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Necessary and sufficient conditions for the validity of the central limit theorem for den-
sities are considered with respect to the norms in Orlicz spaces. The obtained charac-
terization unites several results due to Gnedenko and Kolmogorov (uniform local limit
theorem), Prokhorov (convergence in total variation) and Barron (entropic central limit
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1 Introduction
Let (X,)n>1 be independent copies of a random vector X in R? with mean zero and an identity
covariance matrix. By the central limit theorem, the normalized sums

ZH:%(XH—---—FX”) (1.1)

are weakly convergent to the standard Gaussian measure v on R? with density

Lo e
(27.‘.)d/2 € )

o(z) = z € R%

Suppose that Z,, has an absolutely continuous distribution for some n = ng, so that all (Z,,)n>n,
have densities p,. The weak convergence then means that

/(pn(x) —o(z))u(x) de — 0, n— oo,
Rd

for any bounded continuous function u on R%. Local limit theorems deal with convergence of p,,
to ¢ in a stronger sense. In particular, employing an approach by Prokhorov, it was proved by
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Ranga Rao and Varadarajan that
pn(z) = p(z), n— oo, (1.2)

for almost all points 2 € R? (in the sense of the Lebesgue measure, cf. [1]). What is also natural,
one can consider the convergence of densities in Orlicz spaces.

Given a Young function ¥ : R — [0, 00), i.e., an even, convex function such that ¥(0) = 0,
T(t) > 0 for t > 0, the Orlicz norm of a measurable function u on R? is defined by

ull = ||ullg = inf {)\ >0 /\I/(u(:z:)/)\) da < 1}.

Rd

The associated Orlicz space LY = LY(R,dx) contains all u with ||ul|g < oo. For example,
the choice ¥(t) = |t|* (o > 1) leads to the usual L%norm ||u||o. Let us include in this family
the L>-norm ||ul|sc = esssup, |u(z)| as a (limit) Orlicz norm. Being specialized to probability
densities, the convergence in any Orlicz norm occupies an intermediate position between the
convergence in L>®-norm (which is the strongest one) and the convergence in L'-norm (the
weakest one). Here, we prove the following characterization.

Theorem 1.1. Suppose that Z, have densities py for large enough n. For a given Orlicz
norm we have ||p, — ¢|| — 0 as n — oo if and only if ||pn|| < oo for some n = nyg.

For a large class of Orlicz norms this statement can be given in a slightly different form.
Recall that the Young function W is said to satisfy the Ag-condition, if ¥(2¢) < ¢¥(¢) with some
constant ¢ > 0 independent of ¢ > 0.

Corollary 1.1. Suppose that Z, have densities p, for large enough n, and let the Young
function VU satisfy the Ao-condition. Then

/\I/(pn(x) —cp(x)) dx — 0, n— oo,

if and only if
/\I/(pn(:v)) dax < oo for some n = ny.

In the case of the L*-norm, Theorem 1.1 is essentially due to Gnedenko and Kolmogorov.
Originally, sufficient conditions for the uniform local limit theorem

sup [pn(z) — ¢(z)| = 0, n = oo, (1.3)

were stated in [2] for the dimension d = 1 in the following way. It was assumed that, for some
n, pn belongs to L%, 1 < a < 2, and satisfies an integrable Lipschitz condition (which was later
removed in [3]). Here, the first assumption can formally be weakened to ||p, |l < 0o (for some
n), which is not only sufficient, but is also necessary for (1.3) to hold, cf. Petrov [4]. But, once
pr is bounded, we have ||p,,|lo < oo for all & > 1. Hence the Gnedenko—Kolmogorov condition is
necessary as well and can be formulated with arbitrary « > 1. Bhattacharya and Ranga Rao [5]
gave another description in terms of the characteristic function f(t) = Ee!»X). Namely, (1.3)
is equivalent to the so-called smoothing condition

/]f(t)\”dt < oo for some v > 1. (1.4)
Rd
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Let us also add that the property (1.4) implies not only boundedness, but also continuity of the
densities p, for sufficiently large n.

In the case of the L*norm (a > 1) in Theorem 1.1, the requirement that ||p,||o, < oo for
some n returns us to the setting of the Gnedenko-Kolmogorov theorem and is therefore reduced
to the smoothing condition, i.e., the assertion ||p, — ¢|la — 0 does not depend on « in the range
1 < a < oo and is equivalent to (1.3)—(1.4).

In the case of the L'-norm, Theorem 1.1 is due to Prokhorov [6]. It can be stated in terms
of the total variation distance between the distribution u, of Z, and the Gaussian measure =
as the assertion

[ttn = Yllvv = llpn — @llL =0, n — oo
Thus, it holds without any condition as long as the densities p,, exist. This variant of the local
limit theorem can also be viewed as a direct consequence from (1.2). By the well-known Scheffé
lemma, the pointwise convergence of probability densities (holding almost everywhere) implies
the convergence in L'-norm.

These particular cases show that the property ||p, — ¢|| — 0 can involve a larger class of
underlying probability distributions in comparison with the class described in (1.4), only when
the norm || - || is weaker than all L*norms (« > 1). In order to turn to an interesting example,
let us remind the notion of the Kullback—Leibler distance

D(ullv) = Do) = [ plog(p/a) d
Q
also called the relative entropy or an information divergence. (Note that it is not a metric in
the usual sense.) This quantity is well-defined in the setting of an abstract measurable space
Q) for arbitrary probability measures v and p with densities p and ¢ over a dominating o-finite
measure \, assuming that p is absolutely continuous with respect to v (the definition does not
depend on the choice of \). In general, 0 < D(p||v) < oo, and D(p||v) = 0 if and only if p = v.
This separation property can be quantified by means of the Pinsker type inequality

2
1 1
D(ullv) > 5 Il = vy = 5 ( /|p—q|dA>
Q

(cf., for example, [7] and the references therein). Returning to the normalized sums Z,, as in
(1.1) with densities p,, on 2 = R? with respect to the Lebesgue measure \, the Kullback-Leibler
distance

D(pal) = Dipalle) = [ palog(pn/) d
R4
thus dominates the L!-distance, and we have the Pinsker inequality D(p,||¢) > % |lpn — |3
A corresponding description of the entropic central limit theorem was obtained by Barron [§]
(originally, in dimension one), and we give it below (cf. also [9, 10]).

Theorem 1.2. Suppose that Z, have densities p,, for large enough n. Then D(p,|l¢) — 0
as n — oo if and only if D(py||p) < oo for some n.

Here, the last property can be stated as the finiteness of the differential entropy

h(pn) = —/pn(:c) log pn(z) dx
R
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(which does not exceed h(y¢) due to the second moment assumption, but in general can take the
value —o0). This is also equivalent to

/ pu(@) Tog(1 + pu(2)) d < oo, (1.5)
Rd

As the next step, we show that the Barron theorem can be included in Theorem 1.1 as a
particular case, by applying the next characterization of the convergence in D to the standard
normal law. Introduce the Young function

Y(t) = |t[ log(L+[t]), teR.
It is clear that it satisfies the Ay-condition.

Theorem 1.3. For a given sequence (pn)n>1 of probability densities on R? the convergence
D(pnlle) — 0 as n — oo is equivalent to the following two conditions:

(a) /\:1:|2pn(3:) dz —d,
Rd
(b) llpn — @llyy = 0 as n — oo.

Here, the last condition can be replaced with

/ 1P — o] log(1+ |p — @) dz — 0. (1.6)
]Rd

In the setting of Theorem 1.1, the integral in a) is just E | Z,,|? = d due to the basic assumption
on the covariance matrix of the random vector X. Hence condition (a) is fulfilled. Thus, the
convergence in D implies the convergence in the Orlicz norm |-, which can also be formulated
as (1.6). In turn, (b) yields ||pn|ly < A for all sufficiently large n with some constant A, implying
that (1.5) is fulfilled. Hence D(py,||¢) < oo as well, and we see that Theorem 1.2 is a consequence
of Theorem 1.1.

The paper is organized as follows. For simplicity (mostly of notations), in the proof of
Theorem 1.1 we will assume that the random vector X has an absolutely continuous distribution,
so that ng = 1 (minor modifications should be done in order to involve the general case ng > 1
(cf., for example, [10])). As a preliminary step, first we recall a general scheme of decomposition
of convolutions into the major and small parts (Section 2), and then a uniform local limit
theorem is proved for the major part (Section 3). The material of these two sections is not
new, and we include it here to make the proof to be self-contained. Final steps in the proof of
Theorem 1.1 are made in Section 4. Before turning to the proof of Theorem 1.3, in Sections
5-6 we consider preliminary general bounds on the distance D(pl||p), which relate them to the
Orlicz norm, as well as to the mean and the covariance matrix associated to a given density p.
In the last Section 7, we discuss topological properties of the convergence in relative entropy
and prove Theorem 1.3.
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2 Decomposition of Densities

Assume that a random vector X has an absolutely continuous distribution with density w.
Here, we describe a general ‘scheme of decomposition of the convolution powers w, = w*" into
the two parts, one of which is a bounded density approximating w, in a sufficiently sharp way,
while the other one is small and can be controlled in terms of the Orlicz norm of w. This approach
to local limit theorems goes back to the work by Prokhorov [6]. Let us write M (q) = ||¢||co-

For 0 < 01 < 1 one can decompose R? into two measurable sets of the form Q C {w(z) < M}
and ©; C {w(x) > M} such that

/w(:c) dz =68 =1-6, /w(x) dz = 4.

Qo Ql

As a result, we obtain the decomposition
w(z) = dowo(x) + d1wi (),

in which wy and w; are defined as the normalized restrictions of w to the sets Qg and 4
respectively. By construction, M(wg) < M/dy < 2M. Hence, putting ¢ = wg * wI(n_Z),

1=0,1,...,n, we get the representation

n
W =3 a5y,
=0

where C! = % are usual binomial coefficients. Assuming that n > 2 and removing from

this representation the first two terms, define

- 1 O ~ -
= 7= Y Chdh 6w o = 0 + ndodi 2.1)
=2

where the normalizing constant is chosen to meet the requirement
/ wp(z) dz = 1.

Definition 2.1. Let us call w, a canonical approximation for w, with weight dg.
Lemma 2.1. For n > 2 the probability density w, is bounded, continuous, and satisfies
_ o 1
|wp () — w™(x)| do < o=, (2.2)
R4
Moreover, the Fourier transform hy, of Wy is an integrable function satisfying
/ |hn(t)] dt < Ac™ (2.3)
[t|=r

for any r > 0 with some constants A > 0 and 0 < ¢ < 1 which do not dependent on n (here, the
constant ¢ can depend on ).
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Proof. By Definition 2.1,
s = 00L (1 + ndgdy) < 4~ (1 n %) <o

Therefore,

/]{En(x) —w(z)| dz < 236, < 2707,
Rd

proving the inequality (2.2).
Now, let

w;(t) = /ei’ij(a:) dz, teR? (j=0,1)
Rd

denote the Fourier transforms of the densities wg and w;. By the Riemann-Lebesgue lemma,
Wo(t) — 0 as [t| — oco. In addition, |wWy(t)] < 1 for all ¢ # 0 (since otherwise, the distribution
with density wp must be discrete; cf. [5]). Hence for any fixed r > 0

B = sup |wp(t)| < 1.

[t|=r
Applying the Plancherel theorem, for any integer | > 2 we get

Do)t dt < B2 [ |@o(t)* dt = (2m)2B72 [ wo(x)? dz
/ / /

[t|=r Rd

< (2n)48172 M (wo) < 2(2m)?672 M.

Hence the Fourier transform ¢; of the density ¢; = wsl * wf(n_l) admits a similar bound

[lawiat< [i@@rde<ad, =2 n,
[t[>r [t[>r
with some constants A > 0 and 0 < ¢ < 1 which do not depend on [. Since, by Definition 2.1,

1

int) = 1—
n

> ochsherta,
=2

we conclude that

A n

1— 2,

C! (edo)t ot < - A (1—(1—¢)do)"™.

—

[ ol ar<

it 1=2

It remains to recall that » < 1/4, and then we arrive at (2.3). The latter inequality also
guarantees that w, are bounded and continuous, according to the inverse Fourier formula. [
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3 Central Limit Theorem for Approximating Densities

Let X1, X5, ... be independent copies of a random vector X in R¢ with mean zero, an identity
covariance matrix, and with density w. Denote by p, the densities of the normalized sums

Ip=—1=, Sp=X1+--+X,,

which are thus described by
pn(@) = 02w (n'%2), zeR% (3.1)

As we know from Definition 2.1 and Lemma 2.1, w*™ are well approximated by the functions
Wy, which can be constructed and used with an arbitrary parameter 6; € (0,1/4]. Hence as a
canonical approximation for p,, one can use

pn(z) = nd/? {Dn(nl/zx). (3.2)

Let us reformulate Lemma 2.1 in terms of the rescaled densities.

Lemma 3.1. For n > 2 the probability density p, is bounded, continuous, and satisfies

[ ue) = pato)] dor < 5. (33)
R4

Moreover, the Fourier transform fn of pr s an integrable function satisfying

|fa(t)] dt < Ac® (3.4)
t]>ry/m

for any r > 0 with some constants A > 0 and 0 < ¢ < 1 which do not dependent on n (the
constant ¢ can depend on ).

We can now prove the uniform local limit theorem for the approximating densities p,.
Lemma 3.2. Asn — oo, we have
sup |pn(x) — ¢ (x)| = 0. (3.5)
Proof. Using the inversion formula, for all z € R% we have the representation
ula) = pla) = (2 [ 0 () - 9(0)
Rd

where g(t) = e~ 11?/2 ig the Fourier transform of the standard normal density ¢. Applying (3.4)
with a certain number r > 0 which will be specified later on, we therefore obtain

1B — lloe < Ac + (27) / Fut) — g(0)] (3.6)
|t|<rv/n
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with some constants A > 0 and 0 < ¢ < 1 which do not dependent on n.

Now, the distribution u, of Z, has characteristic function

fulty =Bt = f( )"t

where f is the characteristic function of X. Applying the property (3.3), we get

sup |fa(t) = falt)] <

2n71'

This means that one can replace fn with f,, in (3.6) by increasing the constants, so that

15 — llo < A + (27) 1 / Fut) — g(0)] dt (3.7)
[t|<ryv/n
with some A > 0 and ¢ € (0, 1) independent of n.

Here, the region of integration can further be decreased using the property that f, () is
small for large [¢|. Indeed, since the random vector X has mean zero and an identity covariance
matrix, the characteristic function f admits a Taylor expansion up to the quadratic term in the
form of Peano as

Ft)=1= S 1P+ ollt?), ¢ 0.

Hence there exists 0 < rg < 1 such that
1
[FOI<1— [t

in the ball |t| < ro. This gives

1 n _ 1412
2@l < (1= 7 1) < et < rovin
It follows that for any T > 0

o0
/ |fn(t)| dt < / e IP/4 q¢ < dwd/zdl e dz < Be T8
T<|t|<rov/A T<t|<rov/A T

with some constant B which does not depend on n and T' (where wy denotes the volume of the
unit ball in R?). Using a similar bound

lg(t)| dt < Be T°/%
|t/ >T

and putting r = rg, from (3.7) we get

IPn = lloo < Ac™ + 2B T°/% 4 (2) / [fn(t) = g()] d. (3.8)
[t|<T
Finally, by the weak central limit theorem, f,(t) — g(t) for any ¢t € R% and moreover, this

convergence is uniform on every ball || < T'. One can therefore choose a sequence T, 1 co such
that

[ fu(t) = g(t)| At =0, n — oo.
tI<Tn
It remains to apply (3.8) with T = Ty, which leads to (3.5). 0
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4 Proof of Theorem 1.1

The proof of Theorem 1.1 is only needed in one direction. As was mentioned, we assume
that the random vector X has an absolutely continuous distribution with density, say w. If the
Orlicz norm || - || is generated by the Young function ¥, without loss of generality we can also
assume that U(1) = 1. With this convention, let us start with general remarks.

Lemma 4.1. For any measurable function u on R?

luall < maxx {fu], oo }- (4.1)

Proof. If ||u|| = ||u|lec, (4.1) is immediate. Otherwise, let the norm be generated by the
Young function ¥ such that (1) = 1. In view of the homogeneity of the inequality (4.1), we
can assume that its right-hand side does not exceed 1, so that ||u|; <1 and ||uls < 1. In this
case, by the convexity of ¥, we have W(t) < |t| whenever —1 < ¢ < 1. Hence

/\Il(u(x)) dz < /\u(x)| dz <1,
Rd Rd
which means that [jully < 1. O

The next elementary relation immediately follows from the definition of the Orlicz norm.

Lemma 4.2. For any measurable function v on R and X > 1

lu(Az)]| < [lu()]].
Lemma 4.3. For all nonnegative measurable functions ui, ...,uy on R% (N > 2)
lJur #ug * - wun || < Jlusll fluglly - - [lus]lr (4.2)

Proof. One can argue by induction on N, and then it is sufficient to consider the case
N=2.If||-|| = - ||lco, the inequality (4.2) is obvious. If || - || = || - ||w, one can assume, by the
homogeneity, that ||ui||g =1 and [Juz||; = 1. By the Jensen inequality,

U ((ug *ug)(z)) =\If< /m(l‘—y) uz(y) dy) < /\If(ul(ﬂf—y))w(y) dy,

SO

[t @) do < [[ v - p)nw dyde-1

The lemma, is proved. O]

Proof of Theorem 1.1. Let n > 2. We use the approximating functions p, for the densi-
ties p,, of Z,, described in (3.1), (3.2). By Lemma 3.2, ||p,, — ¢||cc — 0 as n — oo, which implies
lPn. — ¢ll1 — 0, by the Scheffé lemma (since all p,, are probability densities). Applying Lemma
4.1, we can conclude that ||p, — ¢|| — 0 as well.

In view of the triangle inequality in the Orlicz space, it remains to show that ||p, — pn| — 0.
From (3.1) and (3.2) it follows that

1Bn = pal| < nY? || @, (0} 22) — w*™ (n'/22)|).
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To simplify, one can apply Lemma 4.2, which gives
[P = pall < 02 @y — w™. (4.3)

Now, we need to return to Definition 2.1, which by the triangle inequality, yields
(1= 56) [[wn] < ch 5 07" [laull- (4.4)

Let us recall that ¢ = w! * wl( a ), so that, by Lemma 4.3, ||¢|| < ||wo||. Hence from (4.4) it

follows that
(1 = 5e) [wn |l < Jlwol

and thus )

on—1 [[woll,

@ = (1= 300) Wnl| = 56 ||| < 77

where we used s, < 27" on the last step. Applying the latter estimate in (4.3), we get

/2

- - n
IPn — pull < /2 (1 = 5¢0) W, — w™[| + on—1

[[wol- (4.5)

But, according to Definition 2.1,
w* — (1 — 5¢,) Wy, = 07 q0 + n505?71q1 = 67w + ndpdy Lawg * wy *(n=1)
Again by Lemma 4.3, the norm of this expression does not exceed
OF lwr || + 76087 ™ flwr || < 27" flwa]].
Inserting this in (4.5), we arrive at

1P = pall < 0227 (|fwi ]| + 2 o).

The last expression tends to zero exponentially fast as n — 0, once we see that wg and w; have
finite norms. But this follows from the decomposition w = dgwy + 1w and the main hypothesis
that [Jw| < oco. O

Remark 4.1. Let us comment on the case where the Orlicz norm || - || = || - ||¢ corresponds
to the Young function satisfying the Ag-condition W(2¢) < ¢¥(t). This property can also be
written as

T(M) < enU(t), teR, (4.6)

where A > 1 is an arbitrary fixed number and the constant c¢) depends on A only. It ensures
that for any measurable function v on R? we have |lu|y < oo if and only if

/WW@»dx<m.

Indeed, by convexity, ¥U(at) < a¥(t) for all a € [0,1]. Hence, in one direction, if
A—/Wm@»dx
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is finite, A > 1, then
1
/\I/(u(x)/)\) dz < X/\I/(u(x)) de =1,

which means ||u[lg < A. In the case A < 1, necessarily |lu|lg < 1 by the definition of the Orlicz
norm. Thus, ||ully < max()\, 1) < co. In the other direction, if A = ||u|l¢ < oo, then

/\I/(u(:r)) dz = /\If()\u(x)/)\) Az < c,\/\If(u(:L“)/)\) dz = ¢y < 00

in view of (4.6).
By similar arguments, given a sequence of measurable functions (u,),>1 on R? we have
||un |y — 0 if and only if
/\I’(un(aj)) de —0, n—0.

This explains why Corollary 1.1 follows from Theorem 1.1.

Remark 4.2. The Aj-condition implies in particular that U(t) = O(t*) as t — oo with
some a > 1. A necessary and sufficient condition for the property (4.6) to hold is that

(¢
sup L2 H)

<C
t>to (1)

for some tg > 0 and C' < oo, where ¥’(t+) denotes the right derivative of the function ¥ at the
point .

5 Two-Sided Estimates on Relative Entropy

Before turning to the proof of Theorem 1.3, let us first derive one general two-sided bound
on the relative entropy

D(pllg) = / p log(p/q) d A, (5.1)
Q

which might be of independent interest. Here, p and ¢ are probability densities on the abstract
measure space (2,\). We will assume that the probability measure du = p d X is absolutely
continuous with respect to dv = ¢ d A, i.e., ¢(x) = 0 = p(x) = 0 for M\-almost all z € Q.

Theorem 5.1. With some absolute constants ¢y > co > 0, we have

/|p—(I| log (1+60 u) dX < D(pllg) </Ip—q| log (1+C1 u) dA. (5.2)
Q e Q e

The optimal values are co = 1/e and ¢c; = e — 1.

The point of (5.2) is that, in contrast with the integrand in (5.1), the integrands in (5.2) are
nonnegative. The integration in (5.2) may be restricted to the set {x € Q : ¢(x) > 0}.

Proof of Theorem 5.1. Consider the function

H(u)=(14+u)log(l+u) —u, u>=-1,

62



so that
D(pllq) :/ b logg dv = /H(u> duv.
q q q
Q Q
Hence (5.2) would follow from the two-sided bound
|ul log(1 + colul) < H(u) < [uf log(1 + c1lul), (5.3)
where we need to show that the same values ¢p = 1/e and ¢; = e — 1 are optimal.
Case 1. First, consider the region u > 0. For a parameter ¢ > 0 the function
G(u) = H(u) — u log(1 + cu)
satisfies G(u) = G'(0) = 0, and

G'(u) =log(1 4+ u) — log(1 + cu) — 1+

1
G'(x) =log - — 1.
14 cu’ (00) 8%

As easy to see, G(00) = 00 if ¢ < 1/e, and G(o0) = —o0 if ¢ > 1/e. Moreover,

” 1 c c 1—2c—c*u
G"(u) = — - = .
I14u l14+cu (I4cu)? (Q+u)(l+cu)?

Hence if ¢ < 1/2, then G is convex in u < (1 — 2¢)/c? and concave in u > (1 — 2¢)/c?. In this
case, G(u) > 0 for all w > 0, if and only if G(c0) > 0, i.e., ¢ < 1/e. Thus, the left inequality in
(5.3) is fulfilled on the positive half-axis with the optlmal value ¢ = 1/e.

The expression for the second derivative also shows that, in order that G(u) be nonpositive
for all u > 0, it is necessary that ¢ > 1/2. And if ¢ = 1/2, we get G”(u) < 0. Thus, G is concave
and thus nonpositive. Hence the right inequality in (5.3) is fulfilled on the positive half-axis
with the optimal value ¢; = 1/2.

Case 2. Turning to the interval [—1, 0], let us make the substitution and consider the function
G(u) = H(—u) —u log(l 4+ cu) = (1 —u)log(l —u) + u —u log(l 4+ cu), 0<u<l,

with a parameter ¢ > 0. We have
1
1+cu

Therefore, for G to be nonnegative on [0,1], it is necessary that ¢ < e — 1, and for g to be
nonpositive on that interval, it is necessary that ¢ > e — 1. We also find

G0)=G"(0)=0, g(1)=1-log(l+¢c), G'(u)=—log(l—u)—log(l+cu)—1+

w1 c c _1—=2c+c(4—cJu+2ctu
G"(u) = — — =
l—u 14cu (14 cu)? (1 —u)(1+ cu)?

If moreover ¢ = 1/e as in Case 1 (when we considered the property G > 0), we have G”(u) > 0,
so that, G is convex and thus nonnegative. Thus, the left inequality in (5.3) is fulfilled on [—1, 0]
with the same value ¢p = 1/e.

To get a reverse inequality, assume now that ¢ > e — 1 (which is necessary) and define
Qu) =1 —2c+ c(4 — c)u+ 2c?u. We have Q(0) = 1 —2c < 0 and Q(1) = 1 +2c + % > 0.
Hence there is a unique point ug € (0, 1) such that @ < 0 on [0, up] and @ > 0 on [ug, 1]. Thus,
G is concave on the first interval and is convex on the second one. Since G(0) = G’(0) = 0, the
property G < 0 on [0, 1] is therefore equivalent to G(1) < 0, which is the case. Hence the right
inequality in (5.3) is fulfilled on [0, 1] with the optimal value ¢; = e — 1. O
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Let us now specialize Theorem 5.1 to the case Q = R? with the Lebesgue measure A and the
normal density ¢ = ¢, in which case for any probability density p on R¢

p— p—
/Ip—so! log (1+60 %) dz < D(p|lp) </Ip—90! log (1+61 %) dz.  (5.4)

R4 R4

Since

1

— —\/ 2 > 0.9
12

and using the elementary inequality log(1+ct) > min{c, 1} log(1+t), we see that the left integral

in (5.4) is greater than or equal to

0.9 / Ip(x) — ()| log (1 + p(z) — o(@)]) dz = 0.9 / b(p(e) - o(@) da.
Rd

For an opposite inequality one can use log(1l 4+ ab) < loga + log(1 +b) (a > 1, b > 0), which
allows us to bound the right-hand side of (5.4) from above by

log(er (2m)"7) [ [p(a) ~ pl@)] da+ / of? (o) = p(a)] da + [ $(pla) - o(a) da
R4 Rd
Here, the first factor can further be bounded by d 4+ 1. One can conclude.

Corollary 5.1. For any probability density p on R?

0.9 / b(p(x) — () dz < D(pllg) < / b(p(e) — o)) de + / Walz]) Ip(z) — o(z)| da,
Rd

(5.5)
where 9 (t) = [t| log(1 + [t]) and Wy(t) = d + 1+ 5¢*.

The last integral in (5.5) represents the weighted total variation distance, with weight
Wy(|z|), between the standard Gaussian measure v and the probability measure p on RY with
density p.

6 Bounds on Moments in Terms of Relative Entropy

Let & be a random vector in R¢ with an absolutely continuous distribution with density
p. The finiteness of the relative entropy D(p||p) forces € to have a finite second moment, i.e.,
E[£]? < co. In that case, one can define the mean

a=FE= [ zp(z)dz
/

(which is a vector in R?) and the covariance matrix R, which is an invertible, symmetric d x d
matrix such that

(¢ —a,v)? = /(x —a,v)?p(z) dz = (Rv,v)

Rd
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for all v € R%. Moreover, the smallness of D(p||p) insures that a is close to zero (which is the
mean of a standard normal random vector Z in RY), while R should be close to the identity

matrix I; (which is the covariance matrix of 7).
Lemma 6.1. Putting D = D(p||p), we have

D > |a|2 + — Zmln{\a (o7 — 1)%}, (6.1)

2 are eigenvalues of the covariance matriz R. In particular,

where o}
(a) laf? < 2D,
() lo? — 1| < 4V/D + 16D for all i < d,
) [EJ¢]>—d]| < 4dVD +16d D.

For the sake of completeness, let us include a short argument. Denote by ¢ the density of
the Gaussian measure on R? with mean a and covariance matrix R, i.e

1 1, _
q(z) = SN exp{ - §(R Yo —a),z — a)}, z € R%

Proof of Lemma 6.1. By definition,

D = / log p(@) dac = /p(ac) log]M dx + /p(a:) log ) dx
(z) q(x) p(x)
Rd Rd
1 1 1 1 2
= D(pllg) — ; los det(R) — S E(R(€ — a),€ — a) + , EI¢f*.
Simplifying, we obtain an explicit formula
1 1 1
D=D —lal*+ = (1 Tr(R) — d
lla) + 3 laf* + 5 (108 3oy + THR) — d)
1
= D(pllq) + y@?+ }:U =log +1-1. (6.2)
All the terms on the right-hand side are nonnegative, and we thus obtain (6.1) which in turn
= U'(1) =

implies a).
For the next claim note that the function U(t) is convex in ¢t > 0 and satisfies U (1)

0, U"(t) = 1/t%. If |t — 1| < 1, then by the Taylor formula about the point tq = 1 with some

point ¢; between ¢ and 1,
t—1)% _ (t—1)2
ww:mn+wm@_n+Wﬁﬂ(2)>(8).

% (t— 1), so that the two bounds yield

For the values ¢ > 2 we have a linear bound U (t) >

1
U(t) > g min{|t — 1], [t = 1%}, >0,
which implies (b). Finally, since E[£]? = 0} + - 4 03, claim (c) readily follows from (b). O
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Note that the closeness of all eigenvalues to 1 can also be stated as closeness of R to the
identity matrix. For example, in terms of the Hilbert—-Schmidt norm, we have by (b)

d

IR — Ialfis = > (07 — 1)* < Cd max {D(pllg), D(pll¢)*}
i=1

with some absolute constant C.

7 Proof of Theorem 1.3

In one direction, we apply Corollary 5.1 and Lemma 6.1. Assuming that D, (p|l¢) — 0 as
n — oo, the first inequality in (5.5) shows that

/ﬂ@ﬁ@—@@ﬁdx%Q (7.1)

which is the required convergence (1.6). Since the Young function v satisfies the Ag-condition,
the latter is equivalent to ||p, — ¢|ly, — 0 (as explained in Remark 4.1). Moreover, by the
inequality (c) in Lemma 6.1 applied to the random vectors &, in R? with densities p,, we also
have

IE &% — d| < 4dv/D(pnlle) + 16d D(py|l¢) — 0.

This proves the property a) in Theorem 1.3.

Now, suppose that (7.1) holds, together with E[£,|> — d. Using the second inequality in
(5.5), it remains to show that

hz/%UMmm—M@Mx%&
Rd

where Wy(t) = d + 1+ % ¢2. Using the notation 2™ = max(z,0) and the identity |z| = 227 — 2
(z € R), the above integral can be rewritten (like in the Scheffé lemma) as

I =2 [ Wallal) (p(2) = pu()) da+ [ Walla) (pa(a) = o(a)) da
Rd

Rd

—2 [ Walla)) (¢(@) ~ pul@))* do+ 5 (BI6f* - ).
R4

Here, the last integral tends to zero as n — oo. Splitting the integration over the ball |z| < T),
and its complement, the last integral can be bounded from above by

W) lpo =l + [ Walla) ¢la) da. (72
|37|>Tn
By the assumption (7.1), we have ||p, — ¢[[1 — 0 (since the || - ||4-norm is stronger than the

L'-norm). Hence one can choose a sequence T}, which grows to infinity sufficiently slow, so that
the first term in (7.2) tends to zero as well. In that case, the whole expression in (7.2) tends to
zero, and as a result, I, — 0. This finishes the proof of Theorem 1.3. O
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Remark 7.1. 1. Let us return to the normalized sums Z,, in (1.1) for independent identically
distributed random variables (X,,)n>1 with common density w. To illustrate the range of appli-
cability of the uniform local limit theorem (cf. (1.3)), Gnedenko and Kolmogorov considered in
[2, 3] the example of the symmetric, compactly supported density

0, |z| > 1/e,

p(x) = «@
2[z| log™*!(1/|x])’

|z < 1/e,

with a = 1. Define w(z) = } p(z/)), where the constant A > 0 is chosen so that EX? = 1. As
was shown, near the origin = 0 the n-th convolution power p*"(z) admits a lower bound

C
*7 €T > n
P > o (1)

with some constant ¢, > 0. Hence all densities p,, of Z,, are unbounded in any neighborhood of
zero and therefore do not satisfy (1.3).

2. To illustrate the entropic central limit theorem, Barron [8] returned to this example, as-
suming that « is an arbitrary positive parameter. Although the densities p,, are still unbounded,
it was noticed that the entropies h(p,) are finite as long as n > 1/a. Hence Z,, do satisfy the
entropic central limit theorem (by Theorem 1.2).
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