > 0.

In this article, we primarily focus on condensate solutions w = w(z) of (1.1) in the
sense that u satisfies

/ [Aea“(m) + \x|2Ne“(I)}dx < 00, (1.2)
R2

and our main purpose is to establish a number of refined qualitative features of such con-
densate solutions of (1.1). We note that (1.1) has some features in common with elliptic
PDEs arising from the prescribed Gaussian curvature problem

—Au = R(x)e", (1.3)
1
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which has been the source of a rich mathematical interest, see [5, 11, 9, 16] and the ref-
erences therein. Therefore, many of the techniques used here to deduce features of (1.1)
originate from the work on (1.3).

As a more general problem of (1.1), one can also consider noncoinciding, multistring
configurations satisfying

N
—Au = Xe®™ + (H\;Ufpﬂz)e“ (1.4)

i=1

on R2. Here the points {p; }¥ ; are given in R? allowing multiplicities which correspond to
the location on the (1, 22)—plane parallel (along the 23 —axis) to the cosmic strings. The
problem (1.4) was recently studied by Chae [8], where the author used an implicit function
theorem framework to derive the existence of a rich family of condensate solutions u for
(1.4) in the sense that w satisfies

N
/ [Ae““(z) + (H |z fpi|2)e“(””)]dx < 0. (1.5)
R2

i=1
It is clear that Chae’s existence is also applied to our problem (1.1). We first provide a
simpler method to address the existence of radial condensate solutions of (1.1).

Theorem 1.1. For any o <0, (1.1) has a unique radial solution u = u(|x|) satisfying

1
~Upr = —Ur = e 4 2N et r=|z|>0;
u(0) =« and u(r) — —oo as r — oo.

Moreover, each radial solution u = u(r) of (1.1) satisfies
2 o . wlr
max {*, 2(N + 1)} < / [/\re““m + T2N+le“(7)]dr < 0. (1.6)
a 0

The proof of Theorem 1.1 relies on the shooting argument as employed in [9]. In view
of (1.2), one can deduce from (1.6) that any (classical) radial solution of (1.1) must be
a condensate solution, and therefore Theorem 1.1 also yields that (1.1) admits infinitely
many radial condensate solutions. However, it seems an interesting unsolved question as
to whether there exists any symmetry-breaking condensate solution for (1.1), especially in
the case where NV > 0 is sufficiently large.

Our second main result is concerned with asymptotic estimates and an energy identity
of condensate solutions of (1.1). By applying Chen and Li’s method [11, 12], we show that
the energy dictates the asymptotic behavior of condensate solutions.

Theorem 1.2. Let u be a condensate solution of (1.1) satisfying

Bi= 2

= —/ [)\e“"(m) + |x\2Ne“(I)]dx < o0, (1.7)
2 R2

then the following asymptotic estimate holds
—BIn(|z| +1) = C <u(r) < —BIn(lz] +1)+C  in R? (1.8)
with 3 > max {2(N + 1), 2}, and

2/R2 [N|x\2Ne“ + (% - 1))\6““} dz = 7(8 — 4). (1.9)
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The main difficulty of proving Theorem 1.2 is to prove the boundedness of |z|?" e®®) in
R?, which is addressed in Lemma 3.1. By applying the estimate (1.8), standard elliptic
theory implies that any condensate solution of (1.1) satisfying (1.7) must be classical. On
the other hand, if N = 0 it follows from Theorem 1.2 that any condensate solution of
(1.1) admits the asymptotic behavior (1.8) with 5 > max{2, %} Following this fact,
the symmetry argument of Chen and Li [11] can be directly used to establish that any
condensate solution of (1.1) with NV = 0 must be radially symmetric around some point
£ e R2.

The decay rate problem of condensate solutions is of great interest in electroweak the-
ory. Unfortunately, here we are only able to obtain the decay rate 8 = 4(N + 1) for the
special case where a = ﬁ, which is an immediate result of combining (1.7) and (1.9).
For the general case, we guess that the decay rate (3 is also independent of ).

Based on the asymptotic estimate (1.8), we next focus on the refined asymptotic behav-
ior of condensate solutions of (1.1) satisfying (1.7) by studying the corresponding evolution
dynamical system. Similar to [13] and the references therein, which mostly handle elliptic
PDEs with polynomial nonlinearity whereas our problem involves exponential nonlinear
terms, our basic tool is to reduce (1.1) into semilinear evolution elliptic problems. Roughly
speaking, for any fixed condensate solution u of (1.1), we begin with setting

v(t,0) :=u(r,0) + Blnr =u(z)+ Sln|z|, ¢t=1Inr and r = |z, (1.10)

where 3 is as in (1.7) and (r,60) € (1,00) x S! are polar coordinates in R? \ B;(0), to
consider an evolution elliptic equation of the form

—vy — vgg = Ne2Tteav | cENH2=B)t v (t,0) € (0,00) x S*. (1.11)

Since Theorems 1.2 gives the uniform boundedness of v in (0,00) x S, we shall first
prove that there exists a constant K = K()\, a, N, B, u(O)) such that

v(t,0) =u(z)+ Bln|z| = K as |z] = oc. (1.12)
Based on (1.12), we next set a new transformation
V(t,0) =u(r,0) + Blnr — K in (0,00) x S*, (1.13)

so that lim;_, . o, V' (¢, ) = 0, and V' (¢, 0) is a uniformly bounded solution of the following
evolution elliptic equation

—Viy — Vg = Ne@BFCmaB)tgaV | (KHCN+2=B)tV (1 9) e (0,00) x ST, (1.14)

By a delicate study of the asymptotic behavior of V (¢, -) satisfying (1.14), we finally obtain
the following results.

Theorem 1.3. Let u be a condensate solution of (1.1) satisfying (1.7), and define
7:=min{af -2, -2(N+1)} > 0.

Then there exists a constant K = K()\, a, N, 8, u(O)) € R such that
u(z) ~ =Blnjz|+ K as |z| — oo.

Moreover, we have the following refined results:

(D). If T ¢ N, then

(1) either there exist a natural number kg satisfying 1 < ko <7, A € Rand 8y € S*
with A # 0 such that

u(z) ~ —BIn|z| + K + Asin(kof + 6o)|z| % as |z| — oo, (1.15)
(2) or there exist A € R and 0y € S* such that
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(a) If B — 2N > afB, we have the asymptotic behavior
u(z) ~ —fln|z|+ K

. ak (1.16)
—|—{Asm[(aﬁ —2)0+ 0o] — (LL)};T)Q}mP—aB as |z — oo,
where A = 0 for the case ap — 2 ¢ N.
(b) If B — 2N = af, we have the asymptotic behavior
u(z) ~ =fln|z|+ K
(1.17)

+{Asin[(aﬁ —2)0+ 6] — %}up—aﬁ as |z — oo,

where A = 0 for the case a3 —2 ¢ N.
(¢) If B — 2N < afB, we have the asymptotic behavior

u(z) ~ =Blnljz|+ K

+{Asin[(ﬁ — 2N —2)6 + 6] — m}wm-ﬁ as || — oo,
(1.18)
where A = 0 for the case 3 — 2N — 2 & N,

(). If T € Nand T > 2, then there exist a natural number kg satisfying 1 < kg <7 —1,
A € Rand 6y € S such that

u(z) ~ —BIn|z|+ K + Asin(kof + 6p)|z| % as |z| — co. (1.19)

Furthermore, if (1.19) holds for kg satisfying 1 < ko < 7 — 2, then it necessarily has
A#0in(1.19).
When a = ﬁ, Theorem 1.2 gives that 8 = 4(N+1) and hence 7 = 2. However, we note
from [11, 16] that when A = 0, then 8 = 4(N +1) and hence § —2N -2 =2(N +1) > 2
can be either an integer or not, depending on the value of N > 0. Therefore, we guess that
7 > 2 holds for any @ > 0 and N > 0, and 7 can be either an integer or not, depending
on the values of @ > 0 and N > 0. We also note that when N = 0 and a = 1, then
B = 4 and hence (1.15) matches well with the asymptotic behavior of exact solutions of
(1.1) discussed in [11, 16].

If w = u(r) is a radial condensate solution of (1.1) satisfying (1.7), then in Section 4
we shall obtain the following more precise asymptotic behavior.

Proposition 1.4. Let uw = u(r) be a radial condensate solution of (1.1) satisfying (1.7),
then there exists a constant K = K()\, a,N,j, u(O)) € R such that
(1) If B — 2N > af, we have the asymptotic behavior

u(r) ~ —flnr+ K — 7)\6(11( r2-ab
(af —2)?

) If B — 2N = af, we have the asymptotic behavior

as r=|z| = oc. (1.20)

hY aK K
¢ +62 27 as r=|z| = 0. (1.21)

(@B—2)
3) If B — 2N < af, we have the asymptotic behavior

u(r) ~ =plnr+ K —

K

U(T) ~ _B Inr+ K — (ﬁ—;TQPTQN+2_ﬂ as r = |LE‘ — 00. (122)
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The results of Theorem 1.3 and Proposition 1.4 go only to the case where A > 0. However,
our methods can also be applied to (1.1) with A = 0, in which case some similar results
can be obtained, see Remark 4.3 for more discussions. Also, we expect that our methods
may be applicable to some other types of elliptic problems.

By applying the “shrinking-sphere" method, c.f. [16], our fourth main result is devoted
to the following “symmetry under the inversions", i.e., the invariance of (1.1) with respect

133 : n : — 1
to “inversions”, for the special case a = N

Theorem 1.5. Leta = ﬁ and suppose u(x) is a condensate solution of (1.1) satisfying
(1.7), and let K = K(/\, a, N, 8, u(O)) be the constant given in Theorem 1.3. Then

x . 9
u(x) :u(w) +2(N+1)IDW in R7, (1.23)

where
T = (MO =K)/2(N+1) (1.24)

Moreover, u satisfies

(7,_\%)(7«67,”+2N+2) <0 if r=lal# 2,
(1.25)

rou+2(N+1)=0 if r=lz|=—.

One can note that Theorem 1.5 illustrates the dependence on u(0) of the constant X =
K (X a,N,,u(0)) given in Theorem 1.3.

As addressed in Section 6, the last purpose of this article is to study the asymptotic
behavior of condensate solutions of the noncoinciding problem (1.4). Similar to Theorem
1.2, we shall establish the following results.

Theorem 1.6. Let u be a condensate solution of (1.4) satisfying

N
B: i/ e @ 4+ (T] e = pil*)e®] da < oo, (1.26)
R2 1

T o
then the following asymptotic estimate holds
—BIn(|z| +1) = C <u(r) < —BIn(jz] +1)+C  in R? (1.27)
with 8 > max {Z(N +1), %} and

/W {(ff : V(f[1 |z — pil?))e" + (% — 2) )\e““} de = (8 — 4). (1.28)

As discussed in Section 6, by following Theorem 1.6 one can apply the argument of Section
4 to deriving further the refined asymptotic behavior of condensate solutions for (1.4).

This article is organized as follows. In Section 2 we discuss the existence and energy
estimates of radial solutions for (1.1) by proving Theorem 1.1, and we show that any (clas-
sical) radial solutions of (1.1) must be a condensate solution. In Section 3 we prove The-
orem 1.2 on the energy identity and asymptotic estimates of general condensate solutions
of (1.1). Theorem 1.3 and Proposition 1.4 are then proved in Section 4, which give the
refined asymptotic behavior of condensate solutions of (1.1). In Section 5, we prove The-
orem 1.5 on the “symmetry under the inversions" of condensate solutions of (1.1). Finally,
we sketch the proof of Theorem 1.6 in Section 6.
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2. ON THE RADIAL CONDENSATE SOLUTIONS

This section is devoted to the proof of Theorem 1.1 on the existence and energy esti-
mates of radially symmetric condensate solutions of (1.1).

We first address the existence of radially symmetric solutions by the shooting argument
as used in [9]. Towards this purpose, we consider the radial solution © = u(r) of (1.1)
satisfying

Uy — %ur =A™ +r*Ne", 1 =|z| >0, 2.1
u-(0) =0 and u(0) = a, (2.2)
where o € R is a parameter. By changing the variable ¢ = In r, then u = u(t) satisfies
= Ne2teau 4 62(N+1)t6u’ —00 < t < 400, (2.3)
u(t) = a as t — —oo. (2.4)

We truncate (2.3) into the form
—u" = Xe® f(u) + 2NV g(u),  —o0 <t < 400, (2.5

where f(u) = e® and g(u) = e for u < 0, and both f(u) > 0 and g(u) > 0 are
smoothly defined for v > 0 in such a way that

B = sup {1+ | ()| + lg(u)| + 1/ (u)] + 19’ ()] } < oo
ue
We start with the following existence and uniqueness.

Lemma 2.1. For each o € R, the problem (2.4)—(2.5) admits a unique solution u(t)
satisfying

u(t)=a+o(l) as t— —oc. (2.6)
Proof. Ttis easy to verify that u = u(t) is a solution of (2.4)—(2.5), if and only if u = u(t)
satisfies

u(t) =a — /t (t—s) [Aerf(u(s)) + 62(N+1)Sg(u(s))}ds, 2.7)

and hence (2.6) is a direct result of (2.7). Let T € R be a constant satisfying
2(N+1)T 9
AT 4 <2 2.8
(N2 = B 9
By constructing a Picard iterative sequence {u;}: uo(t) = o,
t
u;i(t) = a — / (t—s) [/\eQSf(ui_l(s)) + eQ(NH)Sg(ui_l(s))] ds, i>1,

it yields that for any ¢ € (—o0, T,

SUDP e (—o0,1] [Uit+1(t) — ui(t)]

LA sup ()] + S suplg'(u) ) — i1 (1)
Sf[e sup U +7supgu} sup  |ui(t) —u;—1 (2
4 uER (N+1)? ycr te(—00,T]
1
< 5 _sup | () — wi—1 ()]
tE(—OO,T]

This shows that there exists a solution of (2.7) in the interval (—oo,T. Since f(u) and
g(u) are bounded, the solution can be extended into R, which then gives the existence of
solutions for (2.4)—(2.5).



CONDENSATE SOLUTIONS IN ELECTROWEAK THEORY 7

We now prove the uniqueness of solutions for (2.4)—(2.5). Assume that U; and U, are
two solutions of (2.7) in the interval (—oo, T'|, where T satisfies (2.8). Then the difference
U = U; — U, satisfies

SUPte(—o0,T] |U(t)]

—supic(or| [ ;u — ) { A [F(U1) = F(UR)] + 2V [g(Uh) — g(U2)] Jds|

/81 ( o7 62(N+1)T 1
< —(Xe +7) sup |U@)| <= sup |U(F)].
4 (N +1)2 te(foo,T]‘ ) 2 te(foo,T]| )

(2.9)
This inequality implies that sup,c(_o, ) |U(t)] = 0, which then gives Uy = Uz in
(=00, T]. Since f(u) and g(u) are bounded, the uniqueness of solutions for (2.4)—(2.5)
in R then easily follows from the unique continuation of solutions. (|

We next prove the existence of non-positive solutions for (2.4)—(2.5), which then im-
plies the existence of (non-positive) radial solutions for (1.1). For this purpose, we vary
the parameter @ € R, and denote by u(t, ) the solution obtained by Lemma 2.1. For
convenience, we set u'(t, @) = Zu(t, o) and uq (¢, @) = Zu(t, a).

Define

AT ={aeR: u(ty,a) > 0forsome ¢, € R},

A" ={aeR: u(t,a) <0 and v/(t,«) > O forany t € R},

A ={a€eR: u(t,a) <0forany t € R, and /(t_,a) < 0 for some t_ € R}.

It is clear that
ATUAUA" =R, ATnA'=ATNndA =4 nA=0.
Lemma 2.2. The following statements hold:
(1) A° = g&;
(2) AT is a non-empty open set, and if o € AT then v’ > 0 in the set {t : u(1,a) <
0 holds for any T < t}.
3) A~ =R\ AT, andifa € A~ thenv” < 0, u < 0in R, and lim;_, oo u(t,a) =
—00.

Proof. 1. Since the equation (2.5) implies u” < 0 in R, if o € A° then we have v’ > 0 in
R and b = lim;_, o u(t, @) < 0 exists. Furthermore, it follows from (2.5) that

limy o0 u” (t, ) = — limy_, oo [/\e%f(u(t,oz)) + 62(N+1)tg(u(t,a))]

= —Xe®lim;_, o €2t — el limy_, oo 2NVt = _ o0,

which is impossible by the definition of A°. Therefore, A° = &.

2. Since f(u) and g(u) are bounded and nonnegative, we first note from (2.7) that
u(0, &) > 0 holds for sufficiently large . This shows that AT is non-empty.

Similar to the uniqueness proof of Lemma 2.1, one can deduce that «(¢, «) is continuous
in «. Therefore, if u(ty, a4 ) > 0 then u(t4, «) > 0 for « sufficiently close to o, which
proves that A™ is an open set.

Furthermore, if « € AT we let ¢ be the first time at which u(¢, «) hits the t—axis from
below. Then (2.7) implies that u(¢,«) < 0 and u” (¢, ) < 0 in (—o0, ¢4 ). This implies
u'(t, ) > 0in (—o00,t4).

3. It now concludes from above proofs that A~ = R\ A*T. Moreover, if « € A~
then (2.5) implies that u”(t,«) < 0 in R, and (2.7) implies that u(t,a) < 0 in R.
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Hence, u/(t,«) strictly decreases in ¢, which implies that lim; o, v/(¢,«) < 0. This
gives limy_, oo u(t, ) = —o0. O

It is now easy to deduce from (2.7) that AT = (0,+o00) and A~ = (—o0, 0], which
gives the existence and infinite multiplicity of radial solutions for (1.1). This proves the
first part of Theorem 1.1. The second part of Theorem 1.1 is a direct consequence of the
following lemma, which also implies that any (classical) radial solution of (1.1) must be a
condensate solution.

Lemma 2.3. Suppose v = u(r) is a classical radial solution of (1.1), then we have the
estimates

2 o0
M := max{E,Q(NJrl)} <= lim rup(r) = /o [Asea(®) 4 2N +1eu()] ds < oo,

(2.10)
Proof. For any classical radial solution u = u(r) of (1.1), we first note that
s
U, = —/ [)\se‘w(s) + sgl\ﬂrle“(s)]ds7 r>0. (2.11)
0
Since (ru,.), < 0 for any r > 0, it follows that v := — lim,_, o, 7u,-(r) exists and satisfies

0<v < o0
We first prove the lower estimate of 7. Suppose that 0 < v < M := max {2,2(N +
1)}. Since —ru,(r) is strictly increasing, we have

2
—ru, <y <M:=max{=,2(N+1)}, ie. wu(r)>u(l)—Mr for r>1.
a

This implies that

—ru,(r) = —u,(1) —i—/ [Ase® () 4 2N HLeu(=)] g
1

> —ur(1)+/ [/\eau(l)sl—aM+eu(1)82N+1—M]d8’
1
which leads to

v > *Ur(]-) +/ [/\eau(l)slfalw + eu(1)52N+17M] ds = 0,
1

a contradiction. Therefore, we have the lower estimate v > M := max {2,2(N + 1)}.
We next prove the finiteness of . Since v > M := max {2, 2(N + 1) }, it follows that
for any small € > 0 such that

2e <y — M, ie.y—€> M +e, (2.12)
there exists a fixed R = R(e) > 1 with
u(r) < w(R) — (7 —€) m%, r> R.
This leads to

—ru,(r) = —Ru,(R) + )\se‘“‘(s) 4 2N+, u(S)]d

i:a

S _Rur + )\R (J.TL(R) )1_(7_5)0‘ _|_ R2N+161L(R)(%)2N+1_(7_6)]dsl
R
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Therefore, we then reduce from (2.12) that

v < —Ru,(R) +/ [)\Reau(R)(%)lf(vfe)a i R2N+1€u(R)(%)2N+1*(’Y*5)]d$
R

< +/}% P\Reau(R)(%)lf(JW#»e)a i R2N+1eu(R)(%)2N+17(]\4+6)]d5

< C1 4 Cy < o0,
since M + e > max {2,2(N + 1)}, and hence the lemma follows. O

Remark 2.1. Suppose u = u(r) is a classical radial solution of (1.1), and let -y be defined
as in (2.10). It then follows from Lemma 2.3 that u = u(r) must be a condensate solution
of (1.1). Moreover, one can deduce from (1.1) that u = u(r) satisfies the identity

1 A 2\
[5 (rur(r) 4 Zret ) 4y 2NFDEU] = ZRpeen() 1 g(N 4 1) e, 2.13)

For any R > 0, integrating both hand sides of (2.13) over [0, R] now yields that

r 2\ au(r) 2N+1 ju(r) 1 2 A 2 jau(r) 2(N+1) ju(r)
; [—re +2(N+1)r e ]dr = [5 (rur(r)) —&—57“ e +r e ]

T:R.

a
(2.14)
Since Lemma 2.3 implies that
i7‘26““(” +P2WNEDeu) 50 as > oo,
a
it now follows from (2.14), by setting R = oo, that
1 < 2A
572 = / [Zore® (™) 4 2(N + 1)r2N +len(M] dr, (2.15)
0 a/
which is equivalent to
e 1
Yy —4)=4 / [NP2N () 4 (= — 1) Ae™ )] rdbr. (2.16)
0 a

This shows that the energy identity (1.9) can be easily established in the class of radial
condensate solutions.
3. ASYMPTOTIC ESTIMATES AND ENERGY IDENTITY

The main purpose of this section is to prove Theorem 1.2 on the asymptotic estimates
and energy identity of general condensate solutions of (1.1). Motivated by Brezis and
Merle’s estimate, cf. Theorem 2 in [5], we begin with the following crucial lemma, and
our main difficulty lies in how to prove the boundedness of |2|>Ve*(*) in R2.

Lemma 3.1. Suppose u is a solution of (1.1) satisfying

= 2

T o

Then e** and |x|*N e are bounded in R?.

/ [Ae“"(m) + |x\2Ne“(I)]da: < 0. 3.1
R2

Proof. We first prove that e®* and |z|>"e* are bounded in the exterior domain B%(0) :=
{x € R?: |2| > R} CC R?, where 1 < R < oo is fixed.
Consider any fixed point zo € R? satisfying |zo| > R+ 1, and let B; () be a unit ball
centered at xq. Set
f(x) =u(z) + 2N In|xol, (3.2)
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such that f = f(z) satisfies the equation

~Af = (ﬂ)”’ef +

o] e*in B%(0). (3.3)

‘x0|2Na

Note that for above choices of R and x, the assumption (3.1) implies

A
/ [(ﬂ)mvef + QNae“f] dx < oo.
B (0) |zo] |zo]

This gives that for any 0 < ¢ < min {1, 1 }, one can split

2l yow s
SR

such that || P11 (B< (0)) < € and Py € L>(B%(0)). Let fi, i = 1,2, be the solution of

—Afl‘ = JDZ in Bl(xo),
fi =0 on (’9B1(x0).

s =P P in BR(0),

Denote by C' various constants independent of z(, but possibly depending on €. It then
follows from Theorem 1 in [5] that

/ e« dr <C,
Bl(zo)

which particularly gives that || f1[| 11 (B, (zy)) < C. Note that the standard regularity implies

1f2llzo (81 (20)) < C-
Let f3 = f — f1 — fa sothat Afs = 0 in By (z0), then the mean value theorem yields

1£5 [ By ja(wo)) < CNF L (81 (wo))- (3.4)

Since

a/ f*dxg/ e dr < C,
By /2(z0) By /2(z0)

by applying f5 < f++|fi| + |f2|, we now obtain from (3.4) that [ f3ll Lo (B, o (z0)) < C-
Therefore, we obtain that

112 5y oy S0 MlzeBi@o) < C Ifslle(sp@n <C. (35)

together with || f1[| 21 (B, (20)) < C.
We now rewrite (3.3) as

“Af = (ﬂ)”ef + A ey

o) TV o
x| \2N ot a .
= ((leO') efl)efz-‘rfs + (|x0|2Nae fl)e (f2+13) ‘=g in Bl($0)~

For any A > 0 and N > 0, we next prove that [|g||z1+5(5, ,(z,)) < C holds for some
0 > 0, by separately considering the following two different cases of a.

Case 1: a > 1. In this case, since

ea(fz+f3)7 elf2+f3) ¢ L°°(Bl/2(mo)), eft e Ll/e(Bl(.’E())),
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where 0 < € < 1/a < 1, it follows from (3.6) that

A

1
/ gid:c <C ((—'x‘ )2N€f1 + QNae“fl) “dx
Bi/2(z0) By ja(zo) © %ol |0l

f f
<C eecdr + C e da
31/2(10) Bl/zgfﬂo)

<c(BHy= [/ et + 0
4 Bi/2(z0)

<Ci+Cy <

uniformly as zg — oo, where the bounded constants C; and C5 are independent of x.
If a > 1, here we apply Holder inequality in the third inequality. Therefore, we conclude
from 0 < e <1/a < 1that||g||Li1+s(B, ,(z)) < C holds for some ¢ > 0.

Case2: 0 < a < 1. Inthis case, since 0 < ¢ < 1, it then follows from (3.5) and (3.6)
that )

/ grdr < C ((ﬂ)weh + Leah)  da

By /2(z0) By /2(z0) |1‘0| |x0|2Na

afi

<C eledx—I—C' e« dx
Bl/z(zo) Bl/z(fo)

T\l—a f1 a
< Cs JrC(Z) {/]31/2(300) e d:c]

<(C34+Cy <
uniformly as xy — oo, where the bounded constants C'5 and C} are independent of x.
Here we again apply Holder inequality in the third inequality. Therefore, in the case
0 <a <1, wealsohave |[g]|L1+5(B, ,(zy)) < C for some § > 0.

We now obtain from the mean value theorem and standard elliptic estimates that
1 oo By jatzon) < CUF N8y ooy + Clgllivs s, ooy <€, B

where C is independent of . Since ¢, with |xg| > R+ 1, is arbitrary, we conclude from
this and (3.2) that

u(z) < C—2Nn(jz|+1) in B{(0) := {z € R*: |z| > R},
which implies that e** and |x|*Ve are bounded in B%(0) for any fixed 1 < R < oo.

For above fixed 0 < R < oo, we finally consider the condensate solution u(z) of (1.1)
in Byr(0), instead of considering the solution of (3.3) in B%(0). A similar argument as
above then yields that u(z) is bounded in By (0). Therefore, e** and ||V e® are bounded
in R2, ]
Lemma 3.2. If u is a solution of (1.1) satisfying (3.1), then we have 3 > max{2(N +
1),2/a}, and

—BIn(|z| +1) = C <u(r) < —BIn(lz| +1)+C in R? (3.8)
for some positive constant C.
Proof. Based on Lemma 3.1, the proof of Lemma 3.2 is similar to that of Lemma 1.1 in

[11]. Here we give the details for completeness.

(i). Define
wiz)= 5

T or

/ <ln |z —y| — In(ly| + 1)) ()\e“"(y) + |y|2Ne“(3’))dy. (3.9)
R2
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We claim that
w(z)

— S uniformly as |z| — oco. (3.10)
In |z|

Indeed, since Lemma 3.1 gives that Aedw(@) and |x\2N e“®) are bounded in R2, we first
note that w(z) is well-defined and satisfies

Aw(z) = Xe@) 4 |z eu(@) e R2,
Set

Infz —y| -1 1) -1
I:/ njz —yl ~Inl +1) n‘ml(Ae““(y)+|y|2Ne“(y)>dy (3.11)
R2 In |z|

such that I = 277({”;(;)‘ — ). Write I = I; + I, + I3, where I, I> and I; are the integrals
onthe regions Dy = {y : |z —y| <1}, Dy ={y: |z —yl > 1,|ly| < K} and
Ds ={y: |z —y| > 1,]y| > K}, respectively, where the constant X > 0 is to be
determined later. Here we may assume that |z| > 3, since we consider |z| — oo. Firstly,

to estimate I, we have

I < C/ (/\e‘“‘(y) + \ylweu(y))dy
D,

1
+— / In |z —y| (Aea“(y) + |y\2Ne“(y))dy.
h’l |9L‘| D,

Then by the boundedness of Ae®(®) and |2|*Ve*(*) in R?, together with the assumption
(3.1), it easily follows that I; — 0 as |z| — oo. Secondly, for each fixed K, in Dy we
have
Injz —y[—In(jy| + 1) — In|z|
In |z|
and hence Iy — 0 as || — oo. Thirdly, if | — y| > 1 and |z| > 3, we then have

—0 as |z|] = oo,

Injz —y| —In(jy| + 1) — In|z|

<C
In |z| -

and hence by choosing K — oo we obtain that I3 — 0 as || — oc. Therefore, we obtain
from (3.11) that
I—0 as |z|] = oo,

which then yields the claim (3.10).
(ii). We now consider the function v(z) = u(x) + w(x). Then Av(z) = 0 and since

In|z—y| —In(|y| + 1) < In(|z| + 1),
we have
w(@) < —In(|a] + 1) / (Ae ) 4 [y2V e @ ) dy = Bin(fa] + 1).
27 R2
This leads to
v(z) < C+ Bln(jz] + 1)
for some constant C'. Hence v must be a constant, and it therefore reduces from (3.10) that

— —( uniformly as |z| — oo. (3.12)
In |x|

(iii). By the above proof, we can write the solution of (1.1) as

1
_o_ L ol — au(y) 4 g |2N yuly)
u(z) =C 5 /R2 (1n|1: y| — In(ly| + 1)) ()\e +|y[“Ve )dy. (3.13)
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Since
/ (111 |z —y| — In(|y| + 1)) (,\eauw) i |y|2Neu<y))dy
R2

< In(le] + 1) / (A ®) 4 [y2N u®) gy
R2

= 2rBIn(|z| + 1),
it then follows from (3.13) that
u(z) > —Bln(|lz| +1) — C.

This gives the left inequality of (1.8), and the lower estimate 5 > max{2(N + 1),2/a}
follows from the assumption (3.1).
(iv). To prove the right inequality of (1.8), it now suffices to prove that

w(z) > Bln(jz|+1)—C in R (3.14)
In fact, we have for |z — y| > 1,
|z < [o —yl(lyl + 1),
which implies that
Infz| — 2In(|y| + 1) < Infz — y| - In(ly| + 1).

Consequently,
1
w(x) > 2*/ (ln |z| — 2In(|y| + 1)) ()\eau(y) + |y|2Neu(y))dy
T J|a—y[>1
1
Tor (In]z — y| — 2In(jy| + 1)) (Ae™®) + |y|*N e @) dy
27 Jjz—y|<1
1
> fln|z| - Inje| (A ® |y‘2Neu(y))dy

21 Jjp—y<1

1
27 Jjz—yl<1

1
7;/ In(|y| + 1) (Ae™®) + |y|2N e @) dy
]R2

In |z — y| ()\ea“(y) + |y\2Ne“(y))dy

=Bn|z|+ I + I, + I5.

In view of (3.12), where 5 > max{2/a,2(N + 1)}, one can observe that I;, I, — 0 as
|| — oo and I is finite. Since A\e®®) and |z|*Ve*(®) are bounded in R?, (3.14) now
follows. g

Lemma 3.2 shows that for any a > 0, if u(z) is a condensate solution of (1.1), then
u decays very fast with the rate § > max{2(N + 1),2/a} > 2. Based on this fact,
the symmetry argument of Chen and Li [11] can be directly used to establish that any
condensate solution of (1.1) with NV = 0 must be radially symmetric around some point
£ e R2.

Let (r,6) be the polar coordinates in R?, it then follows from (3.13) that

TUp = LUz, + T2Ug,

1 y-x—-y
=—f- 2 /RQ :B( y|2)<)‘eau(y) + ‘y|2Neu(y))dy7
and

L[y (z-y)
- A au(y) 2N _u(y) d
Up o0 /1;2 ‘x — y|2 ( € + ‘yl € ) Y,
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where § = (y2, —y1) € R2. Following this notation, one can further establish the follow-
ing estimates.

Lemma 3.3. [fu is a solution of (1.1) satisfying (3.1), then we have
ru, — —f and ug — 0 as r — oo.

Proof. Based on previous two lemmas and the lower estimate 5 > max{2(N + 1),2/a},
the proof of Lemma 3.3 follows exactly in the same way as the proof of Lemma 1.3 in [11],
by replacing the term R(y)e"®™) with (|y|?Ne ™) + \e®“)). Here we omit the details of
the proof. ([

We are now ready to complete the proof of Theorem 1.2.
Proof of Theorem 1.2. We are only left to show the energy identity (1.9) in view of Lemma

3.2. Multiplying both hand sides of equation (1.1) by « - Vu and integrating by parts over
the ball B (0), one gets

1
/ 7“(7|Vu|2 - uf) ds
OBk (0) “2
= 7/ (z - V]z*N)e" dfo/ |22V e® dx
Br (0) Bk (0)
2N _u A au A au
+ rlz[*Ye" ds — 2 —e™ dx + r—e®™ ds
dBxk (0) Bx(0) @ 8Bk (0) @
2
= _/ [2N|x|2Ne“ + (7 — 2))\6(1”} dx
Bk (0) a
A
- 2/ {|x|2Ne“ + /\ea“} dx + / T(|a:|2Ne“ + fe‘”‘) ds,
B (0) 9Bk (0) a
where |Vu|? = u2 + “ug. Note from Lemma 3.3 that
1
/ r(f|Vu|2 - uf) ds — —mf? as K — oo.
0Bk (0)
On the other hand, it yields from Lemma 3.2 that
A
/ r<|x|2Ne" + fe‘“‘) ds—0 as K — oo.
8Bk (0) a
Therefore, we conclude that
2
B2 = / [2N|:c|2Ne“ + (f - 2))\6(1“} dx + 47 f3,
a

which implies (1.9), and hence Theorem 1.2 follows. (Il

4. REFINED ASYMPTOTIC BEHAVIOR

This section is focused on the proofs of Theorem 1.3 and Proposition 1.4, which handle
the refined asymptotic behavior of condensate solutions of (1.1) as |z| — oo. The basic
tool is to reduce (1.1) into semilinear evolution elliptic problems.

In this section, let u = wu(z) be a fixed condensate solution of (1.1) satisfying (1.7).
As mentioned in the introduction, by applying the estimate (1.8), standard elliptic theory
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implies that any solution of (1.1) satisfying (1.7) must be a classical solution. Thus, there
exists some function 1 (-) € C°(S1) such that u satisfies

—Au = e 4 |z|?Nev in R2\ By(0),
4.1
u=1() on S!=0B;(0),

where B1(0) is the unit ball in R? with the center at zero. Using the idea from [13] and the
references therein, we set
v(t,0) :=u(r,0) + Blnr =u(z)+ Sln|z|, t=1Inr and r = |z, 4.2)
where 3 is as in (1.7) and (r,0) € (1,00) x S! are polar coordinates in R? \ B;(0), to
obtain an evolution elliptic equation of the form
{ —Vtt — Voo = )\6(27aﬁ)teav + €(2N+27ﬂ)tevv (tv 9) € (07 OO) X Sla

v(0,) = ¥(),
where t(-) is the same as that in (4.1), and Theorem 1.2 implies that 2 — a8 < 0 and
2(N + 1) — 8 < 0. Therefore, discussing the asymptotic behavior of u as |z| — oo is
reduced into studying the large-time behavior of bounded solution v of (4.3) as ¢ — +o0.

4.3)

Remark 4.1. Similar to Sections 1 and 2 in [13] (and many related papers), the use of such
terminology as “orbit" or “w-limit set" below is simply for the sake of convenience, and it
does not mean that the set is an orbit of some dynamical system in the correct sense. In
fact, as pointed out by the referee, we do not know whether some local semiflow can be
defined in our problem. It is therefore simply for the sake of convenience that we borrow
some terminology from the theory of dynamical systems in this whole section.

Lemma 4.1. Under the transformation (4.2), the following results hold:

(1) There exists some § € (0,1) such that v(t,-), vi(t,-), ve(t,-), vue(t,-), vig(t,-),
vog(t,-), veee (t, ), viao(t, ), viso(t, -) and vgae(t, -) all remain bounded in C°(S*)
for any t € [0, +00), where C°(S') denotes the usual Hélder continuous space
on S*.

(2) Bothv,(t,-) and vy(t,-) tend to 0 in C°(S')—topology as t — +oo.

(3) The “orbit" L := {v(t,-;%) : t > 0} of v is relatively compact in C3(S*).

Proof. Since Theorem 1.2 gives that v is a uniformly bounded solution of (4.3) with
bounded coefficients, we first note that (1) is an immediate consequence of L? and Schauder
estimates for (4.3).

To prove (2), multiplying (4.3) by v; and integrating it by parts in 6 and ¢, and then
using the boundedness of v, vy and v;, one can obtain that

/ / vidfdt < +oo. (4.4
0o Js

k(t) = / vZde.
Sl

The boundedness of v; and vy implies that &’(¢) is bounded on [0, c0), and furthermore,
(4.4) implies that

Define

k() > 0, / k(#)dt < +oo.
0
and hence k(t) — 0 as t — +oo0. It then follows from the boundedness of vg that

v;—0 as t— +oo (uniformlyin 6 € S). 4.5)
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Therefore, the convergence vy — 0, as t — 400, follows from (4.5) and the boundedness
of vy, Vg and vygg.
Finally, (3) follows from (1) and the Ascoli-Arzeld Theorem. [l

In view of Lemma 4.1, we next define “w—limit set" I'(£) of £ := {v(¢, ;) : t > 0}
as
(L) := ﬂ closure{v(¢,-); ¢t > t}, (4.6)
>0

where the closure is with respect to the topology of C2(S1). A standard dynamical systems
argument shows that I'(£) is a nonempty compact connected set in C2(S'). Moveover,
since 2 — af < 0 and 2(N + 1) — 8 < 0, Lemmas 3.3 and 4.1 imply that I'(£) C &,

where G is the set of stationary solutions of (4.3), i.e.,
6 = {w(f) € C*(S") : w" =w' =0} CR, 4.7)

and wy = 0 is followed from Lemma 3.3. Furthermore, the convergence of w(t,-) as
t — oo can be established by integrating (4.3) over S, together with the exponent decay
property of the right-hand side terms of (4.3). Therefore, the above analysis leads to the
following asymptotic behavior.

Theorem 4.2. Let u be a solution of (1.1) satisfying (1.7), then there exists a constant
K =K(\a,N,B,u(0) € R such that

u(z)+ Bz = K as |z| — oo, (4.8)
where 3 > max{%,Q(N + 1)} isasin (1.7).

4.1. Further analysis of refined asymptotic behavior. In this subsection, we introduce
a new transformation
V(t,0) =u(r,0) + Blnr — K in (0,00) x S*, (4.9)
so that lim_, o V/(¢,-) = 0, where the constant 3 > max {2,2(N+1)} isasin (1.7), and
the constant K = K(/\, a, N, (3, u(())) is as in Theorem 4.2. Thus, V' (¢, ) is a uniformly
bounded solution of the following evolution elliptic equation
—Vi — Vg = e FEmofteaV 4 KHENT220)V 0 (16) € (0,00) x S*. (4.10)

See [13] for other evolution elliptic equations applied to elliptic PDEs. To complete the
proofs of Theorem 1.3 and Proposition 1.4, we shall carry on a delicate study of the as-
ymptotic behavior of Fourier coefficients of V (¢, 6) satisfying (4.10). We start with the
following estimate.

Lemma 4.3. Let V (t,0) satisfy (4.9), then
|V(t,-)Hco(51) < +00 “4.11)

sup et
>0
holds for some constant 0 < e < 7 :=min {af — 2,8 —2(N + 1) }.
Proof. On the contrary, suppose that (4.11) is false. Set p(t) = |[V/(¢,-)|co(s1). then
p(t) € C°([0,00)), and
lim p(t) =0, tlim sup e p(t) = +oo 4.12)
— 00

t—o00

for any constant 0 < € < 7 := min {aﬂ -2, —2(N + 1)} By Lemma A.1 in [13],
there exists a function 7(t) € C°([0, 00)) such that

n(t) >0, 7'(t) <0, lim n(t) =0, (4.13)
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0< tlgglo sup 2&3 < +o00, (4.14)
tlg& e'n(t) = +o0, (4.15)

(' /n)', (" /)" € L*((0,00)), (4.16)
i T — o T (@.17)

t—00 n(t) t—00 n(t)

Define w(t,d) = Vn((tg)e), then w is bounded in [0,00) x S, and (4.10) implies that w

satisfies
/ /1

A 1
Wit +27lwt + n—w—i—wee + *6“K+(2_aﬁ)t(eaw)" + — el HCNF2=B)t (g0 — (0 (4.18)
n n n n
where (t,60) € (0,00) x S*, and the constant K = K (X, a, N, 8,u(0)) is as in Theorem
4.2. Note from (4.15) that

lim Le(g_“ﬁ)t = lim Le(QN"'Q_B)t =0.

t—o0 1)(t) t—o0 1)(t)
Thus, similar to (1) of Lemma 4.1, by applying LP and Schauder estimates for (4.18)
about a linear elliptic equation with bounded coefficients, one can deduce that for some
6 c (0? 1)’ U)(t, ')7 'LUt(t,'), we(tv ')7 wtt(ta ')’ wt@(ta ')7 w99(t7')$ wttt(t7')’ wt@@(ta ')7
wyep(t, ) and wagg(t, -) all remain bounded in C°(S*) for any ¢ € [0,400). Applying
(4.16) and (4.17), as in (2) of Lemma 4.1, one can further prove that w (¢, -) and wy (¢, )
tend to 0 in C°(S1)—topology as t — +oo. So if we define “w—limit set" T'(L’) of the
“orbit" L' := {w(t,-) : t > 0} for (4.18), as

r) = ﬂ closure{w(s,-); ¢ > t},
>0
where the closure is with respect to the topology of C?(S*), then a standard argument
of dynamical systems shows that I'(£’) is a nonempty compact connected set in C?(S?!).
Moreover, I'(£L") C &, where &’ is the set of stationary solutions of (4.18), i.e.,
& = {w(h) € C*(S") : w”" =0} CR,

since w is bounded in S*.

Because (4.14) implies 0 ¢ T'(L’), we now assume that there exists a constant £ #
0 such that k € I'(£’). This implies that there exists a sequence {¢;}$2, satisfying
lw(ti, 0)]|cocsry — & # 0as i — oco. Define

ft)=r [ V(t0)de. (4.19)
Sl
Since 7(t) > 0 and w(f) = k € T'(L’) for any § € S*, we first note that there exists a

sufficiently large 7o € N such that f(¢;) > 0 for any 7 > 4¢. On the other hand, multiplying
(4.10) by  and integrating it over S', we obtain that

—f"(t) = /'i)\eaK/ e(2mal)teaVgg 4 HEK/ eBNF2=01tV g, (4.20)
st st

Since f(¢;) > 0 for any i > ig, and lim;_, o f(¢) = lims—0o f/(¢) = 0, it follows from
(4.20) that k < 0. Thus, we further derive from (4.20) that

—f”(t) > 5016(2_{15)15 + HCQ€<2N+2_ﬂ)t > C:‘ie_Et
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for all t = ¢; with ¢ > 1, since € < 7. It hence follows from the above that
Clk v S
0< f(ty) < #e‘“l for any ¢ > 1. 4.21)
€

Therefore, this estimate and (4.15) yield that
f(t) < lim; o sup Cecti f(t;)

li =0
e SuP n(t;) — lim; o inf Cestin(t;) ’
which then implies that 0 € I'(£’), a contradiction. O

The following Fourier analysis gives essentially a better idea of estimating the power €
of (4.11).

Lemma 4.4. Let V (t,0) satisfy (4.9), then there exists some constant M > 0 such that
IV (£, )cosry < Me ™, (4.22)

where I' > 0 satisfies
(1).T =min{l,7}, ifr ¢ N;
(2).T = min{1, 7 — €} with an arbitrary e > 0, if T € N.
Proof. Consider Fourier series of V, eV and eV:
V(t,0) = (21) 72 X pcp an(t)e™?, W)
eaV(t,0) — (271.)7% ZkeZ Ak(t)eike, eV (t,0) — (27r)7% Zkez Bk(t)eika.

By Lemma 4.3, w(t, ) = €'V (¢,6) is uniformly bounded in [0, 00) x S*, where 0 < ¢ <
7 :=min {af — 2,8 — 2(N + 1)} is the same as that of Lemma 4.3. (4.10) then implies
that w satisfies a new evolution elliptic equation

—wy + 26wy — 2w — wgp = AW FT(2aB+e)t (gaw)®
L eK+2N+2-B+e)t (ew>e’“ in (0,00) x S,
(4.24)
where 2 — a8 +e < 0,2N +2— B+ < 0, and the constant K = K (X, a, N, 8,u(0)) is
as in Theorem 4.2. As before, a priori estimates show that w and its derivatives, up to the
third order, remain bounded on [0, 00) x S, i.e,

15V (£, 6) |2 (0,00) x 51) < +00. (4.25)
It then follows that there exists M7 > 0 such that
Ykez(k? + Dax (@) < Mye™>,
Yhez(R + DIA®)? < My, Ypep (B + 1) Bi(t)|* < My
for all ¢ > 0. It also follows from (4.10) that ay(t) is a bounded solution of the ODE

(4.26)

ay(t) — K2ap(t) = gr(t) := —XedEFE=aBt 4, (1) — KFCNE2-0) R (1) (4.27)

where gy (t) satisfies
Ci
gr(t)] € —m==e"""

VE2+1
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for some positive constant C; by applying (4.26). The integration of (4.27) yields that
ap(t) = —/ (t — s)go(s)ds,
t
1 t
ay(t) = ax(0)e~FIt 4 2|k‘|6|k|t/ (e7IKls — el¥19) g, (s)ds (4.28)
0
1 o0
+7(67|k‘t - elklt)/ e kls g (s)ds, |k| > 1.
2|k ¢

This implies that there exists a sequence of nonnegative constants {Pk}‘olj‘: 1 such that

* —Ts Gy t —7t
lao(t)| < —Cl/ (t—s)e ds = —e 7 < Mae™ T,
¢

-
_ My - . (4.29)
lap(t)| < Pee It 4 — —= ¢~ if|[k| > land T ¢ N,
|E[VE2 +1

latr ()] < Prre™ ™ + My(14+t)e ™, if 7€N,
where M5 > 0 is a constant.
It now follows from (4.29) that if 7 ¢ N, then there exists M3 > 0 such that
V(s = D (6 + D]ar(®)]* < Mze ™, where T'=min{1,7},
kEZ
which further implies that
IV (t,)lcoesy < Me™"*
holds for some constant M/ > 0. This gives (1) of Lemma 4.4. Similarly, one can follow
(4.29) to obtain (2) of Lemma 4.4 for the case 7 € N. (I
Remark 4.2. Let ng be the largest integer smaller than 7 := min {a8 — 2, 5 — 2(N +1)}.
Then for any n € N satisfying 0 < n < ny, if
. nt
tliglc ||V(f,, ')Hc(J(Sl)e = O7 (430)
then there exists some constant M > 0 such that
[Vt Mcosry < Me ™, 4.31)
where p > 0 satisfies
(1) p=min{n+1,7},if 7 ¢ N;
(2) p=min{n+ 1,7 — €} with an arbitrary € > 0, if 7 € N.
Indeed, if (4.30) holds for some integer n satisfying 0 < n < ng, then Lemma 4.3 gives

that sup;~ o €*[|V (t,-)||co(s1y < 400 holds for some ¢ satisfying n < ¢ < 7. Based on
this fact, a similar proof of Lemma 4.4 then yields the conclusion (4.31).

Proposition 4.5. Ler V (t,0) satisfy (4.9), and suppose that there exists a constant 0 <
~ < 7 := min {aﬂ —2,8—2(N + 1)} such that

IV (t,-)||cocsry < Ce™* (4.32)

holds for some constant C > 0. Then we have the following conclusions:
(A). If v < T and v is a natural number, then there exist A, € R and 6, € St such that

V(t,0) ~ e A, sin(v0+0,) as t— oo.
(B). If v = T, then there exist A € R and 0y € S* such that
V(t,0) ~ e T [Asin(t0 4+ 6p) — M| as t— oo,
where A = 0 for the case v =7 € N, T and M satisfy
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(i). forﬁ—2N>aﬁ,T:aﬁ—2andM=%;

(ii). f0r6—2N:aﬁ,7:a5_2andM:%’.

(iii). forﬁ—2N<aﬁ,r:5—2N—2andM:m.

Proof. Define
w(t,0) = eV (t,0), (4.33)

where v > 0 is the same as that of (4.32). It then follows from (4.32) that w is uniformly
bounded in [0, 00) x S and satisfies

—wy + 2ywy — y*w — wep = e HEmATENE (aw)® ’
_~_6K+(2N+2—5+v)t(ew)eﬂt in (0, 00) x S,
(4.34)
Again, standard LP and Schauder estimates of (4.34) imply that w and its derivatives, up
to the third order, remain bounded on [0, 00) x S*. By integration by parts, one can further
prove that wy (¢, -) and wy (¢, -) tend to 0 in C°(S1)—topology as t — ~+o0. So if we define
“w—limit set" I'(L") of the “orbit" L := {w(¢,-) : t > 0} for (4.34), as

INVEORES ﬂ closure{w(¢,-); ¢ > t},
>0

where the closure is with respect to the topology of C?(S*), then we have again that I'(L")
is a nonempty compact connected set in C2?(S*t). Moreover, I'(£") C &”, where &” is
the set of stationary solutions of (4.34).

(A).If 0 < v < 7 and + is a natural number, then &” is a nonempty compact connected
subset of

20qry . @Y 2
{¢(9)e() (81 : T +7 1/)20}, (4.35)

and the convergence of w(t, -) as ¢ — oo follows from [17]. We next prove that w(¢, -) has
the exponential convergence as ¢ — oo: Consider the bounded Fourier coefficients ay(t)
of w(t, §), which is defined by

ap(t) == (zn)—lﬂ/ w(t,0)e*do, kcZ.
Sl

One can deduce from (4.34) that the uniformly bounded function ay,(t) satisfies the ODE
ai(t) = 2905 (1) + (v* = K*)ax(t) = e " F (1), (4.36)

where 4 = 7 — v > 0, and F(t) is uniformly bounded in [0, c0). Because of the uniform
boundedness of ay(t), the ODE analysis shows that

t
ap(t) = e”’t/ (t — s)e WS P(s)ds,
1 t
an(t) = me(v—w)t/ [2H1E — G2IHIS) o=+ 1KDs p()ds, 1 < [k] < 7,
t
ar(t) = ag(0)e—IHDE 4 ﬁe(%w [e=Or+IkDs _ o=(=lkDs) =155 r(5) s
0

t
_ﬁ[e(v—\kl)t — e(v+|k\)t] / e (HEDse=ns p(g)ds, || >,
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where v — |k| + 4 = 7 — |k|. Delicate estimates yield from the above that there exist two
positive constants C; and Cs such that

lao(t)] < Cae™, 0 < [k <4,

_ &%,
|k|vVE2 +1
Thus, the exponential decay property of ax(t) implies the exponential convergence of
w(t,-) as t — oo.
Therefore, it now follows from (4.35) that there exist A, € Rand 6, € S ! such that
w(f) = A, sin(v0 +0,) € (L"), where 6¢e S, (4.37)

and hence (A) of Proposition 4.5 follows from (4.33) and (4.37).
(B). If v = 7, it then follows from (4.34) that &” is a nonempty compact connected
subset of
d?y

{voyecr(sh): —Z5 —12 =}, (4.38)
where the constant C is explicitly given below. Furthermore, if the convergence of w(t, -)
holds, it then follows from (4.38) that there exist A € R and 6y € S such that

(1) If B — 2N > af, then v = a3 — 2, C = Xe®¥ in (4.38), and

lar(t)] < C1(1 + t)eOr—IkDt 4 THE k] > .

aK
w(f) = Asin[(aB — 2)0 + 6p] — ()\672)2 €T(L"”), where e S'  (4.39)
aB —
(2) If 3 — 2N = af, theny = af3 — 2, C = Xe®® + X in (4.38), and
(0) = Asi [(ﬁ—2)9+0]—MEF(£”) here 6c S'.  (4.40)
w(f) = Asin|(a o (f =27 , W . .
(3) If 8— 2N < afB, theny = B — 2(N + 1), C' = X in (4.38), and
K

w(f) = Asin[(f—2N—2))0+6,]— L"), where 6c S'. (4.41)

CEPIESERR
Here A = 0 for the case v = 7 ¢ N, and the constant K = K()\, a, N, B, u(O)) is as in
Theorem 4.2.

Next, we prove the convergence of w(t, -) as t — oo. We only focus on the above case
(1), where 8 — 2N > a3, v = 7 = af3 — 2 and C = \e®¥ in (4.38), since the other two
cases can be addressed similarly. Set W (¢,0) := w(t,0) + ’\izk, then W is a uniformly
bounded solution of

e K

Wi + 27W; — ’7'2W — Wy = e [(ea(W— 2 ))

e—Tt

_1}

+eKHEN+2= g (W 2t )e‘” (4.42)

== e PLf(t,0) in(0,00) x ST,

where p = min{r, 5 — 2N — 2 — 7} > 0 in this case, and f(, 0) is uniformly bounded in
[0,00) x S1. Because the inhomogeneous term of (4.42) decays exponentially, applying
[17] or a similar proof of (A) above yields also that all Fourier coefficients of W (¢, 6)
decay exponentially, which further implies the (exponential) convergence of W (%, -) and
hence w(t,-) as t — oo.

Therefore, (B) of Proposition 4.5 follows from (4.33), and (4.39)—(4.41). (I

We are now ready to complete the proof of Theorem 1.3 by applying Lemma 4.4 and
Proposition 4.5.
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Proof of Theorem 1.3. (I). We first consider the case 7 ¢ N to prove (I) of Theorem 1.3.
If0 < 7 := min {aﬁ —2,0—2(N+ 1)} < 1, then Lemma 4.4 holds with I' = 7, and
hence applying (B) of Proposition 4.5 implies that (2) of Theorem 1.3 occurs necessarily.
We next consider the case 1 < 7 < 2. In this case, Lemma 4.4 holds with I' = 1, and
hence (A) of Proposition 4.5 occurs at v = 1 with some A; € R. Note that if A; £ 0
occurs here, then (1) of Theorem 1.3 occurs with ky = 1.
Otherwise, if A; = 0 occurs here, then ||V (,0)|co(s1ye’ — 0 as t — oo. Thus,
Remark 4.2 yields that there exists some constant M/ > 0 such that

IV (£, cosry < Me™™, (4.43)

since 1 < 7 < 2. Hence applying (B) of Proposition 4.5 implies that (2) of Theorem 1.3
occurs. This proves the case 1 < 7 < 2.

For the general case 2 < ny < 7 < ng + 1, where ng is an integer, one can note
that if (A) of Proposition 4.5 occurs at some natural number v < 7 with A, = 0, then
[V (t,0)||cocsrye™ — 0 as t — oo. Therefore, one can obtain from Remark 4.2 that
[V (t,-)|lcogsry < Me™?*, where p = min{~y + 1, 7}. Based on this fact, the basic idea of
the proof is similar to that of the above case where 1 < 7 < 2, and we omit the details.

(IT). We now consider the case 7 € N to prove (II) of Theorem 1.3.

If 7 = 2, then Lemma 4.4 holds with I" = 1, and hence (A) of Proposition 4.5 occurs at
~v =1 with some A; € R.

If 7 = 3, then Lemma 4.4 also holds with I' = 1, and hence (A) of Proposition 4.5
occurs at v = 1 with some A; € R. If A; # 0, then the proof is completed. Otherwise,
if Ay # 0 occurs here, then ||V (t,0)||co(s1)e’ — 0 as t — co. So Remark 4.2 yields that
there exists some constant M > 0 such that

IV (t,)lcosry < Me™?". (4.44)

Hence (A) of Proposition 4.5 occurs at v = 2 with some As € R, and we are done.

For the general case 7 > 4, one can note as before that if (A) of Proposition 4.5 occurs
at some natural number v < 7 — 1 with A, = 0, then ||V (¢, 0)|co(s1)€?" — 0 as t — oc.
Therefore, one can obtain from Remark 4.2 that ||V (t,-)[|co(s1y < Me™?*, where p =
v+ 1 < 7. Based on this fact, the idea of the proof is similar to that of the above case
where 7 = 3, and we omit the details. O

For any radial condensate solution of (1.1) satisfying (1.7), we next prove Proposition
1.4 to obtain the more precise asymptotic behavior.

Proof of Proposition 1.4. Suppose that u = u(r) is a radial condensate solution of (1.1)
satisfying (1.7), Theorem 4.2 then implies that there exists a constant X € R such that

u(r)+ Blnr - K as r — oo,

where § > max {%, 2(N + 1)} is as in (1.7). Further, it follows from Lemma 4.4 and
Proposition 4.5 that there exists a constant M > 0 such that

[V (#)] == |u(r) + Blnr — K| < Me™ ™, (4.45)
where 7 := min {aﬂ —2,86—-2(N+ 1)} Set
w(t) = e™ V(). (4.46)

It then follows from (4.10) and (4.45) that w is uniformly bounded in [0, c0) and satisfies

—rt
—w" + 21w’ — 20 = )\eaK+(2—aB+T)t (eaw)e

. 4.47)
+6K+(2N+2—ﬁ+7)t(ew)e in [0, 00).
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One can deduce from (4.47) that w’ and w” converge to zero as t — oo, and w converge
to some constant C' as ¢ — oo. Furthermore, direct calculations yield the value of C for
the following three cases:

(1) If 8 —2N > apB, then 7 = af — 2 and (4.47) gives

lim w(t) = — (4.48)
o a2y '
2) If 8 —2N = apf, then 7 = af — 2 and (4.47) gives
) )\eaK + eK
(3) If 8 —2N < af, thenT = § — 2(N + 1) and (4.47) gives
. ek
Proposition 1.4 is therefore established by combining (4.46), and (4.48)—(4.50). [l

Remark 4.3. The results of Theorem 1.3 and Proposition 1.4 go only to the case where
A > 0. However, our methods can also be applied to (1.1) with A = 0, in which case
some similar results can be obtained. Actually, consider any condensate solution u of the
semilinear elliptic equation

—Au=|z*Ne* on R? 4.51)

where NV > 0 is arbitrary, in the sense that
8= / |22V e ™) dy < 0. (4.52)
]RQ

It then follows from [11, 16], and the references therein, that = 4(N + 1), and
—4(N+ 1D n(jz[ +1) — C < u(z) < —4(N + 1)In(jz| + 1)+ C on R
Further, the above method of this section can be used to establish that there exists a constant

K = K(N,u(0)) € R such that
u(x) ~ =4(N+1)Injz|+ K as |z| — cc.
Moreover, we have the following refined results:
(1) If N € N, then
(a) either there exist a natural number kg satisfying 0 < kg < 2(N +1), A € R
and 6y € S' with A # 0, such that
u(z) ~ —4(N 4+ 1)In|z| + K + Asin(kof + 6)|z| " as |z| = o0,  (4.53)

(b) or

uw(x) ~ —4(N +1)In|z|+ K —

5 lz| 72N "2 as x| — oo. (4.54)

(2N +2)

(2) If N € N, then there exist a natural number kg satisfying 0 < ko < 2(N +1), and
A € Rand 6y € S such that

u(z) ~ —4(N 4+ 1)In|z| + K + Asin(kof + 6)|z| % as |z| — oco. (4.55)

Furthermore, if (4.55) holds for kg satisfying 1 < kg < 2N, then it necessarily
has A # 0 in (4.55).
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(3) If w = u(r) is a radial condensate solution of (4.51), then there exists a constant
K=K (N , u(O)) € R such that we have the asymptotic behavior

K
U(r) ~ _4(N + 1) 1117" —+ K — (2‘2\767—"_2)27”721\[72 as r = ‘Jj| — OQ. (456)
One can note that the above asymptotic results of (4.53)—(4.56) are well matched with
those explicit condensate solutions discussed in [10, 11, 16].
5. SYMMETRY UNDER INVERSIONS WHEN a = 3¢
In this section, we apply the “shrinking-sphere" method, c.f. [16], to establishing Theo-
rem 1.5, which gives the “symmetry under the inversions", ¢.e., the invariance of (1.1) with
respect to “inversions", for the special case a = ﬁ
Recall that any condensate solution u = u(x) of (1.1) satisfying (1.7) is smooth at the
origin, and v has the decay rate 8 = 4(N + 1) when a = ﬁ We start with the following

lemma by applying Theorem 1.3.

Lemma 5.1. Fora = ﬁ, suppose u(x) is a condensate solution of (1.1) satisfying (1.7),
and let K = K()\, a, N, B, u(O)) be the constant given in Theorem 1.3. Set
1
() :u(%) HAWN +DIn o where zeR2 (5.1)
x x

Then v is also a condensate solution of (1.1), and

K =v(0) = lim (u(az) +4(N +1)In |33|). (5.2)
xT|—00
Proof. In view of (5.1), a simple change of the coordinates gives
1

2 R2

[Ae}"v(ii + 2PN et @) de = 4(N +1) < oo.

Direct calculations show that v(z) satisfies (1.1) in R? \ {0}. Since Theorem 1.3 and
(5.1) imply that K = v(0) = lim|y_o0 (u(z) + 4(N + 1) In|z|), v admits a removable
singularity at zero. Therefore, v is also a condensate solution of (1.1). O

In order to apply the “shrinking-sphere” type method, for any 1+ > 0 we now introduce
the function
w () = ulpuz) + 4N + 1l
and define the domain

1
EH:{x€R2:|x|>ﬁ}.

It is then easy to check that

—Auy,(z) = /\M2el§v(l7fi> + ,LLQ(N+1)|39‘2NQM(HI)
= A2 HE DN en) i B,
which therefore gives the following lemma.

Lemma 5.2. Let a = ﬁ, and suppose u(x) is a condensate solution of (1.1) satisfying

(1.7). Then for any ;1 > 1, we have
wy ()
—Au, < e 4 |z ew@ in B, (5.3)

and the equality holds if and only if pn = 1.
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For any ¢ > 0, if we set

1
v, (x) :u(ﬁ) FANF DI, (5.4)

then for v(x) defined in (5.1), we have
vu(z) = v(pux) + 2(N + 1) In p.
One can check that v, () also satisfies (5.3).

Proof of Theorem 1.5. By applying lemma 5.1, without loss of generality, we can assume
that u(0) > K = v(0), and hence 7 > 1. Set

w“(x) = U(I) - ’U”(l’), p >0,

where v, () is defined by (5.4). Since 0 ¢ E,,, w,, is smooth in E,,. Moreover, Lemma
5.2 implies that for any ;1 > 1, w,, satisfies

—Aw, > (A fi(z) + f2(x))w, in By,
(5.5)
w, =0 on 0E,,

where

N£r1 1

fi(z) :/ etu+(ﬁ7t)vudt’ falz) = |1’|2N/ pltut(1=t)vu gy
0 0

Since

vu(z) < Lrg%u(x) in £,
it follows that there exist constants C'y, Cs > 0 such that
0 < Mi(x) + fo(x) < ACy + Colz[*Y in E,,. (5.6)
Claim 1. There exists a finite number o = po(A, N) > 1 such that for any p > po, we
have
wy(z) >0 in E,.
Towards the claim, we set
1
bo :min{l,—}, (5.7)

\/ )\(Cl + CQ)@

1

where C and C5 are given by (5.6). For any p1 > 75, we also set
0

1
B, ={zeR*: ﬁ<|x|<b0}.

Define

ha(z) = e — eVMOHCIelRl 5 00 e B,
which satisfies
Ah)\(.’b) + (Afl(ac) + f2(1'))h>\(1')

< —\Cy + C2)61+\/A(Cl+02)e\m| + ACy + CQ‘x|2N)(e _ e\/k(cl+C2)e‘z|)

< —=A(C1 + Ca)e + A(Cy + Co|z[*M)e <0 in By,

1

since by < 1. It now follows from [6] that for any x> 7, the maximum principle holds
0

for the operator
Ly, =A+ (Mfi(z) + fo(z)) in B,
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Since u(x) + 4(N + 1) In || is continuous away from the origin, it follows from (5.2)
that for by defined in (5.7), there exists a constant C' > 0 such that

lu(z) + 4(N + 1) In|z|| < C for |z| > bo.
This yields that for |x| > by,
_r
pll?
> —C —maxgegz u(z) + 2(N + 1) In p.

wy(z) = u(x) + 4(N + 1) In |z| — u( )+2(N+1)Inp

Therefore, there exists a sufficiently large pg = po(A, N) > % > 1 such that for any
> o, we have

wy(z) >0 holds for any |z| > by. (5.8)
Together with (5.5), this yields that Ly ,w,(x) < 0in B, and w,(z) > 0 on 0B,
from which the maximum principle gives that w,,(z) > 0 in B,,. Further, it follows that

wy(x) > 0in E,,, and Claim 1 is hence established.

We now define the set
A= {u >1: wg(xz) > 0in E forall s > u}.
It then follows from Claim 1 that the set A is non-empty, and for any p € A we have

0 < 1m0 () = lim) g0 (u(r) F4(N +1)In \x|)

T
—lim oo tt(—=) +2(N+1)Inp
|z]— (Mmz)
=K —-u(0)+2(N+1)Ing=2(N+1)In(u/7),
where 7 > 1 is defined as in (1.24). Therefore, if 1 € A we then have 1 > 7, which gives
inf A > 7. We next prove the following identity.

Claim 2.
7 = inf A. (5.9)
To prove Claim 2, the key ingredient of our argument is a version of the maximum
principle for any domain with smaller measure, which was used and proven in Berestycki
and Nirenberg [6] and was attributed there to Varadhan. We argue by contradiction: on the
contrary, suppose m = inf A > 7. We shall apply the maximum principle to the operator
Ly, = A+ (Mi(z) + f2(z)) on the subdomain of D = {z € R? : \/% < |z| < \%},
where m < co. Indeed, since 7 > 1 we observe from (5.6) that A f1 (z)+ f2(x) is uniformly
bounded on D for any 7 < g < m. Thus, by the maximum principle [6], there exists a
small constant § = §(\, N) > 0, independent of y, such that for any subdomain Q C D
with meas(§2) < d, the condition
Ly,w<0 in 2, lim infw >0 on 00 (5.10)
z—0Q
implies w > 0 on €).
We now choose a sufficiently small 0 < g9 < m — 7 such that

1 1
Let R > 0 be sufficiently large so that
() +4(N + 1) Injz| — K| < (N+ Dl (—2) for [¢] > R,  (5.12)
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and
m — &g

1
|u(y) — u(0)| < (N+1)In( ) for |y| < ok (5.13)
Hence, for p > m — gy > 7 > 1, it follows from (5.12) and (5.13) that

wy(x) = (u(@) +4(N + 1) Infz| — K) + [u(0) — u(ﬁ)] +2(N +1) 1n§

> 2N+ 1) (=) 12N+ )In 2 >0 for 2| > R.
T
(5.14)
On the other hand, the definition of m and the Hopf lemma give that for any p > m,
1
w, >0 in E,, Orw, >0 for r=|z|=—. (5.15)
0 iz " Vi

When o = m, in particular, we obtain that for any € € (0, &¢), there exists & = a(g) > 0
such that

wm(z) > a  for < |z| < R.

1
Jm—¢
Therefore, the compactness argument gives that there exists a constant p; € (m — €, m)
such that for any 13 < p < m,

wy(z) >0 for <|z| < R.
m—e
We now conclude from (5.14) that
w, >0 for |z| > . (5.16)
—¢
For any y; < p < m, however, it is obvious that the set @ = {x € R? : L < |z| <

Vi

77178} is contained in D, and (5.11) gives that meas(2) < 4. Since L ,w, < 0in Q
and w, > 0 on 0f, the conclusion (5.16) and the maximum principle (5.10) yield that
wy, > 0on Q for any u; < p < m. Furthermore, we conclude from this fact and (5.16)
that w,, > 0 holds in E,, for any p satisfying p; < p < m. This contradicts the definition
of m, and hence the Claim 2 is proved.

Claim 2 now implies that for 7 = inf A,

—Aw; > (Mi(z) + fo(2))w, in Er,

wy >0 in B,
wy, =0 on 0E,,.
Since w, — 0 as |z| — oo, it follows that w, = 0 in F,, or equivalently,
T 1
u(x) :u(w) +2(N + l)lnw for |z| > NG (5.17)
Note that if |z| < % theny = 7 satisfies |y| > %, and it then follows from (5.17)

that

Y 1

which is equivalent to

w(——) = u(z) + 2(N + 1) In(r|z[?).

7|z |?
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Therefore, (5.17) holds in R?, and u(0) = lim;|oo [u(z) + 4(N + 1) In|z| + 2(N +
lnT].
Finally, (5.15) implies that

1
Ow, >0 atr=lz|=—
. || 7i
for any p > 7, which in turn implies that
1
rOpu+2(N+1)>0 for 0<r=|z|< 7
On the other hand, it easily follows from (5.17) that
1
rou+2(N+1)=0 forr=|z|= 7
and .
ropu+2(N+1) <0 for r=|z| > 7
from which we obtain (1.25). [l

6. ASYMPTOTIC BEHAVIOR OF NONCOINCIDING CONDENSATE SOLUTIONS

The main purpose of this section is to prove Theorem 1.6 on the asymptotic behavior of
noncoinciding condensate solutions of (1.4) satisfying (1.26). Since the proof of Theorem
1.6 is similar to that of Theorem 1.2, in this section we only sketch the main idea of the
proof. Similar to Lemma 3.1, we begin with the following crucial lemma.

Lemma 6.1. Suppose u is a solution of (1.4) satisfying

N
Bim i [ (e 1 ([Tle = pP)er)s < o )
]RQ

~or ]
1=1
Then ™ and (Hfil |z — pi|?)e* are bounded in R?.

Proof. We first prove that e** and (Hfil |z — p;|?)e* are bounded in the exterior domain
B(0) := {z € R? : |z| > R} CC R? where max {|p;|,1 <i < N} < R < oois
fixed.

Consider any fixed point o € R? satisfying |zo| > R+ 1, and let By () be a unit ball
centered at xg. Set

f(x) = u(z) + 2N In |zl 6.2)
such that f = f(x) satisfies the equation
N 2
i=1 1% — Di A . :
‘Af:HZQWN o e in BR(0) 63)

Note that for above choices of R and x, the assumption (6.1) implies

N
/ [Hi:l - _pi|2ef + A e | dz < .
B%,(0) |zo]2N |z |2V e

This gives that for any 0 < ¢ < min {1, 1 }, one can split

Ll lz—pl* ;A -
22N +|ﬂco|2Nae =P+ P in Br(0),
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such that || P11 (Bg,0)) < € and P, € L>(Bf{(0)). Following these facts, a similar
argument of proving Lemma 3.1 yields that
+
1 Lo (By (o)) < C (6.4)
where C' is independent of z. Since zg, with |xg| > R + 1, is arbitrary, it follows from
(6.2) that
u(z) < C—2Nn(jz|+1) in B§(0):={z € R*: |z| > R},

which implies that e®* and ([].L, |z — p;|?)e* are bounded in B,(0) for any fixed suffi-
ciently large R.

For above fixed R, we then consider the condensate solution u(x) of (1.4) in Byr(0),
instead of considering the solution of (6.3) in B%(0). A similar argument as above then

yields that u(z) is bounded in By (0). Therefore, e** and (Hf\;l |z —pi|?)e® are bounded
in R2, t

Based on Lemma 6.1, similar to Lemma 3.2, we get that any condensate solution « of
(1.4) satisfying (6.1) admits the asymptotic behavior

—BIn(jz|+1) — C <wu(z) < —Bl(jz|+1)+C in R (6.5)
where 3 > max{2(N + 1),2/a}. Let (r,6) be polar coordinates in R?, we then have
Ty = T1Ug, + T2Ug,

_ g L[y E-Y)( aw )

=1

and
N

- 1 ¥ (z—vy) au(y) 12 pu(y)
ug_%/RzW()\e +(H|y—Pz| )e )dy,

i=1
where §j = (y2, —y1) € R2. Moreover, similar to Lemma 3.1 of [11], we further obtain
that

ru. — —f and ug — 0 as r — oo. (6.6)
To complete the proof of Theorem 1.6, the rest is to establish the identity (1.28).

Proof of (1.28) in Theorem 1.6. Multiplying both hand sides of equation (1.4) by = - Vu
and integrating by parts over the ball By (0), one gets that

~|Vul? —u?) d
/BBK(O) (2| ul u) s
N N
:—/B ()(x-V(H|x—pi|2))e“ dm—?/ (H|x—pi\2)e" dx
(0

i=1 Bk (0) ;1

A A
/ H |z — pi|*)e" ds — / —e®™ dx + / r—e® ds
OBk (0 Bg (0) @ 8Bk (0) @

=1

— _/BK(O) [(xV(H |z — pif?))e" + (Z - )/\ea“} dx
—2/B (0)[H|x—pz et —|—)\e““ dx—!—/ 1_[|33—pz )\ “)ds7

BK(O



30 ROBIN MING CHEN, YUJIN GUO, AND DANIEL SPIRN

where |Vu|? = u? + T%ue. Note from (6.6) that
1
/ T(*|VU|2 —u?) ds — —mf? as K — oo.
0Bk (0) 2

On the other hand, it yields from (6.5) that

N
A

/ T((H|$—pi|2)€“+—ea“> ds -0 as K — oo.
OB (0) i a

Therefore, we conclude that

a

N
2
np% = / {(x : V(H lz — pil?))e" + (f — 2) )\e““} dx + 4w,
i=1
which implies (1.28). O

Based on the asymptotic estimate (1.27), we finally remark that any condensate solution
of (1.4) satisfying (1.26) also admits the refined asymptotic behavior similar to Theorem
1.3. Indeed, similar to Section 4, for ro := 2max{|p;|, 1 <i < N} we first set

v(t,0) :=u(r,0) + Blnr =u(x) + Sln|z|, t=Inr and r = |z, (6.7)

where /3 is as in (1.26) and (,6) € (rg,00) x S! are polar coordinates in R? \ B, (0), to
consider an evolution elliptic equation of the form

—vy — vgg = NPT Lp()eV, (t,60) € (Inrg,00) x S, (6.8)

where 0 < p(t) < 2V e(N+2-8)t  Applying dynamical systems theory, we then deduce as
in Theorem 4.2 that there exists a constant K = K (X, a, N, 3,u(0)) such that

v(t,0) =u(z)+ Bln|z| = K as |z] = oc. (6.9)
Based on (6.9), we then set a new transformation
V(t,0) =u(r,0) + Blnr — K in (Inrg,00) x S, (6.10)

so that lim;_, . o, V(¢,-) = 0, and V' (¢, #) is a uniformly bounded solution of the following
evolution elliptic equation

— Vi — Vg = Ne®KH@-ab)tgaV o P(t)ev, (t,0) € (Inrp,00) x S*, (6.11)
where P(t) satisfies
0 < P(t) < 2NeK+EN+2-/t - 9N 123 <0.

By a delicate study of Fourier coefficients of V (¢, -), one can further obtain that any con-
densate solution of (1.4) satisfying (1.26) also admits the refined asymptotic behavior sim-
ilar to Theorem 1.3. We leave the details to the interested reader.
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