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Variants of the Entropy Power Inequality

Sergey G. Bobkov and Arnaud Marsiglietti

Abstract— An extension of the entropy power inequality to the
form N¥(X +Y) = N¥(X) + N¥(Y) with arbitrary independent
summands X and Y in R” is obtained for the Rényi entropy and
powers o > (r +1)/2.

Index Terms— Entropy power inequality, Rényi entropy.

I. INTRODUCTION

GIVEN a continuous random vector X in R" with den-
sity f, define the (Shannon) entropy and the associated
entropy power

hX) = — /R F@)log (),

N(f) = N(X) = exp{%h(X)}.

Serving as measures of “chaos” or “randomness” hidden in
the distribution of X, these functionals possess a number of
remarkable properties, especially when they are considered on
convolutions. For example, we have the famous entropy power
inequality (EPI), fundamental in Information Theory. It states
that

NX+Y)=NX)+NY), (1)

for arbitrary independent summands X and Y in R" whenever
the involved entropies are well defined (see [24], [25]). Several
proofs of the EPI exist (see [16], [15], [26], [28], [22], [30]),
as well as refinements (see [1], [17], [11]). We refer to the
survey [18] for further details. Moreover, when a Gaussian
noise is added to X, i.e., if Y = /t Z with Z standard normal,
the random vector X + +/f Z has density f; whose entropy
power is a concave function in 7, so that

2

d
ﬁN(ﬁ) =0 (>0). )

This observation due to Costa [10], which strengthens (1) in
the special case where Y is Gaussian, is known as the
concavity of entropy power theorem (see [14], [29]).

There has been large interest in extending such properties
to more general informational functionals, in particular, to the
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Rényi entropy and Rényi entropy power

1
r—1

Ny (X) = exp{%hr(X)} - (/R fx) dx)

of a fixed order r > 0, or by some natural functionals of /4,
and N,. As one interesting example, for the densities u(x, 1) =
f¢(x) solving the nonlinear heat equation % u = Au” with
r>1-— % Savaré and Toscani [23] have extended property
(2) to the functional N in place of N, where & = 1475 (r—1).
Therefore, in this PDE context, it is natural to work with

h(X) = —— log /R e dx,

BR[N]

1
r—1

- 1

Foo=( [ rera) "

called the r-th Rényi power in [23]. Although the solutions f;
lose the convolution structure, one may wonder whether or not
the Savaré-Toscani entropy power N, shares the EPI (1) as
well. Here we give an affirmative answer to this question,
including sharper powers of N,.

Theorem 1: Given independent random vectors X and Y in
R™ with densities, we have

BR[N]

NE(X +Y) = NE(X) + NE(Y) 3)

whenever o > % r>1).

Letting » | 1, inequality (3) returns us to the classical
EPI. This inequality is getting sharper when r is fixed and
o decreases. Anyhow, (3) is no longer true for o = 1 like in
(1). For the range r > 3, this fact was mentioned in [6] in
case where both X and Y are uniformly distributed. As we
will see, (3) may be violated with o = 1 for any r > 1, even
when one of the summands is normally distributed (that is, for
the densities f; in the heat semigroup model).

For r = 0o, a Rényi entropy power inequality of the form
(3) cannot hold, for any a. Indeed, if we take X and Y
uniformly distributed on [0, 1], then Noo (X +Y) = Neo(X).
We refer to [5] and [19] for recent developments on No,. While
there has been several results about the Rényi entropy power
of order r > 1, the investigation of a Rényi entropy power
inequality for the Rényi entropy of order r < 1 has been
addressed only very recently (see [20]).

In the proof of (3) we follow an approach of Lieb [16],
employing Young’s inequality with best constants. Although
the basic argument is rather standard, we recall it in the next
section. In our situation it leads to some routine calculus
computations, so we move the involved analysis to separate
sections (starting with the case of equal entropy powers).
In Section V, we analyze (3) with o = 1 and show that this
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inequality cannot be true in general. In Section VI we provide
a simple lower bound on the optimal exponent a = a(r)
in (3). Finally, in Section VII, we conclude with remarks on the
monotonicity of Rényi’s entropy along rescaled convolutions.

II. INFORMATION-THEORETIC FORMULATION
OF YOUNG’S INEQUALITY

The Young inequality with optimal constants (due to Beck-
ner [3] and Brascamp and Lieb [9]) indicates that, for any two
independent random vectors X and Y in R” with densities f
and g, respectively, and for all parameters p,q,r > 1 such
that

1 1 1
? + ? = )
we have
Ifxglr < C2Uflpligly Q)
with
cpe
C =C(p.q,r) =24,
Cr
where
1/a
a
Ca = W- (6)
As usual, f % g denotes the convolution, p’ = % is the

conjugate power, and

1/p
i1, = ([ rorax)

stands for the L”-norm of a non-negative function f on R”
with respect to the Lebesgue measure. In general, we have
C < 1, with equality in (5) attainable for Gaussian densi-
ties (the traditional Young inequality is formulated without
this constant, so, in a weakernform).

Since || f|l; = N,(X) 27, the inequality (5) may be
stated as a dimension-free relation between the corresponding
entropy powers, namely

1 1 4
Ny(X +Y)7 = = N (O Ny(1)7. )

This is an equivalent information-theoretic formulation of
Beckner’s result, specialized to the class of probability densi-
ties, which appears, for example, in the book by Cover and
Thomas [13] (in a slightly different form, cf. Theorem 17.8.3,
p. 677).

It is natural to have an analog of (7) for one functional N,
only (rather than for three parameters). This can be done on
the basis of (5) by noting that, due to Jensen’s (or Holder’s)
inequality, and since p,q < r in (4) and f is a probability
density function,

-2t ro=l r2=l

1A < 0A0 A = e

As an alternative approach, one can just use the monotonicity

of the function r — N,., which follows, for example, from the
representation

r>1).

n

NEOO = [EFxy ']
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Hence N, > Ny, Ny > N; in (7), and with these bounds it
immediately yields:

Proposition 1: Given independent random vectors X and Y
in R" with densities, we have

1 1 L €
N(X+Y)7 > ENr(X)p/ N (Y)7, ®)

which holds true for all p, q,r > 1 subject to (4) with constant
C=C(p,q,r) as in (6).

A weak point of this inequality is however the loss of
equality for Gaussian densities. Nevertheless, there is still
freedom to optimize the right-hand side over all admissible
couples (p, q), or to choose specific values, even if they are
not optimal.

Notice that by Jensen’s inequality, we always have

N, (X 4 Y) > max{N,(X), N, (Y)},

hence inequality (3) trivially holds if N.(X)N,(Y) = 0.
Therefore, one may assume without loss of generality that
Ny (X)N,(Y) > 0, and we will implicitly make this assump-
tion in the next sections.

III. THE CASE OF EQUAL ENTROPY POWERS

Let us illustrate this approach in the simpler situation of
equal Rényi entropies. When N, (X) = N, (Y) = N, inequality
(8) is simplified to

N.(X+Y)>C"N, )

and our task reduces to the minimization of C as a function

of (p, q) for a fixed r > 1. Putting x = #,y: %, so that
lzl—i—l—)cand%:l—i—l—y,from(@,

P T q
L_e @G
C Cpcq (i)l/p/ (%)1/4/
= o & _x)i)lix L _yyy)ly. (10)

Hence, we need to maximize the quantity

1
= log —
w(x) 0og C

= logc¢, — (x logx — (1 — x)log(1 — x))
— (ylogy — (1 — y)log(1 - y))

subject to the constraint (4), that is, for x,y > 0, x +y =
%, or equivalently, on the interval 0 < x < % At the
endpoints, we have y(0) = w(1/r") = 0, while inside the
interval

y(d —y)
"x)=log=—~ =0
y'(x) 2 =
if and only if y(1 — y) = x(1 — x). This equation is solved
eitherasy = x = # or as y = 1—x. But the latter contradicts

x+y= % < 1. Moreover,

2x — 1
x(1—x)

2y — 1
y(1—=y)

is negative at xo = %, which implies that x¢ is the point of
maximum of the function .

y'(x) =
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Thus, the coefﬁ01ent
q' =2r"= =

in (8) is maximized, when p’ =
. For these values, p = q = ;37, SO
Cp=1Cqg = (2r)7 (r— 1)r2__r (r + 1)_%,
and
C=2r(+1)"7

It remains to raise C to the power —r' = 1, and then we
obtain an explicit expression for the optimal constant in (9)
derived on the basis of (8).

Proposition 2: If the independent random vectors X and Y
satisfy Ny (X) = N, (Y) = N for some r > 1, then

No(X +Y) > AN, A, =4 71 (r+ 1)t rmi1. (11)

Proposition 2 is not new and a more general version where
the distributions have different Rényi entropies was obtained in
[21, Th. 1]. Moreover, in the case of different Rényi entropies,
tighter bounds are provided in [21, Corollary 3].

Now, it is easy to see that 1 < A, < 2. Moreover,
(11) provides the desired linear bound (3) in case of equal
entropy powers, N*(X +Y) > 2 N*(X), as long as A, >
21/ or equivalently, when a > a(r) = (log2)/(logA,). A
simple analysis shows that a(r) < (r + 1)/2.

IV. THE GENERAL CASE

Here we derive the extension (3) of the EPI for the power
o= % in the case of arbitrary values N, (X) and N, (Y). As
a preliminary step, let us return to the inequality (8) and raise
it to the power a, so as to rewrite it as

/

NYX +Y)>C™* N.(X) 7" No(Y) .

Putting x = N*(X), y = N?(Y) and assuming without loss
of generality that x + y = % (using homogeneity of these
functionals), it is enough to show that
C—ar/ x#y? > 7
for some admissible p,q > 1, i.e., satisfying the condition
L+ L = 1 Hence, Theorem 1 will immediately follow
’rprom t({le followmg lemma.
Lemma 1: Letr > 1. Let x,y > Obe such thatx+y = L,
Then, there exist p,q > 1 satisfying o T % = 7 such that
C*‘”/ ;_// ;_/’ > l
KTy z g,

where C = C(p, q,r) is as in (6), and a = ==L

To prove Lemma 1, we make use of the following calculus
lemma.
Lemma 2: Given 0 <c¢ <1 and f > % — 1, the function

(1 — x)P0=9) (1 — y)fU=)

x*yYy

w(x) = (y=c—x)

attains minimum on the interval 0 < x < ¢ either at the

endpoints x = 0, x = ¢, or at the center x = 5. Moreover,
in case f = % — 1, this function attains minimum at the

endpoints.
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Proof: Inside the interval (0, ¢) the function
v(x) = log y(x)
= p (1 —x)log(1 —x) + (1 — y)log(1 —y))
— (xlogx + ylogy)

has the first two derivatives

v'(x) = —f (log(1 - x) —log(1 — y)) — (log x — log y),

0" (x) = ( / —i—i)—(l-i-l)
Il—x 1—y X oy
B 2—-0 ¢
(1-x)1—-y) xy
Note that v(0) = v(c). Also, v’ (0+) = o0, v'(c—) = —00, S0
v is increasing near zero and is decreasing near the point c.

In addition, »”(x) is vanishing, if and only if

=p2-c)xy—cl-x)1-y)=0,

which is a quadratic equation (recall that y = ¢—x). In general
it has at most two roots.

w(x) (12)

Case 1: Equation (12) has at most one root in (0, ¢). Since
w(0) < 0, it means that w(x) < 0 in (0, ¢). Therefore, v is
concave, and thus attains its minimum at the endpoints of this
interval.

Case 2: Equation (12) has exactly two roots in (0, ¢), say
0 < x1 <x <ec. Since w(0) < 0and w(c) < 0, it means that
w(x) < 0in (0, x1) and (x3, ¢), while w(x) > 0 in (xy, x2).
That is, v is strictly concave on (0, x;) and (x2,c¢), and is
strictly convex on the intermediate interval. Hence, in this case
there is at most one point of local minimum. If there is no point
of local minimum, then v attains its minimum at the endpoints.
It there is one point xg of local minimum of v, then it must
belong to (x1, x2), and there are two points of local maximum,
say z1 and z; belonging to the other subintervals. In particular,
v’ <0 on (z1,x9) and v’ > 0 on (xq, 22).

Note that v’(c/2) = 0, so this point is a candidate for local
extremum. Moreover, by the assumption on /5,

Z)//(C/z) — 4(ﬁC B (2 B C)) > 0
c2—rc)

If #> 2 —1, then v”(c/2) > 0 which means that xo = c/2
is a local minimum for v and therefore for y, and the first
assertion follows. If # = 2 — 1, then v”(c/2) = 0 which
means that either ¢/2 = x1 or ¢/2 = xp. But at these points
the derivative of v may not vanish. In other words, the equality
p= % — 1 is only possible under Case 1. 0

Proof of Lemma 1: The best values of p and ¢ can
be described implicitly as solutions to a certain equation, and
we prefer to take some specific values. As a natural choice,
consider (p, ¢) such that 4, = x and 1 =y and try to check

the desired inequality x* yyr > C‘” ie.,

r/»

)nyy > ce

1 1
(P17 (x’y> 0, x+y= 7)
Equivalently, so that to eliminate the parameter r, we need to
check whether or not

'y > CHx + )Y (x,y>0, x+y<1). (13)
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As in Section III, cf. (10),

c =
Cr

x* yY (1—x =yl

-t A==  @+yt

and (13) takes the form
x+yy\ a—l oy )=y 4
(x+y) . (I-x-y) (14)
x*yY (I-x)t>q-y=]"
or equivalently

(1 — x)P0=9) (1 — y)FU=)
x*yY =

(1 —x — y)fU=x=y)
(x +y)e+y

, (15

where
o

B =

Here the right-hand side depends only on ¢ = x + y (since a
may only depend on r which is a function of x + y). Hence,
to prove (15), it is sufficient to minimize the left-hand side
under the constraint x, y > 0, x +y = ¢, and then to compare
the minimum with the right-hand side. In case a = %,
we have

a—1"

a 2—x—-y 2—-c 2

frd :——1,
o—1 xX+y c c

which is exactly the extreme value for £ in Lemma 2.
Therefore, by its conclusion, the left-hand side of (15) is
minimized either at x = 0 or x = c¢. But for such boundary
values there is equality in (15). As a result, we obtain the
desired inequality (13) for all x,y > O such that x +y < 1.0J

V. RENYI ENTROPY POWERS FOR THE HEAT SEMI-GROUP

Let us now look at the possible behavior of the Rényi
entropy powers in the class of densities f; of X, = X ++/1Z,
assuming that X has a sufficiently regular positive density f
(on the line), and Z is a standard normal random variable
independent of X. Since for small # > 0

1
frlx) = f() + 5 @)t +o(),

we find, by Taylor expansion and integrating by parts,

/_Zﬁ(x)rdx = /_Z f(x) dx

L= [T e @t arron,
and thus, for r > 1,
N, (X;) = N,(X) .
+rr(/_z )" dx)E /_Z F) 72 (x)* dx
+o(1).

Using this representation, we are going to test the inequal-
ity (3) for a = 1, when it becomes

Nr(Xt) = Nr(X) + tNr(Z)~

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 63, NO. 12, DECEMBER 2017

Comparing the linear terms in front of 7 and using N,(Z) =
2zr—T, we would be led to a Nash-type inequality

(s

holding already without too restrictive conditions (e.g., for all
C'-smooth f > 0).
[x[P

Now, let us take f(x) = Be » i
normalizing constant, i.e., B~ =2 pﬁf1 F(%). In this case,

© © _rkf? 1
/ f(x)rdszr/ e » dx=B"1—
—00 —00

rl/P’
( /_ h f(x)’dx)
rlx|?

/OO F(x)? Fx) 2dx = Br/oo Ix)2P=De™ "2 dx

- —00

/ FE2 @ dx = 2 rr,
- (16)

with p > 2, where B is a

so that

Lir
- 1
' = Bf(r+1) rl’(’t”.

Similarly,

2p—1
2l 1
:2Br(£) P —r(z——),
r p p

and thus the left-hand side in (16) is equal to

2, (2)
B r

2l 1 1 1y 2
- r(z--): 4r(—) r(z——) =l
P P P P

Hence, inequality (16) says that

_rp=2) 1 1
2 < 4r”peD r(—) r(z - —).
p p

We claim that it cannot be true for all p > 2 sufficiently

close to 2 (i.e., when X itself is almost standard normal).

To see this, denote by G(p) the right-hand side of (17) and

note that there is equality at p = 2. So, let us look at the

derivative and show that G'(2) < 0, ie., H'(1/2) > 0 for
H(x) =log G(1/x). Indeed,

A7)

Ix) T'Q2-x)

r—1 rx)y T@-x)

From the fundamental relation I'(x + 1) = xI'(x), it follows
that T/(x + 1) = T'(x) + xT'(x), so I'(3/2) = I'(1/2) +
1T'(1/2), while T'(3/2) = 3 T'(1/2). Hence,

H'(x) = logr +

H(172) = -2

logr —2 > 0.
r—1
We may conclude that the entropy power inequality for N, of
any order r > 1 does not hold in general, even when one of
the variable is Gaussian.
For another, less direct argument, one may return to (16)
and rewrite it as a homogeneous inequality

r( /]R f(x)’dx)” /]R PO () dx

>2r rﬁ(/ f(x)dx)m.
R
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After the change f = u%, it takes the form of the Nash-type
inequality

r+1

(/Ru(x)zdx)m < Kr/Ru’(x)zdx (/Ru(x)%dx)%l

(18)

24' In fact, the Nash inequality in R" asserts
wrr—1

with K, =
that

142 :
(/ u(x)? dx) < Cn/ |Vu(x)|? dx (/ u(x)dx)
n Rn Rn

with sharp constant given by

2 n 2
6= ()G
n 2 s

(see [12], [4]). Here j% denotes the smallest positive zero of
the Bessel function J » of order % In dimension n = 1, one has

Ji(x) = fSIn(x) (see [31, p. 54, eq. ()], thus jy = 7.

Hzence the sharp Nash inequality in dimension 1 reads’

3 4
(/u(x)zdx) < % u' (x)*dx (/u(x)dx) ,

which is the same as (18) for r = 2, however, with a larger
constant. Hence, as we have already seen, inequality (3) cannot
be true for @ = 1 and »r = 2. Let us notice that the Nash
inequality with the asymptotically sharp constant 2/(zen) can
be deduced from the classical EPI (1) [27].

For the parameter r = 2, routine computations also provide
a counterexample in the case where both X and Y have the
beta distribution with density f(x) = %(1 —x2), x| <1
(sometimes called a ¢-Gaussian distribution).

VI. LOWER BOUND ON THE OPTIMAL EXPONENT

One may also provide a simple lower bound on the optimal
exponent a = a,p; that satisfies the inequality

Ne(X + Y)* > N (X)* + Ny (Y)*

for all independent random vectors X and Y. Together with
the upper bound of Theorem 1 and the counterexample in
Section V, we have:

Proposition 3: One has

. log2 r—1 r+1
Gopt € [mm {1, > Too(Ztl }, 2 ]
og(T)

Proof: For the remaining lower bound, let X and Y be
independent and uniformly distributed on [0, 1], in which case
Ny (X) = N,(Y) = 1. The sum X + Y has the triangle density
(f *g)(x) =x on [0,1] and (f * g)(x) =2 — x on [1,2].
Hence,

1 2 5
[ Growa= [ wacs [e-wa=2
Thus

2
1

N (X +7Y) = (r+l)r_

2
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Since Nr (X4 Y)%rt > N.(X)%r + N, (Y)%r we deduce that

2a0pt

2Copt.
(’erl) =T > 2, which is the required statement. O

Let us stress that, if X and Y are independent real valued
random variables with N* (X +Y) = N*(X) + N?(Y), then

drawing vectors X = (X,...,Xp) and Y = (¥1,...,Y,)
with i.i.d. X; ~ X and Y; ~ Y, we have
N X+Y) =N (X)+ N (Y).

Hence, via this tensorization argument, there is no hope to
improve a in higher dimension.

VII. MONOTONICITY AND THE CLT

Since the entropy power inequality (1) is closely related to
the monotonicity of the entropy along rescaled convolutions,
let us make a remark, restricting ourselves to the dimen-
sion n = 1. Given an i.i.d. sequence of random variables
X, X1, X2, ... with mean zero and variance one, the entropies
h(Zy) of the normalized sums

Xi+- -+ Xs
Vk

are known to be non-decreasing for growing k and approaching
the entropy h(Z) of a standard normal random variable Z,
see [1], [2], [17]. Since the monotonicity follows from (1),
although for the subsequence k = 2! only, and since we have
the more general inequality (3), one may naturally wonder
whether such a property extends to the Rényi’s entropies. This
turns out to be false in general. If the 6-th moment EX© is
finite and £, (Zy,) is finite for some ko, a careful application
of Edgeworth expansions yields an asymptotic representation

Ak(r) = he(Z) — hy(Z) = Bok™ + Cok ™ + o(k™2)

Ziy =

with constant

I [2—r 5, r—1
Br—EI:T% + 3 V4:|,

where y3 = EX3 and y4 = EX* — 3 (the 3-rd and 4-th
cumulants of X), and some constant C, € R (involving the
cumulants of X up to order 6). In the limit case r = 1,
such a representation, quantifying the entropic central limit
theorem, was derived in [7]. As for the values r > 1, first
suppose that y3 # 0. When r is sufficiently close to 1, then
B, > 0, so that Ax(r) is an eventually decreasing sequence
like for r = l More precisely, thls 1s true for all » > 1,
whenever y4 yg But, if y4 < 3 y3 , then B, < 0 for all
r>rg= (4y3 — 3;}4)/(2;}2 — 3y4), hence Ay (r) becomes an
eventually increasing sequence. In that case, necessarily

hy(Zy) > h(Z) for all k large enough,

which is impossible in the Shannon case r = 1. This also
shows that Ag(r) may not serve as distance.

If y3 = 0 (as in the situation of symmetric distributions),
the constant is simplified to

8r
Both cases, y4 > 0 or y4 < 0, are possible, and one can make
a similar conclusion as before for the whole range r > 1. We
refer an interested reader to [8] for more details.
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