SECOND ORDER CONCENTRATION ON THE SPHERE
S. G. BOBKOV!*, G. P. CHISTYAKOV?, AND F. GOTZE?

ABSTRACT. Sharpened forms of the concentration of measure phenomenon for classes
of functions on the sphere are developed in terms of Hessians of these functions.

1. Introduction

Let 0,1 denote the normalized Lebesgue measure on the unit sphere
Sl ={zeR":|z| =1}, n>2

in the Euclidean n-space which is equipped with the canonical inner product (,-) and
the norm | - |. The spherical concentration phenomenon asserts in particular that mean
zero smooth functions f on S™! are of order at most \/iﬁ on a large part of the sphere

in the sense of ¢,,_1. This follows already from the Poincaré inequality

1
/f2 dop—1 < — /\st‘QdUnl, (1.1)

where Vg f stands for the spherical gradient of f (cf. e.g. [L1]). Hence, if the integral
on the right-hand side is of order 1, the L?norm of f will be of order at most \/Lﬁ

Moreover, in case |V f| < 1, there is a considerably stronger property
/ (/e gy <9

involving some absolute constant ¢ > 0. Using a standard normal random variable Z,
it may be stated informally as stochastic dominance
|Z]
=c—, 1.2
fl2eTn (12)
which means a corresponding inequality for the measures/probabilities of the tail sets
|f| > r and \/Lﬁ |Z| > r for all r > 0. This property was first emphasized in the early 70’s

by V. D. Milman in the context of the local theory of Banach spaces and led him to the
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understanding of the concentration of measure phenomenon in a much broader sense;
cf. V. D. Milman, G. Schechtman [M-S], subsequent works by M. Talagrand [T1-2], and
the book by M. Ledoux [L2] for an account of basic ideas and results in this direction
up to the end of 90’s.

Returning to the sphere, in certain problems one deals however with smooth functions
that turn out to be of a much smaller order than \/iﬁ This cannot be guaranteed just
by the Lipschitz condition |Vgf| < 1, even if f is orthogonal to linear functions in
L*(S™ ! 5, 1) (which play an extremal role in (1.1)). Hence, conditions on higher
derivatives of f are required. The aim of this note is to study corresponding conditions
in terms of the Hessian of f§ of f by involving both the operator norms ||f4(0)| and
the Hilbert-Schmidt norms || f4(6)|las of the matrices f4(0) (6 € S™1).

Orthogonality of functions on the unit sphere will be understood as orthogonality in
the Hilbert space L*(S™ ! 0,_1). Restrictions of affine, linear and quadratic functions
on R™ to the sphere S"! will be again called affine, linear and quadratic functions
respectively on the sphere.

Theorem 1.1. Assume that f is a C*-smooth function on S™~1 which is orthogonal
to all affine functions. If || f&|| <1 at all points on the sphere and [ || f&||is don—1 < V?,

then
n—1
/GXP {m |f|} dop—1 < 2. (1.3)

By Chebyshev’s inequality, (1.3) provides bounds on tails, which may be written
similarly to (1.2) as
7 \2
|f| j & <_> )

NZD
however — with the right-hand side behaving like % with respect to the dimension (pro-
vided that b is of order 1).
We refer to Theorem 1.1 as (a variant of) the second order concentration on the
sphere. It is consistent with a second order Poincaré-type inequality

1
/fzdan—1 < m /Hfg”%{sdffn—l,

valid for all smooth f on S™~! that are orthogonal to affine functions (with equality
attainable for all quadratic spherical harmonics). This inequality can be derived using
the spectral decomposition of f in spherical harmonics by means of the identity

J 158l dons = [ £(2s(8s8) + (0~ 2)Asf) do (14)

Here and in the sequel Ag = Tr f4 denotes the Laplacian operator on S™ ! which acts
diagonally on all homogeneous spherical harmonics. Although typically Agf behaves
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in a more “chaotic” (oscillatory) way than f, the average in (1.4) captures and cancels
such potentially large oscillations.

The conditions on the spherical second derivative in Theorem 1.1 are fulfilled, for
example, when || f¢|laus < b on S"~'. However, in applications, one might prefer to
deal with functions on the sphere induced by smooth functions in R"™ or at least in a
neighbourhood of the sphere via restriction and using the Euclidean derivatives of such
functions, rather than intrinsic derivatives on S"~!. Using this Euclidean setup, we may
formulate a related statement as follows.

In the sequel we denote by f”(z) = (8;; f (x))?jzl the matrix of partial derivatives of
f of second order at the point =, and by I,, the iaentity n X n matrix.

Theorem 1.2. Let f be defined and C*-smooth in some open neighbourhood of S™1.
Assume that it is orthogonal to all affine functions and satisfies || f" —al,|| < 1 on S"!
together with

/ 1" = aly|fs don-—1 <07, (1.5)
for some a € R and b > 0. Then
n—1
- < 9. )

In Theorems 1.1-1.2 one may also start with an arbitrary C*-smooth function f, but
apply the hypotheses and the conclusions (1.3)/(1.6) to the projection T'f of f to the or-
thogonal complement of the space of all affine functions on the sphere in L*(S" !, 5,,_1).
The “affine” part of f may be described as () = m + (v, 6) with

m—/f(x)dan_l(x), U—n/xf(a:)dan_l(x),

so Tf(0) = f(0) — 1(A). For example, if f is even, i.e. f(—0) = f() for all € S"~1
then Tf = f —m.

In the setting of Theorem 1.2, the functions T'f and f have identical Euclidean
second derivatives. Hence, if we want to obtain an inequality similar to (1.6) without the
orthogonality assumption (still assuming conditions on the Euclidean second derivative),
we need to verify that the affine part [ is of order % This may be achieved by estimating
the L2-norm of [ and using the well-known fact that the linear functions on the sphere
behave like Gaussian random variables. If, for definiteness, f has mean zero, then

13 = % 1o =nl. - where T= [ [ (2.0) f(@)10) dous(@)dos ()

Therefore, a natural requirement would be a bound I < % with by of order 1. This
leads to a variant of Theorem 1.2 which is more flexible in applications.
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Theorem 1.3. Let f be defined and C*-smooth in some open neighbourhood of S™~1.
Assume that it has mean zero and

[ ) 1@ 1) o @don ) < B w0

If || f" — al,|| <1 holds on S™! together with (1.5), then
n—1
dop—1 < 2.
/eXp{4(1+bg+4b2) \fl} In-1=

We believe that the second order concentration on the sphere may indeed be use-
ful in various applications. One motivating example has been the question of optimal
rates of approximation in the central limit theorem for linear forms Xy = (X, 6), where
X = (X,...,X,) is a given random vector in R™ whose components are not necessarily
independent. If the covariance matrix of X has a bounded spectral radius, a celebrated
result of Sudakov [S] indicates that, for n large, the distributions Fy of Xy are concen-
trated for most of 6 (in the sense of 0, 1) around a certain typical measure F' on the
real line, which may or may not be Gaussian. Many authors studied various aspects of
this interesting phenomenon, and we omit references. Let us mention only that one can
study the deviations Fy from F in terms of the Fourier-Stieltjes transforms

fi(6) = Eet0X) — / 00 qFy(z)  (teR, € R"),
which are naturally defined as smooth functions on the whole space R". By the direct
differentiation in 6,

(10, w) = —2E (v, X) (w, X) H0X)

Here, condition (1.5) leads to a certain correlation-type condition for products X;Xj,
such that (1.6) will ensure +-bounds for typical deviations of Fy from F' (in contrast with
\/Lﬁ—bounds in the classical Berry-Esseen theorem). Such improving effects have recently
been shown in the work of B. Klartag and S. Sodin in case of independent summands
([K-S], cf. also [K]). As for the general setting, this concentration problem will be dealt
with in a separate paper and hence will not be discuss it here further.

The proof of Theorems 1.1-1.2 is based on the application of the logarithmic Sobolev

inequality on the sphere and requires derivation of bounds on the integrals

/|V5f|2dcrn_1, /|Vf|2dan_1 (1.7)

in terms of the second derivatives. Basic tools leading to exponential bounds under
logarithmic Sobolev inequalities are rather universal and can be developed in the setting
of abstract metric spaces, cf. Section 2. Then we turn to the case of the sphere and
sharpen the Poincaré inequality by involving the norm || f¢|| (Section 3). Sections 5-6
are devoted to the estimation of the integrals (1.7). As a preliminary step, the identity
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(1.4) is derived separately in Section 4. The proofs of Theorem 1.1 and Theorems 1.2-1.3
are completed in Sections 5 and 7, respectively. In the extended version of this note we
add an Appendix providing for the readers convenience more details on the underlying
computations in spherical calculus, cf. [B-C-G].

Acknowledgement. We would like to thank Michel Ledoux for valuable comments
concerning the differential geometric motivation of Proposition 4.1.

2. Logarithmic Sobolev Inequalities on Metric Spaces

Assume that a metric space (M, p) is equipped with a Borel probability measure p. The
triple (M, p, i) is said to satisfy a logarithmic Sobolev inequality with constant o2 < oo,
if

Eut, (/%) < 20° [ (V4 dy 2.1)

for any bounded function f on M with finite Lipschitz semi-norm || f||Lip. The optimal
value of 02 is then called the logarithmic Sobolev constant.
Here

Ent,(u) :/ulogud,u—/ud,ulog/udu (u>0)

is the entropy functional defined for non-negative measurable functions on M. As for
the modulus of the gradient in (2.1), it may be understood in the generalized sense as

y—w P ((L’ ) y)
This function is always Borel measurable, whenever f is continuous. In this abstract
setting, (2.1) actually extends to the larger class of all f that have a finite Lipschitz
semi-norm on every ball in M; such functions will be called locally Lipschitz.
Now, define the function

(z € M). (2.2)

y— p(e,y)
which we call a second order modulus of the gradients of f.

The Lipschitz property || f|lLip < 1 implies that [V f(z)] < 1 for all z € M. The
converse is also true, at least when M is a (connected) Riemannian manifold. In this
case, the assumption |V2f(z)| < 1 for every x in M means that the function |V f] is
Lipschitz. If |V f] is locally Lipschitz, then f is of course locally Lipschitz as well.

The next statement indicates how the definition (2.3) could be used in applications.

, (2.3)

Proposition 2.1. Assume that a metric probability space (M, p, i) satisfies a log-
arithmic Sobolev inequality with constant o®. Then, for any locally Lipschitz function
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f on M with p-mean zero, such that |V f| is locally Lipschitz and |V*f] < 1 on the
support of u, we have

/exp{%f} dugexp{%/\Vdeu}. (2.4)

Proof. The argument is based on two general results that relate (2.1) to the exponen-
tial integrability of Lipschitz functions. Namely, for any locally Lipschitz p-integrable
function v on M,

/e“f“d“ dp < /e"2|vu2 dp. (2.5)

In addition, if |[Vu| < 1 on the support of pu, say Mj, then for all 0 < ¢ < #,

tu? 3 / 2
< _ . .
/e dp < exp { 0% U du} (2.6)

On the basis of (2.1), the inequality (2.5) was derived in [B-G], cf. also [L1-2]. The
second inequality, (2.6), is a classical result of Aida, Masuda and Shigekawa [A-M-S].
We refer to [B-G] for a detailed discussion.

We apply (2.6) with ¢t = 62)\? to the locally Lipschitz function v = |V f|. Since the
condition |Vu| <1 is assumed to hold on M;, we get that

o2\2|V f|2 O'2>\2 2 2 1

On the other hand, since f is locally Lipschitz and has py-mean zero, one may apply

(2.5), which gives
/e’\f dp < /602’\2|Vf2 dp.

Hence, the combination of these two bounds yields

M o’ \? 2
/6 duéexp{mfwf’ dﬂ}-

1

Here one may choose A = ==
2047

and then we arrive at the required inequality (2.4). O

When M is an open region in R™ (with the Euclidean distance), the definition (2.1)
leads to the usual notion of a logarithmic Sobolev inequality, holding for all locally
Lipschitz functions on M. To avoid possible confusion about being locally Lipschitz, let
us emphasize that, when f is differentiable at a given point x, (2.2) does coincide with
the modulus (the length) of the Euclidean gradient. The same remark applies to the
sphere M = S™! with the geodesic or induced Euclidean distances, in which case (2.2)
defines |Vgf(z)|, the length of the spherical gradient of f.
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The second order modulus of the gradients may also be related to the usual (Eu-
clidean) derivatives. Namely, if f is C?-smooth in the open set M in R™, the function
|V f| will be locally Lipschitz, and

V(@) = V@) (@) V (@),  z€M. (2.7)
Here the ratio should be understood as || f”(x)]|| in case |V f(z)| = 0. In particular,
V2 f (@) < 1/ (2)]]- (2.8)
For example, for the quadratic function f(x) = % St ohat x = (T, .., x0),
D i

V2 f ()] =

The identity (2.7) is easily obtained by the direct differentiation. Thus, in the Eu-
clidean setup Proposition 2.1 may be simplified by using the inequality (2.8) as follows.

Corollary 2.2. Let a probability measure o on R"™ satisfy a logarithmic Sobolev
inequality with constant 0%, and let a function f be C?-smooth in an open neighbourhood
of the support of . If it has p-mean zero and ||f"|| < 1 on the support of u, then

/eXp{Tiz }duéexp{%z/lvffdﬂ}-

3. Logarithmic Sobolev Inequality on the Sphere

An important result due to Mueller and Weissler [M-W] sharpens the Poincaré inequality
(1.1) in terms of the logarithmic Sobolev inequality. Namely, the logarithmic Sobolev
constant of the unit sphere S"~!, which is equipped with the geodesic metric p and the
uniform measure o,,_1, coincides with the Poincaré constant o2 = ﬁ That is, for any
C'-smooth function f: S" ! — R,

Ent,, ,(f%) < % / Vsfl?do, 1. (3.1)
To see the connection of (3.1) with the concentration phenomenon on the sphere in the
form (1.2), one may apply (2.6) with u = f and ¢ = 2+

We are also in the position to apply the abstract Proposition 2.1 to (S"%, p, 0, 1)
and thus involve the second order modulus of the gradients, |[V%f|. On the unit sphere
it is defined according to (2.2)-(2.3) with |V f] replaced by

Vsf(0) = limsupw

9,0 € S*7h.
6'—6 p(0,0) ( )
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Note that both the geodesic and Euclidean metrics on S™ ! may equivalently be used
for computing the modulus of the gradient of first and second orders.

For example, the Euclidean derivatives of the linear function f(x) = (v,z) are just
Vf(z) = v and f” = 0. As for the first and second order modulus of its spherical

gradient, we have
Vsf(O) = /[0 = (v,6)° (o] = 1),

and, by the chain rule,

VslVsf(0) = - ! Vs ((v.60))

2/ |v]2 = (v, 6)°

_ L (0,0) Vg (0,0) (6 #0).
[0]2 = (v, 6)*

Hence, [V4f(0)| = | (v,0) | in contrast with |[V2f(6)| = 0.

To simplify the condition |V%f| < 1, one may use the following equality which is a
full analog of the formula (2.7) mentioned before for the case of open regions in R™. It
is stated below without proof (cf. [B-C-G]).

Lemma 3.1. Given a C*-smooth function f on S™', |Vsf| has a finite Lipschitz
semi-norm and, for all § € S"71,

VS (0) = [Vsf(O) " | £5(0)Vsf(O)],
where the right-hand side is understood as ||f$(0)|| in case |Vsf(0)| = 0. In particular,
IVEf(O) < [1f5@O)]-

Thus, in order to bound exponential moments of f similarly to (2.4), one may require
the condition ||f§]| < 1. There is however an alternative way based on the application
of Corollary 2.2; the latter would allow us to work with Euclidean derivatives. Let us
state both consequences of the logarithmic Sobolev inequality (3.1). Henceforth we shall
always understand the mean of functions on the unit sphere to be taken with respect to
the measure o,,_1.

Corollary 3.2. Let f be a C*-smooth function on S"~' with mean zero. If || f4|| < 1,

then . .
n— n—
log/exp {T f} do, 1 < 5 /|V5f|2 do, 1. (3.2)

Moreover, if f is C*-smooth in an open neighbourhood of the unit sphere with ||f”|| < 1
on S™1, then

—1 —1
log/exp{nT f} do,_1 < nT/\Vdeanl. (3.3)
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Applying (3.2) to functions e f with ¢ — 0, this inequality returns us to (1.1) with an
additional factor 2. The condition ||ef¢|| < 1 is fulfilled for all € small enough, so any
constraint on the second derivative may be removed from the conclusion. In this sense,
Corollary 3.2 provides a sharper form of the Poincaré inequality.

4. Second Derivative and Laplacian

In order to estimate the integral appearing on the right-hand side in (3.2), we first
derive the formula (1.4), involving the square of the spherical Laplacian, i.e. the operator
A%f = AgAgf. Given a point § € S"!, it will be convenient to work with the spherical
second derivative f&(f) as a symmetric n X n matrix, i.e. as a linear operator on R",
rather than as a linear operator on the tangent space #+. More precisely, we extend the
usual Hessian of f at 6 to the whole space by putting f&(0)0 = 0 (in particular, both
the operator norm and the Hilbert-Schmidt norm will not increase for the extended
matrix). The extended Hessian f&(6) may also be defined as the n x n matrix B with
the smallest Hilbert-Schmidt norm, satisfying the Taylor expansion

FO) = f0)+(Vsf(0),0'—0)

FLBE 0.0 ) ot —07) (0, #es)

When f is C%-smooth in an open region containing the unit sphere, the spherical
second derivative is related to the Euclidean derivatives by

§(0) = PpuBByy, B = f"(0) = (Vf(0),0) L,

where P,. is the projection operator from R™ to the space #* orthogonal to 6. Also,
recall that Vg f(0) = PV f(0).

Proposition 4.1. For any C*-smooth function f on S™1,

/ 1f2I oy = / (A% + (n—2) Asf) doi. (A1)

One can give a short proof of (4.1) on the basis of the Bochner-Lichnerowicz formula
from Riemannian Geometry (cf. Remark 4.6 below). Nevertheless, for reader’s conve-
nience, we supply it with a direct argument based on partial integration formulas for
the multivariate calculus on the sphere which we state below without proofs and refer to
[B-C-G]. The first relation connects the spherical second derivative with the iteration of
spherical derivatives. The second one is a formula for the commutator of the Laplacian
and the gradient.
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Lemma 4.2. Given a C%-smooth function f on S™1, for all € S™ ' and v € R",

s(0)v = Vs(Vsf(0),v) + (v,0) Vsf(0). (4.2)

Lemma 4.3. Given a C3-smooth function f on S", for all @ € S" ! and v € R,

As (Vs f(0),v) = (VsAgf(0),v) = (n=3)(Vsf(0),v) = 2(v,0) As[f(0).

The spherical Laplacian appears when integrating by parts, in particular in the for-
mula

[ 958 9s0) donr =~ [ fasgion (4.9
The following analogous identity involves a linear weight.

Lemma 4.4. For all C*-smooth functions f,q on S ! and for any v € R,

/ (Vs f(6), Vsg(0)) (v.0) do1(6) = — / £(6)Asg(8) (v,0) do, ()
- / £(60) (V59(0), v) do(6).

Finally, let us mention how to relate the spherical Laplacian to the Fuclidean deriva-
tives. The next representation will be used in Section 6.

Lemma 4.5. If f is C*-smooth in an open region containing the unit sphere, then
for any 6 € S™1,

Asf(0) = Af(0) — (n—1)(VF(6),0) — (f(0)0,0) .

Proof of Proposition 4.1. Using (4.2), one may write

J 188l dons = [ [ 173060 dowes (0)dor-1(0)

= 0 [[195(Vs£6).0) + (0.6) Vsf O dowes (8)do1(0)
= n(l +2L+ 1),
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where

L = / / Vs (Vs f(0),0) > donr(8)don_i(v),
I = / (Vs (Vsf(0),v),Vs[(0)) (v,0) do,—1(0)do,—1(v),

I; = / Vs f(0)? (v,0)* do,_1(0)do,_1(v).

Integration over v immediately gives

1
_ —/|vsf|2dan_1,

and according to (4.3),

= [[ 202500) o sO)ion ), where 6 (6) = (V0,01

To continue, we apply Lemma 4.3, so as to develop Agp,(0) and represent the above
integral in the form

I = —(In+ (n—3) L1s — 2I13)
with

Ly = / (Vsf(0),v) (VsAgsf(0),v) do,—1(0)do,—1(v),
112 = / st dO’n 1( )dO'n_l(U),
Lz = // (Vsf(0),v) (v,0) Asf(0)do,_1(0)do,—_1(v).

Let us now integrate over v and apply (4.3) with ¢ = Agf to simplify the first equality
as

Iy = o [ (Vs7(0).Vssf©)) donr(6)

— [ as@an o = < [ Fabrdo,

We also have
1 1
ho=o [ VsfPdns o= [ (Vaf(6).0) 8sf(6) door(6) 0.
This finally gives

dO’nfl.

_ l/J‘?A%fdanl—”
n
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In order to evaluate the integral I, we apply Lemma 4.4 with the function (Vs f(6), v)
in place of f and with f in place of g. After integration over , we obtain the integral
over the remaining variable v, namely,

I(v) = / (Vs (8).0) Asf(8) (v.6) dory1(6) - / (Vs (0).0)? o (6).

The subsequent integration over v cancels the first integral, since its integrand will
contain the inner product (Vgf(6),0) = 0 as a factor. As a result,

L= [Lwdn)
- / (Vsf(o * do,- 1(0)doy-1(v) = _%/|V5f(9)|2d0n—1(9)'

It remains to collect these formulas and conclude that
n (Il + 2]2 + 13) = /fA?gf do_n—l - (TL - 2) / |V5f|2 dan—l-
Here the last integral can also be written as — [ fAgf doy,_1, cf. (4.3). O

Remark 4.6. According to the Bochner-Lichnerowicz formula (cf. e.g. [B-G-L], p
509), for any smooth function f on the Riemannian manifold (M, g),

L AVIR) = (V£ V(A1) + VY + Ricy(V £,V f), (4.4)

where Ric,(V f,Vf) is the Ricci curvature of (M, g) evaluated at V f. The unit sphere
M = S™ ! in R™ has a constant curvature, namely, in this case

Ric,(Vf,Vf)=(n—2)|Vsf]*
Hence, integrating (4.4) over the sphere, we get

/ (% As(IVsfI?) = (Vsf, Vs(Asf)>> doy—1 = /(stsﬂ2 + (n—2)|Vsf]?) dop.

(4.5)
On the other hand, [ Ag(|Vsf|?)do,—1 =0,

[1VstPdon == [ faspdo, .
(recall (4.3)), and

/ (Vsf. Vs(Dsf)) dony = - / FARfdo .

Applying these relations in (4.5), we arrive at (4.1).
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5. Expansions in Spherical Harmonics

Using Proposition 4.1, one may study relations of the form

c [19ssdns < [Ifilsdos (> 0) 6.)

by means of the orthogonal expansion in spherical harmonics,

f=> fi (fa€ Hy). (5.2)

As is well-known (cf. e.g. [S-W]), the Hilbert space L?(S™!) can be decomposed into a
sum of orthogonal linear subspaces Hy, d = 0,1,2, ..., consisting of all d-homogeneous
harmonic polynomials (more precisely - restrictions of such polynomials to the sphere).
Any element f; of Hy represents an eigenfunction of the Laplacian, with the eigenvalue
—d(n+d —2). That is,

ASfd = —d(n + d— 2) fd;
and hence

Aifs = P(n+d—2)° fa

As a result,

Asf==>dn+d=2)fs, AGf=> dn+d—2)f

d=1 d=1

which should be understood as equalities in L? (Note that both Agf and A%f are
continuous functions, as long as f is C*-smooth).
According to the representation (4.1), (5.1) is equivalent to

/ngfdan_l > —(c—l—n—?)/ngfdan_l. (5.3)

Moreover, since the spherical harmonics serve as eigenfunctions both for Ag and A%,
the last inequality need to be verified for elements f; of H; only. Here, both integrals
are vanishing for constant functions, i.e. d =0. If d > 1, (5.3) becomes

c < d+(d—1)(n—-2). (5.4)

Thus, if we want to involve in (5.1) all C?-smooth functions f, the optimal value of ¢ is
described as the minimum of the right-hand side of (5.4) over all d > 1. The minimum
is achieved for d = 1 which leads to the optimal value ¢ = 1. However, if we require
that f is orthogonal to all linear functions with respect to o,,_1, it means that we only
allow the values d > 2 in (5.4), and then the optimal value is ¢ = n + 2. As a result, we
have proved:
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Proposition 5.1. For any C?-function f on S™!,

/ Vs /[?don s < / 1l dour,

where equality is attained for all linear functions. Moreover, if f is orthogonal to all
linear functions with respect to o,_1, then

1
[1VstPdony <= [l dows 5:5)

with equality attainable for all quadratic harmonics.

The expansion (5.2) is commonly used to derive Poincaré-type inequalities such as
(1.1). If we require additionally that f should be orthogonal to all linear functions, the
constant will slightly improve only, since then

1
/f2 doy—1 < %/|V5‘f’2d0n1.

This bound may be combined with (5.5) to get a second order Poincaré-type inequality
which was mentioned in the Introduction. But, one can also apply (5.2) directly in the
representation (4.1). Indeed, on spherical harmonics fy of Hy, the inequality of the form
c[ f?don—1 < [|f¢|}s don—1 becomes

c <dn+d—2)(dn+d-2)—(n—2)).

Since the right-hand side is an increasing function of d, we arrive at:

Proposition 5.2. For any C?*-function f on S™~' with mean zero,

1
[ rdn < [l o (56)

where equality 1s attained for all linear functions. Moreover, if f is orthogonal to all
linear functions with respect to o,,_1, then

1 1!
/deUn—l < In(n 1 2) /Hszsz do, 1 (5.7)

with equality attainable for all quadratic harmonics.

An interesting consequence of (5.6) is the statement that the equality f§ = 0 is
possible for constant functions, only (in contrast with the Euclidean Hessian).

Remark 5.3. It is much easier to derive (5.7) with suboptimal, although asymp-
totically correct constants as n tends to infinity, without appealing to Proposition 4.1.
The argument is based on the double application of the Poincaré inequality (1.1). Or-
thogonality of f to all linear functions ensures that the function 6 — (Vgf(6),v) has
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mean zero for any v € R™. So, using the identity (4.2), we get
(=1 [ Vst 0.0 d0as0) < [ 17200 (0.0) Vs O doy1(0)
= [0l o)+ [ 0,07 19550 do 10
~ 2 [ (10)757(0).0) (0.6) dos(0)

The next integration over do,,_1(v) cancels the last integral (due to f£(6)0 = 0), and we
are led to

(n—2) / Vs (O donr(6) < / | £206) s dors (6).

If f has mean zero, the left integral is estimated from below according to (1.1), and thus

1
[P s oy [1flhsdon 0z

The constant in this inequality is slightly worse than (5.7), and we loose information
about extremal functions.

Remark 5.4. The above argument is also applicable in the Euclidean setup when
dealing with a probability measure p on R" satisfying a Poincaré-type inequality

[ ransat [1Vitan (/fduz())-

For example, the standard Gaussian measure with density d’;(xx) = (2m)™"/2 e~ 17*/2 has

the Poincaré constant o2 = 1, which yields a second order Poincaré-type inequality

1
[ ran<y [15lksda

It holds true in the class of all C%-smooth functions f on R" that are orthogonal to
all affine functions in L?*(). A number of interesting results in this direction, includ-
ing concentration inequalities in terms of higher order derivatives, have been recently
obtained by R. Adamczak and P. Wolff, and we refer to [A-W]. Note that, in the gen-
eral (non-Gaussian) case, orthogonality to linear functions should be replaced with the
requirement [V fdu = 0.

We are now prepared to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us return to the bound (3.2) of Corollary 3.2. Using
(5.5), we then get

n—1 n—1 1
10g/eXP{Tf} dop_1 < m/”ffg’”%{sdan—l < 552,
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and with a similar inequality for the function —f,

/€H21f| dO'nfl S /eyfdanl—i-/en;fdanl S €b2/2.

It follows that, for any A > 1,
/engllf/A do, | < (/e%lfl danl)l/x\ < (261)2/2)1/)\_

It remains to note that (2e?*/2)V/* =2 for A = 1+ % <1+ O

6. Bounds on the L?-Norm of the Euclidean Gradient

We now turn back to Theorem 1.2 while invoking the second bound of Corollary 3.2.
Hence, we need an analog of (5.5) for the modulus of the Euclidean gradient. Assume
that a function f is defined and C2-smooth in some neighbourhood G of S™!.

Proposition 6.1. If f is orthogonal to all linear functions with respect to o,_1, then

)
[Vt dn < 2o 17 s do (6.

At the of the proof it will be apparent that for growing dimensions the constant 5
may be asymptotically improved to 2.

Proof. Since the spherical gradient Vg f(f) represents the projection of the usual
gradient V f(6) to the subspace 6+ of R™ orthogonal to 6, we have

IVFI? = [Vsf(O)* + (V(6),0)".
As a preliminary step, first we show that
1 7
[1wsiton s < s [ don (62
Write
/ Vs /|2 don_s = / IV 1(0) oy (8) — / (VF(0),0)? dowr(6)  (63)

and represent

/ V2o, 1 = n / / (VF(0),0) dow 1 (0)don 1 (0). (6.4)

The assumption that f is orthogonal to all linear functions is equivalent to the prop-
erty that every function of the form

<VSf<0)7 U) = <Vf(9>,1)> - <Vf(‘9), 0) <U7 9>
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has 0,_1-mean zero (by the integration by parts formula). Hence

[ (V10).0) dos(6) = [ (V5(6).6) (0.6) do1(0),

and, by the Cauchy-Schwarz inequality,

([1wr0).0) dows®)” < - [ (9506).0)* dos(6) (65

n

To estimate the L% -norm of (V f(6),v), one may apply the Poincaré inequality (1.1).
Since u(z) = (V f(z),v) has gradient Vu(x) = f”(x)v, we have, by (6.5),

/ (VF(6),0)? dowr(6) < / (VF(6),6)? doa(6) + —— / (6)0]? dor (0).

Using this bound in (6.4) and integrating over v, we get

[19sPdos < [(950).07 dows0) 4 == [ 17O s donoslo).

It remains to insert this bound in (6.3) which gives (6.2).
Now, rewrite (6.3) as

/ VP doy = / Vs f2don 1 + / (V1(6),0) do1(6). (6.6)

Here, the first integral on the right-hand side is estimated in terms of || f”||%g by (6.2),
and our next task will be to derive a suitable bound on the L?-norm of the function
(Vf(0),0). To this aim, we employ the representation of Lemma 4.5 for the spherical
Laplacian in terms of the Euclidean derivatives. Since in general (by (4.3)),

/ Agfdon 1 = / (Vs Vsf) doyy =0,

Lemma 4.5 yields

(n—1) / (V£(8),0) dor, 1(6) = / (AF(O) — (f"(0)0,0) ) dou1(6).  (6.7)
Here the second integrand is equal to
I = Z azjf(ﬁ)aw with Ay = 51’]' — 926)]
ij=1
Note that

S = S - = 1Y (- R = L
i=1 i=1

ij=1 i#]
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Hence, by Cauchy’s inequality,

< Z (0:1£(6) Z = (n = D IF"(O0)ls;

1,j=1 3,j=1

and by another application of the Cauchy-Schwarz inequality in (6.7),

([ewrono dan_1<e>)2 < [ 1 s dos (63

Next, consider the function u(z) = (Vf(z),z) and restrict its gradient Vu(z) =
Vf(x)+ f"(z)z to the unit sphere. Projecting it to #+, we obtain the spherical gradient

Vsu(@) = Vsf(l)+ Py (f”(Q)@), 6ecS
In particular, by the triangle inequality,
IVsu(0)] < [Vsf@O)]+ 111" (0)]-

Furthermore, the square of the right-hand side can be estimated by using the elementary
inequality (z +y)? < ﬁ 2?2+ \y? (z,y > 0, A > 1), which implies

A
Vsu@)] < 5 [VsFOF + A 1£6)]

Hence, using the Poincaré inequality together with (6.8), and increasing the operator
norm to the Hilbert-Schmidt norm, we get

2 1
/u2 do,—1 < </udan1) +—1/|V5u]2 do,_1
n_

1 1 by
= LT 1/Hf”“%*S e / ()\— L Vsl +M|f”\lf{s> do,_.

Thus,

1A A+ 1 .,
[ (950,07 doa0) < 2 2 [ IVstPdon - 25 / 1 dor .

It remains to return to (6.6) and combine the above bound with (6.2). Adding and
collecting the coefficients, it gives

1 "

The quantity — 27 + A + 1 is minimized at A = 1+ —2=, which leads to

/m—1"

"

2 do,_1, cn:1+<1—i—

\/%)2. (6.9)

Clearly, ¢, <5, thus proving (6.1). 0J
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Note that ¢, — 2 as n — o0o. So, the constant 5 in (6.1) may be improved for large
values of n.

Combining (6.1) with the Poincaré inequality (1.1), we get a second order Poincaré-
type inequality in the Fuclidean setup,

)
[t =mpao i< o (10T dos,

assuming that f is orthogonal to all linear functions, and where m is the mean of
f with respect to o,_;. Here the left integral will not change when it is applied to
fa(z) = f(z) — %|z|* in place of f, while the right integral will depend on a. More
precisely, we get

5 "
/(f —m)*do, < m/“f — alyfis doy-1,

Hence, we arrive at:

Corollary 6.2. If f is orthogonal to all affine functions with respect to o,_1, then
for any a € R,

5 "
/f2dan_1 < (n——1)2/||f —al,||ig don_1.

7. Proof of Theorems 1.2-1.3

Having proved Proposition 6.1, the proof of Theorem 1.2 is almost identical to the proof
of Theorem 1.1.

Proof of Theorem 1.2. Let f be orthogonal to all linear functions with mean m.
Applying (6.1) to the function f — m in the bound (3.3) of Corollary 3.2, we get

log/exp {”T_l (f —m)} o, < g/ £ dorms.
Applying it to f,(z) = f(z) — % |z|? in place of f, we get
log/exp {nT—l (f — m)} dop,—1 < g/”f” —al,|[fsdon1 < ng.
Assuming that m = 0 and applying a similar inequality to the function — f, we obtain

/engllf do,—1 < 25012

Hence, for any A > 1,

/enzllf//\ do, 1 < (/6"21 £l danl)l/k < (2€5b2/2)1/,\‘
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It remains to note that (2e%°/2)1/* =2 for A = 1 4 1?24 <1+ 3.70% O]
Proof of Theorem 1.3. Let (6 (v, 0) be the linear part of f, and recall that

> =n2l, I= / / 2,y) F(@) f(y) donr(z)don_1(y).

To control Gaussian tails of [ under o,_;, we apply an exponential bound
t1(6) s ol
e"Vdo,_1(0) < exm=D T teR,

which is implied by the logarithmic Sobolev inequality on the sphere, (3.1). Choosing
t =n — 1 and using the assumption [ < , we get [ eV dg, 1 < 2¢%/2 and hence

n_
/eXp{1+b3 ]l|}dan_1 < 2.

On the other hand, by Theorem 1.2 with the same assumption on the second deriv-

ati\/e Of ’, we ha\/e

Using |f| < |Tf| + || and applymg the Cauchy-Schwarz inequality, we conclude that

/6(n—1)|f|/2>\dan_1 < </€(n—1) ITf]/X dan_1>1/2(/e(n_1)|l/>\ dUn_1)1/2 <2

provided that A > 2(1 + 4b%) and A > 1+ . O
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