
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 457, 2017 Ç.S. G. Bobkov, G. P. Chistyakov, F. G�otzeGAUSSIAN MIXTURES AND NORMALAPPROXIMATION FOR V. N. SUDAKOV'S TYPICALDISTRIBUTIONSAbstrat. We derive a general upper bound on the distane ofthe standard normal law to typial distributions in V. N. Sudakov'stheorem (in terms of the weighted total variation).Dediated to the memory of Vladimir Nikolayevih Sudakov
§1. IntrodutionLet X = (X1; : : : ; Xn) be a random vetor in Rn with �nite seondmoment, and letSn−1 = {� = (�1; : : : ; �n) ∈ Rn : �21 + · · ·+ �2n = 1}denote the unit sphere whih we equip with the uniform probability mea-sure �n−1.In general, the distribution funtions F�(x) = P{S� 6 x} (x ∈ R) oflinear forms S� = �1X1 + · · ·+ �nXn; � ∈ Sn−1;essentially depend on the parameter �. Nevertheless, aording to the el-ebrated result by Sudakov of 1978 [20℄, if n is large, and if the ovarianematrix of X has a bounded spetral radius, then F�'s onentrate around aertain typial distribution funtion F (for most of � in the sense of �n−1).The latter funtion may atually be de�ned expliitly as the meanF (x) = ∫Sn−1 F�(x) d�n−1(�): (1.1)Key words and phrases: Sudakov's typial distributions, normal approximation.Bobkov: Researh was partially supported by NSF grant DMS-1612961.Chistyakov, G�otze: Researh was partially supported by SFB 1283 at BielefeldUniversity. 37



38 S. G. BOBKOV, G. P. CHISTYAKOV, F. G�OTZEThis remarkable observation, to whih Sudakov returned several timeslater on (f. e.g. [19,21℄), has beome a starting point for subsequent in-vestigations by many researhers. And indeed, his theorem has a ratheruniversal range of appliability in ontrast with the lassial sheme ofsummation of independent random variables. The problem of onentra-tion of F� has various interesting aspets, and we do not disuss it here. Letus only mention the papers by Nagaev [17℄ and von Weizs�aker [22℄ whoonsidered summation and averaging with oeÆients over the resaledGaussian measure (instead of �n−1). The paper [3℄ dealt with oeÆients ofthe form �k = ±1=√n and averaging with respet to the resaled Bernoullimeasure; some other related models were studied in [4,6,7℄. For the problemof rates of approximation, and results in the ase where the distributionof X has onvexity properties, see also [1,2,5,8,9,11{14,16,18℄.It was already emphasized in [20℄ that the typial distribution F in (1.1)may be approximated by a mixture of entered Gaussian measures on theline. Indeed, the rotational invariane of the measure �n−1 implies thatF (x) = P{�Zn 6 x};where �2 = X21 + · · ·+X2nn (� > 0);and where the random variable Zn is independent of � and has the samedistribution as √n�1 under �n−1. Sine Zn is nearly standard normal, Fis therefore lose to the distribution of �Z with Z ∼ N(0; 1) independentof �.In partiular, F itself is approximately normal, if and only if � is almosta onstant, whih means a kind of the law of large numbers for the sequeneX2k . This property { that the distribution of � is onentrated around apoint (in a weak sense) is of ourse true in ase of independent ompo-nents Xk's (under a mild moment assumption), but it ontinues to holdin many other situations allowing dependene between Xk. To quantifythe assertion about the loseness of F to the standard normal distributionfuntion �(x) = 1√2� x
∫

−∞

e−y2=2 dy; x ∈ R;we derive a simple general bound in terms of the variane of �. Note thatthe seond moment of F is equal to E�2, so a normalization ondition onthis moment is desirable.



GAUSSIAN MIXTURES AND NORMAL APPROXIMATION 39Theorem 1.1. Suppose that E�2 = 1. With some absolute onstant  > 0,we have for all n > 1,
∞
∫

−∞

(1 + x2) |F − �|(dx) 6 ( 1n +Var(�)): (1.2)Here the positive measure |F −�| denotes the variation in the sense ofmeasure theory, and the left integral represents the weighted total variationof F−�. In partiular, we have a similar bound on the usual total variationdistane between F and �.In appliations, it might be more onvenient to use an elementary boundVar(�) 6 Var(�2), f. (3.2) below, in order to further estimate the right-hand side of (1.2). For example, if the random variables Xk are pairwiseindependent and have bounded 4-th moments EX4k , then Var(�2) is of or-der 1=n, so that (1.2) yields a 1n -rate of normal approximation for the totalvariation and thus for the Kolmogorov distane � = supx |F (x) − �(x)|as well. Another wide lass of probability distributions with this property(for X) is desribed by those that satisfy a Poinar�e-type inequality�1Var(u(X)) 6 E |∇u(X)|2;where a positive onstant �1 = �1(X) serves for all bounded smooth fun-tions u on Rn. The appearane of the weight 1 + x2 on the left of (1.2)allows one to make a similar onlusion about the Lp-distanes betweenthe distribution funtions F and �.
§2. Mixtures of Centered Gaussian MeasuresAs a �rst natural step towards the proof of Theorem 1.1, let us onsiderthe normal approximation for general mixtures of normal distributions.Denote by �� the distribution funtion of the random variable Z(�) = �Z,where Z ∼ N(0; 1) is independent of a random variable � > 0. That is,��(x) = P{�Z 6 x} = E�(x=�); x ∈ R:We start with estimation of the weighted total variation distane betweenthe distributions �� and �.Proposition 2.1. If E �2 = 1, then

∞
∫

−∞

(1 + x2) |�� − �|(dx) 6 Var(�); (2.1)



40 S. G. BOBKOV, G. P. CHISTYAKOV, F. G�OTZEwhere  is an absolute onstant.Proof. When � = t is a positive onstant, �t represents the normal dis-tribution funtion with mean zero and standard deviation t > 0, thus withdensity 't(x) = 1t '(x=t); x ∈ R;where '(x) = 1√2� e−x2=2 is the standard normal density.For a �xed number x, let us expand the funtion u(t) = 't(x) aordingto the Taylor formula up to the quadrati term at the point t0 = 1. Wehave u(t0) = '(x),u′(t) = (t−4x2 − t−2)'(x=t); u′(t0) = (x2 − 1)'(x);and u′′(t) = (t−7x4 − 5t−5x2 + 2t−3)'(x=t) = t−3  (x=t);where  (z) = (z4 − 5z2 + 2)'(z). Therefore, using the integral Taylorformulau(t) = u(t0) + u′(t0)(t− t0) + (t− t0)2 1
∫0 u′′((1− s) + st) (1− s) ds; (2.2)we get't(x)− '(x) = (t− 1) (x2 − 1)'(x)+ (t− 1)2 1

∫0 ((1− s) + st)−3  ( x(1− s) + st) (1− s) ds:We apply this representation with t = �(!), where � is a positive randomvariable (on some probability spae). Thus, �� has density '� = E'�(!)representable as'�(x)− '(x) = (x2 − 1)'(x)E (� − 1)+ E (� − 1)2 1
∫0 ((1− s) + s�)−3  ( x(1− s) + s�) (1− s) ds:Putting R�(x) = '�(x) − '(x)− (x2 − 1)'(x)E (� − 1);



GAUSSIAN MIXTURES AND NORMAL APPROXIMATION 41we then get, by Fubini's theorem,
∞
∫

−∞

|R�(x)| dx
6 E ∞

∫

−∞

(� − 1)2 1
∫0 ((1− s) + s�)−3 ∣

∣

∣
 ( x(1− s) + s�)∣

∣

∣
(1− s) ds dx= 0E (� − 1)2 1

∫0 ((1− s) + s�)−2 (1− s) dswith 0 = ∞
∫

−∞
| (x)| dx. In partiular, if � > 12 , the latter integral does notexeed 1

∫0 1−s(1− s2 )2 ds = 4 log 2− 2 < 1, so that
∞
∫

−∞

|R�(x)| dx 6 0E (� − 1)2;whih implies that with some |�| 6 1
∞
∫

−∞

|'�(x)− '(x)| dx = |E� − 1| ∞
∫

−∞

|x2 − 1|'(x) dx+ �0E (� − 1)2:Analogously, the integral ∞
∫

−∞
x2 |R�(x)| dx may be bounded from aboveby E ∞

∫

−∞

(� − 1)2 1
∫0 ((1− s) + s�)−3x2 ∣

∣

∣
 ( x(1− s) + s�)∣

∣

∣
(1− s) ds dx= 1E (� − 1)2;



42 S. G. BOBKOV, G. P. CHISTYAKOV, F. G�OTZEwhere 1 = 12 ∞
∫

−∞
x2 | (x)| dx. In partiular, now without any onstrainton �,

∞
∫

−∞

x2 |'�(x)− '(x)| dx = |E� − 1| ∞
∫

−∞

x2 |x2 − 1|'(x) dx + �1 E (� − 1)2:The two representations an now be ombined to
∞
∫

−∞

(1 + x2) |'�(x) − '(x)| dx = a |E� − 1|+ �bE (� − 1)2;wherea = ∞
∫

−∞

(1 + x2) |x2 − 1|'(x) dx; b = ∞
∫

−∞

(1 + 12 x2) | (x)| dxand |�| 6 1. Let us derive numerial bounds on these absolute onstants. IfZ ∼ N(0; 1), then using (1+x2) |x2−1| 6 1+x4, we have a 6 1+EZ4 = 4.Sine furthermore | (x)| 6 (x4 + 5x2 + 2)'(x), we also haveb 6 E (Z4 + 5Z2 + 2) + 12 E (Z6 + 5Z4 + 2Z2) = 26:Thus,
∞
∫

−∞

(1 + x2) |'�(x) − '(x)| dx = 4�0 |E � − 1|+ 26 �1E (� − 1)2 (2.3)with some |�i| 6 1, provided that � > 1=2.Now, onsider the general ase assuming without loss of generality that� > 0. Introdue the events A0 = {� < 1=2}, A1 = {� > 1=2}, and put�0 = P(A0), �1 = P(A1), assuming again without loss of generality that�0 > 0. Next we split the distribution Q of � into the two omponentssupported on (0; 1=2) and [1=2;∞) and denote by �0 and �1 some randomvariables distributed respetively as the normalized restritions of Q tothese regions, so that �0 < 1=2 and �1 > 1=2. We thus represent thedensity of �� as the onvex mixture of two densities'� = �0'�0 + �1'�1 ; (2.4)



GAUSSIAN MIXTURES AND NORMAL APPROXIMATION 43where'�0(x) = 1�0 E'(x=�) 1{�∈A0}; '�1(x) = 1�1 E'(x=�) 1{�∈A1}:Note that, sine E �2 = 1, we neessarily have E � 6 1. On the otherhand, Var(�) = 1− (E �)2 = (1−E �)(1 +E �) > 1−E �:Hene |E �− 1| 6 Var(�), and as a onsequene,E (�− 1)2 = 2 (1−E �) 6 2Var(�): (2.5)In partiular, sine � < 1=2 implies (�−1)2 > 1=4, we have, by Chebyshev'sinequality, �0 = P{� < 1=2} 6 8Var(�): (2.6)Now, by the previous step (2.3) with � = �1,
∞
∫

−∞

(1 + x2) |'�1(x)− '(x)| dx = 4 �0 |E �1 − 1|+ 26 �1E (�1 − 1)2: (2.7)On the other hand,
∞
∫

−∞

(1 + x2)'�0(x) dx = 1 +E �20 6
54 ;so that

∞
∫

−∞

(1 + x2) |'�0 (x)− '(x)| dx 6
134 :From (2.4), (2.6) and (2.7), we now get that

∞
∫

−∞

(1 + x2) |'�(x)− '(x)| dx 6 26Var(�) + 4 |E �1 − 1|+ 26E (�1 − 1)2:(2.8)It remains to estimate the last two expetations. First suppose thatVar(�) 6 1=16, so that, by (2.6), �0 6 12 and �1 > 12 . By de�nition,E �1 = 1�1 E � 1{�∈A1} = 1�1 (E �−E � 1{�∈A0});hene E �1 − 1 = 1�1 (E (�− 1)−E (�− 1) 1{�∈A0}):



44 S. G. BOBKOV, G. P. CHISTYAKOV, F. G�OTZEBy Cauhy's inequality and applying (2.5) and (2.6),
∣

∣E (�− 1) 1{�∈A0}∣∣ 6 E |�− 1| 1{�∈A0}
6

(E (�− 1)2)1=2 �1=20 6 4Var(�): (2.9)Hene
|E �1 − 1| 6

1�1 (

|E �− 1|+ |E (�− 1) 1{�∈A0}|) 6 10Var(�): (2.10)Similarly, E �21 = 1�1 E �2 1{�∈A1} = 1�1 (1−E �2 1{�∈A0});so, using � 6 1=2 on A0 and applying (2.9), we haveE �21 − 1 = 1�1 E (1− �2) 1{�∈A0} = 1�1 E (1− �) (1 + �) 1{�∈A0}
6

32�1 E |1− �| 1{�∈A0} 6
32�1 · 4Var(�) 6 12Var(�):Writing E (�1 − 1)2 = (E �21 − 1)− 2E (�1 − 1) and applying (2.10), theseestimates yieldE (�1 − 1)2 6 12Var(�) + 20Var(�) = 32Var(�):It remains to use this bound together with (2.10) in (2.8) in order to arriveat the desired estimate (2.1), i.e.,

∞
∫

−∞

(1 + x2) |'�(x)− '(x)| dx 6 Var (�);with the onstant  = 26 + 4 · 10 + 26 · 32 = 918.Finally, in the ase Var(�) > 1=16, one may just use
∞
∫

−∞

(1 + x2) |'�(x) − '(x)| dx 6

∞
∫

−∞

(1 + x2)'�(x) dx + ∞
∫

−∞

(1 + x2)'(x) dx= (1 +E (�Z)2) + (1 +EZ2) = 4 < 64Var(�):Thus, Proposition 2.1 is proved. �
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§3. Lower bound. Remarks on the Lp-distanesIn some sense the bound of Proposition 2.1 is optimal with respet tothe variane of �. At least, this is the ase when � is bounded, as thefollowing assertion shows (whih is however not needed in the proof ofTheorem 1.1).Proposition 3.1. If E �2 = 1 and 0 6 � 6 M a.s., then for the distribu-tion funtion �� of the random variable Z(�) = �Z, where Z ∼ N(0; 1) isindependent of �, we havesupx |��(x)− �(x)| >

M5 Var(�2); (3.1)where  > 0 is an absolute onstant.Note that the left-hand side is dominated by the total variation ‖�� −�‖TV, while Var(�2) > Var(�). The latter bound follows from the assump-tion � > 0:Var(�2) = E (�− 1)2(�+ 1)2 > E (�− 1)2 > Var(�): (3.2)Proof. One may apply the following general lower bound on the Kol-mogorov distane � = supx |F1(x)− F2(x)|between the distribution funtions F1 and F2. Namely,� >
12√2� ∣

∣

∣

∞
∫

−∞

(f1(t)− f2(t)) e−t2=2 dt∣∣∣;where f1 and f2 denote the harateristi funtions of F1 and F2 respe-tively (f. [10,15℄). We apply it with F1 = �� and F2 = �, in whih ase,by Jensen's inequality,f1(t) = E e−�2t2=2 > e−t2=2 = f2(t):Thus we getsupx |��(x)− �(x)| >
12√2� ∞

∫

−∞

(E e−�2t2=2 − e−t2=2) e−t2=2 dt= 12 (E 1
√1 + �2 − 1√2): (3.3)



46 S. G. BOBKOV, G. P. CHISTYAKOV, F. G�OTZEWe now expand the funtion u(t) = (1 + t)−1=2 near the point t0 = 1aording to the integral Taylor formula (2.2) up to the quadrati term.Sine u′′(t) = 34 (1 + t)−5=2, this givesEu(�2)− u(1) = 34 E (�2 − 1)2 1
∫0 (1 + ((1− s) + s�2))−5=2 (1− s) ds

>
34 Var(�2) 1

∫0 (1 + ((1− s) + sM2))−5=2 (1− s) ds
>

38 Var(�2) (1 +M2)−5=2;where we used M > 1 in the last step. It remains to apply (3.3) to arriveat (3.1) with  = 316·25=2 . �Proposition 2.1 may be used to obtain the (apriori weaker) non-uniformbound supx [(1 + x2) |��(x) − �(x)|] 6 Var(�): (3.4)The appearane of the weight 1 + x2 on the left is important in orderto ontrol the Lp-distanes between �� and �. Indeed, under the sameassumptions as in Proposition 2.1, from (3.4) we immediately obtain:Corollary 3.1. For any p > 1,
(

∞
∫

−∞

|��(x) − �(x)|p dx)1=p
6 Var(�);where  is an absolute onstant.In partiular,

∞
∫

−∞

(��(x) − �(x))2 dx 6 2 (Var(�))2 :In fat, here the integral on the left-hand side may easily be evaluatedexpliitly in terms of �. Indeed, let �′ be an independent opy of � in orderto represent the square of the harateristi funtion of �� as
|E eit�Z |2 = |E e−�2t2=2|2 = E e−(�2+�′2) t2=2:



GAUSSIAN MIXTURES AND NORMAL APPROXIMATION 47Hene, applying Planherel's theorem, we get
∞
∫

−∞

(��(x) − �(x))2 dx = 12� ∞
∫

−∞

∣

∣

∣

∣

E eit�Z − e−t2=2t ∣

∣

∣

∣

2 dt= 12� ∞
∫

−∞

E e−(�2+�′2) t2=2 − 2E e−(�2+1) t2=2 + e−t2t2 dt:One an now apply an elementary identity
∞
∫

−∞

e−�t2 − e−t2t2 dt = 2√� (1−√�); � > 0:Indeed, the funtion  (�) = ∞
∫

−∞

e−�t2 − e−t2t2 dtis smooth on (0;∞) and has derivative  ′(�) = −
∞
∫

−∞
e−�t2 dt = − 1√�√�.Sine furthermore  (1) = 0, we get the desired assertion after integration.Hene

∞
∫

−∞

(��(x)− �(x))2 dx = 1√� [1− 2E√�2 + 12 +E√�2 + �′22 ]:As a result, Corollary 3.2 an be restated as follows.Corollary 3.2. Let � > 0 be a random variable suh that E �2 = 1, andlet �′ be an independent opy of �. Then
[1− 2E√�2 + 12 +E√�2 + �′22 ]

6  (Var(�))2 ;where  is an absolute onstant.It is unlear how to obtain suh an estimate by a di�erent argument(whih would not be based on Proposition 2.1).
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§4. Distribution of the First Coordinate on the SphereIt remains to add the �nal steps in the proof of Theorem 1.1. Note thatwith respet to the normalized Lebesgue measure �n−1 on the unit sphereSn−1 (n > 2), the �rst oordinate �1 of a point � is a random variable withdensity n (1− x2)n−32+ ; x ∈ R; n = �(n2 )√� �(n−12 ) ;where n is a normalizing onstant. For example, when n = 3, this is theuniform distribution on the interval [−1; 1℄.Let us denote by 'n the density of the normalized �rst oordinate Zn =√n�1 under the measure �n−1, i.e.,'n(x) = ′n (1− x2n )

n−32+ ; ′n = n√n = �(n2 )

√�n �(n−12 ) :The �rst values of these onstants are ′2 = 1�√2 = 0:225 : : : , ′3 = 12√3 =0:289 : : : , ′4 = 3� = 0:318 : : : , ′5 = 34√5 = 0:335 : : : Clearly, as n→ ∞'n(x) → '(x) = 1√2� e−x2=2; ′n → 1√2� = 0:399 : : :and one an show that ′n < 1√2� for all n > 2.We are interested in non-uniform deviation bounds for 'n(x) from '(x).First let us onsider the asymptoti behaviour of the funtionspn(x) = (1− x2n )
n−32+ ; x ∈ R:Clearly, pn(x) → p(x) = e−x2=2 for all x. These funtions admit a uniformGaussian bound, sine for |x| < √n and n > 4,

− log pn(x) = −n− 32 log (1− x2n )

>
n− 32 x2n >

x28 :That is, we have:Lemma 4.1. If n > 4, then pn(x) 6 e−x2=8 for all x ∈ R.We also have p3(x) = 1 in |x| < √3, while p2(x) is unbounded.To study the rate of onvergene of pn(x), let us derive:



GAUSSIAN MIXTURES AND NORMAL APPROXIMATION 49Lemma 4.2. In the interval |x| 6 12√n, n > 4,
|pn(x) − e−x2=2| 6

0:3n (3x2 + x4) e−x2=2:Proof. By Taylor's expansion, with some 0 6 " 6 1
− log pn(x) = −n− 32 log(1− x2n )= n− 32 [ x2n + (x2n )2 ∞

∑k=2 1k (x2n )k−2 ]= n− 32 (x2n + x4n2 ")= x22 − 3x22n + n− 32n2 x4" = x22 + x22n (

− 3 + n− 3n x2");where we assume that |x| 6 12√n and n > 4. That is,pn(x) = p(x) e−Æ with Æ = x22n (

− 3 + n− 3n x2"):Sine Æ > −3x22n > − 38n > − 332 ;we have
|e−Æ − 1| 6 |Æ| e3=32 6 1:1 |Æ|:On the other hand,Æ 6

x22n (

− 3 + n− 3n x2) 6
x42n; −Æ 6

3x22n ;whih yields 1:1 |Æ| 6 1:1(3x22n + x42n) = 0:55n (3x2 + x4): �Combining Lemma 4.2 with Lemma 4.1, we also get a non-uniform linearbound (with respet to 1=n) on the whole real line, namely
|pn(x) − e−x2=2| 6

Cn e−x2=16; x ∈ R; n > 4;where C is an absolute onstant. Let us integrate this inequality over x.Sine ∞
∫

−∞

pn(x) dx = 1′n ; ∞
∫

−∞

e−x2=2 dx = √2�;



50 S. G. BOBKOV, G. P. CHISTYAKOV, F. G�OTZEwe get that | 1′n−√2�| 6 Cn with some absolute onstant C. Using Lemmas4.1{4.2, we then arrive at a similar onlusion about the densities 'n.Proposition 4.1. If n > 4, then for all x ∈ R, with some universalonstant C
|'n(x) − '(x)| 6

Cn e−x2=16: (4.1)Proof of Theorem 1.1. Assuming (without loss of generality) that n >4, let �n and 'n denote respetively the distribution funtion and densityof Zn = �1√n, where �1 is the �rst oordinate of a random point uniformlydistributed in the unit sphere Sn−1. If �2 = 1n |X |2 is independent of Zn(� > 0), then, by the de�nition of the typial distribution,F (x) = P{�Zn 6 x} = E�n(x=�); x ∈ R;so that
∞
∫

−∞

(1 + x2) |F (dx) − ��(dx)| = ∞
∫

−∞

(1 + x2) |E�n(dx=�)−E�(dx=�)|:(4.2)But, for any �xed value of �,
∞
∫

−∞

(1 + x2) |�n(dx=�) − �(dx=�)|(dx) = ∞
∫

−∞

(1 + �2x2) |�n(dx) − �(dx)|;so that, by (4.2), taking the expetation with respet to � and usingJensen's inequality, we get
∞
∫

−∞

(1 + x2) |F (dx) − ��(dx)| 6 E ∞
∫

−∞

(1 + x2) |�n(dx=�)− �(dx=�)|= E ∞
∫

−∞

(1 + �2x2) |�n(dx) − �(dx)|= ∞
∫

−∞

(1 + x2) |�n(dx) − �(dx)|:



GAUSSIAN MIXTURES AND NORMAL APPROXIMATION 51It remains to apply (4.1), whih yields
∞
∫

−∞

(1 + x2) |�n(dx) − �(dx)| = ∞
∫

−∞

(1 + x2) |'n(x)− '(x)| dx 6
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