Chapter 5 ®
Edgeworth Corrections in Randomized e
Central Limit Theorems

Sergey G. Bobkov

Abstract We consider rates of approximation of distributions of weighted sums of
independent, identically distributed random variables by the Edgeworth correction
of the 4-th order.

5.1 Introduction

Given independent, identically distributed random variables X1, ..., X, (for short
- 1.i.d.), we consider weighted sums

SG=91X1+"’+0an, 0=(91""70}1)9

with 012 + -+ 93 = 1, thus indexed by the points from the unit sphere $"~! in
R" (n > 2). Throughout it is assumed that EX| = 0, EX% = 1,sothat ESy = O,
ES(% = 1. According to the central limit theorem, if all the coefficients 6;’s are
small, the distribution function

Fy(x) =P{Sy < x}, x € R,
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is close to the normal distribution function ®(x) = ffoo ¢(y)dy with density
p(y) = \/#27 ¢=*/2. This property can be quantified in terms of the Kolmogorov
distance

p(Fg, ®) = sup |Fy(x) — ®(x)l,

by involving absolute moments B, = E |X|*. In particular, if the 3-rd absolute
moment f3 is finite, then

p(Fg, @) < cB3 D 16’ (5.1.1)
k=1

up to some absolute constant ¢ (cf. [11]). As best, here the right-hand side is of
order 1/4/n which is optimal in general, including the case of equal coefficients;
moreover, this rate may not be improved under higher order moment assumptions.

Nevertheless, the situation is different when one is concerned about the typical
behavior of these distances for most of 6 in the sense of the normalized Lebesgue
measure 5, on "~ 1. In particular, Klartag and Sodin [7] have showed that, under
the 4-th moment condition, the value p(Fy, ®) is actually at most of order 1/n on
average. More precisely, with some absolute constants c, ro > 0, for any r > rp, we
have

p(Fy, ®) < % Ba (5.12)

for all & € §"~! except for a set of 5,_1-measure < 2exp{—r'/2}. This cannot be
obtained on the basis of (5.1.1), since the average of ) ;_, 160k |3 is proportional to
1/4/n.

As it turns out, under rather general conditions, the relation (5.1.2) admits a
further refinement, by replacing ® with the corrected normal “distribution” function

GO =00 - 267 —30pw,  a= ’3“8_ 3 (5.13)

We will use Ey to denote integrals with respect to the measure s,_1. Putaz = EX ? .

Theorem 5.1.1 Ifaz =0, B5 < oo, then with some positive absolute constant ¢
c
Eg p(Fp, G) = —75 Bs. (5.1.4)
3
Moreover, there exists an absolute constant ro > 0 such that for all r > ry,

sn_l{p(Fg, G) > %,35} < 2exp{—r'). (5.1.5)
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Theorem 5.1.1 involves all symmetric probability distributions with finite 5-th
absolute moment in which case G = ®. Moreover, this bound is optimal in the
sense that it can be reversed in a typical situation, where the 4-th moment of X is
different than the 4-th moment of the standard normal law. The same is also true
about (5.1.2) on average, when the 3-rd moment of X is not zero. Denote by G
the collection of all functions G of bounded variation on the real line such that
G(—00) =0and G(oc0) = 1.

Theorem 5.1.2 [fa3 # 0, B4 < o0, then the inequality

c

inf Ky p(Fy, G) > (5.1.6)
Geg

S

holds for all n with a constant ¢ > 0 depending on a3 and B4 only. Moreover, if
a3 =0, B4 # 3, B5 < o0, then

inf Eg p(Fy, G) > (5.1.7)
GeG

c
132
where the constant ¢ > 0 depends on B4 and Bs.

The paper is organized as follows. First, we recall a general scheme of Edgeworth
corrections. Being specialized to the weighted sums, the corresponding asymptotic
expansions contain as parameters special functions on the sphere, which we discuss
in Sect. 5.3. The behavior of characteristic functions of the weighted sums on large
intervals is analyzed separately in Sect.5.4. These preparations are sufficient for
the proof of Theorem 5.1.1, cf. Sect.5.5 (where we also give a slight refinement
of Klartag—Sodin’s theorem in the i.i.d. situation). Sections 5.6 and 5.7 deal with
lower bounds on the Kolmogorov distance, which are used to prove Theorem 5.1.2
(Sect. 5.8).

In the sequel, we use ¢, C to denote positive absolute constants, in general
different in different places; similarly, ¢,, C; denote constants depending on a
parameter q.

5.2 Construction of Asymptotic Expansions

Let &1, ..., &, be independent, not necessarily identically distributed random vari-
ables such that E§x = O and ) ;_, Eékz = 1. Consider the sum S;, = & + --- + &,,
which thus has mean zero and variance one. An asymptotic behaviour of the
distribution of S, in a weak sense is usually analyzed in terms of its characteristic
function f,(t) = Ee’S. In turn, the behaviour of f,(¢) on large t-intervals is
controlled by the Lyapunov coefficients

n
Ly=) El&l, s=2.
k=1
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) s—=2
Note that Ly > n=7 .In fact, these quantities are often of the order n~ 2 . For
example,

s—2 1
Ly=n"7 E|X(|° in case & = — Xi

_ %

with identically distributed X;. Since the function s — L;~> is non-decreasing on
the half-axis s > 2 (due to Ly, = 1), we have L3 < Ll/z < L;/3.
If L; is finite for a fixed integer s > 2, the cumulants

P
— iték
vp&r) = P dip logEe |z=0
are well-defined and finite for all p = 1,...,s. Every cumulant y,(&) is
determined by the first p moments o,y = Eé,g ,r =1,..., p. The first cumulants

are

) =aik =0, nE) =03, yE) = v =our — 305,

A result of Bikjalis asserts that |y, ()] < (p — D!E|&|? (cf. [1, 3]). The
cumulants of S, exist for the same values of p and have an additive structure:

itSy

Yp(Su) = logEe

iPdep

=2 v
k=1

Hence, they admit a similar upper estimate

lvp(Sm)l < (p — D!L)p. 5.2.1)

The Lyapunov coefficients may also be used to bound absolute moments of S,,.
The well-known Rosenthal inequality indicates that E|S,|” < C, (1 + L)) for
p=>2.

We refer an interested reader to [2, 3, 11] for more references and here only
mention a few definitions and basic results.

Definition 5.2.1 Let L, be finite for an integer s > 3. An Edgeworth approximation
of order s — 1 for the characteristic function f, () = E¢/*S is given by

ep e ! yayk Vool Vi3 .
() = ey —(_) ( ) nk, reR.
g-1f)=e " te Zkll...ks_3! 3 G-n) @

Here yp = vp(Sy), k = 3k; + -+ - + (s — 1)ks_3, and the summation is performed
over all tuples (k1, ..., ks—3) of non-negative integers, not all zero, such that k; +
2ky -+ -+ (s = 3)ks_3 < s —3.
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The function g;_; is also called the corrected normal characteristic function
(although it is not a characteristic function in the usual sense). The index s — 1
indicates that the cumulants up to y;_; participate in the constructions. Note
that the above sum represents a polynomial of degree at most 3(s — 3) in
variable .

When s = 3, we have g>(t) = ¢ which is the standard normal characteristic
function. The next Edgeworth correction is given by

—2/2

. \3 n
g3(t) = e (1 + (l;) ) vy = E&. (5.2.2)
’ k=1

For s = 5, if 3 = 0, we have

I

-4
eu(t) = (1 + m%) 2y = X (]Es,f -3 (Eg,?)z). (5.2.3)

=

We will need the following general statement about the Edgeworth approxima-
tions.

Proposition 5.2.2 Let Ly < oo for an integer s > 3. Then in the interval |t| < Ll},

| fa®) = g1 0] < CoLymin {1, 1} e /%, (524)
When s = 3, (5.2.4) leads to the popular inequality
| fult) —e 72| < CLymin{l, 1P} e™"/8,
p—2

By (5.2.1), the cumulants of S, satisfy |y,| < (p — D!L, < (p — DIL?
implying that

. k/(s—2)
B) () e

(5.2.5)

with some 1 < k < s — 3. Applying this bound in Definition 5.2.1, it readily follows
that

2 2 L 3
|gs—1(t) — e 2| < €y max{|¢e, ¢P 7} e /2 max (L3, Ly ).

In particular,

o0 2
/ |gs—1(t) —e™"/*|dt < C; max{l, Ly}.
o
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Being integrable, the function g;_1 appears as the Fourier—Stieltjes transform of
a certain signed Borel measure ft;_; on the real line with density

@s—1(x) = @(x)+e(x) Z kl';kf?»' (g)kl e ((S)/s_—i)!)kf*Hk(x)’ x € R.

Here, the summation is as before, and Hy are the Chebyshev-Hermite polynomials
of degrees k = 3k|+- - -+ (s—1)ky;_3 with leading coefficient 1. By the construction,
8s—1(0) = 1, that is, ug—1 has total mass 1. Moreover, g;_1 and f; have equal
derivatives at zero up to order s — 1, which is equivalent to

o0 o0
ES? = / xPdus_1(x) = f xP @1 (x)dx, p=1...,s—1.
—0oQ —00

Using (5.2.5), we can also see that

00
sup |ps—1(x)| < Cs max{l, L}, / lps—1(x)|dx < Cg max{l, Ly}.
X —00
(5.2.6)

The associated “distribution” function
X

Dy_1(x) = pyg—1((—00, x]) = / es—1(y) dy, x eR,

—00

has a similar description

@1 = 000 - 900 X (B) o () e,

This function has bounded total variation and satisfies ®;_1(—o0) = 0 and
P;_1(00) = 1.

The measure p; is just the standard Gaussian measure with distribution function
@, = &. The Edgeworth correction g3 corresponds to the signed measure with
“distribution” function

3
DP3(x) = P(x) — % (x? = Do (x). (5.2.7)
If y3 = 0, the next Edgeworth correction g4 corresponds to the “distribution”
function
Y4 3
Dy(x) =Dd(x) — a0 (x” —=3x) p(x). (5.2.8)

Since Proposition 5.2.2 quantifies closeness of f,(f) to gs_i(t) on large ¢-
intervals (when L is small), one may hope that, under some additional assumptions,
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the distribution function F; will be properly approximated by ®,_; in Kolmogorov
distance. This may be achieved by applying Berry—Esseen-type theorems such as
the following:

Proposition 5.2.3 If L; is finite for an integer s > 3, then

VE 1 fa @)
cs p(Fp, g—1) < Ls + 1{LS§L3§1}/ I dt. (5.2.9)

1/L3 !

Proof A classical theorem due to Esseen asserts the following: Let F be a non-
decreasing bounded function, and G be a differentiable function of bounded
variation such that F(—o0) = G(—o0) = 0. If |G'(x)] < M for all x, then for
any T > 0,

T
f@) —g@ M
)f’dt‘i_ T (5.2.10)

¢ p(F. G) 5/
0

Here,

f@) = foo e dF(x), gt) = /OO ¢ dG(x)

—00 —00

denote the Fourier—Stieltjes transforms of F" and G, respectively.
1

First, assume that Ly < 1. Necessarily L3 < L§TZ < 1. Assuming moreover
that Ly < L3, we choose T = 1/L and apply the bound (5.2.9) with F = F,, and
G = ®,_1, in which case we have |G’ (x)| = |@s—1(x)| < Cy, by (5.2.6). Then,
applying (5.2.4) in (5.2.10), we get

1/Ls : VLs g (¢
¢y p(Fp. ®y_1) < Ls+f [/n )|dt+/ lesm1 @Ol (5011
1

1/L; ! /L3 !

To estimate the last integral, one may use the bound (cf. [3], Proposition 17.1)

L 1
lgs—1(®)| < CsLs Bt 7] max{Ls““z, Lﬁ(“*z)} > 3
1
Since L3 < L; 7, itholds for > 1/(8L3), and (5.2.11) thus yields (5.2.9).
Now, suppose that L3 < Ly < 1. Then we choose T = 1/L3 in (5.2.10) and

apply (5.2.4) again, which leads to c¢; p(F,, ®5_1) < Ls. Finally, if Ly > 1, one
may use the second bound (5.2.6) which immediately implies that

p(Fy, ©5_1) < p(Fy, @) + p(P, 1) < CsLy.
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5.3 Moments and Deviations of Lyapunov Coefficients

Let us return to the scheme of the weighted sums. In the rest of the paper, we assume
that

So =01 X1+ 46X, O=(...,0)eS"],

where X} ’s are i.i.d. random variables such that EX| = 0, EX% = 1,and B; =
E|X1]® < oo for an integer s > 3. First, we will be focusing on the application
of Proposition 5.2.3 to the approximation of the distribution functions Fy of Sy for
most of 6°s by the corresponding Edgeworth corrections ®;_; = ®;_1 ¢, especially
withs =4 and s = 5.

According to (5.2.9), in order to control the Kolmogorov distance from Fy to
®;_1,9, one should estimate the Lyapunov coefficients Ly = L;(0); we also need
information about the magnitude of the characteristic functions fg(t) = E €S9 on
large ¢-intervals such as || < 1/L(6). Note that the Lyapunov coefficients take the
form

Ly0) = Bylp(®) where 1,(0) =Y |6l? (2 <p<s).
k=1

On the other hand, according to Definition 5.2.1, the construction of the functions
®;_1,0 is based on the cumulants y,(0) = y,(Sy) for p < s — 1, which are given
in terms of the cumulants y,, = y,,(X1) of the underlying distribution by

n
vp(0) = ypap®), ap©®) =) 6.
k=1
In particular, 1 (0) = 0, y2(0) = 1, and

n
y3(0) = y3a3(0) = a3 Z@f (a3 = EX3),
k=1

) = yala(®) = (Bs—3) D60 (Bs=EX).
k=1

Thus, in order to study the typical behaviour of distances p (Fp, ®s—1,9), we have
to explore the distribution of the functionals [, and o, under the measure s,_1 (note
that ), = [, for even p). The behaviour of distributions of /,, for large n is mainly
described by their means and variances. Since the distribution of the first coordinate
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01 under s,_1 has density

:L’%)
NEaNCO)

a1 —x)'T (x<D,

we get

TG

1
E9p=2c/xpl—x2%dx— .
9 101 "), ( ) ﬁF(p—”zL”)

In particular, since £ [,,(8) = nE|601]?, we have

Eg i (0) = E ) = @k— D 5.3.1
0 Lk (0) = Egap(0) = 1D .t (5.3.1)

for even powers p = 2k, k = 2,3, ... Hence,

Byl < 25k n=®=D < pp/2 =55

Here, the resulting bound also holds for p = 2k — 1. Indeed, using the property
1

-4 2%-3
that the function p — [, is non-decreasing in p > 2, we have Ix_; < 15} * and

Eg lox—1 < (Fo lzk)%. Therefore

2k—3
Eg 10117 < (Eo 67%) %
< QA — kkn IS T

k(2k=3) p=2 p=2

< @k-D T < Qhk—DT

where we used a simple inequality 2€k! < (2k — 1)¥. That is, we have:

Lemma 5.3.1 For all integers p > 3, we have Eqg [, < pP/? n_pTiz.

For the first Lyapunov coefficients, the p-dependent constant can slightly be
improved. For example,

3 1/2 2
Bols <Bol}? = (B 1) = (25)" <

. 72

Similarly, since 12> < 1,/%,

3/4 34 15 3/4 8
Bots B0 = @00 = (Gogars) <om
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Using (5.3.1) together with a similar formula

‘ F(Zk;-n)

Ma%:2_7@7
2

=nmn+2)...(n+2k—-2), k=1,2,...,

where Z is a standard normal random vector in R” (needed with £ = 4), we also
find that

Varn () 15 15
ar = - < =
) = i+ 4 a2
24 (n—1 24
Varg (l4) = (=D

< —.
n+2)22n+4)@n +6) n3

This means that the deviations of «3 are of order 1/n, while the deviations of /4
from its mean are of order n=3/2.

With worse numerical constants these bounds can also be obtained by applying
the spherical Poincaré inequality. However, by virtue of the (stronger) logarithmic
Sobolev inequality on the unit sphere with an optimal constant [8, 10], namely

2
/u2 loguzdﬁn_l —/uzdsn_l log/uzdsn_l < — /|Vu|2dsn_1,
n—

one can get more information, such as the bound on the growth of moments

Jp—=1
b IVullp, p=>2. (5.3.2)

vn—1 o
Both inequalities hold true for any smooth function u on R” with gradient Vu, and
with L?-norms being understood with respect to the measure s, (cf. e.g. [4],

Theorem 4.1).
Generalizing «3(0) and I4(0), now consider the functions

lu —Eoull, <

n n
030) =) b, Qu0) =) ab;.
k=1 k=1
Lemma 5.3.2 Assume that % Y iai=1andputa = % Y ey ak. Forallr >0,

1
s-tln 031 = ) = 2 exp { — -1,

23
3a 1
srfrt?los— =55 = ) <2 e - )
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Proof We apply (5.3.2) to the function u = n Q3. Using ﬁj < 2717, by Jensen’s
inequality, for any p > 2,

2p\Pr/2
ey < n? ()" 1V Q3115

n
p/2
= nP/2 )P/ 3p/(za,§9,§) ds,_1(0)

k=1

1 n
<a? @R3-S af [P ds,0) = n” (18 p)PPEal6) .
n
k=1

If p = m is integer, applying the relation (5.3.1), we get

el < n™ (18 m)™ /> By |61 >
< (18m)"™* 2m — DI < 1822 M2,
where we used the bound (2m — D!! < (2m)™. Thus, |ull, < 6v2m3/2. At
the expense of a larger absolute factor, this inequality can be extended to all real

p > 2 in place of m. Indeed, pick up an integer m such that m < p < m + 1.
Then

lullp < lullmrs < 682 (m + D32 < 68/2(p + 13 <93 p*/2,

ie. lullh < (bp)*P/? with b = (9+/3)%/3. By Markov’s inequality, choosing p =

21/131; r23 (r > 0), we get

3p/2
- (bp)

p
Sp—{lul = r} < P exp{ -3 logz},

provided that p > 2. But, in the case 0 < p < 2, the above right-hand side is greater
than 1/2, so that we have

soi(lul =) < 2exp| - g log 2]

for all p > 0. It remains to note that 5 log2 = % r3 > % r2/3

the first inequality of the lemma.

thus proving
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3a

To derive the second one, let us apply (5.3.2) to the function u = 32 (Q4— )

Similarly, for any p > 2,

2p\Pr/2
el < /2 (Z2)" v eul

= ()" | (Y aef)” as,r0)

2p\P2 1
<P (S0) A / 10?7 dsy—1(0) = n*""2 (32 p)""? Eg 1617
n n =1

Let us replace p with 2m assuming that m > 1 is integer. By (5.3.1), we get

lull3™ < n®™ (64 m)™ Eq 6"

< (64m)" (6m — D! < (48v/6m?)?™".

Hence ||ull2m < 48+/6m?. To extend this inequality to real p > 2, pick up an
integer m such that 2m < p < 2(m + 1). Then

lully < llulamsry < 4836 (m 4 1) < 486 p*> = (bp)?P, b = (48V6)"/2.

By Markov’s inequality, given r > 0 and choosing p = mﬁ, we get

Sp—iflul =7} <

o0 -2 s

provided that p > 2. In the case 0 < p < 2, the right-hand side is greater than 1/2,
so that

sp-i(lul =) < 2exp| - g log 2]

for all p > 0. It remains to note that % log2 > % rl/2, O
Let us now consider deviations of /,, above their means.

Lemma 5.3.3 Forall real r > 1 and integer p > 2,
5,,_1{in72[,, Zcpr} < exp{ —(rn)z/p}, (5.3.3)

where one may take c3 = 33, c4 = 121, and ¢, = (/p + 2)? in general.
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Proof If u is a function on S"~! with Lipschitz semi-norm ||u lLip < 1 with respect
to the Euclidean distance, then (cf. e.g. [9])

—nt2/4
b

sp—tfu>Egu+t}<e t>0.

As a partial case, one may consider the E'I')-norms u@® =1 p(e)l/l’ on R" with
p > 2, for which we thus have that

5n—l{l;z/p = (EG lp)l/p +t} =< eint2/4-

p—2
2

Using the bound Eg I, < Apn™

p—2
t=2rP T2

with A, = pl’/2 as in Lemma 5.3.1, the choice

leads to

-2
5;1—1!’1,)27 lll;/p > A;,/p +2r] <exp{-— (m)z/p}.

Hence, we obtain (3.3.4) with ¢, = (A)/” +2)? < (/P +2)P. Using A3 = /3

and A4 = 3, one may take c3 = (Aé/3 +2)3 <33 and (Aéll/4 +2)* < 121. O

5.4 Upper Bounds on Characteristic Functions

The property that the values of the characteristic functions fy () = E e’ are small
in absolute value for most of & € §”~! with large  may be seen from the following:

Lemma 5.4.1 Forallt € R,
Eo | fo()2 <512 4 57/ (1250 (5.4.1)

Proof Using an independent copy ¥ = (Y ..., Y,) of the random vector X =
(X1,...,X,) in R", write

| fo ()] = Eei!X—Y0) 0e s,
and integrate over the sphere, which gives
Eo | fo (0> = E (11X = YD),
where by J,(t) = Eg ¢ we denote the characteristic function of the first
coordinate on the sphere under s,_;. One may split the last expectation to the event

|X — Y| < /n and to the opposite one, which implies

Eg | fo()* < sup |Jy(u)| +P{X — Y |* <n}.
u>tn
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To proceed, we employ the bound |J, (u)] < 5 et /2m + 4 ¢7/12 derived in [5],
cf. Proposition 3.3. Consequently, since 84 > 1, the inequality (5.4.1) would follow
from

P{X — Y|? < n} < e /68 (5.4.2)
But, this bound is a particular case of the following well-known observation:

Given i.i.d. random variables & > O such that E¢§; = 1, thesum U, = & +---+ &,
satisfies

n €X ne, < < 1. ST
n = = p E 12
To recall a standard argument, note that
Ee >e Arn ]P{Un < )\.n}v r>0. (544)

The function ¥ (r) = E e~"4! is positive and admits Taylor’s expansion near zero up
to the quadratic form, which implies that

2 2
r r
Y) = 1-rBa+ B < e - rBa + S Ee).
Hence
nr2 2
]Ee—rUn = w(r)" < CXp[ —rn—+ TESI }
In view of (5.4.4), this bound yields
nrz 2
P{U, < An} < exp{ — (1 =XMnr+ TIESl },
and after optimization over » we arrive at (5.4.3).

In the case & = 5 (Xx — ¥%)? with iid. X such that EX; = 0, EX? = 1,
EX‘I‘ = B4, we have

1 3
EP = 5 BE) + S(EED” <28,
and (5.4.3) yields

a2
P{IX — Y|? <2} < exp{ — %n}
4
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To obtain (5.4.2), it remains to put here A = 1/2. |

Let us now turn to the integrals

1/Ls /
1,6) = lgsf 'fgt( Da,  o=es il <13<1), (545
1/L3

appearing in the Berry—Esseen-type bound (5.2.9) for the scheme of the weighted
sums with Ly = Lg(0). Since in general Ly > f; n’%, necessarily I;(0) = 0, if

-2
Bs >n'T,

Lemma 5.4.2 Given an integer s > 4, we have

ey Su—1{15(0) = B n_%} < exp{ —n?*?} +exp{ — ;—n} (5.4.6)
4

In particular,
Ey I,(0) < CyByn~ T . (5.4.7)

Proof Introduce the sets on the unit sphere Qg = {L3 < 2¢b,}, 21 = {L3 > 2cb,},
where b, = B3/+/n and ¢ = 33. By Lemma 5.3.3 with p = 3,

sp—1(Q1) < exp{ — (2n)2/3}.

Since Ly > n’%, while | fp(¢)] < 1, we get, for all 6 € sn=1,
1/L =
s t n 1 -2
1,0) = 193,/ Wo®l ) / Lar = =2 1ogn.,
1Ly ! 1 t 2
and conclude that
s—2 s—2 23
Eo [1;(0) 1g,] < logn s,_1(R) < logn exp { — (2n)*"*}
< Csexp | —n*}. (5.4.8)

Given 6 € Qg N 2, let us extend the integration in (5.4.5) to the interval [Tp, T']

N

with endpoints Ty = max{1, (2cbn)_1} and T = é n 52, and with the requirement
that Ty < T. Since, by Lemma 5.4.1,

Eg | fo(t)] <3e /4 £ 3e7/G28),
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we obtain that

T 328\ 91
By 1,(0) 1g, < 3Eg / (e84 iy &
To

< 6e7 T/ 4 3log % JEETD
0

s—2

nz
<6 exp{ - } F3log L /G260 (54.9)
(4Cbn)2 Bs
Due to the assumption EX % = 1, the function p — S },/ (P=2) g non-decreasing in
p. 50, By < B/ and
n'? n'7 1 2
log e (648 < og exp{ —— B n} < Cs.
s s 64
This simplifies (5.4.9) to
n ’
csEg I,(0) 1o, < ex {— }—}—67”/(64’34) < e /P4
s &0 s( ) Qy = P (4C,33)2 =

where we used ﬂ% < B4. Together with (5.4.8), we thus arrive at
¢ Eg 1,(6) < exp{ —n*?} +expf - ;_”}
4

which yields (5.4.6)-(5.4.7), by applying Markov’s inequality and using 4 <
2/(s=2)
s . O

5.5 Proof of Theorem 5.1.1

We continue to keep our standard notations in the scheme of the weighted sums
So =01 X1+ +0,Xe,  0=(01,....0,) €S,
with i.i.d. random variables Xy, ..., X, such that EX; = 0, EX% =1, 8 =

E|X1]® < oo foraninteger s > 3. Let us write down the bound of Proposition 5.2.3
for this scheme:

cs p(Fy, q)s—l,e) < Ls(0) + I;(9).
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Here Ly = Ls(0) = Bsl5(0) = Bs ZZ:I |6x|* and

VLs | £t
1,0) = 1QS/ [fo @ dr, Q={0es L, <Ly<1).
1/L3 !

_s=2
2

As we know from Lemma 5.3.1, EgL;(0) < ¢;Bsn
Lemma 5.3.3 to

, which is sharpened in

601 {Ly(0) > ¢ Brn~ T ) < exp|— (), r>1,

with ¢g = (4/s + 2)°. Since Lemma 5.4.2 provides similar bounds for I;(6), we
obtain:

Theorem 5.5.1 Assuming that B < 00, let ®s_1 g be the Edgeworth correction for
Fy of an integer order s > 4. Then

Eo p(Fo, ®5_16) < csByn” 7. (5.5.1)
Moreover, forallr > 1,
su-1{p(Fo, @-10) Z er fon™ T} = o), (5.52)
where
e(n,r) = exp{ — min ((rn)z/s, n?/3, cn/ﬂ4)}.

The upper bound on the right-hand side of (5.5.2) has almost an exponential
decay with respect to n. For example, when s = 4 and with » = 1 in (5.5.2), we get

C )
5n—1{p(F9» D34) = %} < Ce V7, n> B3 (5.5.3)

However, Fj is still approximated by a function depending on 6. According to
(5.2.7),

y3(0)
3!

D30(x) = D(x) — (x* — Do (x)

= d(x) — % 2 = Do) az®), o3 =EX3, as@) = ];9,3.
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To eliminate the correction term in the case o3 # 0, note that |x2 — 1] ¢(x) < 1,
leading to

(P30, P) < B3 la3(6)].

But, a3(0) is of order 1/n, as indicated in Lemma 5.3.2. Using (5.5.1)—(5.5.2), this
gives

C
Eg p(Fp, @) < ;,34
and
Cr .
5n_1{p(F9, o) > 7,34} < Cexp{ — cmin ((rn)l/z,n2/3,n/ﬂ4,r2/3)}

with arbitrary r > 1, which may be assumed to satisfy r < n/(CpBs). But, in this
case, within a universal factor the quantities (rn)'/2, n?/3 and n/B4 dominate r>/3.
We thus arrive at the Klartag-Sodin theorem for the i.i.d. situation with a slight
improvement of the power of » (which was actually mentioned in [7]). In addition,
one may emphasize a concentration threshold phenomenon as in (5.5.3) for the case
where a3 = 0.

Corollary 5.5.2 If B4 is finite, then for all r > 1,
Cr
511—1{,0(F6?a ®) > 7/34} <C exp{ — cr2/3},

Moreover, if a3 = 0 andn > ,32, then

CBa
Sy {p(Fe, Q) > T} < Cexp{—c/n}.
On the other hand, if o3 = 0 and fs is finite, one may turn to the next Edgeworth

correction which is given according to (5.2.8) by

0
4p(x) = D(x) - y“4(, ! ) o)
Bs—3

= o) - Hy(x) o) 14(©0),  1s®) = Y67, (554)
k=1

24

with H3(x) = x> — 3x. This approximation also depends on 6, but the correction
term does not have mean zero.
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Proof of Theorem 5.1.1. Using Eg [4(0) = let us rewrite the above as

n+2’

Bao(r) = GO+~ Hyo) ) - P
dn(n +2) 24

3H 14(6 )
5090 (L) = —).

where

G(x)=d(x) —

-3
ﬂg Hs(x) ¢(x)
n

does not contain 6 anymore. Since |84 — 3| < 284 and |H3(x)| ¢(x) < 1, it follows
that

Ba /34
p(Psg9,G) < 22T l4( )— ——= +2 (5.5.5)

which in turn, recalling the bound Varg (l4) < 24 n3, yields
Eg p(@4,6. G) < 2B4n />
But, according to Theorem 5.5.1 with s =5,
Eo p(Fp, ®49) < CBsn /2.
These two bounds yield the inequality (5.1.4) of Theorem 5.1.1, by applying the
triangle inequality for the distance p.
Moreover, applying Lemma 5.3.2, from (5.5.5) it also follows that

Su—1{p(®ap,G) > Crpsn?} < Cexp{ —cr'/?}, r>1. (5.5.6)

Combining this with the inequality (5.5.2) and recalling that 84 < ﬂ52/ 3 < Bs, we
get

ﬁn_l{p(Fg, G) > Crps n_3/2} < Cexp{ — cmin ((rn)z/s,n n,B 1/2)}

with an arbitrary value r > 1. Note that |G(x)|] < CBs < CBs, so that we may
restrict ourselves to the region

1 <r <n®?/(CBs)

(since otherwise the left probability is zero). But in this case, necessarily 85 <
n3/2/C, and both (rn)!/? and n,35_2/3 dominate r!/2. Hence, the above bound is
simplified to

sn—1{p(Fp, G) = Crps n_3/2} < Cexp{—cmin (n2/3,r1/2)}.
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1 4/3

Here, r1/2 is dominated by n2/3 in the region r < n*/°, in which case we arrive at

the desired inequality
su—1{p(Fs, G) = Crpsn>?} < Cexp{ —cr'/?}. (5.5.7)

As for larger values of r, the usual Berry—Esseen inequality (5.1.1) with a purely
Gaussian approximation is more accurate. Indeed, together with Lemma 5.3.3 for
p = 3, the bound (5.1.1), which is known to hold with ¢ = 1, gives, for all » > n,

su—1{p(Fy, ®) = Crpzn~>"?} < 5,_1{13(6) > Crn=?/?}

<exp{—r*}, (5.5.8)

which sharpens (5.5.7). At the expense of a worse rate, one may replace here &
with @4 . From (5.5.4), p(P4,9, ®) < B414(0). Hence, applying Lemma 5.3.3 with
p = 4 and with r//n in place of r (which is justified as long as Cr > 121./n), we
get

sn—1{p(Pag, ®) > Crps n_3/2} < su_1{nls®) > Crn_l/z}

< exp{ — r1/2n1/4} < exp{ — rl/z}.
Combining this with (5.5.8), we get
su—1{p(Fg, P49) = Crps n*3/2} <2exp{-— rl/z}, F>n.
Finally, by (5.5.6),
s0-1{p(Fo. G) = Crpan™) = (C+2) exp{ —er'?).
This means that we have obtained the required bound (5.5.7) for all values r >

1. It remains to rescale the parameter r to arrive at the inequality (5.1.5) of
Theorem 5.1.1. O

5.6 General Lower Bounds

Let U be a function of bounded variation on the real line with U(—00) = U(c0) =
0. By analogue with Berry—Esseen-type theorems, a standard approach to the
problem of lower bounds for the L*-norm ||U| = sup, |U(x)| may be based on
the study of the associated Fourier—Stieltjes transform

u(t):/ " dU (x), teR.

—00
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For example, we have the following estimate derived in [2], cf. Theorem 19.2.

Lemma 5.6.1 Forany T > 0,

1 T t
| > ﬁ‘/o u(t) (1 —?)dt

In the scheme of the weighted sums, introduce the characteristic function f(¢) =
Eg fo(¢) of the average distribution function F(x) = Ey Fp(x) = Eg P{Sp < x}.
Lemma 5.6.1 may be used to derive:

. (5.6.1)

Lemma 5.6.2 Given a function G of bounded variation such that G(—o0) = 0 and
G(oo) =1, forany T > 0,

. (5.6.2)

T t
| o= s (1= 1)

1
E, Fy,G) > ——E
o p(Fy, G) 63T 9

Proof Given a complex-valued random variable £ with finite first absolute moment,
for any complex number b,

1
E|§ — bl > —E | — E£|. 5.6.3
1§ = bl = i 1§ — E&| (5.6.3)

For the proof of this claim, first note that, by the triangle inequality,

E\/n3 +n} =Eln| = |Eq| = \/(Eno)? + Eni)?

for any complex-valued random variable 1 with n9 = Re(n), n1 = Im(n). Replacing
no with |no| and n; with ||, the above can be formally sharpened to

E\/nd + 13 =/ Elnol)? + E m ) (5.6.4)
Now, write & = &y + i&;. Since the inequality (5.6.3) is shift invariant, we may
assume that both &y and &; have median at zero. In that case, for any b = bg + ib,
by, b1 € R,
Elg| <Elgol+E51I <EI§ —bol +EI§ — b1l

S0,

El§ —E§| <2E|§| <2E|§ — bol +2E |5 — b1l.
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Using (5.6.4) with ng = & — bg and n1 = & — by, this gives

El§ — bl = /g — bol)? + E g — by ]2
1

NG

1

E|E —bi| >
3 1|_2ﬁ

1
Z—ZEIE—boH- E[§ —E&l,

and we arrive at (5.6.3).
Finally, denote by g the Fourier—Stieltjes transform of G. We apply (5.6.3) on
the probability space (", s,_1) with

é=/OT fo(®) (1—%)dt, b:/OTg(t) (1—%)51;_

In view of (5.6.1) applied to U = Fy — G, we then get

Eq p(Fp. G) = Eg | Fy — G| > ——E /T(f 1) — (r))(l_i)dt
o p(Fy, o || Fo e A ) g T
1 T t
T fo (fe(t)—f(t))(l—?)dt.

5.7 Approximation by Mean Characteristic Functions

To apply the lower bound (5.6.2), we need to look once more at the asymptotic
behaviour of characteristic functions fy(¢), at least near zero. To this aim, Proposi-
tion 5.2.2 may still be used. In the scheme of the weighted sums, it gives the next
two assertions for Edgeworth approximations of orders 4 and 5. Put a3 = EX ? and

@) =Eg fo().

Lemma 5.7.1 If B4 is finite, then for all & € S"~! except for a set on the sphere of
measure at most C3 e~V in the interval lt| < T, = /n/(33 B3), we have

(1)’ g
o) — f(1) = azaz(0) T +e (5.7.1)
with

le| < CBan™! e /8 4 CPB3 exp { — /n}.
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Lemma 5.7.2 If Bs is finite and a3z = 0, then for all 6 € S"~! except for a set of
measure at most Cf4 exp{—nz/s}, in the interval |t| < T,, we have

3 4
fol) = SO = (B =3) (1s0) = —= ) T P e, (57.2)

where
le] < CBsn 2|t ™18 + CBy exp | — n*3).

Proof According to Definition 5.2.1 with s = 4 and s = 5, fy(¢) is approximated
by the functions of the form (5.2.2)—(5.2.3), that is, by

F\3
a0 = (140 5). 75O =mwo),
4
gao(t) =" (1 + )/4(9)%)’ va(0) = (Ba = 3) 14(0),

where we assume that «3 = 0 in the second case. More precisely, if 84 < oo, then
for any @ € $"~!, in the interval || < 1/L3(0), we have that

1fo(0) — g3.0()] < CBals(@)t*e /8. (5.73)

Moreover, if 85 < oo and @3 = 0, then in the same interval,

| fo(t) — gap()] < CBsls(®) [t e /3. (5.7.4)

Using the results from Sect. 5.3, one can simplify these relations for a majority
of the coefficients. As was already stressed (as a consequence of Lemma 5.3.3 with

p=3),

ey <nl-L

Jnoo Ty
for all 6 from a set Q on the sphere of measure at least 1 — exp{—n?/3}. Therefore,

the bounds (5.7.3)—(5.7.4) are fulfilled for all |¢| < T, and for all § € Q.
Moreover, by Lemma 5.3.3,

su-1{l4(6) = Cn~'} <exp{ - Vn}.

Therefore, (5.7.3) leads to a simpler version

_ _ 42
|fot) — g03(0)| < CRan™ ' t*e™ /3 1] < T, (5.7.5)
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which holds for all 6 except for a set F on the sphere of measure at most

2exp{—+/n}.

Clearly, one may replace fy and g3 in (5.7.5) by their mean values f(t) =
Eo fo(t) and g(t) = Eg g3,9(t) = ¢=*/2 at the expense of an error not exceeding

Su—1(F) sup | fo(t) = g3.0(D)| < CB3 exp{ — v/n}.
t
Averaging over 6 in (5.7.5), it thus yields in the same interval

|£() — ()] < CBan~ " t*e /8 4 CB3 exp | — V). (5.7.6)
Finally, combining the latter with (5.7.5), one may bound the expression

(ir)

- \3
(fo(t) = g3.6(1) = (f(1) —g(®) = (fot) = f(1)) — o3 03(6) ’3% e

by the same quantity as on the right-hand side of (5.7.6). This proves Lemma 5.7.1.
Now, turning to (5.7.4), we apply Lemma 5.3.3 with p = 5, when it gives
sp—1{l5(0) = Cn?} <exp | —n*}.
Hence, we get a simpler version

_ _ 42
| fot) — gao(®)] < CBsn 2 1tPe™ /5, 1] < T, (5.7.7)

which holds for all 6 except for a set F on the sphere of measure at most
2 exp{—n?/7}. Again, at the expense of an error not exceeding

Sp—1(F) sup | fo(t) — gap()] < CBa exp{ —n*},
t

one may replace fp and g4 in (5.7.7) by their mean values f(¢) and g(¢), where
now

_ _ *12/2 o 4 _ ﬂ4 — 3
g(t) =Eg go(1) = ¢ (1+—n+2z ) e= —.
Averaging over 6 in (5.7.7), it thus yields
|f(t)—g@)| < CBsn™/2 1) /8 4 CBy exp{ —n?°}. (5.7.8)

Finally, combining the latter with (5.7.5), one may bound the expression

3 4
(o) =800~/ ) =8(0) = fo(O—F O)=(Bs=3) (1LsO)~——) Te™2
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by the same quantity as on the right-hand side of (5.7.8). This proves Lemma 5.7.2.
0

5.8 Proof of Theorem 5.1.2

First, let us apply Lemma 5.6.2 by virtue of the representation (5.7.1) from
Lemma 5.7.1, which holds for all § in F C S$"! of measure at least 1 —
CB3 exp{—nl/z} in the interval |t| < /n/(33 B3). Given 0 < T < 1, we have

T T2
/ PBet/? (1 - L) dt > l/ Bdt = LT“.
A T 4 Jo 256

On the other hand,

T
f e /8 (1—L)dt < lT5.
A T 5

Therefore, forall @ € F and n > (33 ﬂ3)2,

> clas| laz(0)| T*

T t
‘/0 (foe) = f ) (1= =) ar
C 5 1/2
—;ﬂ4T —Cﬂ3exp{—n/}T.

Integrating this inequality over the set F and using

By les(@)] 15 > =,
n
we arrive at
lg fT(f (t)—f(t))(l—L)dt > —3(c|ot |—CBaT)—CBy exp {—n'/?}
T 0 0 0 T =7, 3 4 4 .

Choosing an appropriate value of T ~ |a3|/B4 and applying Lemma 5.6.2, we get

o3 |*
3
,34 n

Eg p(Fp,G) = ¢ — CpB4 exp{ _n1/2}

with an arbitrary function G of bounded variation such that G(—o0) = 0, G(c0) =
1. The latter immediately yields the required relation (5.1.6) for the range n > ng
with constant ¢ = ¢q |a3|*/ ,62 and for a sufficiently large ny depending o3 and B4.
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To involve the remaining values 2 < n < no, let us to note that the infimum in
(5.1.6) is positive. Indeed, assuming the opposite for a fixed n, there would exist
G € G such that Eg p(Fg, G) = 0 and hence Fy(x) = G(x) for all § € §"!
and all points x. In particular, all the weighted sums Sy would be equidistributed.
But this is only possible when all the random variables X have a standard normal
distribution, according to the P6lya characterization theorem [12], cf. also [6]. And
this contradicts to the assumption a3 # 0.

The second assertion, where a3 = 0, but B4 # 0, is similar. We now apply
Lemma 5.6.2 by virtue of the representation (5.7.2) of Lemma 5.7.2, which holds
for all @ in a set F C S"~! of measure at least 1 — Cf4 exp{—n2/5} in the same
interval |t| < /n/(33 B3). Given 0 < T < 1, we have

T t 1 (T2 1
/ e 2 (1 - —)dt > = / trdt = — T°.
0 T 4 Jo 640

On the other hand,

Therefore, forall @ € F and n > (33 /33)2,

3
= c|ps = 3| |la®) - —=|T°

T
t
' | o = san (1= 1 )ar
0 T
¢ 6 2/5
—Sp b0 = Chs exp{ —n*}.
Integrating this inequality over the set F and using

c

3
Eo |l4(0) — ——| 17 = —,
o |l4(0) n+2‘ FZ 37

we arrive at

1 T 1 T4
70| [ G0 = ron (1= 7)di| = o (el =3 - cps )

— CBs exp | —n*°}.

Choosing an appropriate value of T ~ |84 — 3|/Bs and applying Lemma 5.6.2, we
get

|Bs — 3]
$n

Egp(Fy,G) = ¢ — CpBs exp{—nz/s}.



5 Edgeworth Corrections in Randomized Central Limit Theorems 97

The latter yields the required relation (5.1.7) for the range n > ng with constant

c=colps—3P/p3

and with a sufficiently large no depending B4 and B5. A similar argument as before

allows us to involve the remaining values 2 < n < ng as well. m]
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