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BBEIEHUWE

M3onepumerprudeckre HEPaBEHCTBA MOABUINCH B TEOPUU BEPOAT-
HocTell B Havase 70-X TOMOB MPU UCCIENOBAHUN TII0OAILHLIX CBOACTB
rayCCOBCKUX CiydaiiHbIX npoueccoB. Hapsamny ¢ mpobiaemoii orpa-
HUYEHHOCTU U HEIPEPBLIBHOCTH, OJHUM U3 MHTPULYIOUNAX BOIPOCOB,
CTOSIBIIMX B TO BpeMs, OBLI BONPOC O XapaKTepe pPacCIpeneseHUs
MAKCUMyMa TayCCOBCKOI'O MPOUEcca Npu (KeJTaTelbHO) MUHUMAIL-
HBIX NPEIIOJIOKEHNAX O KOPPeNIAnnoHHOW ¢yHrnuu. B uvacrtHOCTH,
MOKHO JIX TapaHTUPOBATL KOHEYHOCTDL SKCIOHEHNUAJILHLIX MOMEH-
TOB MaKCUMyMa OIPAHUUYEHHOI'O IayCCOBCKOrO mporecca? Y OblBaloT
JI XBOCTHI PaCIpeIeIeHNs MaKCUMyMa He MeJIEHHEe IayCCOBCKUX
[Tomosxkurenvubli OTBET Ha mOciaemHuii Bompoc Onim mam B 1970 1.
K. ®epuurom [127] u X. Jlannay u JI. Iennom [168] (B TO ke
Bpemsa A. B. Cropoxon [35] mokasaig KOHEUHOCTL SKCIOHEHIMAJIL-
rHoro moMmentTa). Jlannay u llenn mcnonan3oBaau u3omepuMeTpudec-
KO€ CBOHCTBO mapos Ha cdepe (3Hamenuras teopema II. Jlesu), uro
OBbLIO, MO-BUAMMOMY, OJHUM K3 MEPBLIX IPUBHECEHUN reoMeTpudYec-
KUX PACCYKACHUII TAKOT'O POJa B TEOPUIO I'ayCCOBCKUX CIyYaliHBIX
nporeccoB. Clleayomui UCKIIUUTEILHO BAYKHLIA IIar B 9TOM Ha-
npasiennn 0wt caenan B. H. Cymakosomm, B. C. Iupennconom
(1974 1., [40]) n K. Bopennem (1975 r., [89]), morazaBmmmMu Ha OC-
HoBe TeopeMsl II. JleBu srcTpeMasibHOE CBOMCTBO HOJIYIPOCTPAHCTB
B M30IEPUMETPUYECKON 3amade IJId IayCCOBCKOW Mepnl. VmenHo,
0603HauUMM uepe3 7, (CTaHOAPTHYIO) raycCcoBckyr Mmepy B R™ ¢

IIJIOTHOCTLIO

dyn(z) _ 1 —|z|?/2 n
- (27r)n/26 I°/2, reR

(rme |z| obo3snauaer esraumoBy HOpMy ). s muOkectBa A C R”

OIpeesmM ero OTKPLITYIO h-OKpeCTHOCTDL

At ={zeR":Ja€ A, l[a—z[<h}, h>0.



V3onepuMeTpudeckoe CBOWCTBO TOJNYyIPOCTPAHCTB O3HAUAET, UTO B
KJTacce BCEX M3MEPUMLIX MHOeCTB A nammoii Mepnr Besuumma 7, (A")

NPUHUMAET HAUMEHLIIEE 3HadeHue, Korgaa A — MOJIyIpOCTPAHCTBO:
Yn(A) =7,(T) = fyn(Ah) > fyn(Th)7 T — noanyupocrpaucrso. (0.1)

DTO CBOMCTBO MOYKHO 3AIMCATL U KAK N30IEPUMETPUYECKOE HEPABEH-
CTBO

T (A") > ®(®7 (1 (4)) + h), b >0, (0.2)

rae P(h) = y1(—00,h] — dyHKOUS pacupeneseHns CTAHLAPTHOW HOD-
ManLHOW caydaitmoit Besmmumanr, u @71 — ¢ymEmma, obparmas k ¢
(pasercrso B (0.1) mocturaercs Ha JOOOM mOJNynpocTpaHcTse). B

JacTHOCTHU, Koraa v,(A) = 1/2,
1(A") > ®(h) > 1~ £ e 2 h>o. (0.3)

layccoscroe m3onepmmerpudeckoe HepaseHcTBo (0.2) HANIIIO MHO-
TOYNCJICHHLIE NPVMEHEHNA KAK B CAMOW TEOPUU TayCCOBCKUX TIPO-
[EeCCOB, TAK M 3a ee mpenesaMu (HAID., B MATEMATUYECKOR cTaTmc-
tuke [46]). OcobeHHO HOmyIApHLIM cTalo BoiTekatomee u3 (0.3) He-
PaBEHCTBO IS BEPOATHOCTEN OTKIOHEHUN MPOU3BONLHOR (YHKINU ¢
Ha R" ¢ nunmunesoii korcTanToi ||g||i, < 1 oTHOCHTENILHO ee Mequ-
anwt m(g)

Y{lg—m(g)| = h} < e, (0.4)

Jlonyckas BOJLHOCTL DEYM, MOXKHO CKA3aThL, YTO JIO0As JIMMMN-
meBa (YHKUMA — HOYTU KOHCTAHTA, WJIM — HA S3LIKE MHOKECTB —
uro "mouru Bce” (B CMBICIE MEpLI 7,) TOYKU EBKIUIOBA IIPOCT-
PAHCTBA PACIOJOKEHLI B ' MaJoli” OKPECTHOCTU TMIEPIOBEPXHOCTHU
{g = const}. Cnenysa Tpammnmu, yCTAHOBUBIIEHCA BO MHOTOM Oia-
romaps paboram B. JI. Munnmana, CBOWCTBO TAKOTO POOA CTAIN
Ha3pBaTL (peHoMeHOM (cBoOWcTBOM) KOHumeHTpaumy Mepo! (”the con-

centration of measure phenomenon”, [190], [192], [216]).



BesycnoBras BaKHOCTL M IOTEHOUMAILHAS 2()PEKTUBHOCTL U30IIe-
PUMETPUYECCKMX HEPABEHCTB 1 HEPABEHCTB Ui KOHICHTPAIUUA MEPLI
(B MU POKOM CMLIC.T[Q) 6LIJII/I IIOHATLI U OIICHEHLI HE TOJILKO B PpaMEKaX
BEpPOSITHOCTHLIX 3alad. KOHEYHO, M30mepuMeTpPUUECKUEe HEPaBEH-
CTBa KaK TAKOBLIE, PACCMATPUBAEMDBIE TOJILKO C TOYKU 3PEHUs IPOO-
JIEMDI 9KCTPEMAJILHOCTY TEeX WM WHLIX MHOKECTB U, TJIABHLIM 00Opa-
30M, B TEpMUHAX HEPUMETpPA MHOKECTB, yke Dojiee cTa JieT COCTaB-
JISTIOT BAyKHLIA pa3es reOMEeTPUM, U UX CBA3DL, HAIIPUMED, C 3adada-
MU MaTeMaTudeckoit ¢pusukn u reopuu npocrpancts CoboseBa Oblia
u3BecTHa 3amoiaro mo 1970 rr. (em. [12], [25], [204]). Ommaxo, c
TOYKM 3PEHUSA KOHICHTPAIUW MEPLI, M30IEePUMETPUYICCKNEC HECPaBCH-
CTBA CTAJM WCCIENOBATLCS OOJLIIEH YacTLio B pPaMKax (GYHKIO-
HAJLHOTO aHaJIM3a U Teopuu BeposrHOcTed. B 1968 r. Mwunnman
[28] mcnosb30BaN M30MEPUMETPUYECKOE CBOWCTBO mAapOB Ha cdepe
UL NOKA3aTennCcTBa (M yTOYHEHUs) BAKHOW TEOpeMLl aCUMITOTHU-
YEeCKOW Teopuu HOPMUPOBAHHLIX IIPOCTPAHCTB — Teopembl IlBoper-
KOI'O O MOYTU CHEPUUECKUX CEUEHUAX BBITYKIBIX CUMMETDUUHBLIX TEJ
(panee MuiLMaH OPUMEHAN BTy TEOPEMY DU UCCIEIOBAHUU CIIEK-
Tpa pPaBHOMEPHO-HENPEPLIBHLIX (YHKIUM, 3aJaHHLIX HA €IWHUYIHON
cpepe BeckoHEUHOMEPHOTO BaHaxoBa MPOCTpPAHCTBa, [26], [27], oM.
rarske [191]). ITomo6HO TaycCOBCKOMY CIydaro, 9KCTPEMAILHOE CBO-
CTBO IIapOB B M30NEPUMETPUYECKON 3amade Ha eNUHUYHON cgepe

S"=1 C R™, 10 ecTh, CBO#CTBO
0n1(A) =0,_1(B) = op_1(A") > 0, 1(B") h>0, (0.5)

(rme A — TPOM3BOJLHOE M3MEPUMOE MOAMHOXKECTBO S" ™1, B — map
ma S""! u 0,_1 — paBHOMEpHOE, T.€., MHBAPUAHTHOE OTHOCHUTELHO
BpamerHuit pacmpenenserue Ha S"7!) Baeuer mepaBeHCTBA IIA KOH-
nenrpamuu ([28], [192])

o1 (AM) >1— \/§ e (0oa(4) = 1), (0.6)



Fally=mio) 20} </ T (o<1 (07)

(h-OKpPEeCTHOCTL M JIMIIIMIEBOCTL CJAEAYET MOHUMATL B CMBICJE Te-
OZIE3WYECKOTO PACCTOAHUA). VIMEHHO B TAKOM BHIE, HPOIUBAIOIIEM
CBET HA POJIb PA3MEPHOCTH U XapPAKTEp 3aBUCUMOCTH OT Iapamerpa
h, mepaserncrBa (0.6)—(0.7) BBIpaskaioT (EHOMEH KOHIEHTDALUU HA
cepe. B TO BpeMs KAK SKCTPEMAILHOCTD MAPOB GOJbIIE YKA3LIBAET
HA F€OMETPUYECKOe CBOHUCTBO.

IToxosme o popMe HEPABEHCTBA [JI KOHIEHT DALMY BLIIOJIHAIOT-

ca n Ha muckperHoM ky6e {0,1}", umenHo,
P (A" >1—e 20 (P(4)=1), (0.8)
2
P{lg—m(g)| =h} <2e"" (|glluip < 1), (0.9)

rae P — paBuomepnoe (Gepuysuimesckoe) pacupenenenue ua {0,1}"
w0 h-oxpectrocts A" = {x : p(A,z) < h} (h > 1 nenoe) u yciosue

JIMNIMUNEBOCTU YKE IIOHMMAIOTCsI B CMLBICJIE PAaCCTOAHUS XamMMuHra
. . n
p(xvy):Card{Z§n~xi7éyi}a x,ye{O,l} .

(0.8)-(0.9) cyrsb cnencreus reopemsl JI. Xapuepa [147], namenme-
ro eme B 1966 r. pemeHue COOTBETCTBYIOUIEH M30IEPUMETPUUECKOMR
samaum Ha {0,1}" (u 3mech mapnl 0GIANAIOT SKCTPEMANLHBIM CBOM-
CTBOM).

OTU TpU U30NEPUMETPUYECKUEe TEOPEMDI, a TaKKe CBIA3aHHLIE C
HUMUJ HEPABEHCTBA AJIsI KOHIIEHTPAINY, CTAJIN KaK OLI KPaeyTrOJILHLIM
KaMHEM IJIf NaJIbHeWIUX NHTeHCUBHLIX UCCIeNOBAHNN CBOVICTBA KOH-
HEHTpAIUN MepLl B CAMOM IMMPOKOM cMmbiciae. Hapsnmy ¢ Borasene-
HUEM KJIACCOB IPOCTPAHCTB C MEPOW, yIOBJIETBOPSIONAX TEM WU
VHBIM HEPABEHCTBAM I KOHIEeHTpamuu (npobieMa 06MHEOCTH), BOT
ysxe Oosee 20 seT MOAYT TOUCKA METOMOB, IMO3BOJIAIOMUX TIIyO:Ke
MOHATL CBOWCTBO KOHIEHTPAIUN HA cPepe, B rayCCOBCKOM IIPOCTPAH-
cTBe 1 Ha muckperHoMm kybOe. [lo-Bummmowmy, mokasarennctso II. Jle-

Bu, oTHOCsAmeecs eme k 1919 r. ([176], [177]) mouro ocrasasoch



He nouaToiM. C Apyro#l cTopoHbl, mokaszareibcTtBo 9. IlIMmara
(1948 r., [206]) GBITO y:Ke COBEPHIEHHO CTPOTHWM, OIHAKO, OYECHDL
IIUHHLIM 1 cao:kELIM. B 1980 r. M. I'pomoBniMm [135] OLLIO TIpen-
CTaBJIEHO CTpPOTO€e M3jo:keHue uneir Jlesu ¢ obobOImenueM ero teo-
pPeMLI Ha IMUPOKUIA KJIAaCC PUMAaHOBLIX MHOroobOpasuii. Panee HOBOE,
0oJlee TPOCTOE MOKA3ATEJNLCTBO DTOW TEOPEMLI, C MCIOJIL30BAHUEM
WHIYKIUOHHOIO 3jeMeHTa, 010 naigeno T. Purenem, 7K. Jlunnen-
mrpaycom u B. II. Muasmarom (1977 r., [130]). Ilozmaee Muabman
n [IlexT™man [192] NPUBOIAT PaCCY:KIEHUE, TO3BOJIAIONIEE TOIYyUYUTL
HEPABEHCTBO sl KOHIEHTpanuu Ha cpepe, nogoduoe (0.6), Ha oc-
HOBE I'ayCCOBCKOro HepaseHcTBa tuma (0.4).

B 1976 r. 1. A. 6parnmos, B. H. Cynakos u B. C. [upeancon
[117] mpemmaralorT YuUCTO BEPOATHOCTHLIA IOAXOX K ~IayCCOBCKOR”
KOHIIEHTPAINM, OCHOBAHHLIA Ha IpuMeHeHUN (Gopmyisl VTo k ompe-
eJIEHHBIM (yHKIMOHAJIaM OT OPOYHOBCKOI'O IBIDKeHUA. B uvacTHOC-
TU, UMU NIOJIyUEHO HOBOe, X0TsA U Guuskoe k (0.4), HEpABEHCTBO 1S
OTKJIOHEHUI JunmuieBLix GyHknuit ¢ Ha R"” orHOCHTENILHO cpennero

3navenus Eg (B CMBLICTIE MEPBI Yy, )
Y{g—Eg>h} <2(1-®(h)), h=>0. (0.10)

Ota crarna (Tawke, kak u [40]), mo-BUOMMOMY, IOJITO OCTABANACH
He3aMeUeHHOV MHOrMMU ucciaenoBatessmu. llo-xkpaitaeir mepe, ue-
pe3 10 ser meron [117] Gowr mepeorkpnir B. Mops u 7K. Ilusne

[202], moka3aBmIUMU HEPABEHCTBO
Ee!(97B9) < (/2 c R, (0.11)

7 BBITEKAIONYIO 13 Hero (HeMHOro Gosee caabylo MO CPABHEHUIO C
(0.10)) omenky

%L{!J—Egzh}ée_h%, h > 0.

B 1985 r. Ilupeancon mcciaemyeT CBOWCTBO rayCCOBCKOW KOHIIEH-

TpamuM C TOYKM 3DEHUs cMemaHHLIX o6bemos [46, 11|, mcnoansys
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nonyuernsle C. Illese [116] GeCKOHEUHOMEPHBIE AHAJIOTU KIACCAYEC-
kux HepaBeHCTB AnercannpoBa—®Penxess. B ugactHOCTH, B KiIacce

BLINYKJILIX (yHKUUA g, UM noka3aH ycuueHHLd Bapuast (0.11),
. 1
Ecxp{lr;fg(y) - 5|xfy|2} < exp {Eg}. (0.12)

DTO HEPABEHCTBO MOJKHO 3allCATL U B TePMUHAX (IPOU3BOJILHOIO)

OrPAHMYEHHOI'O TAYCCOBCKOIO CIIy4YafHOrO MPOLECcca Tt:
Eexp {sup(z; — 02/2)} < exp {Esupz,}.
t t

Hpyro#i noaxoxn k (0.12) memasno npennosxken P. A. Burase [228].
B nmelictBuTenbrHOCTH, 9TO HEPABEHCTBO CHOPABEIIUBO IS JIOOBIX
M3MEPUMBIX (YHKIUI ¢: yCJIOBUE BBIMYKIOCTU CHATO B pabore C.
I'. Bobrosa u ®. Derne [76], rme mamo MpPOCTOE MOKA3ATEILCTBO,
HICIOJIL3YIOee TOJILKO HEPABEHCTBO LpyHHA-MUHKOBCKOTO M moa-
xon Mops K HEpABEHCTBAM [JIA TAK HA3LIBAEMOW WMH(OUMYyM-CBEPT-
ku (kpome Toro, (0.12) orasLiBaeTCs PABHOCUILHLIM OXHOMY TPAHC-
MOPTHOMY HEPABEHCTBY IJIA TayCCOBCKOW MEpPBI, MOJyYEeHHOMY HE-
nasao M. Tamarpanom, cm. [222]).

B 1983 r. omybGamkoBana BaskHas pabora A. Dpxapma [126], roe
OblTa pa3BUTA TEXHUKA CUMMETPU3AINUU MHOMKECTB B IayCCOBCKOM
npocrpancree (R",7,). Wccaenys cBodicTBa HEKOTODPBIX olepanuii
no ”yaydmenuto” MHOKeCTB (COXpaHSOmux Mepy Y,(A) m B To xe
BpeMA HE yBeJIUUYMBAIOMMX 3HaueHue v, (A")), Dpxapm noryuun npsa-
MO€ OKa3aTesLCTBO m3onepumerpudeckoir reopemst (0.1) (To ecrn,
6e3 ucnonnzoBanus Teopemol 11. Jlesn). VM Guuto mokasaHo u qpy-
roe 3amMedaTeIbLHOE HEPABEHCTBO TuUla DbpyHHAaMHHKOBCKOTO IJIs

rayccoBckoif Mepol (cMm. Takxe [9], [14], [21])
O (W ((1 = )A+tB)) = (1 = )27 (W (A)) + 1071 (7a(B)), (0.13)

rne 0 <t <1, u Au B — 0pou3BOJILHLIE HEILYCTHIE BLIMTYKJILIE MHO-

skecrBa B R". Kak 3ameueno M. Jleny [176], ecau B3ATL B KauecTBe
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B map nmoaxonsamero panuyca ¢ IeHTPOM B HyJie 1 ycTpeMuTs ¢ — 0,
o B npexeine (0.13) macT rayccoBCkoe M30IEPUMETPUYECKOE Hepa-
BEHCTBO, OJHAKO, TOJLKO 1is Boimykaoix A. Hemasmo P. Jlarana
[169] cHsI yCyiOBUE BBILYKJIOCTH JJISI OAHOIO U3 MHOKECTB M, TAKUM
o6pasom, (0.2) MOKHO pacCMATPUBATL Kak CIEICTBUAE HEPABEHCTBA
Opxapaa (B TO ke BpeMsi, IO CUX [OD HEM3BECTHO, CIPABEJINBO JIU
(0.13) st mpom3BONLHLIX U3MepuMbix A u B).

Oarako, HO-BUANMOMY, U IPAMOE TOKA3aTEILCTBO DpXapla rayc-
COBCKOI'0 M30II€PUMETPUYECKOrO HEPABEHCTBA HE YMEHBIIUJIO KeJle-
HUe HalTm 0oJlee KOPOTKUE IIyTU K IayCCOBCKOIl KOHIeHTpamuu. B
1985 r. IMusve [202] momyuuns nenoe ceMeHCTBO MHTErpO-mudepeH-
NUAJILHBIX HEPABEHCTB AJIA IayCCOBCKOI Mepnl, a Mops Hamen nis
HUX COBEPIICHHO »JEMEHTApHOe nokasareabctso (cm. [9], [179]). B
YacTHOCTH, MJsi JI000# Boimykaoit ¢pyukmnu ¥V mHa R u mo6o#t cym-

MUpyeMo# 1o Mepe 7, raankoit ¢pyuknum g sa R" ¢ rpamuenrtom Vg

BV -E9 < [ [ (Vo) n)dn@dn. (019

DTO HEPABEHCTBO — ONUH U3 CAMBIX 3JIEMEHTAPHLIX MOAXOIOB K ra-
yccosckoii kommentpamuu. Hpu ¥(z) = |z|, U(z) = |2]? u ¥(x) = 7,

(0.14) mpeBpamaeTcsa COOTBETCTBEHHO B HEPABEHCTBA

\/ 5 ElVyl, (0.15)

2
" EIVgP, (0.16)

Elg — Eg|

IN

IN

E|g — Eg|?
2

T w2
Ecd B9 < Ee 8 9

(0.17)

B uacrroCTH, ecau ecth ycaosue ||g||Lip <1, To |Vg| <1, u Hepasen-
crBo (0.17) mpusomut mac k (0.11), mpaszna, ¢ Xymmuel nocTosHHON

B okcnoHenTe. Hepasencrso (0.16) ¢ onTuManbHONM TOCTOAHHOM,

Elg - Eg|* <E|Vy[%, (0.18)
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OLIZIO M3BECTHO MABHO, XOTS MHOI'O pa3 U IEePEOTKPLIBAJIOCL; DTO
— Tak Ha3LIBAEMOE TayCCOBCKOe HepaBeHCTBO Tuma llyamrape. B
1975 r., uccienys cBoicTBO runepckarus oneparopa Oprurreiina—
Ynenbeka, JI. I'pocc [138] momyums Gosee CUIbHOE HEPABEHCTBO,

norapupMuyeckoe HepapeHcTBo Tuma CobomeBa
Eg’logg® — Eg?logEg® < 2E|Vg|* (0.19)

Bompoc o Tom, rakuM o0Opa3oMm Takue JorapuMuuecKre HepaBeH-
CTBa CBfA3AHLI C TAYCCOBCKOW KOHIEHTpAaIeil, HauaJ MHTEHCUBHO UC-
CJIeJ0BaTLCA JUIIL B IIOCJIEeHEee BPpEMA, 1 MLI BEPHEMCsI K 9TOMY BO-
npocy mo3:ke. Rak Obl TO HU OLIIO, TaKOe OOUIIME HEPABEHCTB, HasKe
JUIST Ty CCOBCKOM MePbI, €CTECTBEHHO BBLI3LIBAET BOIPOC O TOM, KAKUe
HEPAaBEHCTBA JIy4Ille, MM KaKWe HEPABEHCTBA OJIMKE K rayCCOBCKO-
MY M30MEPUMETPUUECKOMY HEPABEHCTBY. UTO KACAETCS HEPABEHCTB
(0.15)—(0.19), TO KaskDOE M3 HUX MOKET OLITL MOJYUEHO KAK CJel-
CTBUE M30MEPUMETPUUECKOTO HEPABEHCTBA MJIS I'ayCCOBCKOW MEpHI.
Ha sTux mpumepax nposBisiercs riiybokas CBA3b U30IEPUMETPUYIEC-
KX HEPaBEHCTB U HEPaBEHCTB [IJISI KOHOEHTPpaIUM C HEpAaBEHCTBaMU
tuna CoGoieBa, mpuyeM rayCcCOBOCTL UIDAET JINIIL IT0TIYNHEHHYIO
poan. YTOOLI MOHATL TakWe B3aWMMOOTHOIIEHUs, JYUYIIe PACCMOT-
peTh Kak MOKHO 0OoJsiee abCTPAKTHYIO CUTYAIMIO, TeM OoJiee, UTO MO
HEPABEHCTBAM [JIs KOHIIEHTPAIIMU HErayCCOBCKUX MEP HAKOIJIEH IO-
BOJILHO GOTaTLId MaTepradl.

Bonbmyio yactn ucciieqyeMnix n30MepuMeTPUUECKUX 33,089 MOK-
HO pacCMaTpUBATL B paMKax cienyromeli abcrpakraoii cxempl. C
IPOU3BOJIBLHLIM METPUYECKUM HpocrpaHcTBoM (M, p), cHAGKEHHBIM

OOPEIEeBCKO BEPOATHOCTHON MepO# 1, CBA3aHA ()YHKIUI
Rppu(p) = inf {u(A") : p(A) = p},  pe(0,1), h>0.  (0.20)

NMupumym B (0.20) Gepercs mo Bcem GopeseBCKUM MHOkecTBaM A C

M wepot u(A) > p, n
Al = {zeR":3a€ A, pla,z) <h}
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— OTKpBITas h-OKpecTHOCTL A B MeTpuke p. Pemunrs n3onepumerpu-
ugeckyto 3amauy ana (M, p, p) — 3HaUMT HaliTy 9Ty $yHEIMIO R, ABHO
WM HESIBHO, HAIIPUMED, YKA3aB 9KCTpeMaJibHble A. DKBUBAJEHTHO:

st Beex p € (0,1) mw h >0
sup pu{g —myp(g) > h} =sup p{g—my(g) < —h} =1— Ry ,(p),
g g

rue mp(g) — KBAHTWIL HOPAIKA P (YHKIUM ¢ Kak CILydaiiHOW Besu-
YUHLL 10 OTHOIIEHUIO K MEpe (i, U CyIpeMyM OepeTcs B KJIacce BCeX
¢yurmui ¢ Ha M ¢ IunmmneBod KOHCTAHTONR

lg(x) =gl _ 1
plzy)  —

19llip = sup
zEY
Taknm 06pa3zoM, n3onepuMerpuueckyto 3anady B (M, p, i) ¢ Teomer-
puueckoit popmyauposroit (0.20) MOMKHO IPENCTABUTEL U KAK TUIINAY-
HO BEPOSATHOCTHYIO 32184y O BEPOATHOCTAX OOJBLITUX yKIOHCHUM.
Hpyro# cmocod onpenenenns M30MePUMETPUUECKOR 3amaunm B M
CBfI3aH C MOHATHEM IepUMeTpa. Beaumuuna
N+(A) — l}g%ﬁf M
HA3LIBAETCA -TlepuMeTpoM MHOskecTtBa A C M (Tounee, BHEmHMM
p-mepuMerpoM o MuakoBckoMmy, cm. [198]), a ¢pyrruns
I,(p)= inf pt(4), 0<p<l, (0.21)
n(A)=p
rae napuMyM Gepercs no BceM uaMepuMniM A mepot u(A) = p, — nzo-
epuMeTpUdecKoil GpyHriuer Mepol . Eciu g He mMeer aToMoB, TO
ora (QYHKIMA CBA3aHA C R, TPOCTLIM COOTHOMICHUEM
1,(p) = lim nf Hnule) = (0.22)
Hanpumep, s rayccosckoit Mepsl, B cuiy (0.1), mbt mmeem L, (p) =
o(®7(p)), rme p(z) = %e*mzm — IJIOTHOCTB 7. AHAJOrMuHO,

2m
yerpemisas B (0.5) b — 0, MBI momyanM

on-1(A) = 0n-1(B) = 0,_1(4) = 04_1(B), (0.23)

n—1
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u suaunr I, (p) = o, _(B), rme B — (mo6oii) map ma S" ! 7,_1-me-
PBL p. OTH OLPEIENEHNUs, KOHEUHO, UMEIOT CMBICI U IJIs HEBEPOST-
HOCTHLIX Mep. Tak, KiIaccuyeckoe M30IepUMETPUUCKOE HEPABEHCTBO

B R ([12], [22], [142])
Vol,,(A") > Vol,,(B"),

rae B —map B R™ o6bema Vol,(A) = Vol,,(B), MoxkHO 3amucarh Kak
yTBepsRIeHue 00 uzonepumerprudeckoii ¢pyHrmuu Mepel JleGera Vol,,:
Ivor, (p) = nwy/ " pn=1/n (w,, — 0OLEM eMUHUYHOrO mWapa).

Takum 006pa3oMm, MbI UMeeM IBE W30MEPUMETPUYECKUE 3a1aYu,
CBsI3aHHBIE C METPUYECKUM BEPOATHOCTHBIM IIPOCTPAHCTBOM: OJHA
— 0 MmHMMU3anuu mepuMerpa (OygeM ee B maspHelmeMm Ha3bBATD
M30NMEPUMETPUYIECKON 3anavuel B nudhpepeHnmananLuoi popme), u npy-
rasg, popMaiaLHO Oosee ciaosknas Beuny (0.22), — o MUHHMU3ALUAN
semraunnt 1( A") (Gymem ee HA3LBATEL M30TEpUMeTPIYecKoit 3aaaueit
B MHTerpajbHOR popme). B 7ranoHMYeckux” CUTyauusx, HAIpUMED,
rorga p — mepa JlebGera B R", mHa cdepe nim rayccoBckas mepa, aBe
TN 3aa4Yl SKBUBAJEHTHLI, U II03TOMY I'OBOPAT IPOCTO 0O M30Iepu-
MeTpudeckoir 3amave. OmHAKO, IS MHOIMX APYTUX IPOCTPAHCTB
¢bynEIIIIO ) ), HENL3A BOCCTAHOBUTDL 1O GyHKEIMU I, U clIeLyeT yTou-
HATL O KAKOTO POJa 3alade MIM HepaBeHCTBe maeT pedn. Coorser-
CTBEHHHO, CJEAYEeT DA3JNYaTh HEPABEHCTBA U30IEPUMETPUUCCKOrO

TUIIQ

p(A") > Ry (u(A), (0.24)
1 (A) = I(p(A)). (0.25)

Paszmuune mexny (0.24) u (0.25) npossnsercsa B Gosabliell crenenu,
KOTla TAKUE HEPABEHCTBA MCCIEAYIOTCA HE VA ONTUMAJLHBIX (yH-
rmuit Ry, u I,. Hanpumep, u3 mepasencrs Ttuma CoboneBa Buza
(0.16)—(0.19) u st MHOrMX APYTUX POICTBEHHLIX HEPABEHCTB, CO-

nepskamux L2-HopMy rpamueHTa (€CJM UX PACCMATPUBATDL, CKAMKEM,
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10 OTHOIIEHWIO K Mepe i B R'), MOXKHO M3BIEYL HEPABEHCTBA s
kornenTpamuu (0.24). Omgaako, Takue HEDABEHCTBA HE COLEPIKAT B
cebe MHPOPMALNIO O IIePUMETPE MHOKECTB, U U3 HUX HEJIb3s U3BJIedD
umepaserctso Buzaa (0.25). C apyro#l CTOpOHBI, HEPABEHCTBA THUIIA
CobGomnesa, comepsxamue L'-HOpMy TpaiwenTa, BIEKYyT HEPABEHCTBA
kak (0.24), Taxk u (0.25). Hampuwmep, ecnn ucxomurs u3 (0.15) u
OPUMEHUTL €ro K IJIAJKUM JIMIMIANEBLIM ()yHKIUAM, ANIPOKCUMUDY-
IOMKUM NOTOYEYHO WHAMKATOPHYIO QyHEnmio MuOskectBa A C R™, o

MBLI IIOJNIyYUM B IIpenese OUEHKY

T (4) = 2\/2%(14)(1 =Y (A))- (0.26)

ITpu v,(A) = 1/2 »T0 HEpABEHCTBO ONTUMAJIBLHO — €CTh PABEHCTBO,
korga A — mOJIyInpoCTPAHCTBO (U, 3HAYUT, IIOCTOSIHHAS % B (0.14) ne
MoskeT ObiTh yayumena). Ompaaro, (0.26) ciabee, yeMm rayccoBcKoe
M30MEePUMETPUYECKOe HEPABEHCTBO, 3alMCaHHOE B IU(epeHIraib-
Ho#t popme, 1, (A) = I, (ya(A)) mpu 7, (A) # 1/2.

Ecau mzonepumepuueckue HepasercTsa Buna (0.25) urpator 60-
Jee BasKHOE 3HaueHuWe sl Teopun npocrpancts Cobosesa, TO He-
pasercrBa Buzna (0.24) HocaT Goisee NpUKIALHONE XapaKTep ¢ TOYKU
3pEeHUs KOHIEHTPALUU Mepbl (DU 9TOM, OHU OCTAIOTCS OCMBICIICH-
HLIMZ JJI1 JUCKPETHLIX TMPOCTPAHCTB, A KOTOPLIX M30TIE€PUMETPU-
ugeckas (pyHKmuUA [, Bcerga pasHa Hym0). OcoBeHHO Ba/KHON B 5TOM
KOHTEKCTE SIBJISETCS 3a1a4a 00 ONEHUBAHUU CBEPXY TaK HA3LIBAEMON
¢yurnmy xonnenrpanun «(h) = 1 — Ry ,(1/2). IlepBoie pesynbrarol
B 9TOM HaIpaBleHuW Oblam mosydeHol Mwuiapmanom B [29] u [30],
MCCJIEIOBABIINM Ha OCHOBE TeopeMbl JleBu moBemeHwe (GyHKIIU
nisa mEoroobpasuit llltugens u 'paccmana. Dosee mupokue knaccot
METPUYECKUAX IIPOCTPAHCTB PACCMOTPEHBI B kHure Munbmana u [1le-
XTMaHa [1986 T., 192], rae OLLIV IoABeNeHLI UTOIM MHOIOJIeTHel ne-
SITEILHOCTY [0 UCCJIEeNOBAHUIO CBO¥cTBa KoHIeHTpanmu. s (kom-

NAKTHLIX, CBA3HBIX) PUMAHOBLIX MHOrooOpasuii M pasmepHOCTH N >
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2 c puUMaHOBOWI METPHUKOW p M HOpMAaJIN30BaHHOU Mmepoi#t Jlebera p
Ha M Obuiy BLIAENEHLI OBE XapPAKTEPUCTUKM, B TEPMUHAX KOTOPLIX
MOKHO KOHTPOJIMPOBATL HOBeneHme ¢(yHKnnu «. llepBas m3 HuUX —
Tak HaspBaemas kpususHa Puum R(M) (cm. [136]). Ilycts A C
M wusmepumo, u B — map mHa chepe S™(r) Takoro pammyca r, 4TO
R(M) = R(S™(r)) (To ectn, % = R(M)). Eciu u(A) = 0,(B) (o,

— "HopMausin3oBanHasa Mepa JleGera uwa S™(r)), To nus Bcex h > 0
u(A") > o, (B") (0.27)

(h — OKpeCTHOCTH PACCMATPUBAIOTCS COOTBETCTBEHHO 10 OTHOIIEHUIO
k MerpukaM Ha M u S™(r)). OKBUBaJEHTHO, B T€PMUHAX M30I€PU-
MeTPUYEeCKUX (YHKIUi cnpaBeaauBo HepaBeHcTso I, (p) > I,, (p) ana
Bcex p € (0,1). Dra Teopema, noaydensas M. I'pomoseim B 1980 r.
([135], [136]), upumenuma u & camoit chepe S™(r), u Torma MLl Ipu-
xonuMm k Teopeme II. Jlesu. Kak cnencrBue, kak u Ha cdepe, UMEIOT
MECTO TayCCOBCKUE OLEHKU sl (yHKiuY kKoHueHTpanuy tuna (0.6).

Ilpyroe BasKHOE OTKPLITHE, CIeJaHHOe ['pOMOBLIM 1 MuiabmManoM
B [137], cocTosmo B TOM, UTO (YHKIMIO KOHIEHTPAIMNA MOYKHO KOH-
TPOJIMPOBATL B TEPMUHAX NIE€PBOTO HETPUBUAJILHOTO COOCTBEHHOI'O
uucsa Ay omeparopa Jlammaca —A wa M. DTO 4UCIO MOMKET OLIThL
OIpeNeJIeHO KaK ONTUMAJILHAS IIOCTOSIHHASL B HepaBeHCcTBe Tuna I[ly-

aHKape

A Var(g) < E|Vg]* (=(-Ag,9)). (0.28)

(g — IIPOM3BOJILHAaS T'JIa dKas1 (byHI{III/IH Ha M, 1 MaTeMaTU4YeCROE€ ORU-
JaHVE 1 JUCHEPCUsI HIOHMMAaKTCsA B CMLICJIE MEPLI p) Kaxr JOKa3aHO

B [137], mus Bcex p € (0,1) m h > 0 cupaBeyIuBO HEPABEHCTBO

1 — Ry u(p) < (1 - p?) exp{—hy/A; log(1 +p)}, (0.29)

U, Kak CJHEACTBUE, (YHKIMA (v MMEET SKCIOHEHIUAJILHOE yOLIBAHNE.
Ha camom pgene, oupenernerue (0.28) (B oTamume OT HOHATHUSA KPU-

BU3HLI U CB3aHHOTO ¢ Heldl HepaBeHcTBa (0.27)) BLIBOIUT HAC AAJIEKO
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3a paMKy pUMaHOBOW reomerpuu. B wacrHocTu, Hepasernctso (0.29)
COXPAHAECT CUJIY MJIA TPOU3BOJLHLIX BEPOATHOCTHLIX METPUYECKUX
npoctpancts (M, p, ), ecau, KOHEYHO, OUPENeNsaThL MOLYJIL [Par-
erra |Vg| moaxomsamum obGpaszom. TakuMm onpeneseHueM CILyKUT

COOTHOIICHUE

|[Vg(z)| = limsup M7 x e M. (0.30)
p(z,y)—0+ plz,y)

Hanpumep, ecam ncxoqurs u3 raycCcoBCKOro HepaseHcTBa tuna [ly-
anrape (0.18), TO MLI Oy YUM OCIAGIIEHHBIA BADUAHT CBOHCTBA KOH-
LHEeHTPanuu i ¥y,. Jpyroi BaHLIA npuMep — IPOJAKT-Mepa (L = V"
ma M = R" (¢ eBKIMIOBOW METPUKOR p), HOCTPOEHHAS MO IBYCTO-
POHHEMY IOKa3aTeJILHOMY pacipeneiieHnio v Ha R ¢ mioTHOCTLIO
dv(z) 1

T Ee*‘“". Tor ¢axrr, uro v ynosiaerBopser HepaBeHcTBY [ly-
i

1
aHKape, IPUYEM C \| = i OLLI BIIEPBLIE OTMEUEH, MO-BUAUMOMY, A.
A. Boposrosemm 1 C. A. Yresom [10] (1 noznuee Kinaaccenom [159]).

ITockounky A1(v"™)=A1(v), B cuiy Teopemol I'pomoBa—Munbmana,

ah) =1— Ry ,(1/2) < Se™h ¢ =1og(3/2)/2, (0.31)

NS

TO €CTDb, CBOMCTBO KOHIIEHTpaIuy mid v". BOpOBKOB 1 Y TeB n3ydain
B [10] BEpOATHOCTHLIE MEpLI Ha NIPAMOH, yIOBJIETBODSAIOINE Hepa-
BeHCcTBY Tuna llyaHkape, BHe CBA3M CO CBOMCTBOM KOHIEHTDAIMH, HO
UMM Takke OBIIO MOJy4YeHO HEPABEHCTBO, OdeHL Oimskoe k (0.29).
Kak 6oimo ormeueno eme B 1976 r. Iupesnnconom, M6parumoBnim
n CynakoBoiM [117], MOMKHO Takike IOIYYATL M30NEPUMETPUUYECCKUE
HepaBeHCTBa s nponakr-mep pu" ma R", Tpanchopmwmpys mepy
Yo B p" ¢ momompio orobpazkenus Tp,(x) = (T'(z1), - ,T(zy)), Toe
T : R — R — meybuBaromas (GpyHKINSI, NMEIOMAs PACIPEICICHUE [
orHOCHTENbHO ¥1. Ecmu ||T||rip < ¢, To u3 Hepasenctsa (0.2) cpasy
Oy YaeM

Riyn(p) > ®(@7 () +h/c);  a(h) < g e/ (h>0).
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Takue, HE 3aBUCAMME OT PA3MEPHOCTH, HEPABEHCTBA, BLIMTOIHAIOTCA,
B UACTHOCTW, IJIA PABHOMEDHOTO pacmupenernenus Ha kyb6e [0,1]" ¢
¢ = ——. Opnnaro, orobpaskenue T, mepeBoasmiee y; B V HE SBIET-
CSl JIUNIIUIEBLIM, W MO9TOMY WM3BJIEUL KAKYIO-JIM00 UHOOPMAIUIO O
KOHUIeHTpauuu " Ha ocHOBe HepaseHctBa (0.2) HENL3s, HO HA OC-
HOBe HepaBeHCTBa [lyankape — MokHO. Heunb3s, Kak OLIIIO OTMEYeHO
B [117], monyunts Ha ocuose (0.2) 1 HEPABEHCTBO Ui KOHIEHT DALMY
Ha OUCKPETHOM KyOe {0,1}”: u 3nech ¢QyHEUA 1 He Oynmer Juim-
munesoii. Ilozmmee MLI 06CYIUM pa3iWUYHLIE TOAXOALI K CBOWCTBY
KOHIIEHTpAIMU Ha OCHOBE HEpaBEHCTB Tuma llyaHkape, HO celfuac
JUIIL OTMETHM, 4TO HepaBeHCTBO (0.29) coxpaHseTcst u sl MHOTUX

MUCKPEeTHBIX npocTpaHcTs (cMm. [57]).

V3onepumMerpudeckre 3a1a4un 1 CBOXCTBO KOHIEHTPAIMY I Pac-
IpeJesieHuil Ha AMCKPETHLIX MIPOCTPAHCTBAX y#Ke caMmu mo cebe co-
CTABJSIOT DOJILITOE HallpaBJIEHUE Ha CTLIKEC MHOTUX AUCHUILJIVH. CIO—
Oa MOKHO OTHECTU U DAL APYTUX SKCTPEMAaAJILHLIX 3a0a4: 3ada4vy O
MUHMMAJILHOM 4YHKCJIE€ T'DAHUYHDLIX peGep IIOOIMHOKECTBa KOHEYHOTI'O
rpada npu ¢uxrcuposanHoM obbeme (”edge-isoperimetric problems”),
O MHOMKE€CTBAX C MUHUMAJILHLIM ANAMETPOM M O MHOKECTBAaX, MMe-
IOIUX MUHUMAJBLHLIA IraMeTp B cpeiHeM (M30auaMeTpasbHLIE 3a-
naumn), 3aa9d O MUHMMU3AIUAN Pa3JUYHBIX TOBEPXHOCTHLIX Mep, O
HEKOTOPBLIX APYTUX (YHKIMOHAJIAX, 3aJAHHLIX Ha CeMeicTBax IOI-
MHOKECTB OUCKPETHOT'O Ey6a (CBH33,HHBIX7 HallpuMep, C IOHATUEM
“influences”) u r.1. Heroroprnle U3 9TuUX 3aJa9 UCCIENOBANNCD €IIE B
wagasie 1960-x rT., OQHAKO, TJIABHLIM 00PAa30M C TOUKU 3PEHUS SKCT-
PEMaJILHOCTU TeX WJIW UHLIX MHOKECTB M, B YaCTHOCTHU, HAXOIUJIAChL
BHe c(hepLl MHTEPECOB POJIL pasMepHocTH. Ilocmemsee oTHOCHTCA 1

K KJIACCUYCCKOW M3O0MEePUMETPUUECKON 3a1avue Ha AUCKPETHOM KyOe.

Kak 3amagya o koHmEHTpAIuy MepLI AUCKPETHLIE H30IePUMETPU-
YecKre HEePABEHCTBA CTAJNU M3Yy4YaTLCS JUIML ¢ cepenuant 1970 rr.

(cHavasa B paMKax TeOPUM KOAUPOBAHUS, TA€ CBOWCTBO KOHIEH-
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Tpanuyu NOsSBMIOCH o uMeHeM ~blowing-up property”). Mcnouas3ys
VHIYKOWIO IO pa3meprocTr, B 1976 r. Anncsene, Nakc u Kepuep [51]
IOKA3LIBAIOT HEPABEHCTBA IS KOHIEHTDAIUNA TPOU3BOJLHLIX IIPO-
nakr-mep P = u" ma muckpersom ky6e {0,1}" tuna (0.8) (u, Go-
jgee 00w, Ha mpocrpaHcTBax M™ ¢ KOHEUHBIM MHOMxkecTBOM M),
onmepupys HPHU 3TOM T'ayCCOBCKOW M30IEePUMETPUUYECKON (yHKIMEH.

B YaCTHOCTU, UMM AOKa3aHO HEPAaBEHCTBO

P(4") = B(e7(P () + L2,

S w = min(u({0}). p({1}), m A" h-

OKPECTHOCTDL B CMLICJIC PACCTOSHUS XaMMUHTa. 10T Gakr, 4To Takue

h > 1 nemnoe, (0.32)

rone A C {0,1}", a =

HEpaBEeHCTBA MJIs KOHIEHTPaIUN TOJLKHLI OLITL ~0e3pas3iandHnl’ 10
orHomeHnuio k Mepe p Ha {0,1} (B npexnonoskenuun P (A)Z% ocTOo-
suuas a B (0.32) MosxkeT OLITL BhIGpaHa aGCOTIOTHONM) cTan oueBna-
HBIM HaBePHOE HEMHOI'O IO3:Ke, KOrJa CTAJ IPUMEHATLCA METOI Map-
TUHTAQJLHLIX pa3HocTell. MapTUHTaJLHLIA IOAXOX, MCIOJIL3YeMbLIi
U paHLIIE OPU M3YUEHUN CyMM HE3aBUCHMBIX BEKTOPOB (BIEpBLIE,
no-sumumomy, B. B. FOpunckum [47] u K. Asymoii, cornacuo [192]
u [219]), Gbl1 amanTHpOBaH K 3amadaM O KOHLEHTpamuu B pabore
Mops [187] (1M BLLIO TONYYEHO HEPABEHCTBO Ul KOHIEHTPAIU HA
cuMMeTpudeckod rpymme, cM. tarke [209], [192]). IIpu Takom mox-
XOJIe MOMKHO IOy YUTDL JOBOJLHO abCTPAaKTHYIO BEPCHUIO HEPABEHCTBA,
(0.8) mus mpomakr-mep P = pg X -+ X p, va M = {0,1}" (n naxe
HA IPOM3BOJILHLIX NEKAPTOBLIX NpousBenenusax M = My X --- x M,)

10 OTHOIIEHUIO K ~B3BEIIEHHOMY' DPACCTOAHUIO XAaMMUHIA
n n
_ 2 _
palz,y) = E i Vgzyys 2,y €M, a; >0, E af = 1.
i—1 i=1
WwmenHo, B Tako#l MeTpuke miis h-OKpECTHOCTHI Aga JT060T0 MHOMKECT-

Ba A C M mepnt P (A) 2% COpaBeyInBO HepaBeHCTBO [192]

1-P (Al ) <cre /e n>o, (0.33)
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¢ abCONIIOTHBIMU HOCTOSHHBIMU ¢1 = 2, ¢o = 16. CymecrByer u
npyroit monxon k (0.33), npemnoskennniit 8 1986 r. K. MapTon [185].
On ocHOBaH Ha T.H. ~TPAHCHOPTHLIX' HEPABEHCTBAX U IO3BOJISIET
nosyuyarh Oosiee TOuHBIE KOHCTAHTHI (cM. Takxke [186], [222], [76]).
B mepasenctse (0.33) pasMepHOCTL n yke Kak OLI CIpATAHA, OTHA-
KO, HA CaMOM JeJie, ellle He BUIHO HUKAKOI CBA3M C I'ayCCOBCKOW KOH-
nenrpanueii. JleficTBUTENBLHO, €CaN pACCMATPUBATEL M30IEPUMETPU-
UEeCKyIO 3alady Ui paBHOMepHOro pacupeneinenus P ma {0,1}" mo
OTHOIIEHUIO K €BKIUIOBOMY paccrosauio B R™ (T.e., mus h-okpect-
wocrelt A" = A+ hBy muomects A C R"), To ms Bcex p € (0,1) u
h > 0 MBI IMeeM O4YeBUIAHOE COOTHOUIeHMe (oTMeueHHOoe eme B [117])
inf P(A") =p mpm n — oo,
P (A)zp
1 B 9TOM CMLICJIE HET HUKAKOM ~He 3aBucsameir” oT pa3MepHOCTU KOH-
merTpamuy. OIHAKO, €ClIM paCcCMATPUBATL M30ME€PUMETPUUECKYIO
3amady He B Kjiacce Bcex A, a TOILKO I BLIDYKJILIX A, TO Kak U B
rayCCOBCKOM CJIydae, MLl UMeeM [eJIO C ~HACTOsAMme” KOHIEHTPaIu-

o

eii:

1-P(4h) < ﬁ e M2 ACRM- BBIITY KJIO. (0.34)
910 BaskHOe OTKpLITHE Onuro cmenano B 1988 r. M. Tamarpamom
B pabore [213], mauaBmeil cepuro riayGoKuUx pPabOT STOrO aABTOPA
10 UCCJIEOBAHUIO CBOWCTBA KOHIIEHTpAIUU IpOonakT-Mep. Hepasen-
ctBo (0.34) OKa3LIBAETCA CHPABEUIMBLIM IUIA JIFOOLIX MPOIAKT-MED
Ha kyGe [0,1]", n mo3nree Tanarpan [215], [219] moaxyuaer »To0 yT-
Bep:KACHNE Kak cienctsue ycwmiaenHoro sapuanrta (0.33) mmsa mpo-

,ZIaKT—Mep Ha aGCTpaKTHbIX ,HeKapTOBLIX HpOI/ISBe,HeHI/IHX
1-P <ﬂA,’ja> <cre M p>o, (0.35)
[e3

(Tak 4TO (POPMANLHO HU O KAKOW BLIIYKJIOCTU DEYU He UIET) U Ha-

XOAUT HasbHedmme ycuieHus sToro csolicrsa B [221]. OcHOBHDIM
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MOTHBOM CTAHOBUTCH YK€ HE CTOJBLKO CBOWCTBO KOHIEHTDAIUU CAMO
o cebe, CKOJILKO sKeJIaHue NMOHATL IPUPOLY MHO:xkecTB A Mepol 1/2.
B sToM abGcTpakTHOM MOTHBE CYIMIECTBYET MHOTO KOHKPETHLIX MPOO0-
aem. CBOHCTBO KOHIEHTpAIUY B IPOAAKT-IpocTpancTBax (M, pq, P)
[O3BOJISIET KOHTPOJIUPOBATL (IPUGIMKATL O YKUCIY COBIANAIOIIUX
KoopauHAT) “mouyTtu” BCe TOUKM x € M Kako#-TO onHOW TOUKOW a
B A. Mol momyumM GiIM3KyI0 K M30IEPUMETPUYECKON 3aauy, ecin
OymeM KOHTPOJMUPOBATH TOYKM & € M KOHEUYHBIMU IIOIMHOKECTBa-
Mu A mommocty g > 2. CoOTBETCTBYIOUEE HEPABEHCTBO U30IMEPU-
METPUYECKOro Tula Obuio mosnydeno Tamarpanom B [214]. Bmecte
¢ (0.34) omo cocrasiser ToT 6a3nUC, HA OCHOBE KOTOPOIO MOKHO
[AJEeKO MPOABUHYTL MHOTME KJIACCUYECKUE MPOOJIeMLI T.H. ~BEePOSAT-
HOCTU B OAHAXOBLIX IPOCTPAHCTBAX , TAKME KAK MHOTOMEPHLIA 3aKOH
IIOBTOPHOTI'O JIOTapu(pM, paclpeneseHre HOPMBL CYMM HE3aBUCHUMBIX
BekTopoB (cm. [214], [179], [176]).

Taxsxe nTpobieMy KOHIeHTpanuu nponakrt-mep P = pu" B eBrIngo-
BoM npocrpancTtBe R"™ Tasarpas CKIOHEH pacCMaTpuBaTh HE C TOU-
KM 3DEHUsA OLEHMBAHUA CKOPOCTU yObIBAaHUA ()YHKINUY KOHI[EHTDAIIN
a. Ilo Tamarpany, 6osee BasKHOW fABJIAETCS 3a0a4a O HAXOMKIEHUU
BMECTO OOLIUHBIX CBKIMIOBLIX h-okpecTHOCTER MHOM%ecTB A" B Heko-
TOPOM CMBICJIE MUHUMAJBLHLIX OkpectHOCTed Up(A) (Troumee, o Ha-
XOKIEHUM ONePALUU, ONKUCLIBAIONME Takre OKPECTHOCTH ), MJIsl KOTO-

PBIX BLITOJIHAETCS cBOMcTBO: mis Bcex AC R, a € R, h >0
P (A) = p((=00,a]) = P (Un(A)) = p((—00,a+ hj), (0.36)

WIX HEMHOrO B OoJiee ociabiieHHOW (opMe, Kak CBOWCTBO KOHIIEH-
Tpamuu
P(4)> o = 1- P (Un(4)) < an(h), (0.37)

—h/e B cayuae P = v,

Hampumep, ¢ QyeKmmedd Buma «og(h) = ce
Un(A) = A", (0.36) ecTh B TOUHOCTM M30TEPUMETPUUECKAS TEOPEMa

(0.1). Eme onso orrpuitue, caenannoe Tanarpanoum B [216], cocrour
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B TOM, 4TO cBolictBy (0.36) ymoBnerBopsier mpomakt mepa P = v™,
[OCTPOEHHAS IO JBYCTOPOHHEMY IIOKA3aTEILHOMY PACIPENeIeHUIO 1

va R, mpuuem mist okpecTHOCTEHR BUIA
U},,(A) =A+chBy + CQ\/EBQ,

rue c¢1, ¢ — abCOIOTHLIE TIOCTOSTHHLIE, & B 1 By — e IMHWYHLIE MapLI
B R" B cmpicae metpurn ¢! u (2 cooTBercTBeHHO. B wacTHOCTH, BLI-
nousasiercs: cgoticto (0.37) ¢ yrasaHHOW (QyHKumMeR oy — T.H. Taja-
IPAHOBCKOe CBOWCTBO KOHumeHTpamuu s v, Heowunannoe cien-
crBue 9TOH Teopembl Tasarpana (1, BO3MOMKHO, OCHOBHOW MOTUB)
COCTOUT B TOM, 4UTO, TpauchopMupys v B 7, € HOMOWbLIO OTOGpa-
swerus suna 1, (x) = (T'(x1), -+ ,T(x,)), MBI IpUIEM K rayCCOBCKOH
KOHIEHTPAIY, TO eCTh, K HepaBeHCTBY Buma 1 — v, (A") < 0167]"2/62
(7 (A) = %) Mos&HO TakuM Ke 06pa3soM TPaHCHOPMUPOBATDL V" 1 B
ApyTue, HAIPUMED, JOTapuPMUUECKA BOTHYTLIE IPONAKT-MEpLI 11",
upu 3TOoM OyIyT CHOpaBemUBLI HepaBeHCTBa, aHasorudswie (0.37)
(mMpoKMiA KiIacc HepaBEHCTB TAKOTO BUAA NOJIydeH B [219] B pamkax
T.H. ”penalties”). B 1991 r. Mop» [188] HECKOILKO yCOBEPIICHCTBO-
Bay nonxon Tanarpana, BBeIs B KauecTBe (YHKIMOHAILHON (OPMLI

mis (0.37) 9KCHOHEHIUAILHBIE HEPABEHCTBA

[ [ g <1,

rue g — IpOM3BOJILHAA n3Mepumas GyHknus Ha R"™ u

n
Swg(x) = int [g(y) - w(wi - yi)}
y
i=1
— MHQUMyM-CBepTEa ¢ ¢ Qpynxumeir Y ., w(z;). Taxue HepaseHcTBa
JIETKO PACIPOCTPAHAIOTCA C N = 1 Ha MHOTOMEpPHLIE IIPOCTPAHCTBA,
u B caydae 4 = v k (0.37) npuBomur HepasBercTBo Mops ¢ QpyHKIMeH

w(x) = ¢ min(|z|, |2|?) mpu moaxomamenm ¢ > 0.
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Samerum, yto ceoicTeo (0.37) mius Mepsl v — cymecTBeHHO Hoee
CuILHOe 1O cpaBHeHuio ¢ HepaseHcTBoM (0.31), BbITERAIOIEro u3
nepasencrBa tuna [lyamkape. Tem ne meHee, Kak OLLIO HETABHO IIO-
ka3aHo B pabore Bob6rosa u Jleny [83], nepasencrsa tuna Ilyankape
MOBOJILHO CUJILHLI M Ha CAMOM Jejie BJIEKYyT CBOWCTBO KOHIEHTDA-
AU (0.37) UL TIPOJIAaKT-Mep Hake Ha MPOW3BOJIBLHBIX METPUYECKUX
npocrpancrsax. pyro#i ("uHGpOpMANMOHHLIA” ) MOAXOA K HEPABEH-
crBam Tanarpana npemnoxer A. Hem6o n O. Sefirynu [123], [124].

Wrak, ¥ rayccOBCKOW KOHIIEHTpAIUM BEOyT MO-KpaiiHedl Mepe mBa
IO AX0a, OCHOBAHHLIE HA U3YUYEHUN HErayCCOBCKUX IIPOIAKT-Mep: He-
pasercTBo (0.37) mis v™ u HepaBeHCTBO HA AUCKpeTHOM Kybe (0.34),
KOTOPOE B pe3yJbTaTe MPUMEHEHUS IEeHTPAJLHOW mpenesnLHoil Teo-

PEMELI IIpeBpalaecTCsa B HEPaBEHCTBO

h 1 —h%/8
1—7,(A") < ——e
— b
Tn(4)
npasia, TOJILKO s BRIMyKJILIXx A C R™. B oboux ciayuasx Heab3s
OLEHUTDL ~TayCCOBCKUNA’ MEepPUMETD MHOKECTB U HOJIYUUTDL, HAIPU-
MeD, M30IEePUMETPUYECKOe HEPABEHCTBO B AU PepeHnnaibioit Gpop-

Me

Y (A) > co(@ (1 (A)), (0.38)

IyCThH JaKe C TOYHOCTBLIO IO HEKOTOPO MOCTOAHHOU ¢ € (0, 1). SEVe)
ObLI0 ObI, KOHEYHO, DOJIee CUIILHOE YTBEDMKICHUE, UEeM IIPOCTO TayC-
COBCKasl KOHIeHTpamus, Tak Kak (0.38) 9KBUBAJEHTHO HEPABEHCTBY

B MHTErpaJLHONR popme
(A") > ®(7 (m(A)) +ch), h>0.

Taroe Gomee meamrarHOE CBOWCTBO ObLIO mokaszamo M. Jlemy, pas-
BUBIIMM TEXHUKY MOJyrpymn misi oneparopos OpHinredina—Y menbe-

ka [176] (eme pamee Jlemy NPUMEHSI BTy TEXHUKY sl IIOJYUEHUs
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HepaBeHCTB mis koHuentpanmu [173], [174]). Kpowme Toro, kak oka-
3aJI0Ch, MOYKHO BhIBecTU HepasencTBo (0.38) m Ha OCHOBE HOIXO -
MUX M30NEPUMETPUUCCKAX HEPABEHCTB HA JIMCKPETHOM Kybe, ycTa-
HoBienHbIX Tanarpanom B [217] (cm. Taxxe [220]).

3aMeTuM, UTO Ha AUCKPETHLIX, HAIIPUME]D, KOHEUHLIX IPOCTPAHCT-
Bax (M, p,u) (B orauuume ot ”HenpepniBHLIX” ) GECCMLICIEHHO OIpe-
nenars nepumerp pt(A) n msonepumerpuveckyro QpyHrnuo I, ¢ mo-
mvompio (0.21). Tem He Menee, (AUCKpETHAs) IDAHUIA MHOMKECTBA
A C M — nouaTue BroJHe OCMLICIeHHOE. Tak, B CIydae QUCKPETHOrO
ky6a M = {0,1}" ¢ paccrosaunem Xammuura p rpasuneit A ¢ M
cayssnT MEOEeCTBO DA = AL\ (M \ A)! Touek, meskamux Ha TpaHUY-
HOM pebpe (rme Al osmauaer h-okpecTHOCTL B cMbIcTe p mpu h = 1).
Kasxknas touka @ € M umeer n ”coceneit” {s;(z)}i1<i<n, oupeneins-
eMbIx paBeHcTBamu (s;(z)); = x; upn j # i, n (si(x)); = 1 — x;.

MuoskecTBa
0pA={xeA:Tis(x)¢ A}, 0_A={x¢ A:3is;(x) € A}

COCTOAT 13 T'paHUYHBLIX Touek A C M COOTBETCTBEHHO C ~BHYTDEH-

299 )

meir” n i’

"BHemHer” croponsl, Tak uro 0A = 0L AUJ_A. Torma teo-

pemy Xaprepa MOKHO SKBUBAJEHTHO 3allMCATL KAk HEPABEHCTBO
P (04 4) = P(9+B),

rae P — paBHomepnoe pacupenesnenve sa M, u B — map (Xammunra)
Takoro ke "oobema’, uro u A. Bemuunna P (04 A) MOkeT CarysKUTL
CBOEro poja mepuMeTpoM A, HO »Ta XapaKTePUCTUKA OKA3LIBACTCS
MOBOJILHO Tpy6oii (TouHee, HEAOCTATOUHO TOHKOMR MU TPUIIOKEHNT ).

Boabue nadopmanun Hecer B cebe (yHKIMA
ha(z) =card{i <n:(z € A, si(z) ¢ A) nnu (z ¢ A,s;(z) € A)}

— YMCJIO TPAHUYHLIX pebep, Y KOTOPLIX T CIY:KAT OTHOM M3 BEPIINH.

Pyurmua haly Oota BBemena I'. A. Mapryaucom, moKa3aBIiuM B
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1974 1. WO CcymecTBY HEPABEHCTBO M30MEPUMETPUIECKOTO Tuna [23]
P(8+A)/ hadP > c( P (A)), (0.39)
A

rae ¢ — nonoskurennHas Gyaknus Ha (0,1), Ha 3aBUCAIAT OT pa3Mep-
voctu n. Maprymuc ycranosun (0.39) maske B Gosee o0uie#i cury-
anuu, xorga P = pj — npomakT-mepa Ha {0,1}"™ ¢ mMapruHaILHBLIM
pacCIpeleseHueM [i,, npunuceBaomeM Maccy p € (0,1) rouke 1 u
¢g=1—p — toure 0, 1 COOTBETCTBEHHO IpaBas 4acThb ¢ = ¢(p, P (A))
Takke 3aBUCUT OT p. Takroe yTBep:kIeHME OBIIO OCHOBHBIM IIATOM
IpU TOKa3aTeILCTBE OOHAPYKEHHOI'O UM CBOWCTBA B paMKax TEOpUU
rpa¢dos, sboiHe Ha3piBaemoM threshold phenomenon”: mms MoHOTOH-
ueix MEOsKeCTB A C {0,1}" ¢pynrmmsa p — py (A), HETPEPBIBHO BO3pac-
Tasg BMecTe ¢ p or 0 mo 1, mesmaeT B HEKOTOPOHW TOUKe Py PE3KUM
CcKa4oK (TO ecThb, siBasgeTcs ~nourr’ WHAMKATOPHOW (yHKIuMed wuH-
repBana (po,1)). Tamarpan nccaemosaa B [217] KOIMYECTBEHHYIO
CTOPOHY TAKOT'O CBOWCTBA, IPUYEM Ha OCHOBE 0OJiee CUIILHOIO Hepa-

BeHCTBa 10 cpasHeruio ¢ (0.39):
/ VhadP > K, I(P (A)). (0.40)
A

Bnecw Io(t) = J(t(1 — 1)), J(s) = sy/log(1/s), P = py, u K, — mo-
CTOAHHAS, 3aBUCAIAS TOJILKO OoT p. Tajmarpan paccMaTpuBaeT Be-
mranny [, v/hadP Kak DOBEDXHOCTHYIO Mepy, POACTBEHHYIO Iayc-
COBCKOMY IepuMeTpy, a camo HepaseHcTBO (0.40) — Kak AMCKPETHYIO
Bepcuio rayccosckoro Hepasenctsa (0.38) (3amernm, uTO (yHKIUS
Iy MO:keT OLITL OLEHEHA CBEPXY U CHU3Y IayCCOBCKOM M30IepUMET-
puueckoii pyHEImed I, ¢ TOYHOCTLIO K0 aGCOMIOTHLIX MHOKUATEENH ).
IIpu norazarenscrBe (MEAYKIUeR no pasmeprHocTu n) Tamarpan uc-

OJNL3yeT (YHKIUOHAILHYIO (GOpMY

K,Iy(Var(g)) <EMg, 0<g<1, (0.41)
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(Mg)(z) = ; (92) — g(si(@)*)?, @ e {0,1}7,

IpeACcTaBIAeT COOOW aHAJIOr MOLYJA MUCKPETHOrO I'pajgueHTa (yH-
kuuu g Ha {0,1}". Ipumenss mepasenctso (0.41) B mpocTpancTBax
OoJIbITell pa3MepHOCTU K (DYHKIWAM BUIA
gr(x) = g(——F=—> +\/;:—;;’“ My zie {01,

¢ raakuMu PyHEIuAMu g Ha R™ u ycrpemnsas k — 00, MBI IPpUIEM,
B CUIy IIEHTPaJLHON mpenennpHO# Teopembl B R", k aHamormuHomy
() YHKIIMOHAJILHOMY HEPABEHCTBY OTHOCHUTEJILHO T'ayCCOBCKOW MepLl
Yn W 3aTEM, AIIPOKCUMUDPYA QYHKIUAMU ¢ WHANKATOPHLIE (yHKINM,
neficreurensro noxyunm (0.38).

TakuMm 00pa3oM, MOXKHO IOJNIYYUTL YCUJIEHHBIE BAPDUAHT I'ayCCOB-
CKOIf KOHIIEHTpalll 1 Ha OCHOBE JUCKPEeTHHIX HepaBeHCTB CoboseBa
tuna (0.41). Ho MOMKHO /111, OCHOBBIBASCH TOJILKO Ha CBOWCTBAX AUC-
KPETHOro Ky0a, IOy YnTh N30IEePUMETPUYECKYIO TEOPEMY B IayCCOB-
CKOM IIPOCTPAHCTBE B IIOJHOM 00beMe, TO eCTh, U3BJIeYb HEPABEHCT-
Bo (0.38) ¢ ¢ = 1 u 3HAUNT yCTAHOBUTL DKCTPEMAILHOE CBOKCTBO
noaxynpocrpancts (0.1)7 Kak 6outo npeanonosxeno B [117], Bpazn am
MOYKHO OOOHTH reOMeTPUUECKUEe PACCYAICHUA TUIA CUMMETPU3AIUN.
Tem He MeHee, TO cHejaTb MOXKHO, IpUYEM Ha OCHOBE HEpPaBeH-
ctB CoboseBa coBepIIeHHO 0COOOro BUa, O KOTOPLIX B JajbHeRIeM
notimer peun. Jlus noaMuOKECTB A IUCKPETHOTO Kyb6a {0, 1}", B IO-
IIOJIHEHNE K TAJarDAHOBCKOH IOBEPXHOCTHOM Mepe, MbI UCCIENyeM B

KavyeCcTBe AUCKPETHOI'O NepuMeTpa eule OAHY BEJIUYNHY,

P'*'(A):/\/pthdP7 P =y, (0.42)

1 OOHVIM U3 HallX OCHOBHLIX PE3YyJILTAaTOB 6y,IIGT unsonepuMeTrpuvec-

KO€ HEPABEHCTBO I PABHOMEDPHOIrO pacupenesneHus P :

P (4) > p(@ (P (A)). (0.43)
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ITO — UymcTasa KOIUA TayCCOBCKOT'O U30IIEPUMETPUYECCKOTIO HEPaBCH-

crea (0.2), 3amucaHHOro B au(pepeHnuainLHoil popme
T (4) 2 o(27 (7a(4)). (0.44)

Tpebyercs, ogHaKO, CHENIATDH €lle OIUH IIAr, YTOOLI CBA3aTh 9TU JBa
HepaseHncTsa — nonnepsxkars” (0.43) HEKOTOpOW ¢yHKIMOHAILHON
¢dopmoii. lemo B TOM, 4TO eciau Mbl monniTaeMcsa nepeiitu or (0.43)
k (0.44) ¢ moMOmBIO IEHTPaNLHON npenensHol Teopemsl B R™, npu-
MEHSISl IEPBOE HEPABEHCTBO K momMuoxkectsam {0,1}"F puna

214+ +axK)—n
vk

Ak:{(ml,...,xk):mie{o,l}", EA}, ACR",

TO Mbl, KOHeuHO, moixyunM P (A,) — 7v,(A) npu k — oo mis Bcex

Yp-HENPEPLIBHLIX A, OMHAKO, IpU N > 2 COOTHOUIEHUE
P (Ar) = v (A), k= oo,

TepseT CUIIY yyKe IUIA TAKUX ~ PeryJspHLIX’ MHOMKECTB A, Kak moiy-
npoctpancTBa. Cam mo cebe 3TOT (arT, HA MEPBLIA B3TJIAL TPOTU-
BOpevalnuii JOKAJLHON mpeneaLHOR TeopeMe, HOCTOUH CaMOTO IPU-
CTAJLHOTO U3YUYEHUs, HO OH XOPOIIO MOATBEP:KIAET UILI0 O TOM, UTO
mepexon OoT ’ MMCKPETHLIX” O0OLEKTOB K ’HENPEepPLIBHLIM® MOJKEH CO-
IPOBOKAATLCS ONPEACIECHHBIMU (YHKINOHAILHLIMYA COOTHOUICHUAMMY.
st M30mepUMETPUUECKAX HEPABEHCTB MLI PACCMOTPUM HECKOJILKO
(GYHRIIMOHANBLHEIX (OPM, HO B HAHHOM Ciydae, Ha JUCKPETHOM KyOe
{0,1}" ¢ paBHOMepHLIM pacupenenenuem P, mauboisee CuiLHOW u3

HUX OyIeT HepaBEHCTBO BUIA
I(Eg) <EvI(9)* + Vg, 0<g<1, (0.45)

rae |Vg| — MOZynL OUCKPETHOrO I'DANUEHTA,

Vo(e)l = | £ [ 2250, we {01y,
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u I(p) = p(® 1(p)). D10 QpyHKIMOHATLHOE HEPABEHCTBO YKE BICUCT
TOYHO TAaKOe 7K€ HEPABEHCTBO IS [AyCCOBCKOW MepHl (B Kiacce Bcex
JIOKAJILHO JIMIIIAIEBLIX GyHKmui g Ha R™ co 3navenusivu B [0, 1]), n
TaKOe rayCCOBCKOE HEPABEHCTBO Ha MHIUKATOPHLIX (YHKIUAX IPUBE-
nmer Hac Kk (0.44). C apyroii cTOpOHDLI, HA MHAUKATODPHLIX (YHKIMAX
(0.45) mpespamaercs B HepaBeHcTBO (0.43).

KiroueBoe ¢Bo¥icTBO (yHKIMOHANLHLIX HepasBeHCTB Buga (0.45),
rne, Boobme roBops, ¢pyHknua I MoxkeT OLITL 000 U KBaIpaT MO-

nyas rpamuenta |Vg|? mMosker 6LITh °

"moutn” m06LIM (&I IUTUBHLIM )
OIePaTOPOM, 3aKJIIUYaeTcsa B TOM, YTO, €CJIU TaKoe HEPaBEHCTBO
CIIpaBeoIMBO OJISA MEPDLI ,LL, TO OHO 6y,ueT VMETDL CUJIy IOJIsI BCEeX IPO-
makT-mep p". Takum obpas3om, MOMKHO CKa3aTbh, BCI MHGpODMAIS
00 9KCTPEMATLHOCTY HOJIYIPOCTPAHCTB B rayCCOBCKOM U30I€PUMET-
PUYECKOM HepaBeHCTBe conep:xkurcs B HepaseHncrse (0.45) ma nByx-
roueynom npocrpanctse {0,1}. DTo CBOHCTBO HAM MO3BOJIUT UCCIIE-
IOBTDH U30IMEPUMETPUYECKYIO 3a1a4y U I MIUPOKOrO KiIacca APYTUX
IPOJAaKT-Mep, KaK OUCKPETHLIX, TAK U ~ HEIPEPLIBHLIX .

D YHKIMOHAILHBIM (POPMAM U30MEPUMETPUYECKUX HEPABEHCTB (KaK
MHTErPAJLHLIM, TAK U B AU(PEPEHIMANLHLIM ) TOCBAIMEHA |- riasa.
Onmako, 3mecnh Mul eme He paceMaTpusaeM Gopmy (0.45), TOCKOILKY
B obmeM (HerayccosckoMm) ciaydae (0.45) He PABHOCUILHO M30LEpU-
merpuueckomy HepaseHcTBY pt(A) > I(u(A)). OcHoBHBIM Dpe3yin-
TaTOM B 3TOW ruase Oyner cienyrollee yTBep:kIeHUe (B HECKOJILKO
ociabJIeHHOM BHZ€e TpUBeNEeM KOMOMHUPOBAHHBIE BapHMaHT TeOoPeM
1.1.1, 1.3.1 u 1.4.1 u3 coorsercrsenno §§1.1, 1.2 u 1.3).

ITycts (M, p, pt) - TIPOM3BONLHOE METPUYECKOE BEPOATHOCTHOE IIPO-
crpanctBo. Ilyctn I — Bormyras menpepbiBHas (yaxmua za [0,1],
nonoxureasuad Ha (0,1), cMMMeTpUYHAS OTHOCUTENLHO TOYKM 1/2 1

TaKas, 4To

o) _ ), I
g = p + pl p,q € (0,1). (0.46)

Kak neo6xonnmoe ycaosue umeem I(0) = I(1) = 0. OGo3nauum uepes
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F (eIuHCTBEHHYIO, CTPOTO BO3PACTAIONIYIO, HEIPEPLIBHO Au(pepeH-
UpyeMyIo) (YHKIUIO paciupenesieHus Ha npsamod R ¢ miorHOCTBIO

f, ymoBierBopsrome#l COOTHOMIEHUIO

I(p) = f(F_l(p))a pe (07 1)1

rae ! — ¢pymsnus, obparmas k F. Homowmm Ry, (p) = F(F~1(p)+h).

Ilna wasxnoit yHrmuu g Ha M momosxum
(Ung)(x) = sup{g(y) : p(z,y) <h}, h>0.

Teopema 0.1. Crenyrouye yCIOBUA 9KBUBAJIEHTHLL:

@) IS BCeX M3MepUMLIX MHOkecTB A C M
pt(A) > I(u(A)); (0.47)
b) mma Bcex mamepuMmbix MuOkeCTB A C M u Bcex h > 0
u(A") > Ry, (u(A)); (0.48)
¢) msa Beex maMepuMbix GyHkmmit g : M — [0,1] mw h >0
EUng = Ry(ER-n(9)); (0.49)

d) mus moGoit dyukmum g : M — [0,1], umeromedl KOHEUHYIO JIUII-

IMUIeBy KOHCTAHTY Ha Bcex mapax B M,
I(Eg) — El(g) < E|Vyg]|. (0.50)

MaremaTnueckre OKUIAHUA 30€Ch MOHUMAIOTCA B CMBICJIE MEDBHI .
DKBUBAJEHTHOCTL yCJIOBUi a) u b) ycranasnusaercs B § 1.1 — 3meco
Ha CaMOM JeJjIeé HCIOJIb3YeTCs JIUIIb HEIPEPLIBHOCTDL U HOJIOKATEIb-
HOCTL (pyHKIUN [.

B Tom cayuae, xorma I = I, yaoBIeTBOpAET yCIOBUAM TEOPEMDI
0.1, (0.50) meHCTBUTEILHO MOSKET CIY:KUTL ()YHKIUOHAILHOW (op-

Mot must (TouHOro) msomepumerpudeckoro mepasencrsa (0.47). B
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YaCTHOCTHX, BCE YCJIOBUs TE€OPEMDI BLIIIOJHCHDLI IJIsI I‘ayCCOBCKOI';i Me-

pul 7, (MBI IpoBepuM 210 B §1.5). B 3T0M Ccayuae ¢yHKIus
Ru(p) = (27" (p) + )

ontumanbHa B (0.48), u 3HauuT onrumananbHo HepaseHcTso (0.49) B
TOM CMBLICJIE, UTO OHO IIPEBPAIAETCA B PABEHCTBO HA MHIWKATOPHLIX
¢ysrIUAX noxynpocrpancTs. Crenyer Takke OTMETUThL, UTO IIPU
1 = I, ycnosue (0.46) HEOOXOMMMO JIsI BLINOJHEHUS HEPaBEHCTBA
(0.50).

B §1.2 Mbl ocTaHOBMMCSI HA NPOCTEHMNX M30MEPUMETPUUYECKUX
3a7adax — JUIs BePOATHOCTHLIX Mep Ha R (o orHOmeEHuio k ofoniu-
HOMY PACCTOSHUIO). Y3Ke B DTOM CJIydae MOKHO NOJIYUYNTL CPABHU-
TeJLHO DOJIBIIOE CeMECTBO n3onepuMerpudecknx Gpyukmuii. B gacr-
HOCTH, OyZeT MOKa3aHO, YTO [JIA CAMMETPUYHBIX JOTapUPMUUECKU
BOTHYTLIX pacIpeleieHuil p GpyHKIuA Rp, ompeneseHHAs BLIIE IO
¢yuKIMU pacupenesnenus F' mepsl p, sBasercs ontumanasHoi B (0.48)
mis Beex h > 0.

ToT (akT, YTO HEKOTOPLIE U30NePUMETPUYECKIE HEPABEHCTBA MO-
IyT OBITH ®KBUBAJEHTHO 3alllCaHbl B Buae HepaBeHcTB Tuma Cobo-
JleBa, KOHEUYHO, XOPOIIO M3BecTeH B jureparype. Hanpumep, uzomne-
puMeTpuUeckoe HepaBeHCTBO s Mepol Jlebera B R" skBuBasenTHO

mepasenctsy CoboieBa

(n—=1)/n
| Mol ( / \g<x>|"/<n*1>dx) , (0.51)
n RTL

rie g — NIPOU3BOJLHASA [IIAAKAA PYHKINA ¢ KOMIAKTHLIM HOCHUTEIIEM,
nuc=cy,= nw,l/n. ITO HEPABEHCTBO ObLIO mokaszaHo B 1960 r. Hesa-
sucumo Ma3sns [24] u Pemepepom u Paemmurom [128] (¢ xymmeit
LOCTOsIHHOM ¢,, HepasencTBo (0.51) Gouro panee mokazano ['aubLapao
[134] u HupenGeprom [196]). Horkazarenascrso (0.51), ocHoBanHOE

Ha mpumeHeHumn (opmyisnl Kponpona—®Penepepa mis maTErpasa or
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MOy I'PaaNEeHTa,

/IVg\du:/ p{g > tydt
Rn

— 00

(rme p — abcomorHO-HenpepLBHAs Mepa Ha R™), cmenano oueBum-
HBIM TOT (AKT, YTO M IO OTHOIIEHUIO K ApPyruM Mepam p Ha R”
HanpuMep, mid cysxeHus mepsol JleGera na obmactu B R"™ HepaBen-
crBo Buga (0.51) SKBUBAJIEHTHO U30NEPUMETPUUECKOMY HEPABEHCTBY
pt(A) > ep(A)=D/" Haubomee obimee yTBep#ICHAE B HTOM Ha-
npassennu moayuna B 1985 r. O. C. Porxay3s [206], nokazasmuii, B
YaCTHOCTU, UTO JJIf IMUPOKOIO KJIACCA ONHOPOIHLIX (YyHKINOHAIOB
L, 3anaHHBIX HA ceMelicTBe riaankux (pYHKIU Ha PUMAHOBOM MHOI'O-

ob6paszuu M (¢ pumanoso#l mepoii ), Hepasencrso tuna Cobosesa

/ Vgl du > L(g) (0.52)
M

PaABHOCUJILHO M30IE€PUMETPUUYECKOMY HCPABCHCTBY
pt(A) > L(1a), ACM. (0.53)

K rakum dpysEmmonasmam orHocsaTcs, Hanpumep, HopMmel L(g) = ||g|| B
npocrpanctsax Jlebera u, 6osee obmo, B mpocrpancrsax Opiauua

Lg (M, ) ¢ nopmoit

HgHL\I/(M”LL) =inf{\A > 0: E¥(g/\) <1},

roe U — ¢ynrnua FOura (T.e., BLIIyKJIas HEOTpUIATEILHAS YeTHAS
¢yurmusa Ha R, Takas uro ¥(z) > 0 npu = # 0). MoskHO Takxke pac-
cvarpusaTh Gpysrnunonasist L(g) = ||g— Eg||, uro mus BeposTHOCTHBIX
Mep Gosee ecTecTBEHHO (¢ Apyroil cTopoHbl, Teopema Porxaysa He
npumennma k (ysrnnonanam L(g) = I(Eg) — EI(g)). DxBuBajent-
wocts (0.52) m (0.53) cupaBemivBa Ha caMOM feJie ISl IPOU3BOJIL-

HLIX BEPOSATHOCTHLIX MeTpudeckux npocrpascts (M, p, u) (em. §1.6).
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B §§1.6 u 1.7 mbl paccmorpum HepaBercTBa Buzaa (0.52) mis GpyHk-
nuonasos suna L(g) = ||g —Egl|L, (a.), ¥ rnaBuLid BOnpoc, kKoTOpPLI
Hac OyJeT MHTePecoBaTh, COCTOUT B CIIEAYIOMEM: CYIECTBYET JIU
¢yurmus FOura V¥, mus kotopoit mepasenctso (0.52) paBHOCHILHO
(TOYHOMY) M30LHEPUMETPUUECKOMY HEPABEHCTBY, TOYHEE, COLEPIKUAT
B cebe TOYHOE M30IePUMETPUYECKOE HEPABEHCTBO Ha WHIMKATOPHBIX
¢yurnmsax ? Coraacuo (o6o6menHoR) Teopeme Porxaysa, ¢pyHKINIO
U (ecim OHA CyLIIECTBYET) CIEAyeT BLIOUPATL TAKOM, 4TOOLI [l BCex

usMepuMnix A C M

14 =pPlrerw = Tu(p),  p=p(A). (0.54)

B §1.6 6yayr HafigeHsl B TepMUHAX 1, HEOOXOUMbBIE U TOCTATOYHLIC
ycnosus Iis cymectBoBanus ¢Gpyurnuu FOura U, ynoBieTBoOpsiomeit
(0.54). Mpr mpoBepUM BLITOJHEHUE MOJYYEHHLIX YCJIOBUN B ABYX
Ba/KHBIX CUTYAIUAX — IJISI [ayCCOBCKOW MEPHLI 7, U IJIg PABHOMEPHOI'O
pacmpenierus o, Ha chepe S™ C R"M1. Tarxum obpasom, rayccos-
Croe m3omepuMeTpuueckoe HepaBeHCTBO (0.44) MOMKHO 3amucarh U

kak HepaseHcTBO Tuna Coboesa

E|Vyl > [lg — Egll 1y R 70)- (0.55)

Takwe HEpaBEeHCTBA 1A 7, panee nccaenosamuces M. Jlemy [171], a
rakke E. Hemnmus u I'. Tanentu [201]. Ha ocmoBe rayccoBckoro
M30IEePUMETPUYECKOr0 HepaBeHCTBAa MU ObLio ycranoBiaeHo (0.55)
st HeKoTopuiX (Gyukumii FOura W, Bemymux cebs kak xv/logz npu
Gospmux x (HAIIOMHAM, YTO Takoe HepaBeHcTBO npu V(z) = clz|
6ouo mosnyueno Ilusve). Ha mmamkatopHbix ¢yHkmusax (B acumm-
TOTUYECKOM CMBLICJIE), [OJIyYEHHLIE UMY HEPABEHCTBA BIIEKYT U30IIe-
pumerpudeckoe HepaseHcTBo (0.38) ¢ HekoTOpOW mOCTOSHHOW ¢ €
(0.1), ograko, onu Bee ke cuaabee, gem (0.44).

B § 1.7 u npunosxkenun 6y neT MOKA3aHO AHAJIOTUUHOE yTBEPKICHIE

I PAaBHOMEPHOI'O paclpenelieHusa Ha cdepe:



33

Teopema 0.2. Ilycts n > 2. CymecrByer ¢pynrnus FOura ¥, Ta-
Kas 4TO B KJIACCE BCeX JIMNIMWIEBLIX QyHKuuiA g Ha S™ crnpaseminBo

HepasenctBo tuna Cobosesa
E[Vgl > [lg — Egll 1y (57,00) (0.56)

(MaremaTudeckne ORUIAHUSA OEPYTCS MO OTHOIIEHUIO K MeEpe oOp,).
IIpu sToMm, ecau npumenuts HepasercTso (0.56) K HEKOTOPOH mOCIE-
IOBATEILHOCTH §y,, CXOAAMENRCA K NHANKATOPHONW ()YHKINY KOMIIAKT-
HOro MEOskecTBa A C S™, TO B IIpeesie MBI IOJYUUM SKCTPEMAJILHOE

cBoficrso mapos (0.23).

OrMeruM, U4TO U30IMEePUMETPUIECKOE HEPABEHCTBO Ha cepe, B OT-
JUYnEe OT TayCCOBCKOTO M30NEPUMETPUUECCKOrO HEPABEHCTBA, 3aIU-
carn B opme (0.50) mmm (0.48) mennss.

Mgt ucnonn3yem teopemy 0.1 B raBe 2 npu M3yUYEHUU H30ICPU-
MEeTPUYECKON 3a1aun IUIsi IPOAKT-Mep 10 OTHOIIEHUIO K PABHOMED-
HoMmy paccrosauio (pyarmmonadnHas gopma (0.48) mossouser ocy-
MECTBUTL MHAYKIMOHHLIA mar, cm. §2.1). Ilycrn (M, p,pu) — cena-
pabesbHOE METPUYECKOE BEpOSITHOCTHOE mpocTtpancTsBo. CHabmum

IeKapToBYy cTeneHb M'™ MeTpUKOL

— . n
poo(zvy) - fgiagxnp(muyl)v z,y € M )

u nponakT-mepoit p". Iomoxum
Ry un (p) = inf{u"(A") : A € M™, " (A) > p},

ree p € (0,1), h >0 mn Al — h-okpecTHOCTL MHOMECTBA A B CMDIC-
Je METPUKH poo. llomommm Rj ,~ = inf, Rp n, Tak 4To QyHEDUA

R = Ry o~ ABIACTCA HAMITydIIel B HEPABEHCTBAX

pr(A") > R(u"(4)), Ac M, (0.57)
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B IPEIIOJOKEHNAN, YTO ~ Pa3MEPHOCTL’ N MOKET OLITL IPOU3BOJIL-
HOW (TO ecThb, »Ta (yHKUUs ONpENesseT PelleHre K30IepPUMeTpU-
YeCcKOl 3ama4m st OECKOHEYHOMEPHON nmpoaakT Mepnl 4> B M mo
OTHOMIEHUIO K MCEBIO-METPUKE Poo (T, Y) =SUP;>1 p(Ti, Yi), T,y € M),

OCHOBHOW pe3yiaLTaT riIaBnl 2 COCTOUT B CIELYIOMEM: €CJU MLl
pelmmM u30nepuMeTpudeckyo 3anaay s (M, p, i), To ectn, Halinem
¢yuEIIIO 1} ), TO MBI MOKEM PEIIUTEL M30MECPUMETPUUCCKYIO 3a0a9y
n nasa (M, peo, p™°) — Halitu ¢yHEIMIO Rj oo (B IpenmosoxeHun,

uro Ry, Bormyra Ha uarepsaie (0,1)). VmerHo, umeer MecTo:

Teopema 0.3. Ilycrs h > 0. IIpeamonosxum, uro ¢pyukmusa Ry, ,, Bo-
rayTa Ha (0,1). Torma ¢pymrmua R, ,~ — MAKCUMAJIbLHAA CPEAU BCEX
HeyO6oBaromux oueknuii R : (0,1) — (0,1), MmaskopupyeMbIx QyHKImeH

Ry, m Takux, uro mis Beex p,q € (0,1)

R(pg) < R(p)R(q), S(pq) > S(p)S(q),

roe S(p) =1— R(1 —p).

Hemmoro B Gosee obmem Bume sTa Teopema OymeT MOKa3aHa B
§2.2. Xorsa onucanue QyHKnuM R, o OIpemesseT ee HEABHO, Kak
CJIeICTBUE, MOYKHO IOJIyUYUTDL SIBHOE PEIICHUE M30MEePUMETPUUCCKON
3amaun Ui psa WHTEPECHBIX pacupenesneHuit. B §2.3 mor npn-
MeruM TeopeMy (.3 K CHMMMETPUYHLIM JIOTapU(MUUIECKA BOTHYTLIM

Mepam g Ha M = R, mid ROTOPBIX (yHKIMA
Ruu(p) = F(F~'(p) +h)

uzsecta (§1.2) (rme F — ¢yurmus pacupenesnenusi u). B kuacce
TAKUX MEP MOMKHO JATh HEOOXOMUMOE M NOCTATOUYHOE yCJIOBUE IS
coornomenus Ry, n = Rp,, 9T0 03HAYAET, UTO KCTPEMAJLHLIMU
MHO:KECTBAMU B u3onepumerpudeckoid 3anave st (R™, peo, u™) 6y-
nyT ”cranmapTHbE” MOJIyIPOCTPAHCTBA, TO €CTL MHOYKECTBA BUIA

{z € R" : 21 < const}. Takum ycioBuem OKa3LIBAETCSI HEPABEHCTBO
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(0.46). luas rayccOBCKOM Mepsl 7y, ’crangapTable” HOJyIPOCTDaH-
CTBA SABJAIOTCS 9KCTPEMAJILHLIMU B M30IEPUMETPUYECKON 3am1aue 1o
OTHOIIEHUIO K 00Jiee CUILHOMY €BKJIUIOBOMY PACCTOSHUIO. bLoiee
TOrO, IPU N > 2 TO CBOWCTBO XapaKTEPU3YET I'ayCCOBCKUE MEPLI B
kiacce Bcex npoxakr-mep Ha R™ (cm. §3.1). Tewm He menee, ”cran-
napTHBIE” MOMYyIPOCTPAHCTBA OyIyT SKCTPEMAJLHLIMU U IS MHO-
X HErayCCOBCKUX PACIPENEeNIeHnld, eciau paccMaTpuBaTh h-OKpecT-
HOCTU MO OTHOIIEHUIO K METPUKE Poo. TUMUUHLIM TPUMEPOM MOKET
CJLY?KUTDL T.H. JIOTUCTAYECKOE PaCHpeeseHue (i ¢ PyHKIeld pacope-
nesenus F(z) = H;ez' Banusko#i ¥k HeMy sBisieTCA OBYCTODOHHEE
[IOKa3aTeJLHOE pacupelenenue v, oqHako, yciaosue (0.46) s zero
yiKe He BBINOJHAETCSA. B §2.4 MBI IPOMIIIOCTPUPYEM IIPUMEHEHUE
teopemnl 0.3 Ha mpuUMepe OIHOCTOPOHHErO MOKA3aTEJILHOTO pPacIpe-

x

nmeseHus (4 ¢ wiotHocThio f(z) =e %, x> 0. Bymer mokasana

Teopema 0.4. Ilas Becex p € (0,1) u h >0
Ry (p) = min {p, 1 = (1= p)/o ), a=eh

Takoe aHAIUTHUYECKOE ONUCAHUE CONEPKUT B cebe M HEKOTOPYIO
naEpopManuio 06 sKCTpeMaNbHLIX MHOKecTBax B (0.57) ¢ R = Ry yoe .
Nmenno, "mourn” 3KCTPEMAJILHLIMU B DTOM N30IE€PUMETPUUCCKOM
HEpPABEHCTBE SABJIAIOTCA Jub0 KyOnl, mubo momoaHeHus kK kybam. B
§2.5 Mpr pacemorpuM HepaseHcTBo (0.57) mist Goslee y3KOro Kiacca
MHO/KECTB — TaK HA3LIBAEMBIX WIeaJOB (MOHOTOHHBLIX MHOKECTB B
R%), a B §2.6 nokaeMm, YTO IUIA IOKA3ATEILHOTO PACIpe e eHIs
[ B KJIAcCe TAKUX MHO:KeCTB npu yciosuu p"(A) = const Benunuuna
w(AM) (yse mpu QUKCHPOBAHHOM 7)) MUHUMHU3UPYCTCHA TOJILKO Ha
kybax. 3amerum, uTo KyOnl — T0 mapol B R™ B cMbIC/Ie METPUKY oo,
¥ UTO TOJYIPOCTPAHCTBA TOKE MOMKHO DACCMATPUBATEL KAK AP
OecrkoHEUHOrO pammyca. PaccMOTpeHHLIE IPpUMePLI IOATBEPKIAIOT,
TAaKUM 00pa30oM, HeQOPMAJLHLIA TE€3UC: IJIST MIMPOKOrO KJIACCA MET-

PUYECKUX IPOCTPAHCTB C MEPOH DKCTPEMAJILHBIE MHOKECTBA CIELYET
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HCKATb CPeaU MApPOB U WX NOUOJHEHUH (a Takke, UX MOTOUEUHBIX
IpeJeos).

Haxomer, B §2.7 uccrenyercsa Taxkoe cBOHcTBO: Ry 00 (p) > p mua
HEKOTOpOro (9KBUBaJeHTHO, mis Bcex) p € (0,1). Dro cBoHcTBO, B
HEKOTOPOM CMBICJI€ MUHUMAJILHOE TPpeGOBAHME C TOYKM 3PEHUA KOH-
HEHTPAIUU MePLI, TOKe MOKET OBITL CPOPMYJIUPOBAHO B TEPMUHAX

Ry, ,: cymecrByer € = e(h) > 0, Takoe uro musa Beex p € (0,1)

Rpu(p) > p+ep(l—p).

DTO ycaoBME MOKeT ObITh najiee ympomeno misi mep Ha M = R,
ecnn TpeGOBATL BLHINOJNHEHWE HepaBeHCTBa Ry, (p) > p ¢ HEkOTO-
peM (mocrarouno GosabmuM) h: HeyObiBaromee orobpaskenue 1),
nmepeBosAlee IBYCTOPOHHEE PACIPENEJIEHUE UV B (i, HOJIKHO MOPOK-

[ATL KOHEYHLIA MOAYJDL, T.€.,
T, (h) = sup{|Ty(z) = Tu(y)| : |z —y| < h} < +oo, h>0  (0.58)

(3mecn h yske MO:KeT OLITH NPOM3BOJNLHEIM). ¥Ycmosue (0.58) ompe-
[eNsieT 3aMevYaTeIbHbI KiIacC BEPOATHOCTHBIX DPACIPENesICHUA Ha
IPAMOH, CBA3AHHLIA C HEKOTOPBLIMU APYTUMU DOACTBEHHLIMU 3ada9a-
My (Kak-TO HepaBeHcTBa Tuna Ilyankape). K Hemy Mbl BO3BpaTmmces
MO33Ke, W cefiyac JIMIIL OTMETUM CJIeoyIOIIee.

ITycts (¢i)i>1 — MOCIENOBATENLHOCTL HE3ABUCHUMLIX CJLyYaliHBIX
BeJMUnH, UMemux pacupenenerne p. Tormpa (0.58) paBHOCUILHO
TOMY, 4YTO HOCJENOBATEJNLHLIE MakCUMyMbl max((y,...,(,) © MuH-
vmyMol min((y, ..., (,) UMET pacupenenenusi, oOpasyomue MOCIe
HEeHTPUPOBAHUA INIOTHOE (IIPEAKOMIAKTHOE) ceMefcTBO B caaboi To-
[IOJIOTUH IPOCTPAHCTBA BEPOSTHOCTHLIX Mep Ha npamoii. Eciau B3sarn
LEPBYIO YACTH DTOrO yCIOBUsA (KACAIOIIYIOCH MAKCUMYMOB), TO TAKOEe
CBOWCTBO mUCcaenoBaaoch panee B pabote JI. ne Xaana u I'. Punnepa
[141], mamemmux psj 9KBUBAJIEHTHLIX (OPMYJIUPOBOK HEIOCPENCT-

BEHHO B TepMUHAX (DYHKIWN DaCIpemeeHUst Mepnl p. Ecau B3ATh
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0o0e YyacTu »TOTrO YCJIOBUS, TO OHU BJIEKYT KOHEYHOCTL DKCIOHEHIIV-
aJLHOTO MOMeHTa. Tarkoe He0OXOaMMOe yCIOBUE MJs CBOWCTBA KOH-
neHTpamuu 6b110 Buepsnie ormeverno M. Tanarpanom B [216] (Propo-
sition 5.1). Paxee mzomepumerpuyeckas 3azada s IPOJSAKT-MED

I
HUEM NPAKTUYECKU He paccMaTpuBajach. VICKIIOUeHMe COCTaBIAET

"™ B meTpmueckux mnpocrpancrBax M™ ¢ paBHOMEPHLIM PACCTOsI-

omna pabora . Amupa u B. JI. Munomana [58], B koTopo#i Guuin

IIOJIyYeHbl HEKOTODLIe OOIlue OIEHKM [JIA (YHKIUU KOHIEHTPAINN
1 1

alh) =1-— Rh7un(§) B TepMHUHAaX Rh#(g). ITonyduenuble oneHEn

npuMeHsaanch ¥ chepe M = S9! u 3aTem K HEKOTOPBIM 3amadaM

JIOKAJILHOW Teopru 0AHAXOBLIX IPOCTPAHCTB.

B raase 3 Mbl yske ucnosnnsdyeMm (yHKIMOHaNLHYIO Gopmy (0.45)
U IpPUMEHsEeM ee K IUCKPETHLIM M30IePUMETPUYECKUM 3aadaM I
npomakr-mep P = pg X -+ X pu,, Ha quckpernom ky6e {0,1}" u, Goxee

b

0bmo, ma pemerke Z". O0mee yTBep:KAeHUE O CBOWcCTBe ~ammu-
TUBHOCTU , TO3BOJISIONIEM PACOPOCTPAHATL TAKUE HEPABEHCTBA HA
POJaKT-MepLl JII000%W pasmepHocTH, mokasviBaercs B §3.1. B §3.2

TIOJIy9YEeH OCHOBHOW pe3ynbTaT IJIABLL:

Teopewma 0.5. Ina ao60# Gpysrimum g : {0,1}" — [0, 1] Buimonnser-
ca HepaBeHCTBO (0.45) O OTHONIEHUIO K PABHOMEDHOMY DACIPEe-
germto P ma {0,1}" ¢ rayccoBcro#i nzomepumerpuyueckoil (yHKImen
I(p) = ¢(® (p)). Pyurmua [ onTumanbua (HAUGOJILIIAT) B DTOM
(QYHKINOHAJILHOM HEPABEHCTBE B KJIACCE BCEX HENPEPLIBHLIX ()YHKINUA
ua [0,1], ynosaersopsromux ycaosuto [(0) = I(1) = 0. B wacrrocTn,

“MeeT MecTo m3onepumMerpudeckoe HepaseHcTBO (0.43).

OueBnnHO, ecin HeCKOIbKO GYHRIUEA [1, Io, ..., YIOBIETBOPAOT
HepaseHcTBy Buga (0.45), TO eMy yIOBIETBOPSET U CYHPEMYM TAKIX
¢yurmuii. IlosToMy, MokHO roBopuTh 006 onTMMAaJLHOW (GyHKINUT [
B (0.45). EcrecTBeHeH BOIPOC, HACKOJILKO YHUBEPCAJLHLI HEPABEH-

crea (0.45) u (0.43), 1 B 4aCTHOCTH, BLIIOIHSIOTCS JIU OHU B KJIACCE
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npyrux npomaxt-mep P =y ma {0,1}". OrasviBaercs, 9to B 3TOM
JIaHe PaBHOMEDPHOE pacCIpelesieHre UrPpaeT OCOOYIO POJL, U MLI He
3HAEM, MOKHO JI MOJIYYNTL I'ayCCOBCKOE M30MEPUMETPUUCCKOE He-
pasercTso (0.44) HA OCHOBE AUCKPETHLIX (hYHKIMOHAILHLIX HEPABEH-
cre Tuna (0.45), eciu UX PaccMATPUBATL [0 OTHOMIEHUIO K APYTUAM

npomakT-MepaMm. TeMm He MeHee, CIpaBeAINBO HEPABEHCTBO

PT(4) > (@71 (P (4)). (0.59)

1
%90
Takue mepasencTBa usyuarorcsa B §3.3. Kak okasniBaeTcsa, OHU uMe-
I0T MECTO He TOJNBKO i mpomakrT-mep P = p» wa {0,1}", wo —
npu HaIesxkameM 0600mennn muckpersoro mepumerpa (0.42) — u
IUIST IPOJAKT-MED BO3MOYKHO C PA3HBIMU MapPTUHAJILHBIMU DacCIpeme-
JIEHUSIMU Ha IIPOU3BOJILHLIX ACKAPTOBLIX IIPOU3BEICHUAX. HpI/I 9TOM,
[OCTOsIHHAS % He MoskeT OblTh yuayumena B (0.59). Hackoubko

TOYHO ®TO HEPABEHCTBO IO OTHOWIEHMIO K NpoJakT-mepam P = 7,

NOKa3bIBaCT NPUMED MHOKECTB

Ap(a) = {z € {0,1}": W <a}, a€cR.

B sToM cayuae, B cmiy meHTpaJLHOW IPENEILHOW TEOPEMDLI, IpU

n — oo
5 P(@7 (P (4,(0)) = 5 la),

B TO BpeMs KaK, B CUJIY JOKAJLHOM IIpeneNLHON TeOpEeME,

P (An(a) = (VP +V1) ¢l(a)

(zamermm, uto 1 <\/p+,/g <V?2). Ipnvensa (0.59) k nponakt-me-
pam P = pp ¢ Mmannivm p (OTCIONA M BLITEKAET ONTUMAILHOCTL KOH-

CTaHTbI MBI IPpUAEM K aHQJIOTMYHOMY H30IEPUMETPUYECKOMY

=)
v2
HEPABEHCTBY I MHOIOMEPHOro pacupeznesnenus [lyaccona (§3.4).
B §3.5 Mbl uccienyeM moBeneHre koHCTaHT K, (Kak (yHKIUM mIa-
pamerpa p) B HepaBeHcTBe Tanarpana (0.40). D10 Takxke OKa3bLIBa-
€TCs BO3MOMKHLIM Ha OCHOBe (yHKnroHaunHOW ¢opmol (0.45) ¢ ome-

paropoM M BMECTO OMCKPETHOI'O IPAIUEHTA.
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Hapannenvro (0.40), ana npomakxr-mep P = py Tamarpan pac-

cmarpuBag B [216] Takke HepaBEeHCTBA BUIA

/ VhadP > cP (A)(1— P (A4)). (0.60)
A

VM GB1IOo yCTaHOBJIEHO 5TO HEPABEHCTBO C IIOCTOSAHHOW ¢ = ¢, TO-
panka (/pq. CuoBa mpummensas (0.45) ¢ ¢ymxmumeidt I(t) = t(1 —t),
Mol pokaskeM (0.60) ¢ mocrosiHHOR ¢ = 1 (Kak ciexncTBue, (yHKIUIO
c(p, P(A)) B Teopeme Maprynuca MOKHO BLIOPATL He 3aBUCAMEH OT
napamerpa p). Bosee o6mo, B § 3.6 MLl onumeM Bce BePOATHOCTHLIE
pacupenesnenus i Ha Z, rakue uro HepaseHcTBO (0.60) BLmosHsercs
st mponakT-mep P = " ¢ HeKOTOPOW MOCTOSHHON ¢ HE 3aBUCSIIIECH
or pasmepuoctu n. [lo amajzoruu ¢ AUCKPETHBIM KyOOM, C KarKIbLIM

MHOkeCTBOM A C Z" MBI CBA3LIBAEM (yHKIUIO
ha(z)=card{i<n:z €A, (r+e; ¢ Anmm x—e; ¢ A)},

rae (e;)i<n — kKaHOHMYeckuit Gasuc B R". Ilpu n =1 (0.60) ects

N30IIEPUMETPUYECCROEC HEPABEHCTBO Ha Z B Oa

(04 A) = cp(A) (1 — p(A)), (0.61)

rae 0 A = {hy > 0} — nuckpernas rpanuna A ”c¢ BHyTpenHeii cto-

pOHI;I”7 opuyeM OJisi OJHOTOYEUYHLIX MHOYKECTB OHO IIPpUHMMAaET BUIL
p{a}) 2 cF(a)(1 - F(a)), a€Z, (0.62)

rae F(a) = p((—o0,al) — pynruus pacupenenenus: Mmepsl (. Mol TOKa-
}KEM, UTO C TOYHOCTLIO IO IOCTOSHHLIX, 3aBUCALMX TOILKO OT fi, He-
paserctsa (0.60)—(0.62) sxBuBasenTHLl APYT APYry. C TOYHOCTLIO
0 mocTosHHONW HepasencTBO (0.61) OKA3LIBAETCSA PABHOCUILHLIM U
JMCKpeTHOMY HepaseHcTBy tuna Ilyamkape cVar(g) < E|Ag|? mua
oneparopa Ag(x) = g(x + 1) — g(x). Takue HepaBeHcTBa OblLIn He-
JIABHO KCCIIENOBAHLI B OHONW pabore Jly, rae momydeHa xapakrepu-

3ausi, Heckoubko oraudHas ot (0.62).
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Haxonen, ormeruM, uro HepasercTso (0.45) miis rayccoBckod me-
PLI ¥, C TAYCCOBCKOT M30IepuUMeTpUUecKoil GpyHkimeir [ MokeT OLITDL
JOKA3aHO U aHaJuTudeckn (6e3 MCIOIL30BAHUS IAUCKPETPHON Bep-
cum). D10 OBLIO HOKaszaHo B pabore Bakpu u Jleny [62] (n 3arem B
pabore Jleny [178]) Ha ocuose oneparopos Opuimreiina—Y nenGera.

B nocnenneii 4-# riaBe MBI HCHOJIB3yeM (yHKIMOHAILHYIO (POPMY
(0.45) mus m3ydeHus T.H. U30HEPUMETPUUECKUX KOHCTAHT [s(u), BBe-
meHunix B 1970 r. IIx. A. Yurepom [108] B KOHTEKCTE pUMAHOBOMN
reoMeTpun:

. ut(A)
Is(u) = 0<ul?ff)<1 min{p(A),1 - p(A)}

31ech [ — BEPOSTHOCTHAs Mepa Ha cenapabesbHOM MeTPUYEeCKOM
npocrpanctse (M, p), p(A) — nepumeTp, onpenesIeHHLIA cCOOTHOIE-
aueMm (0.42), u napumym Gepercs no BceMm uamepumbiM A C M Mmepor
0 < u(A) < 1. To ectn, ¢ = Is(u) — onTUMaIbLHAS IOCTOSHHAS B M30-

nepumerpudeckoM HepasercTse (”uaenpepnisHoM” anasore (0.60))
pt(A) > cmin{u(A),1 - pu(A)}, AcC M. (0.63)

Kaxk Ob110 norkazano YUnrepom, 3T0 HEPABEHCTBO BIeYeT HEPABEHCTBO
Tuna [lyankape
A\ Var(g) < E|Vg|? (0.64)

¢ nocrosuHO# \; = c2/4. V3omepumerpuyeckre KOHCTAHTHI CBA3AHEI
u ¢ psgom apyrux #mepaseucts tuna Cobosnesa. Hampumep, skBusa-

JeHTHON (yHKIMOHAILHON GopmMoit nisa (0.63) ciaysKuT HEepaBEeHCTBO
cElg —m(g)| < E[Vy],

rae m(g) — Mmequana g (B CMLICJIE MEDLI ft), OTKYIa CJIeLyeT GIU3Koe
K HeMy (9KBUBAJIEHTHOE C TOYHOCTBIO 10 aBCOIIOTHOIO MHOKUATEILS)
HEPABEHCTBO

5 Elg — Eg| <E|Vy|. (0.65)
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Jlns rayCcCOBCKOM MEDPHI [i = 7Yy, KaK yiKe OTMEYaIOCh, BIEPBLIC He-
pasercTBo Buga (0.65) 6outo ycranoBiero Ilusne, mpudem Ge3 uc-
[OIBL30BAHUA M30IepUMeTprdeckoii Teopemor. CormacHo Teopeme

0.1, (0.63) MOHO 3amKMcCaTL U B MHTEIPAJILHON (popme

u(A") = F (F (u(A) +ch),  h >0, (0.66)

1 i
rae F, — QyHKOUsA pacupenesieHus MepLl U C INIOTHOCTLIO 5 € |m|,
z € R. B sTom cMmpiciae v obiamaer HEKOTOPLIM 9KCTPEMAJILHLIM
cBolicrBoM 1o orromenuio k (0.63). Goxee Touno, ecau (0.63) 3a-

IUCATL B TEPMUHAX N30MEPUMETPUYECKON (yHKIYN KAk HEPABEHCTBO
I,(t) > cminf{t, 1 —t}, te[0,1], (0.67)

TO MOYKHO OOHAPY’RUTL, UTO IPH 4 = IV 3TO HEPABEHCTBO 0Opamaercs
B PaBeHCTBO ¢ ¢ = 1 (3T0O O3HAUaeT, UTO MHOMxkecTBa (—00, x| sBILs-
IOTCsI DKCTPEMAILHBIMU B OXHOMEPHOHN M30IepUMeTpUYecKor 3anaue
mist Mepol V). Bmepsoie 310 yrBepiknenue B popme (0.66) ¢ p = v
6ou10 norasano TanarpanoM B [216].

Mzl cTOMM Tepes MHTPUTYIOIMUM BOMPOCOM: COXPAHSAIOTCS JIU He-
pasenctsa (0.63) u (0.65)—(0.67) mua nponakr-mep P = v ma R (¢
€BKJMIOBOI METPUKOW) ¢ HEKOTOPO# MOCTOAHHOM ¢, He 3aBUACAIIEH OT
pasmeproctu? Waun, naaue, BepHo su, uro inf, Is(v™) > 07 Kak mb
3HaeM, 1is1 Mepol P BoimosHsiercs HepaseHcTBo Tanarpana (0.36),
st Goapmux h Gonee cunbuoe, yem (0.66) ¢ = P, B To Bpewms,
kak npu Maunix b (0.36) maet onenky (0.63) maums ¢ ¢ = ¢, — 0 (upu
n — 00). DTa IUIOTe3a OKA3LIBAETCSI CIPABEIIMBOA, HpUYeM IJis
BCEX BEPOSITHOCTHLIX Mep p Ha (abCTPAKTHOM) METPUYECKOM MIpPO-
crpanctee M, y roropuix Is(u) > 0.

B §4.2 Gymer mokaszaHO Clenylomee yTBep:kAeHUe (OCHOBHOE B
sroi ruase). us muO:kecTB A C M™ u ¢yuxiuii g sa M™ Oynem
onpenenars p"-nepumerp (pu™)*T(A) u momyan rpamuenta |Vg| co-

raacuo onpenesnenuto (0.30) IO OTHOILIEHNIO K METPUKE €BKIUIOBOIO
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TUIIQ

dist(z,y) =

Bynem npennmonararh, uto mid Bcex n > 1 U Aj1d BCeX JIMIIIMIIEBLIX

¢yuruuit g va (M", dist) nusa p"-nouru Bcex x € M™
Vg(@)? =) [Vug(@), (0.68)
i=1

rae |V, g(x)| o3nauaer Momynn rpaauenta ¢pyHruuu x; — g(x) (3na-

YEHUA Tj IPH j # { GUKCHPOBAHLL).
Teopema 0.6. Ilnsa Bcex n > 1

Is(u™) > 2%613(#).

Ycaosue (0.68) BCerma BBINOJHEHO, HANPUMED, I abCOIIOTHO-
HenpepoBHLIX Mep i Ha M = RF. §4.3 mMpr uccmemyem Gosee me-
TajaLHO cuTyanumio Ha npamoit M = R: B 3TOM ciaydae HepaBeHCT-
Ba (0.63), (0.66) m (0.67) 9KBUBAJIEHTHLI TOMY, YTO HEyOLIBAIOLICE
orobpaxenue T),, mepeBOIdINee V B [, IMEET JIUIIINANEBY KOHCTAHTY
|7, |ip = 1/¢, 1 T0 0GCTOATENLCTBO MO3BOINUT HAM IIOJHOCTBIO K3-
GaButnesa ot ycaosus (0.68).

YT0o6BI OCYIECTBUTL MHAYKIMOHHDIA AT IPYU AOKA3aTEILCTBE Te-
opemer 0.6, MBI He MOKEM UCIOJIL30BATDH BBIMIEYHIOMSIHYTHIE HEPABEH-
CTBa, IIOCKOJIbKY BXOIINAS B HUX (ONTHMAJILHAS) KOHCTAHTA ¢ 3aBU-
cuT oT pasMepHOCTH n. I[l03TOMY MBI MCcaemyeM pOPMAILHO Gosee
cunpHoe HepaseHcTBO (0.45) ¢ ¢ymrumedt I(t) = t(1 —¢). 3mecn
HaM noTpebyercs yCTaHOBUATL YCUJIEHHLI BapuadHT TeopeMmbl Yu-
repa — HepaseHcrBa tuna [lyamnkape (0.64)—(0.65) mis mopMm mpo-
crpaucts Opauua Ly (M, 1) (ocobyro poan Gymer urparh (yHKIUSA
FOura ¥(z) = /14 |z|?> —1). CoorBercrByomue pe3yabTaTbl IPU-
Bomarca B §4.1. Kak cremcTsme, MLl mOJSydrM MHOTOMEDHOE Hepa-

BeHcTBO Tuna [lyankape mo orHomenuo ¥ Hopmam Opinda

19 = Egll Ly arm uny < C IVl Ly aam ) (0.69)
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¢ nocrosuHOW C, 3aBucaAmeil Tonbk0 0T VU U M30mEepUMETPUUECKOM
koHCcTaHTel Is(p) (3mech g — mpousBonbHas (GyHkmus Ha M™, cym-
MupyeMmas o Mepe 4" 1 IMEIomas KOHCYHYIO JIUIIIUIEBY KOHCTAHTY
Ha Bcex mapax B M™). Ilis rayccoBCKOR Mepul ' = 7, HEPABEHCTBO
Buna (0.69) Gowio panee momxydeno Ilusne ma ocuose (0.14).

Bo Bropoi#i yacty raaBnl B KAYeCTBE OCHOBLI MBI PACCMATPUBAEM
yiKe He M30IepUMeTpPUYeCcKre KOHCTAHTLI, & CAMU HePaBEHCTBa TUIA

[Tyamkape (0.64), a Taxxe morapupmuuckue sepasenctsa Cobomesa
Eg?logg® — Eg?log Eg? < 2¢E|Vg|* (0.70)

Kak n (0.45), »Tu HEpaBEHCTBA PACIPOCTPAHSAIOTCA C METPUYECKUX
BEPOSATHOCTHBEIX IpocrpadcTs (M, p, ) Ha MHONOMEpHBIE IPOCTPAH-
crBa (M™, dist, u™), npruem 6e3 moTepu B KOHCTaHTax. Eciu orpanu-
untnest cayyaem M = R, to cormacuo B. Makenxaynry [193], Bo-
mpOC O TOM, KAKME€ BEPOATHOCTHLIE MEPLI HA TMPAMOW MOMUMHAIOTCS
uepasenctsy (0.64) ¢ merkoropniM A; > 0, Ouwr pemen B kouie 1960
rr. B paborax Aprount, Tamentu u Tomacenau. OH nMeeT JIUHHYIO
¥ MHTEPECHYIO MCTOPUIO, TECHO CBA3AHHYIO C HEKOTOPLIMU HEPABEH-
crBamu Xapau (HEKOTOpLIE U3BECTHLIE Pe3yJbTATLl 00CYRIAIOTCSA B
§4.3). B §4.4 GyzmyT omucaHbl BCe BEPOSITHOCTHLIE PACIPEACICHUS
W Ha mpsMoii, ymosaersopsiomue (0.64) B KiIacce BCEX BBILYKILIX
¢yurmmii g (n He obOsizaresnnHO ynosiaerBopsiromue (0.64) B kiacce
BCex ¢). DTo Gonee cinaboe TpeGoBaHUE K [i MOTUBUPYETCs 3anaueit
00 OIEHWBAHUYU AUCIEPCUM MAKCUMyMa OTPAHUYEHHOTO CIIydJaiHO-
ro mpormecca, JUHEHHO MOPOKACHHOTO HE3aBUCUMBIMU BEJIMYMHAMMY.
Kak pesyabrar, MbI IPUIEM K KJIACCY PACIPENCJICHURA, 061a1ar0mmx
cBoficrBom (0.58).

B §4.5 paccmarpuBaercs yske abCTpPaKTHOE METPUUYECKOE BEPO-
SITHOCTHOE mpocTpaHcTBo (M, p, ). 31ech M3ydaeTcs CIeyrouui
BOIIPOC: KAKOBO ~Hamxyamee’ MOBeAeHUE (YHKIUM KOHIICHTPAIIN

a(h) =1 — Rp,»(1/2) B OpeAnONOMKEeHNN, YTO BBIIOJHEHO HEPABEH-
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crBo (0.64)7 Mbl moka:keM, UTO CHPaBEJINBO HEPABEHCTBO
a(h) <18e 22k ps 0, (0.71)

ITpu p = 1/2 »Ta ouenka yroussier HepaseHcTBo ['pomoBa-MunbMana
(0.29), a Takke HEKOTOpLIE APYTUe Pe3yIbTAThl (ML 0OOCYaUM pas-
JUYHLIE TOAXOIBI B TOM ke §4.5). Kak mokasviBaer mpumep Mepn
paa M = R ¢ maorroctnio Are 2V M 12l mepasencrso (0.71) yxe
MOKHO PACCMATPUBATL ¢ TOUHOCTBIO IO MHOKUTEJSI KAK OKOHUATE L+
HOE.

C TOUKM 3pEHUs KOHIEHTPAIMU MEpDLI, JIOTapuPMUUECKUE HEpa-
BernctBa CobOJEBA CTAMU MCCIENOBATLCA HEIABHO, XOTS OCHOBHASM
unest Obuta BeIABUHYTA eme B cepenerme 1970 rr. Y. XepbceTom u 3a-
TeMm passuTa B pabore Issuca u Calivmona (1984 r., [122]). WManes co-
crouT B mpuMenenun mepasenctsa (70) ¥ ¢pynrmmaM Buaa ¢ wn et’f
7 HOCJIeNYIOIEeM aHAJIU3€e U3BJIEKAeMOro mu((epeHnnalLHoro Hepa-

BeHcTBa. B uactHOCTH, ecann [|g||Lip < 1, To (0.70) Breuer
Ec'(9-B9) < /2 e R. (0.72)

910 HepaBeHCTBO ObLIO Hokazano M. Jleny [176]. Poxcreennoe ne-
PABEHCTBO IJIsI MOMEHTOB e’ 6ruto panee mosryueno B pabore C.
Awnmer, T. Macymer u V. Hlurerasot [54]. Takum oGpazoM, MOKHO
noxyunts HepaBeHeTBo (0.11) miis rayccoBCKOR Mepol j = 7y, Ha OC-
HoBe HepaBeHcTBa ['pocca (0.19). B §4.6 Oyaer nokasano, 4ro u3
HepaBeHCTBa I'pocca MOsKHO u3Byeub u HepaBeHcTBO [Imsne (0.17),
IpUYeM C JIydlleldl DOCTOAHHOM B ®KCHOHEHTE. MLl MOIydYnM HEKO-
ropoe oGobmenue (0.72) u, B yactaoctu, BoiBeneMm u3 (0.70) mepa-
BEHCTBO

Ec9~ B9 < EeclVol (0.73)

rme g — OpoOM3BOJLHAS (yHKOUA Ha M, mMeromas KOHEYHLIC JINII-

MUIEBLI KOHCTAHTLI Ha Bcex mapax B M. Haxomen, B §4.7 OyayT
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ONIMCAHLI BCE BEPOATHOCTHBIE MEPLI HA HPAMOMH, Y IOBIIETBOPAIOIIIE
gorapudpmuderomy HepapeHcTBY CobosieBa ¢ HEKOTOPOU MOCTOSHHOMN
c < +00.

OcCHOBHLIE pPe3yJLTAThHl HACTOAMEH PabGOTLI ONIYUYEHEl aBTOPOM B
nepuon 1993-1995 rr. Teopewmor 0.1, 0.3, 0.4 u 0.5 moryr OnLITDL
Hatinenst B paborax [71], [72], [73], [74], Teopembt 0.2 u 0.4 mo-
Ka3aHLl B COBMeCTHLIX paborax ¢ K. Yuaps [78], [80]. Heroropuie
pe3yJsbTaTol 2-# yactu 4-# riaBLl OCHOBAHLI HA, COBMECTHLIX paborax
¢ ®. Terue [76], [78] u M. Jleny [83]. Losee merasbHbLIE CCLUIKY Clhe-
JIAHLI B IPUMEYAHUAX, KOTOPLIE MPUBOIATCS B KOHIE KAYK IO IIaBbI.

B ramxmo#t riaBe BemeTcs oTHeNILHAS HyMEpaUWs s OIpeIeJie-
HUM, Teopewm, JeMM, 3aMedaHuil U (HeKOTOPLIX) BBIHOCHBIX (POPMYJI.
Hanpumep, Teopema 3.2.1 o3mauaer: Teopemal 2-ro maparpada

3-el riaBol.
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I'VIABA 1. $OPMDI U30IIEPMMETPUYECKUX
HEPABEHCTB

§1.1. OcuoBuble nousaTusa. MuTerpanabuas n auddepeHnmaabHas

(pOPMEI M30IIePUMETPUUYECKIX HEPABEHCTB

IIycte M — Tomomormyeckoe MPOCTPAHCTBO, cHab:keHHOE OOpe-
JIEBCKOW BEPOATHOCTHOI MepO# [, TO €CTL BEPOATHOCTHOW Mepoii,
OIpEeEeNICHHON Ha o-auredpe m3MepuMLIX MO0 Bopesio moaMHOKeCTB
M (B masnbHeiueM U3MEepUMOCTL, B OTIUYME OT [-U3MEPUMOCTHU, BCE-
rja o3HavaeT U3MEPUMOCTL 110 Bopeuno).

IIpennonosxkum, 4To Kaskaon Touke x € M mocraBjeHA B COOTBET-
CTBUE HEKOTOPas OTKPLITasd OKpecTHoCTL U(x) aTolt Touku. Torma c

KasKIbIM MHO:KeCTBOM A C M MOKHO CBA3aTL OKPECTHOCTD

UA) = |J Ul (1.1.1)
a€A
(B wactroctu, U(@) = @, U(M) = M). Ilox u3onepuMeTpUICeCKUMU

HEpPaBEHCTBAMHU YACTO HOHMMAIOT HEPABEHCTBA BHUIA
n(U(A)) = R(u(A)). (1.1.2)
Hanmyumeii B (1.1.2) apasercsa ¢pyHrnusa

Ru(p)= inf pU(4), 0<p<l, (1.1.3)

n(A)zp
rae uapumym Gepercsa no Bcem A mepnt u(A) > p u3 Toro rmacca
noamuOkecTB M, mist koroporo paccmarpusaercs (1.1.2). Kak npa-
BUNJIO, TAKMM KJIACCOM CJIIYRUT KJIACC BCEX M3MEPUMDLIX IIOIMHOKECTB
M, u MpI 5TO OyIeM Bcerma mMpeanoiaraTh, €CJIu He OTOBOPEHO MPO-

tusHOe. Haxommenume R, mim sKCTpeMaJbHLIX MHO&eCTB B (1.1.3)
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npezacTaBisgeT coboit BechbMa abCTPAKTHYIO (OPMYINPOBKY U30MEPU-
MEeTPUYECKH 3aaunl A MEPLI L.

OGuruno okpectHOCTL U(A) CTPOUTCS ¢ MOMOWIBLIO KAKOW-HUOY AL
Merpuky (niam ncesmo-merpuku) p B M: B rauectse U(z) Gepercs
oTkpuiTeii map D(xz,h) ¢ uearpom B  u pamuycom h > 0. Torma
U(A) = A" — h-orpectrOCTEL MHOEeCTBA A, U

Ry, u(p) = Ry pup(p) = inf u(Ah), 0<p<1, h>0, (1.1.4)
n(A)>p

3aBUCUAT Takke oT h. B sroMm cayuae 3anauda (1.1.3) mus kinacca Becex

M3MEPUMDIX HOAMHOKeCTB M MOMKeT OLITL Takke CHOPMYIMPOBAHA

KaK 337a4Ya O BEPOATHOCTAX OTKJIOHEHUN JUNIIUIEBLIX (YHKIUN g HA

M or cBoux kBaHTHIEH M, = mp(g), 0 < p < 1. IleHicTBUTENLHO,

nycers |g(z) — g(y)| < p(x,y) mas Beex x,y € M. Il MHOXKECTB BUAA

A ={g <m,} nueem A" C {g < m, + h}. CrenoBaremno mis Beex
€(0,1) uh>0

p{g —my > h} <1 — Ry u(p), (1.1.5)
p{g —mp < —h} <1 — Ry u(p). (1.1.6)

B oGoux mepaBencrBax oneska 1 — Ry ,(p) He MOKeT GBLITL yILydlle-
Ha, tak Kak (1.1.5) u (1.1.6) 9KBUBAJEHTHLI, & Ha (QYHKIAAX BUAA
g(x) = p(A,z) = inf{p(a,z) : a € A} (1.1.5) npespamatorcsa B (1.1.2)
¢ R = R,. Ormerum, uro B ciydae, korga Ry ,(p) > p mpu Bcex
p € (0,1) m h > 0, KBAHTUJIN JUINIMIEBLIX (yHKIUA OIpeneIsioTCs
OJHO3HAYHO.

Komeuno, mambosiee MHTEPECHLIM IPUMEPOM CIIYKUAT EBRJIIIOBO

npocrpaucteo M = R" ¢ (P-meTpuroit

n 1/p
polry) (Z o fyiwp) |
=1

r=(r1, - ,Tn), y= W1, ,yn) ER", 1 <p<H4oo. Hpup =2, pg —

OOBIYHOE €BKJIMIOBO PACCTOSHUE; MPU P = +00, Poy — PABHOMEPHOE
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PACCTOAHUE Poo (T,Y) = SUPy <<y, |4 —¥i|. AHATOrMYHO OMpenensaIOTCs
IICeBIO-METPUKA p, B DeckoOHeYHOMepHOM IpocTpancTBe M = R,

Bomaee 06mo, MmoxkHO paccmarpuBaTh B R™ OKpecTHOCTU MHOKECTB
Buna U(A) = A+ W, coorBercrByomue okpecTHOCTAM Touek U(a) =
a+ W, rne W — Heroropas OKPECTHOCTL HYyJs. DBasKHLIM mpume-
pom cay:xnt cmech W = hiBy + hoBs emuununnix - u (2-mapos.
WNurepecrno, uro ecau Mol Bo3bMeM Ky6 W = (—oo,h)™, 1O mo ot-
HOIIEHUIO K METPUKE s, U30NMEPUMETPUUECKAA 3aaUa B KJIacCe BCEX
M3MEPUMBIX MHOKECTB Oy IeT PABHOCUILHA U30MEPUMETPUYECKON 3a-
aJve B KJIACCe BCEX MOHOTOHHBIX MHO:KeCTB (TO ecTh Takmx A, 4rto
x; <y; aost Beex i < n, y € A Biaeger x € A).

Ilycrs (M, p, 1) — MeTpUYECKOe MPOCTPAHCTBO C BEPOSITHOCTHOMR

Mmepoii. Kpome mepasencrs Buna
j(A") > R(u(A) (1.1.7)

IJIsI METPUYECKUX MPOCTPAHCTB MMEETCs eIe OAWH CIoCco0 3amaHus
M30MEePUMETPUYECCKIX HEPABEHCTB, CBA3AHHLIA C MOHATUEM [EPUMET-
pa. Beauuuna

FoAy e e B(AM) — pu(A)
pAr=tmpt T

HA3BIBAETCs [-TlepuMeTpoM MHOxkecTtBa A C M (Tounee, BHEmHUM

p-mepuMerpom o Munkosckomy). Hepasencrsa

pt(A) > I(u(A)), (1.1.8)

cBaspBaomue nepuMerp”’ u “obnem”, OymeM Ha3LIBATL WU30IEPU-
METPUUYECKAMU HEpaBeHCTBaMU B aupdepeHnmranabHoil Gpopme (mau
IpocTo Iu((PEPEHINANLHLIMYU N30 PUMETPUYCCKUMU HEPABEHCTBA~
Mu) — B oTam4ue oT HepaBeHcTB Buna (1.1.7), koropsle Gy neM Ha3bl-
BATDL M30IEPUMETPUUECKAMI HEPABEHCTBAMU B MHTEIPAJILHOR hopme
(nau MHTErpaNbLHLIMK M30MEePUMeTPUYEeCKUIMI HepaBeHcTBaMu). Hce-

am (1.1.7) n (1.1.8) 3anmcannl ¢ ONTUMAILHLIME (QyHKIuAMU R u
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I, To »T; HepaBeHCTBa OyAeM Ha3LIBATL TOYHLIMU M30IEPUMETPUY-
eckuMu HepaBencrtBamu. Tak sxe kak um B (1.1.7), omrumamnnbHOW B

(1.1.8) sBastercst GpyHKIMSI

(D) = Luy(p) = inf it (A) (1.1.9)

n(A)=p
(napuMy™m Geperca mo BceMm mamepumbiM A mepwt u(A) = p), Ko-
Topasd, B oTimuMe oT IR, onpejeneHa Ha MHOMKECTBE 3HAUCHUME MepELI
p. Bynem masniBaTh ee, Tak&e Kak U (OYHKIUIO [7,, M30mepuMeTpu-
deckoll (yHruued Mepni p (ykasniBas, ecam HEOOXOQUMO, O KAKOIO
pOlla HEpABEHCTBAX WMAET peub). Hcaum Mepa [ HE UMeeT ATOMOB,
To I, onpenenena ma BceM mHTepBase 0 < p < 1. B mobom caydae
I,(0) =1,(1) =0; Ry ,(0) =0, Ry, u(1) = 1.
3aMblKaHUe U rpaHuily MHOkecTBa A OymeMm 0603HaYaTL, COOTBET-
creenno, A u OA. Ouesummo, ecmm p(A) > p(A), To pt(A) = +oo.
Ecmu e u(A) = u(A), To pt(A) = ut(A). TosTomy HepaBeHCTBO
(1.1.8) MOKHO paccMaTpuUBATL TOJILKO HA 3AMKHYTLIX MHOKECTBAX,
U TakKye »Ke MHOMKECTBa NOCTATOYHO PACCMATPUBATL B OIpeIeeHNN
(1.1.9).
Meger nogomiu K €CTECTBEHHOMY BOIPOCY: SKBUBAJIEHTHLI JIM HEPa-
BercrBa (1.1.7) u (1.1.8)7 Wun, Tounee, Ipu KAKUX COOTHOLICHUIX

Mexkny R u [ 9Ty HepaBeHCTBa 9KBUBaJIeHTHLI! OueBUIHO,

L(p) = hhrg%)&f %’

TO €CTDL, PELIMB M30IMePUMETPUYECKYIO 3a4ady B ~ UHTErpaJiLHON”
¢opmMe, MLI HOJyYaeM U PELICHUE W30NECPUMETPUYECCKON 3a1aun B
” mudpepernumansaoit” popme. MoxHO nm BoccTaHOBUTE R, depes
1,7 B obmem ciaydae, KOHEYHO, HET: €CIU MBI PACCMOTPUM H30IIe-
PUMETPUYECKYIO 3a1ady B Merpuke p, = u(p), rme w — HeoTpula-
TeJILHAs BO3pacralomas BorHyTas (yHruus Ha [0,+00), Tagas dro

u(h)/h — 1 npu h — 0%, o I, ,, = I, , He U3MEHNTCA, B TO BPeM:d



50

Kak Ry p, = Ru=1(h),u,p CYIECTBEHHO 3aBUCUT OT U (u™t — dpymrmUS,
obpaTHas K u).

Crenyomuil npuMep MOKA3LIBAET, UTO HaKe M KAHOHUYECKUX'
MeTPHK BO3MO¥HO [, = I, HO R, # Rp,. Ilycrn M = R ¢ oGnru-
HOI METPUKOH p, |t — ABYCTOPOHHEE IOKa3aTeILHOE PACIpeneIeHIe C
MIIOTHOCTLIO %e*“’”', a v — (OHOCTOPOHHEE) [IOKA3ATEJIbLHOE PacIpe-
[eJleHre C IJIOTHOCTLIO e %, x > 0. DKCTPeMaJLHLIMU [ MEPLI
pwuvse (1.1.4) (cm. Teopemy 1.2.1) SBAAIOTCS MHTEPBAJILI BUIA
(—oo,u] u [v,+00) (mprueMm, B CHILy CUMMETPUM, IS MEPLI [t MOYKHO
paccMaTpUBaThL UHTEPBAJLI TOJNLKO IIEPBOIO BUAA), OTKY A& HPSMLIM

BBLIUMCJICHMEM HaXOOAUM, YTO

Lu(p) = L(p) = min{p, 1 —p},

p/a, mpu  p < a/2,
Rnpu(p) =4 1—a/(4p), mpn /2 <p<1/2,

l-a(l-p), wpn p=>1/2
Ruu(p) = { p/a, mpu  p < a/2,

1—a(l—p), apu  p > /2.
rae a = exp(—h). Cnemosaremnuo Ry, ,(p) < Ry, (p), npuyueMm mepa-
BEHCTBO — CTporoe npu «/2 < p < 1/2.

Tem He MeHEe, B JOBOJILHO OOMIEH CUTYaluu MOKHO JATL OTBET HA
BOIIPOC O TOM, CYIIECTBYET U, €CJIU Ja, TO KAKOBA MUHUMAJILHO BO3-
MOKHas U30lepuMeTpudeckas GpyHKIUA R HEKOTOPOW MepLl B MHTe-
rpajbHO m3onepumerpudeckoli 3anade (1.1.4) npu 3ananHO# (yH-
ki I B coOTBeTCTBYIOMEH nudhepeHmaiLHON N30IepuMeTpudec-
ko#i 3anaue (1.1.9).

IIyctn I — monoskurenbHas HeIpepLIBHASA (YHKIUMUA, ONPENeIeH-

Hasa Ha uHrepsase (0,1). Homoxnm

1/2 0
ay = */ ﬂ, b[ = / 7dp .
0 I(p) 1/2 I(p)
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B o6mem cayuae —o0o < ay < 0 < by < 400. C ¢ynrumeir I cBsrem
¢yuEnMIo pacupenenenus F, 0MHO3HAYO OMPENEIAEMYIO CJIE Iy IOI-
MU CBOWCTBaMMU:

(i) F(af) =0, F(0)=1/2, F(b;)=1

(19) F mMeeT MOJIOKUTENLHYIO HEIPEPLIBHYIO HPOU3BOAHYIO [ Ha

urTepsane (ar,br), mpuuem mis seex p € (0,1) f(F~1(p)) = I(p).

3mect, F~1:(0.1) — (ar,b;) — dymkmua, obparras k F, cymennoit

ua (ar,br). 3amermm, 9TO

i = [ 0<p<l (1.1.10)
P 1/2 I(t)7 p . .

Bygmem rosopurn, uro ¢pyHkuusa pacnpenenenus F acconumpoBaHa C

I. NImeer mecTo:

Teopema 1.1.1. Caenyroimee yTBep:KIeHUS SKBUBAJIEHTHLL:
a) miust Bcex h > 0 m Bcex m3MepuMbix MHOxkecTtB A C M, Tarux

uro 0 < pu(A) <1,
p(A") > F(F~ (u(A)) +h);
b) mus Bcex uamepumbix A C M, takux uro 0 < p(A) < 1,

pt(A) > I(u(A));

¢) HEpaBeHCTBO B b) BBINOJHAETCA MU BCeX MHOxkecTB A C M
mepet 0 < pu(A) < 1, npeacraBuMbix B Buae 00LEIUHEHUA KOHEYHOTO
YMCITA OTKPLITLIX MAPOB (IIPU TOMOIHUTEILHOM IPEATOIOKEHIN, YTO
M — cemapabennHO, M OTKPLITLIE h-OKpecTHOCTH mapoB B M cyTo

CHOBa IIapLI).

Nuaue TOBOPsA, 9KBUBAJIEHTHLI HEPDABEHCTBa

Ruu(p) = F(F'p)+h) u  L(p) > I(p). (1.1.11)
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IIpumeprr. Hepaserncrsa
1/2
I.(p) > cp(1—p), I(p) > c(p(l—p) ",

riae ¢ — (pUKCUPOBAHHBIA NMOJIOKUTENLHLIA napamerp, a p € (0,1) —

OPOM3BOJLHO, COOTBETCTBECHHO 9KBUBAJICHTHLI HEpAaBCHCTBaM

p
Biu(p) 2 p+ (1 —p)exp(—ch)’ h>0,

Ry u(p) > % (1 = cos(ch)) + p cos(ch) + (p(1 — p))l/2 sin(ch)

opn 0 < ch < /2 —arcsin(2p — 1) (u Ry, ,(p) = 1 mpu Goubmux 3Ha-

YeHUAX h). DTU HEPABEHCTBA IPEBPAIIAIOTCS B PABEHCTBA COOTBET-
1

1+ exp(—cz) ’

x € R (9T0 — Tak Ha3LIBAEMOE JIOTUCTUYECKOE PACIPEACIICHUE) U ML

CTBEHHO 1y Mepbl Ha R ¢ ¢QyHKIUMeld pacupenenenus

PaBHOMEDHOTO pachpeeneHns Ha AByMepHoii chepe B R3 pammyca
c.

I pyro# npumep: M — uHTEPBAJ HA OPSMON IIWHDLI C NI OKPYK-
HOCTL HA IJIOCKOCTU IJIMHBL ¢/2 ¢ PABHOMEDHLIA paclipenesieHreM [i.
B srom cayuae I,(p) = ¢, Ry, ,(p) = min{l, p+ch} mua Bcex p € (0,1),
h > 0.

OKBUBAJEHTHOCTL b) U €) MOKA3LIBAET, UTO yCJIOBUS HA MHOMKECT-
Ba A Tuma riaIkoCTU HE CYIIECTBEHHBI B M30MEPUMETPUUYECKUX He-
paBancTBax. B mambHelmeM $TO CBOWCTBO OyAeT MCHOJIL30BAHO B
M30IEePUMETPUYECKON 3a1ade Ha NPAMON — yiKe B 9TOM IIPOCTeimeM
cilydae MOYKHO HMOJIYYUTDL IMUPOKUA HAOOD BO3MOYKHLIX W30IEPUMET-
puyeckux (QyHKIWEA, mis KoTopnix HepaseHncTsa B (1.1.11) mpespa-
MWAIOTCA B paBeHCTBa (cM. Teopemy 1.2.2).

CeoiictBa a) u b) MOKHO CYOPMYJIMPOBATL U B TEPMUHAX JINI-
muieBnlx Gyuknuii. [Iycts ( — cayvaiinoiit smement B M, nMmeromuii
pacupenesnenue (i, U OycTh (* — ciyvainas BeaudumHa C (QYHKIUEH

pacnpenenenus I, acconuupoBauuoit ¢ I.
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Teopema 1.1.2. CpolicTBa a), b) KBUBAJIEHTHEL CIEAYIOWEMY yT-
Bepsxaennio. g mo6oit nummuunesoit pyurmun g Ha M (||g||Lip < 1)
CyIIeCTByeT junmmuieBas yHkuus ¢ na upsamoit R, takas uro ciay-

ualinpie Besnunsnl ¢(¢) n ¢*(C*) OAMHAKOBO paCIpeIeseHbl.

IHoxrazatenanctBo Teopemnrt 1.1.1. JlokaszaTeanTBO SKBUBAJIEHTHOC-
™M a) < b) He OTIAMYAETCS OT NOKA3ATEJNLCTBA SKBUBAJEHTHOCTU
@) <=>¢), TO3TOMY OrpaHUUNUMCs nociaenauM. OUeBUIHO, YCTPeMIIss
h — 0" B mepaBencTBe a), monydaem c¢). YUToOLI BLIBECTH a) U3 C),
nososkum Ry (p) = F(F~Y(p)+h) mpu h > 0, 0 <p <1, uw Ry(1) =1
(mo mempepuisrOCTH). Torma Rj obBpasyer ceme#dcTBO (mMONYyTPyI-
my) HeyOLIBarOmmMX HenpepbBHLIX (GyHkmmid zHa (0,1] co ciemyrommm

cBoficTBoM: A Beex h,h' > 0 u Beex p € (0,1]

Rin (p) = Ru(Ru (p))- (1.1.12)

Ham myskHO mokaszarh, uto mis Bcex mommuoskects A C M mepor
0<p(Ad) <1,
u(A") = Ry (u(A)). (1.1.13)

Hemuoro momudumupyem (1.1.13): BBemem mapamerp o > 1 u onpe-

IIeJIUM CEeMECTBO
RZ(}?) :R}L/a(p)7 h>0, 0<p< 1.

Kak u mpu 0 = 1, 910 cemeiictBo ynosnersopsier (1.1.12). Crauvana
nokaskeM, uto mis MHOskectB A C M wmepot 0 < u(A) < 1, npexn-
CTABUMBIX B BUIE OOLEIUHEHUA KOHEUYHOTO UMCJA OTKPLITLIX MApOB
B M,

w(AM) > RY (u(A)), o> 1. (1.1.14)

[Monaras B (1.1.14) 0 — 1, Mot 6ot mosxyumann (1.1.13) mus Bcex Takux

MHO:kecTB. VTak, 3auKCcupyeM MHOXKECTBO A 1 OIpenenM

A= {h > 0:(1.1.14) BemounnsAeTca mna scex h' € (O,h]}.
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Tax kax ¢ymrnus h — R7(1u(A)) menpepriBra Ha (0,400), a (QyHK-
s h — p(A") wenpeprosua ma (0, +00) creBa, 4TOOLI OKA3aTL, YTO

A = (0,+00), DOCTATOUHO HPOBEPUTH, UTO

1) € € A, mis Bcex JOCTATOYHO MaJbix € > 0;

11) ecmu h € A, To h+¢ € A, mist BCcex DOCTATOUHO MaJbix € > 0.

ITo ompenenernuio put, mpu & — 0F

w(A) > pu(A) + pt (A)e + oe). (1.1.15)
C mpyroii cropont, Tak kak RZ(p) = p+ f(F~1(p)) % +o(e),
RZ(u(A)) = p(A) + I(u(A) = + o(e)- (1.1.16)

o yenosuto pt(A) > I(u(A)), cnenosarenvuo, cpasausaa (1.1.15)
u (1.1.16), npuxoaum K CBOHCTBY i).

Ilonyctum tenepn, uto h € A. Ecam u(A") > RY(u(A)), To 210
HEPABEHCTBO COXPAHUTCA U HIA h + € ¢ ZOCTATOUHO MaubM & > 0
(rak xax dymrmma h — u(A") me youmaer, a ¢ymrnua b — RS (u(A))
menpeprsHa). Ecmm e p(A") = R7(u(A)), BBeseMm MHOEecTBO B =
AP rak uTO Mo HepaBeHcTBY Tpeyrosnumka B C A" u mosTomy
w(B%) < p(AP) nna secex ¢ > 0. Ecmm p(Bf) =1, o h+¢ € A
aBTomatuuecku. [lpenmomosknm, yto ,u(BEl) < 1 mmsa HEKOTOPOTO
¢’ >0 u nycts € € (0,¢/). B wactroctn, 0 < u(B) < 1. Tak kak
0 yCJIoBMIO A IpPencTaBuMO B BUAE O0LENUHEHUsT KOHEUHOIO YKCIa
OTKpLITEHIX mapos, A = DiU---UD,,, To u A" = DhU...UD" o6nanaer
oTuM ke cBofictBoM. Ilostomy pt(B) > I(u(B)) m MOEHO 3amucaTn
Hepasencrsa (1.1.15) u (1.1.16) mua B:

u(B%) = p(B) + i (B) e + o(e),
RZ(u(B)) = u(B) + I(u(B)) ~ +ofe).

Cunepnosarennro p(B) > RZ(pu(B)) mis BCeX DOCTATOYHO MAJLIX € >

0. Ocraercsa 3aMETUTL, YTO

Rf-(n(A)) = RZ(Rf (u(A))) = RZ (u(A"))
= RZ(u(B)) < p(B°) < p(A").
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Takum 06pa3oM, CBOKCTBO i) HPOBEPEHO.

Teneps serxo pacupocrparuts (1.1.13) Ha mponssBoabHLIe Gope-
nesckme MuOokecrBa A mepnr 0 < pu(A) < 1. Ecamu A C M orkpuiTo,
TO B CHIIY Cenapabe]bHOCTU, NI HEKOTOPOW IOCJIENOBATENLHOCTH
oTkpuITLIX mwapos D; C A (i > 1), p(A,) — u(A) npu n — oo, rae
A, = DyU---UD,. Tak rak (1.1.13) cupasemnuso mus Bcex A,
to ono Bepuo u miusg A. Ilycrs K C M 3amrayro. MuoskectBo K°©
otkprrTo, mosromy u(KhTE) > u((K)") > Ry (u(K°®)). Ycrpemmnas
e — 0T, n rak kak (.., A° = A, nomyuaem p (ﬁ) > Rp((K)) nmsa
Beex h > 0. Hompu 0 < W/ < h KM ¢ K", u cneposarensno u(K") >
L (W) > Ry (u(K)). Ycrpemnas h' — h, momyuaem p(K") >
Ry, (1(K)). Hakoren, Ui IPOM3BOJILHOTO M3MEPUMOIO MHOMKECTBa A
HafJeTCs TOCHIeOBATENLHOCTL 3aMKHY TLIX MHOkeCTB K,, C A, Takux

uro pu(Ky,) — p(A) npu n — co. us Bcex h > 0 nmeem:

p(A") > p(K)) > Ru(u(Kp)) — Ra(u(A))

upu n — oo. Teopema 1.1.1 morazana.

YrBepskaenue TeopeMbl 1.1.2 Brrreraer ¢ yderom (1.1.5) u3 ciue-
nyromeid sraemeHTapHOl memMMbl ¢ € = ¢((), KOTOPYIO MBI IPUBO UM
6e3 HokazarelabcTBa (M, 0003HAYACT MUHUMAJILHYIO, & B IPUIIOKE-

HUU K Teopeme 2.1.2 — OMHO3HAYHO ONPEIeICHHYIO KBAHTUIL TOPSI-

Ka D).

Jlemma 1.1.1. Ilycro € u (* — cayuaiinnie Bennuunnt. HepasencTBo
P {& <my(&) +h} > P{C" <my(C*) + h} (1.1.17)

BoinoaHgeTcsa aig Beex p € (0,1) m h > 0 Torga u TOJILKO TOrAa, KOraa
s HeROTOPO# mummuresoii ¢pymrmmum g* : R — R (||¢*||ip < 1)

caydaiinple BeaudnHel £ 1 ¢*(C*) 0QMHAKOBO pacIpeneeHbl.
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§1.2. M3onepumerpuueckas 3amava Ha IPAMOR

OcranoBuMcsa Ha TpocTefimell n3onmepuMeTpudecKoll 3amade, KO-
roma M = R — BemecTBenHas mpsaMas ¢ OOLIYHLIM €BKJIUIOBLIM PAaC-
crosiaueM p(z,y) = |r —y|. B sroMm cayuae h-okpecTHOCTL JH0GOTO
Hemycroro Maoskectsa A C R Morker ObITh 3ammcana kKak cymMma (o
Munkosckomy) A" = A+ (—=h,h), h > 0.

ITycts p — BeposTHOCTHAS Mepa Ha R ¢ pyHKIme#t pacupenenenus
F(z) = p((—o0,2]), 2 € R. Byzmem mpeanonararb, 4To (i COCPEIO-
TOUYEHA Ha HEKOTOPOM MHTepBaJe (a,,b,) (KoHedHOM miau GecKoHed-
HOM), Ha KOTOPOM /i MMEET MOJOKUTEJILHYIO HEIPEPLIBHYIO IIOT-
Hoctn f. Ilpu oToM OymeMm HA3LIBATL MEDY fi JIOTAPUYMUUCCKU BO-
ruyTO#, ecan ¢ynkuus log f Bormyra nHa (a,,b,). na rakux pacope-

,ZIeIIeHPIﬁ n3onepuMeTpmnyecKasd 3adava MMeeT IIPOCTOE PelIeHre.

Teopema 1.2.1. Ecam mepa p morapudMudecKr BOTHYTa, TO IS
Bcex p € (0,1) u h > 0, Benuuuna, 1u(A") u, kak cremcTBue, BelIHIMHA
uT(A) mpuEUMaeT HaMMEHLIIEE 3HAUEHUE B KJIACCE BCEX TOIMHO-
skectB R mepot p(A) = p ma ummrepBasax suma A = (—oo,u] nmm

A = [v,+00).

O6osrauum uepes F~' ¢ (ay,b,) — (0,1) dynrumio, obpaTHyo K
F, cyxennoit va (a,,b,). Torma teopemy 1.2.1 MO:RHO 3ammcarh Kak

YTBEPyKICHIEC 00 M30MEePUMETPUYCCKON (DYHKIMM MEPLI L
Riy(p) = min{ F(F(p) + 1), 1 = F(F(1L—p) = )}. (12,1
Kak caencrsue,
Lu(p) = min{ f(F~}(p)), f(F~' (L = p)) }- (1.2.2)

Ecnm p cummerpmuna orHOCHTENLHO CBOEH MeOuaHLI, TO B Ka-

YeCTBC 3SKCTPEMAJILHLIX MOKHO paCCMaTpUBATL TOJLKO MHTEPBAJLI
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Buna A = (—oo,u], u popmyxnsr (1.2.1)—(1.2.2) ynpomarorcs:
Ruu(p) = F(FTHp)+ 1), Lu(p) = f(F~'(p)). (1.2.3)

Jlerko BumeTL, UCHOIL3ys, Hanpumep, coorromenue (1.1.10), uro
C TOYHOCTBIO O CHBUTa Mephl oTobpaxenme p — I = f(F~!) as-
JIAETCA B3AUMHO-OMHO3HAUHLIM COOTBETCTBUEM MEMKIY KIACCOM pac-
CMATPUBAEMBIX DACIPENENIEHUIA (i U KJIACCOM BCEX IOJIOKUTEILHBIX
HenpepeBHLIX QyHEmuA [ ma (0,1), mpuyem gorapupmMuyeckas BO-
THYTOCTL MEPLI [t PABHOCUJILHA BOTHYTOCTU [, & CUMMETPUYHOCTD /i
OTHOCHUTEJILHO CBOECH MeIMaHLI — CHMMETPUYHOCTH | OTHOCHTEILHO
Toukn 1/2 (to ectn, csodictBy I(1 — p) = I(p) mus Bcex p € (0,1)).
Takum 06pa3oM, cuMMeTpUYHLIE (OTHOCUTEILHO HYJIsA) JOrapudmMu-
UECKMX BOTHYTLIC MEPLI HA OPAMOY MOMKHO 3aaBaTh CBOMMU U30Ie-
PUMETPUYECKUME (YHKIUIMU, KOTOPLIE MOTYT OLITL MPOU3BOJLHDLI-
MU BOTHYTLIMU MOJORUTENbHBIME (yHEnuamu Ha (0,1), cuvmerpuy-
HBIMJ OTHOCUTEIBLHO Toukn 1/2. Hampumep, ¢pyusmn I(p) = p(1 —p)
COOTBETCTBYET JIOTHCTUYECKOE pacupeneienue, a ¢ymuxnuu [(p) =
min{p, 1 — p} — EBycTOpOHHEE MOKa3aTENLHOE.

B meficrBurensrocTr, 06a coorHomenus B (1.2.3), BoIpaskarouue
BKCTpPEMaJIbHOe CBOMcTBO momyocei A = (—oo,u| B m3onepumerpu-
JecKol 3amaue 1ust Mepsl ft (COOTBETCTBEHHO B MHTETPAJILHON 1 mud-
pepeHnUANLHOW (OpME) BLIIOJNHSIOTCA 51 0OJee IMUPOKOTO
KJIacCa PACCMATPUBAEMLIX PACIPENEICHN, YeM KIacC BCeX CHMMET-
PUYHLIX JIOTAPUPMUYIECCKA BOTHYTEHIX Mep. OKa3LIBACTCS, 9TOT KIACC
MOYKHO JIETKO ONUCATh.

Bynem rosoputsn, uro ¢pyuknusa I, onpenenennas va (0,1), cyban-
mutusHa, ecmu I(p+q) < I(p) + 1(q) nna seex p,q € (0,1), Tagmx uto

p+q < 1. Vmenno, nmeer MecTo:

Teopema 1.2.2. Caenyroiee yTBEP:KICHUA SKBUBAJICHTHDI:

a) Ry,u(p) = F(F~*(p) + h) nua Beex p € (0,1) u h > 0;
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b) L(p) = f(F~}(p)) ann neex p € (0,1);
¢) pymrmas I(p) = f(F~1(p)), 0 < p < 1, cuMMeTPIYIHA OTHOCH-

TEJILHO TOYKN 1/2 u cybanauTuBHA.

Nurepsan A = (—oo, F~1(p)] umeeT p-Mepy p, modTOMY B KIacce
paccMaTpuBaeMBIX Mep BCeraa
Ruu(p) < F(F~H(p) +h) = p((—o0, F ()" ,
L(p) < f(F~H(p)) = p* ((—o0, FH(p)]) -
Takum 06pasoM, KCTPeMaILHOCTL Hoyoceit (—oo, x] B "uHTerpassb-
HOW” M30mEepUMETPUUECKOR 3a1aUe PABHOCUMILHA UX SKCTPEMAILHOC-

’ 29

7 B mudpepeHnmaabHoi” n30IepuMeTPUYIECKO 3a1ade.

CunencrBue 1.2.1. Ecau B n3omepuMeTprduecKod 3amave mjis Me-
DBl i PKCTPEMAJILHLIMU SBIAIOTCA MHTEPBAJLI Buga (—oo,z], To i
cumMeTpuyHa (OTHOCUTENILHO CBOEH MeIMaHbI) U UMEET KOHEUHBIA
BKCIOHeHUMAILHLIE MoMenT: [ exp(e|z]) du(z) < 400 npu gocTaToduHO

maJiom € > 0.

Jlerko mokaszaTrb, 4TO ®TO yTBEDKICHUE OCTAETCA B cuie 0e3 Ka-
KI/IX—JII/I6O Hpe,[[HOHO}KeHI/Iﬁ TUIIA CYIDEeCTBOBaHUA IIJIOTHOCTHU, €CJIN
CBOMCTBO 9KCTPEMATILHOCTU OTHOCUTCSI K M30IMEPUMETPUYCCKUM He-
paBeHCTBaM B MHTerpajbHOR (opme (cm. 3ameuanue 1.2.1). 3awme-
TUM Takke, 4TO Teopema 1.2.1 ABIAETCA YACTHLIM CIYYaEM TEOPEMDI
1.2.2, HO TONLKO B IPENNOJIOKEHAN CUMMETPUYHOCTU MEDPLI (4.

Ipucrynum & nokaszarenncrsaM. Haunem ¢ (Gosee mpocroro) mo-

Ka3aTeJILCTBa TeopeMol 1.2.2.

IoxrazarenncTBo TeopeMbr 1.2.2.

Ycnosus a) u b) KBUBAJIEHTHLL B ULy TeopeMsl 1.1.1 u cornacuo
3aMevanuio o ToM, 4to Ry, ,(p) < F(F~(p) + h), I.(p) < f(F~(p)).

b) = ¢): mo ycmoemio, s a060ro (M3MEPUMOrO) MHOKECTBA

B C R mepn 0 < u(B) < 1,
pH(B) = ' (A) = I(u(A)),
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rae A = (—o0, 2] mmeer Takyto ke mepy, uro u B. Ilycts p € (0,1),
x=F"Y(p), B=[r,+0c0). Tak rarx u(B) =1—p, To p7(B) > I(1—p).
Ho put(B) = f(z) = I(p), caenosareanuo I(p) > I(1 — p), musa Beex
p € (0,1). Bamenss p Ha 1 — p, moxydaem 0OpATHOE HEPABEHCTBO, U
suaunt I(p) = I(1 — p) ousa seex p € (0,1).

Ilna mokasaTennbcTBa CyOa IUTUBHOCTY BO3LMEM MHTEpBaJd B =
[z.9] C (au,by), mpuaem z = F~'(p), y = F~'(1 —q), rae p,q € (0,1),
0<p+q<1. Takrax u(B)=1—q—p, To p*(B) > I(1—-q—p). Ho
pt(B) = f(z)+ f(y) = 1(p) +1(1—q), cnenosarenvro I(p)+1(1—q) >
I(1 — g — p). YuurbiBasg DOKA3aHHYIO CUMMETPUYHOCTL (yHKIuU I,
nonyaaem I(p) +1(q) = I(p + q).

¢) = b): mo teopeme 1.1.1, HOCTATOUYHO NPOBEPUTL HEPABEHCTBO
ut(A) > I(p) nna muOkecTB A MepLl p, TPEACTABUMLIX B BUE 00-
€MHEHUs] KOHEYHOI'O YKCJa OTKDPLITLIX MHTepBatoB A; = (a;,b;),
1<i<n. Mo¥.HO CUMTATBL, YTO STU MHTEPBAJLI HE IIEPECEKAIOTCSA
u, 6oJiee TOTO, UTO HET COBIANAIONMX KOHIOB (TAK KAK NIPU UX CKIE-
UBAHUU [I-MEPA W [-TIEPUMETD MHOMKECTBa He u3MeHarcs). IlycTo
cuavana n = 1, u(Ay) = p. Ecim a1 < ay, nim by > by, 10 moKaswi-
Barh Heuero. Eciu a, < a1 < by < by, To nonoxum p; = p((—00,a1]),
q1 = p((—00,b1]), Tak uro 0 < p; < 1 < 1, ¢ —p1 = p. B cuny

CUMMETPUYHOCTUA U CyOanauTuBaOCTHA [,

(A1) = flar) + f(b1) = I(p1) + I(q) = I(p1) + I(1 — 1)
> I+ (1 —q) =1(q1 —p1) = I(p).

B obmeMm cayuae, xorma n > 1, nmomoxkum p; = p(4;). Tar rak
CBOHCTBO CyDaIIUTUBHOCTY PACTIPOCTPAHACTCA Ha JI060E KOHEUHOE

UMCJIIO cJaraeMbIX, IMeeM:

n

pHA) =t (A) =Y Ip) > I(p).
i=1

i=1

Teopema 1.2.2 noraszana.
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IoxrazarenbcTtBo Teopemsbr 1.2.1. IMomoxkum
Ry(p) =min{ F(F~'(p) + h),1 - F(F~'(1—p) —h) }.

Tpebyercsa mOKa3aThb, YTO Ui JIOOLIX (M3MEPUMDIX) MHOKECTB A,

rakux uro 0 < p(A) <1,
w(A") > Rp(u(A)), h>0. (1.2.4)

CrauaJja caesaeM HEKOTOPBhIE YIIPDOIIEHWU. BO-HepBbIX7 MOKHO

CUNTaTL, 4YTO

(i) a = —00, b = 400, TO €CTh, |t UMEET MOJOKUTENLHYIO HEIpe-
PLIBHYIO IUIOTHOCTL f Ha Bcell BemecTBenHoir npsmoir R u, Gousee
TOTO, UTO

(1) npomsBomnas ¢pyurmmu log(f) CymecTByeT BCIOLY U MPEICTaB-

ssieT cobOO¥ HENPEPLIBHYIO yOLIBAIOMYIO ()YHKIUIO.

HeticrBurensuo, Gpyuruus u = — log(f) Bomykiua Ha (a, b), mosToMy
CYMIECTBYET TOCIENOBATEILHOCTD Uy, TUG(EPEHIMPYEMDBIX BLITYKIBIX

¢yurmuit Ha R, Takux urto

1) mpousBomHAas U, — HENPEPLIBHAS BO3PACTAIOMAN (yHKILS;
2) u, cxomurcsa moTrodedvHo K u Ha (a,b) u k 00 Ha R\ [a,b];
3) fn = exp(—uy,) ABIAETCA IIOTHOCTLIO HEKOTODPOW BEPOATHOC-

THOW MEPBIL iy, .

Torma MepLl fin JOTAPU(PMUUECKA BOTHYTDLI, yIOBJIETBODAIOT CBOM-
craMm (i) — (i1), n, kpome Toro, p,(A) — u(A), nas Bcex (6opemnes-
crkux) MHO%ecTB A. B uacrrocru, F,(x) — F(x) nns Becex z € R, u
FY(p,) — F~1(p), xax Tomuko p, — p € (0,1), rme F,, — dpyurmmn
pacmpenenenus i, a F, ' — o6parrsie k F),. Ecmu 651 (1.2.4) 6110

MOKA3aHO IJIS [ly, TO €CTh,
.Un(Ah) > min{ Fn(ijl(/ﬁn(A)) +h),1— Fn(Frjl(l — pn(A)) = h) }7

TO OCYIIECTBIISS IPeNeNbLHLIA nepexo, Mol Obl noayuwnn (1.2.4) mus

MepLI 1.
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Wrak, npennonosxkumM, 4to csoicrea (i) — (i) BeimosHatorcs. Ve-
OJIL3Ysl HelpepLIBHOCTL (yHKIMM R, (p) mo mape aprymentos (p,h),
aerko csectu (1.2.4) K pacCMOTPEHUIO MHOKECTB A, IPeInCTaBUMLIX
B Buae 00'LENVHEHNUs] KOHEUHOI'O UMCJIIa HEellePeCEKAIOMUXCS 3aMKHY-
ToIX uHTepBatoB. s ynobcrsa OymeM pacCMATPUBATL PACIIMPEH-
HYIO OpsAMYIO [—00,+00]. B nanbuefimem Gyner ynoGHee nMeTn neso
¢ 3aMEHYTLIMU h-OkpectHOCTAMU A + [—h, h], KoTOpBIE Takke 0603-
HaunM uepes A" (oueBmmmo, 5TO He MeHACT 3amady). SadUKCHPYEM

€(0,1) u h > 0.

B kauecTBe mepBOro mara MCCIemyeM CUTyanuio, korna A cocro-
UT TOJLKO W3 OMHOTO MHTEpBaJia — 374eCh HaM moTpebyercsi Gosee
cuiLbHOe yTBepskaeHue, dem (1.2.4).

O6Gosznaunm uepes Ap(a) narepsan [a,b] C [—o0,+00] p-Mepol p,
—0 < a <b< +oo. Ilepemennas a MOKET MEHATLCA B MHTEPBAJE
[—o00, F1(1 —p)], a b = b(a) Gymem paccMaTpUBATL Kak (yHKIUIO OT
@, OIpeneseMy0 PABEHCTBOM

F(b) — F(a) = p. (1.2.5)
3aMeTuM, 4TO MHOxeCTBO Bj(a) = (—o00,a] U [b,+00), roe b = b(a),
umMeetr p-Mepy 1 —p.

Jlemma 1.2.1. Cymectsyer ag = ag(p, h) € [—co, F~(1 —p)], Taroe
uro ¢ymkmma a — ju(A,(a)?) Bospacraer ma umrepsame [—o0,ag] u
y6nBaer ma mnrepsadte [ag, F1(1 — p)]. To e camoe cmpabemiuBo

u s Gymrman a — u(By(a)?) ¢ meroTopLM aj).
IokazarensctBo. OueBUIAHO, YTO GYHKIU b BO3pACTAET,
b(—00) = F~'(p), b(F~'(1-p)) = +oc.
) = 0. Hudppepen-
mupys dpynrmmio p(a) = pu(Ay(a)*) = F(b+h)— F(a—h), Mbi noxyanm
¢(a) = Fb+ Y — fla—h)= fb+h) 22 _ fa—h)

_ (b+h)  fla—h)
=1 [ f(®) f(a)

Iupdepenmuposanme (1.2.5) maer f(b)b — f(a

O
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Ipupamenus u(z + h) — u(z) crporo BomykiIOW (yHEmUEM u(x) =
—log f(z) mpencraBusitor BO3pacraromyio ¢ysrnuio ¢ € R. Ilos-
romy, ¢yurmus U(a) = f(a — h)/f(a) Bozpacraer, a ¢pyuruus V(a) =
f(b+h)/f(b) youBaer. Takum, o6paszom, GpyHKIMI

HempepLBHEA U ybrmaeT Ha (—o00, F~1(1 — p)). CrmemosarennHO BO3-

MOKEH TOJLKO OIUH U3 TPeX CIydaes:

a) cymecTByeT Touka ag € (—oo, F~1(1 — p)), Takas urto ¢’ > 0 Ha
(—00,a0) m ¢’ >0 om (ag, F~1(1 —p));

b) ¢’ <0 ma (—oo, F~1(1—p));

¢) ¢ >0 mna (—oo, F71(1 —p)).

B cayuae a) mepsoe yreepskmeHue semmbl 1.2.1 BhmosHsieTcs ¢
ap € (—o0, F71(1—p)). B cayuasx b) u ¢) OHO TakKe BLITOIHIAETCS C
ap = F~Y(1—p) m ap = —00, cOOTBETCTBEHHO.

Jloka3aTeanCTBO BTOPOTO yTBep:kAeHusA jdeMMbl 1.2.1 He orauua-

ercs OT MOKAa3aTesLCTBA IEPBOrO, Tak Kak upu b —a > 2h
1= u(By(a)*) = F(b—h) — F(a+ h),

Y MOYKHO MCIIOJIL30BATL TOYHO TAKOW sKe aHaJIn3.

Tlepeiinem Temepn KO BTOPOMY IIATY: IIPEAIOJIOMKAM, UTO MHOKEC-
TBO A p-Mepul p npencrasiser coboit 00bLeqMHeHre KOHEYHOTO YNCIIa
HeIlepPeCeKaroMUXCs 3aMKHY TLIX UHTepBAloB A; = [a;, b;], —0o < a1 <
b1 <...<a,<b, <+oco.

MokHO cunuTaTh, 6oJIee TOro, 4ro h-OKPECTHOCTU TAHHBIX WHTEP-
Bamos A = [a; — h,b; + h] He mepecexalorcsi. B mporusHOM ciaryudae,
ecomm A} N A} # @ nna mexoropeix i < j, umeem Al U A" = [a;,b;]"
u, mosToMy ABa mHTepBasa A; n A; (BMecTe CO BCEMU BHYTPEHHUMIA

VHTEPBAJIAMU, €CJIU TAKOBLIE HAWIyTCs) MOIYyT OBITL 3aMEHEHLI Ha
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OIH MHTEpBaJ [a;,b;], Tak 4TO Mepa HOBOTO MHOMKECTBa BO3PACTET,
B TO BpEMs KakK Mepa h-OKPECTHOCTH He M3MEHWUTCS (MpudeM HOBOEe
MHO/KECTBO DYIET y#K€ COCTOATL U3 MEHDLIIEr0 UMCJIa WHTEPBAJOB,
HEIePeCEKAIOMUXCSI CBOUMU A-OKPECTHOCTSMM).

Tenepn OyneM M3MEHATL MHOKECTBO A, mBuras ¢ pacTaKeHHEM
VIV CAKATUEM MHTEPBAJBI A; Tak, 4TOOLI COXPAHANIACH UX MEpa p; =
w(A;) m cuenosaresbHO Mepa p Bcero MHO:kecTBa A, M mpu sTOoM
BHYTPEHHOCTU MHTEPBAJIOB HE Tepecekaauch. Takum obGpa3om, mpa-
BLIE KOHILI MHTEPBAJOB b; = b(a;) OyILyT ONpEnessaTLCA JIEBLIMU CO-
raacuo (1.2.5). ITo memme 1.2.1 B cayuae, korza a; < ag(p;, h), Mol
MOKEM JBUTATL (; BJIEBO BILIOTL IO TOYKM a; = b;_1 1pu i > 1 mwam
mo a; = —oo upu ¢ = 1. CooTBercTBEeHHO B ciydae a; > ag(p;, h)
MDLI JIBUTAEM ¢; BIPABO N0 TEX MOP, MOKa b; = a;11 Upw i < N WIn
b; = 400 pu i = n.

IIpumMensas Ty nponeaypy K J000MYy U3 BHYTPEHHUX WHTEPBAJIOB
A; (1 <i<n,n>3), MBI IONyYMM HOBLI MHTEpBaJ A, MepLl p; n
HOBOE MHOkeCTBO Aj, orauuaromeecss or A TeMm, 4yTo MHTEpBAT A;

samener Ha A}. Torma p(A;r) = p(A), vo no memme 1.2.1

u(AY) <37 u(AD") <D u(Ah) = pA"), (1.2.6)

tak kax Al = U(A;)h, u A? (1 < j < n) He mepeceratorca. Kpome
Toro, Ay Oymer cocroAaTb u3 n — 1 nHTepBasa. MOKHO IPOAOILKATE
9TOT HPOLECC U MOCTPOUTL MHO¥KeCTBa Ao, ..., A, 5. Ilocuenuee
MHOKECTBO OyZeT COCTOATL M3 JBYX MHTepBaJoB. KEme pas npu-
MeHss MPOUELYPY K 9TUM ABYM WHTEPBAJaM, MBI MOJIYYNM MHOKEC-
TBO B CllefyIOmuUX Tpex TUNOB (BKIIOYas OUEBMAHLIE ciydau n = 1

un=2):
B =]-00,a], B=Ib+o], B=][-00,a]U][b,+c0].

Bo Bcex cayuasx u(B) = p(A), w(B") < u(A"), tax xax (1.2.6)

HNCIIOJL30BAJIOCHL Ha KaskKOAOM IIare. YTo0OLI MCKIIOUATL MHOKECTBA,
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TPpEThLEero Tuna, OCTACTCA IPUMEHUTL BTOPOE YTBEPKRACHUEC JICMMbI

1.2.1. Teopema 1.2.1 nokazana.

JloraszarennctBo caencrsusa 1.2.1. ITonosxum
C = liminf I,,(p)/p.
p—0+

IIycre p € (0,1) puxcupoBaro. B cuiry reopemst 1.2.2, ¢pyurmus I, =
F(F~Y) cummerpuyna oTHOCHTENLHO TOUkM p = 1/2 (TO ecTh Mepa i
CUMMETPUYHA OTHOCUTEILHO CBOEW MEeNUAHLI M — MyCThL IJIA OIpe-
nenennoct m = 0) u cyGammurusna. osromy I1,(3 p:) < 3 1u(pi)
JUIs KOHEUHBIX CEMEMCTB (p;) MOJNOKUTENbHBIX UHCEI, TAKUX YTO
> pi < 1. B cuny sempepwlBHOCTH [, MOXKHO PACCMATPUBATL TAKMKE
cueTHnle ceMelictBa. KEcmm 6ot 6outo C = 0, To mna moboro € >
0 MOHO OLIIO OLI BLIOPATL TaKyIO MOCAeNOBATEILHOCTL p; — 01,
uro I,(p;)/pi < €. Boibupas moamociienoBaTeIbHOCTL (BO3MOKHO C

HOBTOPSAIOMUMUCA UJIEHAMU), MOKHO CUUTATL, 4TO » .p; = p. Ho

fu(zpi) < qu(l’z‘) < ZEI% = ep,

10 ecTb, I,,(p) =0 (B cuny npomssoasroctu €). Crenosarensuo C' >

TOT O

0. Tak kax [, CHMMETPUYHA OTHOCUTEILHO 1/2, TO AJA HEKOTOPOTO
¢ >0 I,0p) > ep(l —p) nas Beex p € (0,1). ITo reopeme 1.1.1 (u

COTJIACHO IOCJIEAYIOMEMY IPUMEPY, CBA3AHHOMY C JIOTUCTUUYECKUM

pacupeneieHreM ),
-1 = > p .
FE=(p) +h) = Bnup) 2 oo >0
1 1
B uwacTtrOCTH, IDU P = 5 mnMeem F(h) > T o) s Beex h > 0,

UTO U JOKA3bIBaeT CYHIECTBOBAHNE KOHEUYHLIX SKCIIOHEHIIMAJbHBIX MO-

MEHTOB.

Sameuanue 1.2.1. B yrBepsnenuu caencreus 1.2.1. ¢ mOMOIMbBIO
IPUMEPHO TeX K€ PACCYXKICHUHR, IPUMEHAEMLIX K NHTEeI DAJILHON M30-

nepuMeTpudeckoit gpyuknum Ry, (BMecTo I,,), MOKHO CHATDL yCJIOBHE
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CyIIEeCTBOBAHUA (HENMPEPBIBHON MOMOKUTENLHON) IIIOTHOCTU MEPLI L.
IelictBurensHo, mycTth (6e3 Kakux-aubo NOMOJHUTEILHLIX IIPeAo-

JIOKCHUIA)

Ryu(p)= inf p(A")=F((F ' (p)+h)") (1.2.7)
n(A)zp

mst Beex p € (0,1) mw h > 0 (F~1(p) obosnavaer HamMeRLIIyio KBaH-
tunn F nopsigka p). To ectn, ams kasgmoro muoxkectBa A C R meprr
0 < p(A) < 1 mabinerca nomyuurepsan Buma B = (—oo,b|, Takoit
uro p(A) < p(B) u mpu stom u(A") > p(B"). Ecau npumeruts 5T0
cBOWicTBO K mosymHTepBanaMm Buga A = [a,400) n 3amucarn ero B
TepMUHAX CIaydalHbix BeauuwH ¢ u (¥, Takux 4To £ MMeeT pacrpe-
nenenue (i, a (¥ = —&, TO MBI MOJXYyYUM B TOUYHOCTU HEPABEHCTBO
(1.1.17). B cuny nemmer 1.1.1, nus Heroropoit ¢pyrruuu ¢* : R — R,
rako#t uro ||g*||Lip < 1, ¢.B. £ m ¢*(¢*) BymyT onuHAKOBO pacupene-
agennl. OTClOma JErKO MOJydaeM, 4TO MJIsi HeKoToporo a € R c.B.
¢ —a u (" OOMHAKOBO pACIPENENIEHLI, TO €CTh, MePa (i CUMMETPUUHA

OTHOCUTEJILHO CBOEH MenUaHDI.
Kpowme toro, uz (1.2.7) ¢ yuyeToM CUMMETPUYHOCTU [, HOJLYYAEM
CBOMCTBO Cy0OaaIuTUBHOCTHU (YHKIUI Ry nns Beex 0 < p,g < 1,

TakuX 4To p+¢q < 1,

Riu(p+¢q) < Rppu(p) + Ri,pu(q). (1.2.8)

IMokaskem, uro liminf, o+ Ry . (p)/p > 1 mns Bcex DOCTATOYHO GOJb-
mux h > 0. Ecam stor liminf = 1, To mus Bcex € > 0 MHOM¥KECTBO
E. = {p € (0,1) : Ryu(p) < (14 €)p} GeckoHedHO, U KPOME TOIO
0 € E.. Hosromy mnsa xasmoro p € (0,1) MoxzO momo6paTh moce-
MOBATEILHOCTL P, € E., Takyto 4To 1y = p1+- - -+p, — p IPU N — 00.
B cuny (1.2.8),

Rh,u(rn) < Rh(pl) + -+ Rh(p'n,) < (1 + 5)(101 + - +pn) < (1 + 5)])-
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Yerpemnsiss o — 00 U KUCHOJb3Ys HENPEPLIBHOCTL CJeBa (yHKIUU
Ry, monyuaem Ry, ,(p) < (14¢€)p. B cuny nponsBonnuocTH € > 0 1 ¢
ydeToM 0GpaTHOro HepaBeHcTBa Ry, (p) > p, IPUXOANM K PABEHCTBY
Ry, (p) =p, p € (0,1). Ho Traroe Bosmosuo (mpu Bcex h > () TONLKO
IUUIsT BLIPOKIEHHOW MepuLl.

Urak, moxHo momobpatn h > 0, pg € (0,1) m ¢ > 1, takme yto
Ryu(p) = F((F~*(p) + h)~) > cp nna seex p € (0,po] (neobxommo
cpo < 1). Caemosarennuo F(F~1(p) + 2h) > ¢p, To ectn, F~(cp) —
F~1(p) < 2h. B uacraocTu,

FY(cFp) — F71(F1p) < 2R

st Beex k = 1,...,n, ecim ¢""lp < pg. Cymmuposanme 1o Bcem
k maer F~Y(c"p) — F~Y(p) < 2nh. TlpumeHsAs 5TO HEPABEHCTBO K

n

p = poC 7, IOIy4daeM

F~Y(poc™™) > —2nh + F~*(py).

OtTciofa ywe Jerko opy HEKOTOPOM @ > 0 HOJIyuYdTh OLEHKY BHIA
F(z) > exp(ax) npu x — —oo.

29

Sameuanue 1.2.2. Paccmorpenue "unTerpaanbHoil”’ mzomepumer-
puYecKkoid 3amaun is 0ojiee MUPOKUX KJIIACCOB, HEKEIM TeX, O KO-
TOPLIX IIJa pedn B Teopemax 1.2.1 m 1.2.2, mpuBoauT, Kak Ipa-
BIJIO, K 9KCTPEMAJLHOCTU MHOMKECTB, COCTABJICHHLIX DOjee, ueM u3
OJHOTO MHTEPBAJA. DTO, OJHAKO, B MEHLIIEH CTEIeHU OTHOCUTCH K
” mu¢ pepernnasbHOR” nM3omeprMeTpudeckoil 3anade. Bosbmewm miis
npuMepa KJIacC OAHOBEPIIMHHLIX (yHUMOAILHLIX) DACIPEneTeHnit
/4, HE IMEIOINX aTOMa B BepImuHe. B »TOM ciryyae MOMKHO IOKa3aTh
([H]), uro Besqmuuna p+(A) Mmurnvusupyerca npu ycaosuu pu(A) = p

Ha HekoTOpoM uHTepBase A = [z,y], To ecrn,

Lu(p) = inf{f(F " (p1)) + f(F " (p2)) : p1,p2 > 0,p1 + p2 = p}.
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Ecnu pacopenenenue [ CHMMETPUYHO OTHOCUTEJILHO CBOEH BEPIINHLI

m, TO TO BLIPpaKCHNEC YIPOINACTCH:

1,(p) = min{f(F~*(p)), 2f (F~ " (min(p, 1 — p)/2))},

TO €CTh, B KaUeCTBEe MUHVMU3VPYIOMUX BLBICTYIAT MHTEPBAJLI BU-
o (—OO,{EL a TaKKe MHTEPpBaJIbl, CUMMETPUYHLIE OTHOCUTEJILHO M.

Hanpumep, ecnu p nveeT mIOTHOCTH

f(x):( ! r €R,

|z +2)%

to f(F~Y(p)) = min{p?, (1 — p)?} u, cnenosateaLHO

L(p) = 5 min{p?, (1 - p)*} = o F(F~'(0)).

OTMeTrM, Y4TO KJIACC ONHOBEPIIMHHLIX PACIPENEJIEHUN BKIOUYAET B
cebsa Bce jorapupMuUecKu BOTHYTbhle Mepbl. Ho »To He BepHO mid
KJIacca Mep, OommcaHHLIX B Teopeme 1.2.2. K mocmemmemy kmnaccy

IPUHAICKUT MEPa [i C MIOTHOCTEIO
fz) = —elel |z < log2,

nna xoropoit Gpymxmua I(p) = f(F~1(p)) = max{p, (1 — p)} asaserca
M30IePUMETPUYECKOR (yHKIUEHR, Tak Kak OHa YIOBJIETBOPAET CBOM-
ctBy ¢) u3 teopemnl 1.2.2. Ho, KOHEYHO, [ HE FBJIAETCS ONHO-

BEPIIUHHOM.
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§1.3. ®PysrIMOHANLHAS (HOPMA M30IMEPUMETPUYCCKUX

HEepaBeHCTB. |

Bossparumcs k abcrpaktHoit curyaruu § 1.1 — mzonepumerpuyec-

KM HePDaBEHCTBAM B MHTETPAJLHON (opme

w(U(A) = R(u(A)), (1.3.1)

rae 1 — (6opeseBCcKas) BEPOSITHOCTHAS MEPA B TONOJIOIUYECKOM MPO-

crpancTBe M, 1 OKPECTHOCTU MHOKECTB

UA) = J Ul (1.3.2)
acA
CTPOATCA € HOMOMILIO HEKOTOPOH cucreMbl U(Z) OTKPBITBIX OKPECT-
HOcTed Touek x € M. B (1.3.1) R :[0,1] — [0,1] — mexoTopas BO3-
pacraromas HenpepoiBHas (yHknns, takas uyro R(0) =0, R(1) = 1.

7 MHO-

CopamuBaercsa: Korga 1 Kak MOkHO 06o0murn (1.3.1) c
skects” Ha ' Qyurmuu”? YToOBI caesarh BOIpoc 6osiee KOPPEKTHBIM,
cienyer BBecTu noHATne ~okpecrHoctr”’ Ug (GyHEUMA g Tak, 4To0BI
Ha MHIUKATOPHBIX (QYHKIUAX ¢ = 14 IOJYyUYNUTH NpPEsKHEE ONpeesieHne
(1.3.2).

s ao6o# ¢ysrmum g : M — R nosnoxum
Ug(xz) =sup{g(a) : z € U(a)}, =€ M. (1.3.3)

Torpa, koneuno, U(ly) = U(A). B rauecre ”mMomeanHOro” Hepa-
BEHCTBA OyJeM pacCMaTPUBATDL CJIEAYIOMYO (yHKIMOHAILHYIO (Op-
My g (1.3.1):

EUg>R(ER7'(f)), (1.3.4)

rjae g — Opou3BoOJIbHAs u3Mepumas (no Bopemo) ¢yskimus Ha M co
smauenusayu B [0,1], R7! — obparnas ¥ R, u MaTeMaTUUCCKUC OKI-

JaHUsI ITIOHUMAKTCsI B CMLICJIE MEPDLI (.
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OueBuHO, HA WHANKATOPHBLIX (YHKIUIX 9TO HEPABEHCTBO BO3BPA-
maeT HAC K IepBOHadYalbLHOMY HepaBencTBy (1.3.1), Tak uro (1.3.4)
NeICTBUTENLHO MOMKET CIYRHUTL (YHKIUOHAJILHOW (OpMOHW mis
(1.3.1). Opguaro, npumenenve (1.3.4) K QyHKUAAM, TPUHAMAIOLIIM
[Ba NPOU3BOJLHLIX 3HadeHus (a He Toabko 0 u 1), yske mpuBoaUT
K HEKOTOPLIM CYI[ECTBEHHLIM orpanmdeHusaM Ha R. K cuacrnio, BO
MHOTUX BAYKHLIX CJIyUasix TAKUe OTPAHUYEHUs HE YCUJISATCS MPU Pac-

cvorpernn B (1.3.4) Gomnee oOmux ¢yHKIWA.

Teopewma 1.3.1. Ilycrs R : [0,1] — [0, 1] — Bo3pacraromas BOrHy Tas
¢yurmus, R(0) =0, R(1) =1, obnanamomasn cleayomumMu CBOACTBA-
MU: A Beex p,q € [0, 1]

R(pq) < R(p)R(q), (1.3.5)

S(pg) > S(p)S(q), (1.3.6)

roe S(p) =1—R(1—p), p€[0,1]. Torzma, eciu (1.3.1) BomONHAETCSA
ML BCEX M3MepUMBIX MHO:kecTB A C M, TO (1.3.4) BLIIOJIHAETCS I

BCeX M3MepuMbIX (yrkuuii g : M — [0, 1].

Onpenenenne 1.3.1. Bynmem roBoputrh, uro HeyOBIBaromas (yHK-
s R: (0,1] — (0,1] ABasieTcs MyJIbTUIIMKATUBHBIM MOLYJIEM, CCIIA
R(pq) < R(p)R(q) nast Beex p,q € (0,1].

Omnpenenenue 1.3.2. MyapruniavkatuBHbii Monyan R Oymem Ha-

3LIBATL COBEPIICHHLIM MoxyieM, ecau S(pg) > S(p)S(¢) nma Bcex
p,q €[0,1), rme S(p) = 1= R(1 - p).

Bymem roBoputh, uTo coBepuIeHHBI MOy IbL R — HETPUBUAJILHLINA,

ecnu R # 1 (TOXKIECTBEHHO).

B manpmeiimem mam morpebyercs mccieqoBaTL PA3JIMYHLIE CBOM-
CTBa MYJLTUIIINKATUBHDLIX MO,[[yIIeﬁ. 3,[[€CL K€ TOJILKO OTMETUM,
YTO HETPUBUAJILHLIA COBEPINEHHDLIA MOIYJIL R, mOOmpemeseHHLIA 1Mo

nenpepoBocTu pasencTBoM R(0) = 0, mossken ObITL Bo3pacraroumei
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(u cuemoBaTenbHO HempepolBHOM) Guernme#t us [0,1] B [0,1]. Ilpum

5TOM HepaBeHCTBO B (1.3.6) MOKHO 3ammcarh Kak

R*(pq) < R*(p)R"(q),

rie R*(p) = 1 — R7Y(1 — p) — cBoero poma ”myambmas” ¢yHKIUS
E R (R7! ¢yurmus, obparnas k R). Taxum obpasom, Bo3pac-
ratomasn ouerkmusa R : [0,1] — [0,1] ABAsSETCA COBEPUICHHLIM MOIY-
JieM TOrIa M TOJLKO TOorma, korma R m R* ABAAOTCA OXHOBPEMEHHO

MY JILTUIIAKATUBHLIMY MO Ly JISIMU.

IIpumeper. Ilycts 0 < oo < 1, h > 0. CoBepuieHHBIMUA MOy JISIMUA
SIBIAIOTCA ()yHKIWN:

1) R(p) = p* (nemma 2.4.3);

2) R(p) = min{p®,1 — (1 —p)*/*} (cnencrsue 2.4.3);

3) R(p) = F(F~Y(p) + h), rne ¢ymsnus pacnpenenenus F mpu-

HAJIEKUT KJIACCY, OMUCAHHOMY B ciencteum 1.4.1.

IoxrazarenbcTBo TeopeMbl 1.3.1 OCHOBAHO Ha CIeqyIOMEM yTBEP-

YK OECHUN.

Jlemma 1.3.2. Ilycrs R : [0,1] — [0,1] — BO3pacTaromas BOrHyTas
¢yurmmsa, takas uro R(0) = 0, R(1) = 1. Pyurmuma R sasasercs
COBEPILICHHLIM MOZYJIEM TOIZA U TOJIBKO TOLAA, Korga misd Bcex 0 <
y<z<1,0<p<l,

R(pr + (1 = p)y) < R(p)R(z) + (1 — R(p))R(y), (1.3.7)

unu, 6osee oburo, Korma mis 0b0# GpyHKINYM pacnpenenenus I xe-

KOTOpO# BeposTHOCTHOR Mepwr Ha [0, 1]
1 1
R (/ R—ldF) < / R(1— F(t))dt. (1.3.8)
0 0

HoxrazarenscrBo. Crauvama 3amerum, uro (1.3.7) mpespamaercs

B (1.3.5) rorga y = 0 u upespamaercs B (1.3.6) korma = 1, B 10
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Bpems, kak (1.3.8) npespamaercs B (1.3.7) s Mep ¢ AByMs aToOM-
amu. Tarum oGpaszom, ocraercs u3 (1.3.5)—(1.3.6) soBectn (1.3.7)
n (1.3.8). Badurcupyem ¢ € [0,1] u p € [0,1]. Jlesas wactn (1.3.7)

IIOCTOsIHHA Ha CerMeHTe
Ale) ={(z,y): 0<y <z <1, pr+ (1 —p)y = c},

B TO BpeMs Kak IMPaBas YacTh IPEACTABIAECT COOON BOTHYTYIO (yHK-
o napsl (z,y) € A(c). Ilosromy (1.3.7) BohImosHsIETCS Ha BCeM
CETMEHTE, TOTAA W TOJILKO TOTAA, KOTAA 3TO HEPABEHCTBO BLIMOJHA-
ercsi B KOoHIEBLIX Toukax A(c). Ho B koHuesnix Toukax (z,y), oue-
BunHo, y = 0 wnm x = 1. Ilpu rakux orpanudenusx (1.3.7) cBomurcs,
coorsercreenHo. k (1.3.5) u (1.3.6).

Iusa nokasarenncrsa (1.3.8), cHoBa 3adurcupyem c € [0,1] u pac-

CMOTPHUM BBIITYRJIO€ KOMIIAKTHOE MHOKECTBO

K(c) = {F : /01 RYdF = c}

B IPOCTPAHCTBE BCEX BEPOATHOCTHLIX pacupenenenuit ma [0,1] (c
romosorueit caaboit cxomumoctn). Cuosa neBas vactn (1.3.8) mo-
crosaHa Ha M (c), B TO BpeMs Kak IpaBas 9acTh IPEICTaBIAET COOOH
BOTHYTYIO HempepbiBHyIO ¢yHkmuioo "touru” F € M(c). Ilosromy,
(1.3.8) Bumounsercs va BceMm M (¢), TOrma 1 TOJILKO TOTAA, KOL LA 9TO
HEPABEHCTBO BLIIOJNHAETCA UIA BCEX DKCTpeMasbHbx Touek M (c).
Ho srcrpemannunie Toukn M (c) IMEIOT MAKCUMYM OBa aTOMA, a Il

rakux Mep (1.3.8) ceomures k (1.3.7).

Sameuanue. UToOLI mOCIEQHEE PACCYKACHUE CHENATL Gosee mo-
Ka3aTeJLHBIM, MOKHO orpannunthca B (1.3.8) Mepamu ¢ HOCUTEIEM
B koHeuHOM MHOkectBe T = {t1,---,t,} C [0,1]. Eciau nonoxurs
a; = R7Y(t;), n ecm p; — Beca F' B TOUKax t;, TO HAM HY:KHO HafiTm

DKCTPEMAJILHLIC TOYKHU BLIIIYKJIOI'O KOMIaKTa

K”l(c): (p177pn)p12072p2217za2pl26
i=1 i=1
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XOpoImo M3BECTHO, YTO SKCTPEMAJLHLIE TOUYKU IEPECEUEHUs JII000-
rO MHOTOIpaHHMKA A C I'MIEPIIOCKOCTBLIO Je:kaT Ha pebpax A. B

HalleM cJydae B POJInN

n
i=1

BLICTYNAET CTAHAPATHLIA CUMIIJIEKC, ¥ KOTOPOTO DKCTPEMAJLHBIE TO-

YKM CYTDL ®JIEMEHTLI cTaHmapTHOro Gasmca e; B R", a rumepmioc-
n

KOCTL OIIPENeNAeTcs ypaBHeHmeM y ., a;p; = ¢. CienoBaTeibHo,

ToukM Ha pebpax OynyT mMeTh BuX te; + (1 —t)e;, t € [0,1].
IorazareabcTBo Teopemsl 1.3.1. Ormerum npocreiimue cBoicTBa
omepanuu U.
a) 0<g<Ug<1l,ecm0<g<1;
b) {Ug >t} =U({g > t}) ana Beex t € R;

¢) nostomy (hyHruus Ug noLyHenpepLIBHA CHU3Y U, CJIeI0BATENb-

HO, U3MepUMa.

C yueroMm sTux cBolicts u, npumensis (1.3.1) u (1.3.8) & dpyHKIMEI

g: M —[0,1] ¢ pynrnueii pacupenenenus F(t) = u({g <t}), nmeem:

EUg= / ({Ug > 1)) dt = / (U ({g > 1)) dt

1

- | Riul{ > 1)) di = | o= rapa
>R </01 R*ldF) =R(ER '(g)).

Teopema 1.3.1 noxaszana.
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§1.4. PyHRUMOHATILHASA (OPMA M30HEPUMETPUUECKUX

HepaBeHcTB. 11

ITpumenum teopemy 1.3.1 k uactHOMy coyuaro, korga (M, p,u) —
MEeTPUUYECKOe MPOCTPAHCTBO C BEPOATHOCTHOW MepO#, mpudeM, Kak
O0OLIYHO, M30IMEPUMETPUUECKA 3aJaUa PACCMATPUBAETCA IJIS KaHO-
HUYECKO omepanuu Uh(A) = Ah, h > 0. Bymem Temepn MCXOIUTDL
U3 M30IEePUMETPUYECKUX HEPABEHCTB, 3alMCAHHLIX B au(depeHnu-
alIbLHOM (opme,

©(A) = I(u(A), (1.4.1)

rae [ — HEKOTOpas MONOKUTENLHAA HenpepoiBHas Gpyuknus Ha (0,1),
un A C M — npoussoanHOe n3Mepumoe (1o Bopeiio) MHOKECTBO MepL
0 < pu(4) < 1. DBymem Tarske mpemmosaraTh, uto | cUMMeTpHUUHA
OTHOCWUTEJLHO TOUKA p = 1/2.

Hama 3anayva — HafiTyt COOTBETCTBYIONYIO (YHKINOHAILHYIO (OP-
My mus (1.4.1). Ecuam s3anmcarts »TO HEPABEHCTBO B UHTErDAJIb-
HOW Qopme (ucmonnsys teopemy 1.1.1), To mo Teopeme 1.3.1 Mol
MOKEM IOJYUUTDL I[€JIO€ CEeMEWCTBO (YHKIMOHAJILHLIX HEPABEHCTB,
3aMHACKCUPOBAHHLIX mapamerpoMm h. [losTomy kenarennbHo HaWTU
VHQUHUTE3UMAJILHYIO BEPCHUIO, KOTODasd comep:kajaa Obl B cebe Bce
9TO ceMelicTBO.

IIycrn F' — ¢yHrnus pacupenesieHus, acCcorupoBaHHas ¢ [: oHa

Gouna onpenesena coorHomenueMm (1.1.10) uepes obparTHyio (yHEK-

IO »
dt
Fl(p) = — 0<p<l. 1.4.2
0=/ p (142)
CHOBa TOJIOKUM
Ry(p) = F(F'(p) +h), 0<p<l1, heR. (1.4.3)

A nantupys onpenenenue (1.3.3), HaMm ciemyeT onpenenuTnL

Ung(z) =sup{g(a) : p(a,x) <h}, x€ M, h>0.
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Ecau 6n1 okazasnocn, uro mpu Bcex h > 0 Rj, ABAsSETCS BOTHYTLIM

COBEPIIEHHLIM MOomyJeM, To mo Teopeme 1.1.1 n 1.3.1
EU,g > Ri(ER;, '(9)) (1.4.4)

IS BeeX m3MepuMLIX pymkmuit g ma M co smauenmsvm B [0,1] (R, —
obpatHas K Ry, 1 MmaTeMaTudecKue ORKUIAHUS TOHUMAIOTCSI B CMBIC-
je Mepol ). MLl HOIydnM UCKOMOe HepaBeHCTBO, mosaras B (1.4.4)
h—0t.

YUro6nl COBEPIIUTL TAKOW MpeneLHLIA mIepexom, OTMETUM CHAYa-
Jla, HEKOTOPBIE HEODXOIMMBIE MIPEIONIOKEHNS, BLITEKAIONNE U3 TOTO
¢parra, uro R obpasyeT ceMefCTBO BOTHYTLIX COBEPIIEHHLIX MOIY-
neii. Bo mepBrix, GyHEnna R, nomxHa OLITH Bo3pacrarouieil Ouermuii
B (0,1), npuuem Ry (0%) =0, Rp(17) =1 (aemma 1.4.2), uro pasnO-
CUJILHO TOMY, UTO HOCUTENL MepLI ' eCThL BCsA BEIEeCTBEHHAS TPAMAs

R wunn, B repmunax I,

Ya
/0 ﬁ = 4-00. (1.4.5)

Bo-Bropuix, nosaras h — 07 B mepasenctse Ry (pq) < Ru(p)Rn(q),
HoJIyyaeM IpYyroe HeoOXOAUMOe yCJIOBHE:
Ipa) _ I(p) 1(q)

€(0,1). 1.4.6
v S T p,q€(0,1) (1.4.6)

OTO yCJIOBUE OKA3LIBACTCSA TAKKE U JOCTATOYHLIM IJIS TOTO, YTOOLI
Bce Rj, Obum MyJIbTUNIMKATABHLIMU MonyuasMu (demma 1.4.3). B
neficreurensuoctu yeaosue (1.4.6) — Goxee cunnHoe, vem (1.4.5):
ecnn 3amucarb (1.4.6) mus KOHeUHBIX HAGOPOB (Pi)i<i<n, B YacT-
HOCTH, Kak Hepasenctso I(p?) < np"~lI(p), merko BLIBeCTH OUCHKY
I(p) < Cplog(1/p) c meroropo#i nocrosimaii C, He 3aBuCsmed OT
p € (0,1). C ygyeroM cuMMeTpUuHOCTH (GyHKIUU | 3aKIIOUAEM, YTO
(1.4.6) Bneuer (1.4.5), u mpu »rom [(0T) =I(17) = 0.
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3amernM, 4To Mepa F CUMMeTPUYHA OTHOCUTEJLHO HYyJs (B CHIy
cummerpuusoct [), u mostoMmy kak ciaexcreue (1.4.6) u (1.3.5)
GyHKIIT
Sn(p) =1 = Ru(1 —p) = R, (p) = Ron(p)

yaoBserBopstor HepaseHcTBY (1.3.6): Sy(pg) > Sh(p)Skh(q) (B Tep-
MuHax ” ayanasHoi” ¢yukmum R = Rp).

Haxonen, BOrEyTOCTEL BCeX Rj, paBHOCHILHA BOTHYTOCTH ()yHKIAL
I (nemma 1.4.5).

Taxum o6pasom, (1.4.6) u BoruyrocTs ¢pyrkuuu [ (B ZOMOJNHEHUE
K MEePBOHAYAJILHOMY YCJIOBUIO CUMMETPUYHOCTU) — BOT T€ YCJIOBUS,
IPU KOTOPLIX MBI MOKEM MOJIYYUTL CeMeHCTBO (yHKIMOHAILHLIX HE-
pasencts (1.4.4). Yrobul paccmarpusBarh Madnie h B jeBoil uactu

9TOr'0 HEpaBEHCTBa, BBeAEM CJleAYyIoliee

Onpenenenne 1.4.1. Ilna ¢ysknuu g Ha M Oygem Ha3bIBATL GyH-
KIINIO

|[Vg(z)] = limsup M, x € M, (1.4.7)
p(z,y)—0F p(x,y)

MomyseM rpaauenta ¢ (mosaras |Vg(zr)| = 0 B M301MPOBAHHLIX TOY-

Kax).

OueBnguo, mis aupdepennupyemoix Gpyurnuid g wa M = R" (c
eBRIMIOBOH MeTpukoii p = po) (1.4.7) ompenenser moxymn (T.e., £2-
HOpMYy) OOLIUHOrO rpamuenta. B obmeM ciyuae yclIOBU€ HEIPEPLIB-
HOCTU rapaHTupyer uamepumocTh |Vg|. B manbuedimem Mor Gynem
NPUMEHATH 9TO OIpPEAeeHNe TOJBKO K (PYHKINAM, NMEIOMNX KOHEU-
HYIO JUNIIMIEBY HOPMY Ha Bcex mapax B M. B R" ato cBoiict-
BO CBOOWTCA K JIOKAJBLHOW JIWIIINUIEBOCTU, W, KAK U3BECTHO, TAKUE

¢yurmMK nouty Beoay muddepernunpyemst (Teopema Panemaxepa).

Teopema 1.4.1. Ilyctn I — BormyTas HempepoIBHAsS (QYHKIWSA Ha
[0,1], monoskurensuas Ha (0,1), cuMMeTpUYHAS OTHOCUTEILHO TOYKU

1/2 u ynosaersopsiomas yciosuio (1.4.6). Cuenymomue ycioBus
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SKBUBAJCHTHLL.
a) nnsa Beex maMepuMmbix MHOEeCTB A C M put(A) > I(u(A));
b) must Bcex maMepuMbx GpyHruuid g : M — [0,1]] u h >0

EUng > Ry(ER_1(9));

¢) mis moboit pyuruuu g : M — [0, 1], umerome#i koHeyHy0 M-

IUIEBy HOPMY Ha Bcex mapax B M,
I(Eg) — EI(g) < E|Vg]. (1.4.8)

Hanpumep, ¢yHERIIOHAILHONW (HOPMON NI M30IEPUMETPUIECKOIO

nepasenctsa put(A) > cu(A)(1 — p(A)) caysxur HepaBeHCTBO
¢ Var(g) < E[Vy|

(3aMeTuM, YTO PTO HEPABEHCTBO — HEOAHODPOLHOE). B 3TOM Cciyuae
I(p) = p(1 — p), u mepasencto (1.4.6), OYEBUIAHO, BLIIOJHSIETCS.
Onro nocrarounoe ycaosue nis (1.4.6) B TepMUHAX ACCOUUMPOBAH-
HOM ¢yHkIMK F' Oyner npuseneno B semme 1.4.4.

®ymrnua [ = [, onTuMaJbHA /IS HEPABEHCTBA B a). B sToM Bask-
HOM CJIy4ae B IPeIIOJIOKEHNN HeIPepPLIBHOCTY (GyHKmmM I, ycioBue
(1.4.6) rarke 1 HCOOXOAUMO IS BBINOJHEHUs HepaBeHcTBa (1.4.8):
€CJIN €ro NPUMEHUTDL K (¢ C JUIIMIANEBLIMUI (YHKIUAMU ¢, aAllpPOKCU-
MUDPYOMUMA UHIUKATOPHBIE GyHKRIUU 14 MHOKECTB A C M Mepnl p

(xax B memme 1.4.1), To MbI mosyunmM HepaBercTBo (1.4.6) mms I,,.

Ioxrasatenncteo TeopeMmbl 1.4.1. C y4eroM yIOMSHYTBIX JIEMM
1.4.2,1.4.3 u 1.4.5, a) Bneuer b). Busenem c) uz b). Ipennonosknm,
uro ¢ < g < 1 — ¢ npu mekoropom ¢ € (0,1/2). Hamomuum, uto
F uMeeT HeNpepbIBHYIO, MOJOKUTEILHYIO Ha BCEH UMCIOBOW Tps-
Moit mpousBommyio f = F', mpuuem I(p) = F'(F~'(p)). Torma mpu
e<p<l—-emlh <1

Ru(p) —p—I(p)h=F(F (p)+h)—p— f(F ' (p)h

h
:/0 [fFEHp) +1) = f(F~H(p)]dt < w(|h]) A,
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rae w = w(s) — MOLYJb HENPEPLIBHOCTU (YHKIUM [ Ha UHTEPBAJE
[ac,be] = [F71(e) = 1, F~Y(1 —¢) +1]:

w(s) = sup{[f(u) = f(V)] : lu—v[ < 50,0 € [ac, be]}-
Tak kak w(|h]) = 0 mpu h — 0, mmeem
Ry(p) =p+I(p)h+cp(h)h, 0<p<l, (1.4.9)

rae ¢p(h) — 0 opu h — 0 paBHOMepHO Ha mHTepBaJse € < p < 1 —¢.

Kaxk crencrsue,
ER_,(g) = Eg— EI(g)h +o(h), h— 0.

CuoBa, tak Kak ¢ < ER_;(g9) < 1 — ¢ upu gocratodyHo Maibix h,

npumvenssa (1.4.9) k p=ER_;(g), nonxyuaem
Bn(ER-n(9)) = (Eg — EI(g)h + o(h)) + I(ER-1(9))h + o(h),

TO €CTh,

Ry(ER_p(g)) — Eg

h = I(Eg) —EI(g) +o(1), h>0 (1.4.10)

ITepefinem Tenepn k jeBoil yactu HepaseHcTBa B b). Ilpemnmoso-
PKUM IOMOJIHUTEILHO, uto ¢(z) — g(y) < ¢p(x,y) musa Bcex z,y € M,
TO €CTh, § UMEeT KOHEUHYIO JIMNIIUIEeBy HOpMy Ha BceM M. Otciona
Ung(z) — g(z) < ch nna sBcex x € M u h > 0. 3ameru™m, 410

. U, — . —g(z
lim sup Ung@) =9(®) _ sup &) —9(@) < |Vg(z)|.
B0+ h y—z p(z,y)
[Tpumvenss b), (1.4.10) u Teopemy JlebGera o makopupyemoit cxoam-
MOCTH, IIOJIyYaeM
. Ung — . Ung —
E|Vg| > Elimsup % > l1msupE%

h—0t h—0+

Ry(ER_j(9)) — Eg ST

> lim sup W

h—0+

(Eg) — El(g).
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Takum o6paszom, (1.4.8) ycraHOBIEHO IpU yCJIOBUAU, UTO 3HAUE-
Hus g ormenenot or 0 u 1, u ||g|/rip < +oo. Ecam ske mepsoe mpen-
NOJIOKCHNEC HAPYIICHO, HO BLIIOJIHEHO BTOPO€, TO MOKHO IPUMEHUTDL
(1.4.8) x dyurmam g. = min{max(g,¢),1—¢}, mua koroprix ||ge| rip <
lgllip < +00. Yerpemnsas e — 0T, momywaem (1.4.8) mus g. Hako-
Hell, B o0meM ciyuae, PUKCUpYs TOUKY zo B M, paccMoTpuM ycede-

uusa suna g.(z) = g(x)T-(z), r >0, x € M, rge

1, ecmu  p(xzg,z) <,
T.(x) =< r+1—p(xg,x), ecm 1 < p(xo,x) <r+1,
0, ecn  p(zro,x) >r+1,

Ouesunro, || Tyl Lip < 1ul|grl|Lip < |g(zo)|+7rCy, roe C, — nmummuuesa

KOHCTaHTa ¢ Ha mape D(zg,r). Kpome Toro,

|Vg(1")|7 €cJn p(l'o,l') <,

wmm:{

0, ecm  p(zg,x) >r+ 1.

Ecmu sxe r < p(zo,x) <r+1, r < p(zo,y) <7+ 1, TO

l9-(y) — gr(2)| < 19(y) — g(x)] + |g(z)|p(x, y),

CcJeg0BaTCIbLHO

|WM»ﬁmw@%%%ﬂgwmwmm

y—x pP\T,
yCTpeMJIHH r — 400 1o MHOKECTBY TaKUX 3HaquHﬁ, AJIsT KOTOPBIX

wlx: p(zo, ) =1} + p{x : p(xo,x) = r+ 1} =0, nonyuaem
E[Vg.| < E[Vg|+ E|g| 1{r<p(mo.a)<r+13 = E|Vg]. (1.4.11)

IMpuvenss (1.4.8) k f, ¢ ygerom (1.4.11) u Toro, 9ro g, CXOAUTCA K
g moroueuHo, noixydaem (1.4.8) mius g.
¢) = a): Kak paHee 0TMedYaloCh, NOCTATOYHO B HEPABEHCTBE )

paccMarpuBarh TOJLKO 3aMmkHyTble A.  Anmpokcumupys B (1.4.8)
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UHAUKATOPHYIO (YHKIUIO 14 JIUNMNUIEBLIME (YHKIUAMHU U3 HUKE-

cileLytomell JJeMMBl, MBI IPUXOAUM K HEPABEHCTBY B ).

Jlemma 1.4.1. Ilns mro60oro 3aMkHYTOTO MHOskecTBa A C M cymec-
TByeT IOCJIENOBATEILHOCTE QYHKIMA g, 1 M — [0,1], ||gn|lrip < o0,

IIOTOYEYHO CXOJAMMUXCSA IPU 1L — OO K lA, TaKUX 4YTO

limsup E[Vg,| < u*(A).

n—oo

IlokaszaTenncTBo. Ilycrs A memycro. Tak kak maa scex 0 < h < I/,

1 !
Ah C A" | ji-mepuMeTp MOMHO OIpemesuTh Kak

FOAY s e BAR) — p(A)
1 (A)-lzn_l}glif - .

C.TIB,HOB&TG.TILHO I HeKOTOpﬁ IIOCJICOJ0BATCIbHOCTU hn — 0+ nMeeM

Ahn) —
H(A })L BA ),

BosbmeMm ¢, € (0,1), Takue yto ¢, — 0, 1 m0I0KUM
. p(Acnhn z)
=minq 1, ————+
9n(2) { S e f°

rae p(B,z) = inf{p(b,z) : b € B}. Tak rax ||p(B,z)|/rip < 1, umeem
m, n IIOBTOMY |Vgn($)‘ S m
r € M. Bamerum, uto mia x ¢ A p(A x) > h,, u no HepasencTBy

Hgn”Lip < IIJIS BCEX

rpeyrompauka p(Atn x) > (1 — ¢p)hy,. s takux z g,(z) = 1
u, caemosareiasHo |Vg,| = 0 ma orrpoiroMm MHOKecTBe M \ Aln.
Amanormuno, g, = 0 wa (oTkpniTom) mMuHOmecTBe ArPn mMOZTOMY

Vg, =0 ma A% u, B wacrmocTu, Ha A. Tarxum oGpaszom,

Evg, | < M)~ (4)

S T e, MW

JlemMma mokasama.
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Jlemma 1.4.2. Ilycto R — MynbTUNINKATUBHLIE MOAoyan. Torma
a) R(1) =1, upu srom R HempepniBHA B TOuke p = 1;

b) ecim R(p) < 1 mus mexoroporo p € (0,1), To R(0T) = 0;

¢) ecu R(p) <1 mnsa seex p € (0,1), to R Boszpacraer uma (0, 1];
d) ectu R — HETPUBUAJLHLIA COBEPIIEHHLIA MOLYJIhL, TO R — BO3-

pacratomas oueknus B (0, 1].

IlokazaTeasCTBO.

a): R(p) < R(p)R(1), cnenoBaremsro R(1) = 1. Ilpu sroM, eciu
et lim, ;- R(p) = @ < 1, To ycrpemusas p,q — 1~ B HepaBeHCTBE
R(pq) < R(p)R(q), MBI 611 momyumnu « < @, 9TO BO3MOKHO TOJBLEO
npu « = 0. CrnenoBarensHo a = 1.

b): Ecam po € (0,1) u R(po) < 1, To R(p§) < R(po)™ — 0.

¢): R(pg) < R(p)R(q) < R(p) nna seex g € (0,1).

d): Bospmem py € (0,1), Takoe uro R(py) < 1. Cormacuo b),
R(0") = 0, caenosatemsro S(17) = 1. 3Bagurcupyem p € (0,1).
ITycTs p; U q; CTPEMATCA COOTBETCTBEHHO K p U 1 Tak, 4TOOLI p; > p
u p1q1 < p. Torma us mepasencrsa S(p1q1) > S(p1)S(q1) nonyuaem,
uro S(p~) > S(pT). Tax xax S me ybumaet, S(p~) = S(p"), To ecTn,
S menpepsiBHa B Touke p. Crnemosarennro R Henpepnsaa Ha (0,1).

YUrobul mOKa3aTh HOCHeNHee yTBepsKIeHue B d), 3aMeTuM, UTO
S(go) > 0 nna qo = 1 — pg. Tostomy S(qf) > S(go)" > 0. Tax
kak S He Bospactaer, S(¢) > 0 mus Bcex ¢ € (0,1), Tak uro R(p) < 1

s p € (0,1). Ocraercs BOCHIONL30BATLCA C).

Jlemma 1.4.3. Ilycrn F — QyHKIUA pacIpenesiCHUsI ¢ HEIIPEPLIBHOM
nonoxEuTeNLHON WoTHOCTLIO f HA R, F~1:(0,1) = R — obpaTHas
F. Tlycte Ru(p) = F(F~Y(p)+h), p € (0,1] (Ry(1) = 1). Caenyromue
YCJIOBUSA SKBUBAJIEHTHLL:

a) mist Beex h > 0 R — MyJIbTUNIMKATUBHLIA MOLYIb: IS JIEOOLIX
p,q € (0,1)

Ru(pq) < Rp(p)Rn(q); (1.4.12)
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b) ma mobwix p,q € (0,1),

fFEpe) _ f(F () n fF @)

1.4.13
pq p q ( )

Caencreue 1.4.1. Ilycts F' — (yHKOMS pacupemeseHus C HEImpe-
PBIBHOI mososkuUTENLHON moTHOCTRHIO f Ha R, mpuuewm, mepa F' cum-
MeTpruHa (OTHOCUTEILHO cBoell memmanni). Il Bcex h > 0 Ry
OyIeT COBEPUICHHBLIM MOMIYJEM TOTHA U TOJLKO TOTMA, KOTJA BLITOJI-

neno ycuosue (1.4.13).

Iokaszateabctso gemmel 1.4.3. Ionaras B (1.4.12) h — 0T, npu-
xomuM k (1.4.13). OGparHO: Kak u B HOKa3aTenncTBe Teopemsr 1.1.1,
BOCIIOJIL3YEMCA TEM BAsKHBIM CBOMCTBOM, uTO cemeiictBo Ry, h € R,
obpa3yeT oJQHOIapaMeTPUYECKYI0 TPYIIy BO3pAaCTAOMMUX OUCKIUiA B
(0,1): nma mobuix h u b’ Ry — cynepnosumus Ry, n Ry (nmpuduem
R_j, — obparnas k Rj). Ilosromy, ecnmu (1.4.13) Bepro nns h u
I/, To ®TO HepaBEHCTBO BEpHO U maa h -+ h/, Tak YTO TOJLKO Ma-
aple 3Hadenus h cymecrBensnl B (1.4.12), a 1y1s1 HUX OHO CBOIUTCS
K (1.4.13). Uro6LI crenath 9TO PACCYKACHUE CTPOTUM, IOIIYyCTUM
cHauasa, uro HepaseHcTso B (1.4.12) — crporoe s Beex p, g € (0, 1).

Sapurcupyem p,q € (0,1) u monoskum
J(p.q) = {h>0:(1.4.13) Bepro nua Bcex h' € (0,h] }.

Hyskuo mokasarsn, uro J(p,q) = (0,+00) nus Beex p,q € (0,1). Oue-
Bumao h € J(p,q) nupm mocrarouno mannix h > 0 u, Tak rak Ry
HENpPEPLIBHO 3aBUCUT OT A, JHOCTATOYHO MOKA3aThL, UTO KaK TOJLKO
h € J(p,q), h+¢e € J(p,q) mna BCcex mocraroyno Maunix £ > 0.
IIycts h € J(p,q), u monoswum p' = Rp(p), ¢ = Rn(q). B wacr-
nocru, Ry(pg) < p'q’. B cayuae Ri(pg) < p'¢’ morasviBaTn medero,
TaK UTO MOYKHO NPEIIONORATE, uTo Ry (pq) = p'q’. Tonowmm I(t) =

F(F7Y®#) mpm 0 < t < 1. Torma mna seex t € (0,1) mpu &€ — 0
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R.(t) =t + I(t)e + o(¢). B uacrtHOCTH,

Riic(p) = Re(Ri(p)) = p" + I(p')e + o(e),
Riic(q) = R-(Ru(q)) = ¢’ + I(q')e + o(e),

Riye(pg) = Re(Ru(pq)) = p'q' + 1(p'q')e + o(e). (1.4.14)

IlepBLie nBa pasznoskeHUs KaloT

Riye(p)Rnye(q) =1'q + (0'1(¢") + ¢'I(p'))e + o(e). (1.4.15)

ITo npemnonoskenmio I(p'q") < p'I(¢') + ¢'1(p') n, cpasrusasn (1.4.14)
¢ (1.4.15), 3armogaeM, 910 Rpye(pq) < Rpte(p)Rhte(q), u, cuenosa-
TennHo h+¢ € J(p,q) mus Bcex NOCTATOYHO MaJbix € > 0.

B ofmem cayuae, korga B (1.4.13) BO3MOKHO PaBeHCTBO, pac-
cmorpum ¢pyuruuu suga Fr(x) = F(T(z)), ree T : R = R — Bomyk-
jgas QYHKOUSA C HENPEPLIBHOW Bo3pacraromeil npoussomuoir 17 > 0
ma R, T(-o0) = —oco, T(+00) = +o0o. O6ozmaunm uepes T u
F;l obparunie k¥ T u Fp, coorBercrBenno. Ilposepum, uro Frp
VIOBJIETBOTSAET MPEIIONOKCHAAM, CHCJTAHHLIM HA [EPBOM IMIare.
Nneem: fr(z) = Fip(x) = f(T(x))T'(x), Fr'(p) = TY(F~\(p)), cre-

IOBATEJILHO

Ir(p) = fr(Fr'(p) = FF ()T (T (F(p) = I(p)alp),

rae a(p) = T'(T~YF~(p))). ®ymrmma a sBospacraer ma (0,1), mo-
sromy mis Beex p,g € (0,1), a(pg) < min{a(p),a(q)}. Wcnonnsys
(1.4.13) nna ¢pyurnuum I, nmeem:

It (pq) I(pq) I(p) I(q)

T WQ(PQ) < TG(PQ) + TQ(PQ)
I(p) I(q) _ Ir(p) Ir(q)
< L o)+ L g = 22 20,

T0 ectb I ynosaersopser (1.4.13) co crporum Hepaserncreom. Cire-
J[OBATEJILHO, CODJIACHO IIepBOMY wiary, mis aobbix p,qg € (0,1) u
h>0

Fr(Fy (pg) +h) < Fr(Fp'(p) + W Fr(Fp' (@) +h). (1.4.16)
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[Toxbupas nocaenoBareasHocTs 1" = T, Tak, urobul T, (r) — x npn
n — oo moroueuro, nomyunm Fr, (x) — F(z) u Fp'(p) — F~(p)
mist Bcex © € R up € (0,1), u cnenosarensuo B upenese (1.4.16)

npesparurcs B (1.4.12). Jlemma 1.4.3 nokasana.

Jlemma 1.4.4. Ilpemmomoskmm, urto ¢yHKuuMs pacnpeneienus F
MMEET HENIPEPLIBHYIO MOJIOKUATEILEYIO INIOTHOCTL f Ha R, Takyio uro

¢yurnus log(f/F) soruyra. Torma mus scex p,q € (0,1),

SE(p) < fFE(p) I fE9)

Ppq p q

HoxraszarennctBo. I[Tokaskem, uro (1.4.12) BuImosHseTCA IpU BCEX

h > 0. Pynrua
¢n(z) = —log(Rp(exp(—z)) = — log(F(F~" (exp(~x)) + h))

[OJIO’KUTENLHA, HenpepoiBHa U Bo3pactaeT Ha (0,400), 1 npu 3TOoM

©r(0T) = 0. B Tepmunax ¢y, cpoiicrso (1.4.12) zamumercs kak

@h(x+y) > 4,0;,,(93)4-4,0;,,(2/), x,y >0,
HO3TOMY HOCTATOYHO HPOBEPUTL, UTO ¢y Bhimykiaa Ha (0, +00). Oue-
BUIHO, ¢ DudPepeHnupyeMa, IpuaeM

gy = B o S e ) e
P = B ¢ T T ) FE R

He yo6omaer Ha (0,+00) TOrga u TONLKO TOrAA, KOTAA (yHKIUS

f(F~1(p)+h) p
F(F=Y(p))  F(F~-1(p)+h)

ue Bospacraer Ha (0,1), To ectn (menas 3ameny p = F(z)), rorma

OyHROUA
flx+h)/F(x+h)
f(z)/F(z)

He Bo3pacTaer Ha R. DTO BepHO, Tak Kak NPUPAIMCHUAA (yHKIUN

log(f/F) na unrepBanax [z, + h| He BO3pacTaror.
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Haxonen, npuBenemM HECKOJILKO SKBUBAJICHTHLIX OIpEnesIeHuil jg0-
rapuMmUUIecKofl BOTHYTOCTU IJI Mep Ha BEHOIECTBEHHOR IPAMON.
IIyctn 1 — meaToMuueckas BeposaTHOCTHasA Mepa Ha R ¢ ¢ynkumei

pacupenenernus F(x) = p((—o0,2]), € R. Tonomum
a=inf{zeR:F(z) >0}, b=sup{zeR:F(z)<1}.

Bynem npeanosarars, yro F (ctporo) Bospacraer Ha (a,b). OGos-

maumM uepes F~1: (a,b) — (0,1) obparnyio x F yHEmMIO.

Jlemma 1.4.5. Caemyrouue ycJIOBUS 9KBUBAJECHTHDIL:

a) Mepa [ JorapuGMUUIECKA BOTHYTA;
b) ¢pynrmum Ry, (p) = F(F~Y(p) + h) sormyTnt ma (0,1) mpu h > 0;
€) {4 MMEeT HENPEPLIBHYIO HOJIOKUTENLHYIO IIOTHOCTL [ Ha (a,b),

npuaem ¢ymrmus [(p) = f(F~1(p)) sormyTa ma (0,1).

IokazarenncrBo. Bynem mpeanonaraTs, 4ro a = —o0, b= 400 (B
obIeM ciyuae HOKA3aTeNLCTBO NMPAKTUYECKU HE U3MEHUTCH).

a) = b): 1O YCIOBUIO [t MMEEeT HENPEPLIBHYIO NOJOMKUTEILHYIO
IOTHOCTL f, Takyro uro ¢yHrmus log f Boruyra ma R. Cuenosa-
TeJNLHO I kaskmoro h > 0 mpupamenue log f(z + h) — log f(z) =
log(f(x + h)/f(x)) npencrasuser coGoii HEBO3PACTAIOMYIO ()yHKIIIO
ma R, u smaunt npoussommaa R} (p) = f(F~1(p)+h)/f(F~1(p)) ompe-
JeJIeHa W He BO3PACTAET. DTO BJIEUYEeT BOTHYTOCTL R .

a) = ¢): ¢ysruus f abCONIOTHO HENPEPLIBHA, IPUYEM CYIIeCTBY-
er npoussonnas Panona-Huromuma f' rakas, uro f'/f — mesospac-
Tatomasd npoussonHas Panona-Huromuma ¢yaknnu log f. Tar rak F

— HEIPEePLIBHO auddepeHnupyemMasd, (GyHKIUA

’ o f(F~1(p))
') = FF=)

npencrasiser coboit npousBoanyio Panona-Hukomuma dyuknum I vHa

(0,1). Ouesnmno, I’ me Bo3pactaer, mosTomy I BOrHyTA.
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¢) = a): IO yCJIOBUIO, CYyIECTBYET HEBO3PACTAIOMIAS IPOU3BOIHAS
Panona-Hurkomuma I’. Tak xak F HenmpepoBHO aupepeHnupyema,
¢yurmus I'(F(z))f(z) npencrasnser coboit mpomssomuyto Pamona-
Huromnma ¢ysrmuu [(F(z)). Ho I(F(z)) = f(x) anns Bcex x €
R, ciremoBaTennHO f abCONIOTHO HempepniBHA U, Gojee toro, [/ =
I'(F(z))f(xz) — npoussomuas Panona-Hurkomuma ¢pyuknuu f(z). Ios-
romy, I'(F) = f'/f — upoussonuas Panona-Huronuma ¢pyukmuum log f.
Taxk rax I'(F) me Bospacraer, log f Borayra na R.

b) = a): 3aMeTUM, UTO NOKA3LIBATL HEYEro IpU yciaoBuu, 4yro F
UMEeT IMOJIOKATENLHYIO HENPEPLIBHYIO IIOTHOCTL f. IleficTBuTenn-
Ho, B »aToM cayvae I(p) = limy ,o+(Rp(p) — p)/h Bormyra kak mo-
TOYEUHLIA Mpeses BOTHYTLIX (YHKIUA, U MLI HOJyYaeM ) U 3HAYUT
a). DTOro yiKe MOCTATOYHO s Hy: 1 TeopeMbl 1.4.1. Tem ue menee,
VHTEPECHO, YTO TPU YCIOBUU b) HUKAKOW CUHTYJAPHON KOMIIOHEHTLI
y 4 OLITL HE MOYKET, U HUZKE MBI IPUBOUM COOTBETCTBYIOIIEE TOKA3a-
TEJILCTBO.

Urak, nus Bcex h > 0 Rj BOTHyTa, CIENOBATEILHO CYMIECTBYET
HeBo3pacratomas npoussonuas Panona-Hurkonnva Ly ¢ymknum Ry,
nprdeM OHA MOXKeT OLITL BLIOpaHa HEIPEPLIBHOW cmpasa. Kpowme
toro, Lp(p) > 0 mus Bcex p € (0,1) (Tak Kak B HONOJIHEHWE K BO-
rayroctu, Rj, Bospacraer u Rp(p) — 1 nmpu p — 17). Tar kaxk

Ry, (F(z)) = F(x + h), MOMKHO 3aIMCATL TOXIECTBO

F(y)
Fly+h)— F(z+h) = / Lu(t) dt,
F(z)

cupaBemuBoe s Bcex =,y € R u h > 0. Ycerpemussa y — x, momuy-

Fy+h)=F(z+h) = Ly(F(2))(F(y) = F(2)) +o(F(y) - F(z)), y — 2™,

Fly+h)=F(z+h) = Lp(F(x)")(F(y) = F(z))+o(F(y) - F(z)), y =«
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B wactrHOCTH, ecnu F' nudpepernmpyemMa B TOUKE T, TO CYIIECTBYIOT

IpeneJInl

fr(x+h)= lim Fly+h - Flzth)
" T oy—at y—x

= Li(F(z))F' (),

Filz 4 h) = ylir;l, Fly + h; - :(x +h) _ Lu(F(2)")F'(2).
Tar kax h > 0 mpousBoabHO U 1m0 Teopeme JleGera F' mudppepennn-
pyema mouTu BO Bcex r € R, 3Hauenue x+h MOxkeT OLITDL TPOU3BOIIL-
HBIM, Tak 4To GyHRmum f.(x) u fi(z) onpenenenvt mus Becex ¢ € R n
NPEeACTABIAIOT COOOW COOTBETCTBEHHO NMPABYIO U JIEBYIO IPOU3BOI-
Hyio I’ Ha Bce#l unucimoBoil mpsamoii. Kpowme Toro, stu ¢pyHKIUM yI0B-

JIETBOPAKT paBEHCTBaM

fr(z +h) = Ly(F(x)) fr (2), (1.4.17)
fl(CC + h) = L;,,(F(x)_)fl(x) (1.4.18)

mist Becex ¢ € R u h > 0. Ucnonwsysa (1.4.18), 3ameruM, 4dro ecin
fi(zo) = 0 B HEKOTODPO# TOUKE X0, TO fi = 0 BCromy Ha [zg,+00). Ho
fr = fi = F’' nouru BCromy, cienoBarennbHO Mbl 6ol umenu f.(z1) =
0 B HekoTOpoOll TOUKe X1 > xo, m coraacHo (1.4.17), Torma f, =
0 Bcromy ma [r1,+00). B pesymbrare, Mpl OLI MOJyYMsId, Y4TO HA
uHTEpBate [r1,+00) F' cymecrsyer Bciony, npudem ' =0, To ecTn,
F mocrosHHA HA ®TOM WHTEPBAJE. DTO, KOHEYHO, TPOTUBOPEUUT
IPEANONOKCHAIO O Bo3pacTamum F.

Takum obpaszoM, fi(z) > 0 aus Bcex x € R. Ilo Tem ke npuunHam
mias Beex ¢ € R f.(x) > 0. Temepn MblI MO:KeM BBECTU (yHKIAU

gr = log fr m g = log f; u 3ammcarn (1.4.17)—(1.4.18) raxk
gr(x +h) — gr(x) = Lu(F(2)), gi(z+h) —gi(z) = Lp(F(z)").

Kak crencrBue, mpupalnenus ¢, u ¢; IpeACTABIAIOT cOOOT HEBO3pac-

Tamure QyHKINN, IOTOMY ¢r U ¢ OYAyT 00sS3aTEILHO BOTHYTLIMMU,
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ecin NOKa3aTh, YTO OHU HenpepnIBHLL. g Bcex © <y m Bcex h >0

MBI M€eeM

gr(y+h) _gr(x+h) < gr(y) _gr(x)~ (1‘4'19)
Anpuopu, ¢, W g, NOKHBI OLITL HENPEPLIBHLIMU BO BCEX TOUKAX
HekoTOpOro MHOxkecTBa S C R BrOpoil rareropum. IledicTBuresn-
HO, QYHKUUA f, SBISETCA MOTOYEUHLIM IPEIEIOM

fo(@) = 1m0 (P(e+ ) = F(x))

n—oo

MOCJIEeIOBATEILHOCTY HEMPEPLIBHEIX (DYHKNUM, U TO K€ caMoe OTHO-
curest ¥ Gpysrnuu g,.. CienoBaTennHO ¢, NPUHAMIIEKUT K HEPBOMY
rkiaaccy Dspa, m mo teopeme DBspa (cm. mamp. [20, §31]), Bce
TOUKM PAa3pLIBHOCTHU ¢, OOPa3yloT MHOKECTBO HEPBOl KaTeropuu.
Ilasee, paccyskaasi OT TPOTUBHOTO, NPEMIOJIOKUM, UYTO ¢, HUMEET
TOYKY pa3pbLlBa Zo, TO €CTh, BLIIOJHEHO HO-KpaliHeidé Mepe omHO U3

CIeqyIOOUX YETBIPEX YCIIOBUM:

Dliminf g.(y) < gr(zo);  2)limsupg,(y) > gr(wo);
Y=g y—axd

3) liminf g, (y) < gr(20); 4) limsup g, (y) > gr(70)-
Yy—rzgy y—xy

B mepsom cayuae, ycrpemisis B (1.4.19) y — xg cupasa, Mbl HOJIY-

yuM 1y Bcex h > 0

liminf g, (y + h) < g (2o + )

y—ad
U Tak Kak & + h MokeT ObITh n00BIM uncioM B (g, +00), 210 Oyzner
MPOTUBOPEYUTL HEMPEPLIBHOCTU ¢ BO BCex Toukax S. Bo Bropom
cayyae, 6epsa x = xg —h u ycrpemuss B (1.4.19) y — x¢ — h cupasa,

MBI TOJIyYnM 1 Bcex h > 0

limsup g¢.(y) < gr(zo — h),
y—(zo—h)*
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TO €CTb, ¢, OymeT pas3pLIBHOM cupaBa BO BCeX TOYKax (—o0,Tg), 4TO
CHOBA MPOTUBOPEUUT HEIPEPLIBHOCTU ¢, BO Bcex Toukax S. I[lome-
HsleM Tenepn MectaMu poub z u Yy B (1.4.19): mus Bcex y < x u Bcex

h > 0 MLl UMeem

9r(y+h) = go(x+h) > g:(y) — g, (). (1.4.20)

IMpumvenss (1.4.20) & caydasm 3) u 4), TOYHO TakKe HOILYUUM pas-
PLIBLI CJIeBa BO BCEX TOYKAX mouayocelt (—oo,xp) u (xg,+00), cooT-
BETCTBEHHO.

Takum obGpaszoM, QyHKIUA ¢, 1 (IO TEM Ke TPUYMHAM) ¢ HEIpPe-
DPBIBHBI Ha Bce#l umciaoBoir mpsmoii. CremoBaTelbHO 3T (DyHKIUN
BOTHYTBHI. Tak KaK OHU HEIPEepPLIBHLI 1 f, = f; mMOYTH BCIOLY, 3a-
kimovaeM, uro fr(r) = fi(x) = F'(x) nna scex x € R. Ilostomy
npoussomnas f = F' npencrasiser coGOH MONOKUTENLHYIO ILIOT-
HOCTb (1, TaKyIO 4TO (pyHEKHuA log f BormyTa.

Tenepb JOKa3aTeJIbLCTBO IIOJIHOE.
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§1.5. PyHRUMOHAILHAS (OPMA U30HEPUMETPUUECKOTO

HEPABEHCTBA MJIA T'ayCCOBCKON MepLI

HamomuwmMm, uTo crammapTHYIO rayccoBckyro Mepy B R™ Mbr 0603-

HAUMIN Yepes3 Y,. Kak oOnruHo,
o) = e 8@ = [ p0dn e (oo, +oc),

0003HAUAIOT COOTBETCTBEHHO IUIOTHOCTL M (YHKIUIO DAacIpeneie-
mua y1. yers @71 [—o0, +oo] — [0,1] — obpaTnas x ®.
N3onepumerpuueckas TeopeMa AIA MEDLL Y, YTBEPKIAET, UTO

IUIST BCeX M3MepuMbIX MHOkecTB A C R™ u h > 0
T (A") = D(@7 (74(A)) + h) (1.5.1)

(h-OKpPeCTHOCTL MOHMMAETCS B CMBICIIE €BRKINIOBOW METPUKM). DK-

BUBAJIEHTHO,

T (A) = o(@7 (7(4))). (1.5.2)

C yuerom Toro, uro Ha noaynpocrpancrsax (1.5.1)-(1.5.2) npespa-
MAIOTCA B PABEHCTBA, [JIA U3OMEPUMETPUUECKUAX (YHKIUA MEPBI 7y,

MBI UME€EM BbIDaKCHUA

Rhq,(p) =@ '(p) +h), I, (p) = 0(® " (p)),

0<p<1, h>0. [lockoabKky 5T PYHKIUN HE 3aBUCAT OT pa3Mep-
HOCTH, OyaeM 00o3HaYaTL UX IPocTo Ry, u I,. IIpumenum Teopemy
1.4.1:

Teopewma 1.5.1. Ilna no60ii JTOKAILHO JUNNINAIEBON YyHKIUM ¢ HA

R"™ co smauenusamu B [0, 1]

1,(Eg) — EL,(g) < E|Vg], (1.5.3)
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rle MaTeMATUYECKUE ORUAAHUSA HOMUMAIOTCS B CMLICJIE MEPLI Y.
Kpowme Toro, (1.5.3) Biewer (1.5.1) u (1.5.2).

IokazarenbcrBo.  HysKHO JIMINbL IPOBEPUTH, UTO BBIIOJIHAETCS
cBofictBo (1.4.6). Tak kKak ¢ cuUMMeTPUYHA OTHOCUTENLHO 0, TO
cornacuHo yemMe 1.4.4, mOCTATOYHO MPOBEPUTL, UTO (PYHKIUSA U =
log(p/®) Borayra. Umeem: u'(z) = —z — ¢(x)/P(z), n

2p(@)®(@) + 9@ _

u”(l’) =—-1+ B(2)? <

TOra U TOMLEO Toraa, kKorma v(x) = ®(x)? — zp(x)®(x) — ¢(x)? > 0.

3amerum, uro misi Bcex T € R

V(@) = o) [(1 + ) (x) + ap(a)] >0, (15.4)
TaK Kak Ui OTpULATeNbHLIX © = —t, ¢t > 0, (1.5.4) — 310 XOpOWO
usBecTHOE HepasencTso 1 — ®(t) > (t/(1 +12)) p(t). CaemosaTennHo

v He yObIBaeT, U OCTAaeTCs 3aMeTUTh, 4To v(—o0) = 0.

SameuvaHus.
1) Bumecro (1.4.6) MOKHO cpasy HOpOBepsITL, OPUYEM Ha OCHOBE
(1.5.1) mna pasmepHOCTH M = 2, 94TO R}, ABIAETCA MYJIbTUIIMKA-

TUBHBIM MOOYJIEM: €CJIU B3ATbH

Ai(p) ={z € R%:2, < <I>_1(p)},
As(q) ={z e R? 129 <7 Y(g)},
A(p,q) = Ai(p) N Az(q),

to, mpmmenss (1.5.1) ¢ ygerom Toro, uro A(p, )" C Ay(p)" N Ax(g)"
u 72(A(p, q)) = pg, Mt momy MM

R (p) Ry (0) = 72(A1(p)")v2(A2(0)")
= 12(A1(p)" N Az(q)")

(
(»)"
> 72(A(p,q)") = Rn~(pa).
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2) Ipun=1 (1.5.1) u (1.5.2) — gacTHLle cay4an TeopeMor 1.2.2,
¥ MBI IOJy4aeM OnHOMepPHLIA BapuasT (1.5.3), NCHOoIL3y sl INIEL CUM-
METPUYHOCTEL U CybanmTuBHOCTL ¢yukimmn [,. C mapyro#t cropoHt,
mo teopeme Ipxapna [126], ecau g* 3aBUCUT TONLKO OT IE€PEMEH-
HOW X1, He yOLIBAET MO X1 U MMEeT TAKOe Ke DPACIPEeNesIeHre, UTO
n ¢pyurmusa g, o E|Vg*| < E|Vg|. Takum 06pasoM MOMKHO OLLIO Obl
cgectu (1.5.3) ¥ pasmepHoctu n = 1 wim, MHAYE TOBODS, TeopeMa
Dpxapma BIeYET M30MEPUMETPUYECKOE CBOWCTBO MOJYIPOCTPAHCTB
(1 06paTno). OTMeTUM, 4TO TeOpemMa Dpxapaa MPeICTaBIAET COOOH
rayCCOBCKUW aHAJIOT M3BECTHOIO YTBED:KACHUsA miisa Mepol JleGera
(cm. Bpasepc u Imvep [95]).

3) He ussectHo, MOxkHO a1 ycuauth (1.5.1), ecin orpasuduTses
aBCOIIOTHO-BLITYKIALIMU MHOskecTBaMu (cMm. [21], [176]). Uuarepec-
HOWl M B TO Ke BpEeMsl TPYIHOW sBJsIETCS W 3a1ava 00 obpamenun
(1.5.1) B rnacce Boimykabix MHOskecTB A. Hanpuwmep, serko mousy-
wute onenky ;5 (A) < en'/? ([68]). DTo HEpaBEeHCTBO GLITO yCUITEHO
Bosowm [63]: ;7 (A) < 4n'/%. Bompoc 06 onenusanuu csepxy Besu-

YUMHbI ’YI(A) CBsA3aH C HEKOTOPBLIMU BEPOATHOCTHLIMU 3a0aYaMU.
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§1.6. Omguoponsbie HepaBencTBa Tuna CoboseBa

Ilyctn (M, p) — MeTpudeckoe NpOCTPAHCTBO, cHab:keHHOE (Bope-
JIEBCKOM) BEPOATHOCTHOW Mepoii p. 31ech MbI OCTAHOBUMCS HA APY-
rUxX OpUMepax IPEICTABJICHUs W30MEePUMETPUUCCKUX HEPABEHCTB B
¢popMe anamnTmueckux HepapeHcTB Tuna CoboseBa. Vimenno, Hac

6y,ﬂyT NHTEepeCOBaTL HEPAaBEHCTBa BU A
L(g) < E|Vy], (1.6.1)

rae L — HEKOTOpPLIA OMHOPOAHLI (YHKIMOHAJ, U ¢ — IPOU3BOJLHASN
nunmuneBa (GpyHimua Ha M, Bxomamas B obsacTnh ompenesneHus L.
B orummume ot meomHoponubix ¢pyurumonanos L(g) = I(Eg) — EI(g),
PACCMOTPEHHLIX paHee, 3/eCh MLl He OyaeM MMeThL OTPDAHWYEHI Tuna
0<g<1. C apyro#i cTOpOHLI, UCCIEeqYsI HEKOTOPLIE YACTHLIE BapU-
anTol (1.6.1), MBI paccYuTLIBaeM DPACIIMPUTL KJIACC MEpP [, Haims
ycaosus, npu koTopoix (1.6.1) BoimosHsercsi, mpudeM Ha WHIUKA-
TOPHBIX (QYHKIUAX IPeBpamaeTcs B (TOYHOE) U30IePUMETPUUECKOE
HEPaBeHCTBO (TO eCcTh, HeceT B cebe nHpopMannio 06 KCTpeMaIbHBIX
MHOKECTBaX B JU(hepeHnnaILHOR N30IepuMeTpUYIecKoil 3anade 1iis
MEPBI f1).

[Tupokuit kaace Gpyrrumonanos L B (1.6.1) 6ot pacemorpen Pot-
xaysoM [206]. VImenno, nycts G — Hemycroe cemelicrBo nap (ug,us)

cyMMUpyeMbIX 1o Mepe p ¢yurmuit va M. Ilonoskum

L(g) = sup E(gTu + g ua), (1.6.2)
(ul,uz)GG
rre gt = max(g,0), g~ = max(—g,0). 3nauenne L(g), KoHEUHOE MIK

HET, KOPPEKTHO OIIPEIeJIeHO IJIA BCEX ¢, TAKUX UTO ¢ u; U ¢ Uy fU-
CYMMUPYEMBI, KaK TONLKO (U1, us) € G. B wactHocTn, eciam u; = —ug,
TO (1.6.2) IpeBpammaeTcsa B (yHKIMOHAJ BUAA

L(g) = sup Egu, (1.6.3)
ueG
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rge cympemyMm Oepercs IO HEKOTopoMy ((popMaibHO IPYroMmy) ce-
MeiicTBy G {i-CyMMUPYEMBIX (QYHKIUHA 1. Y:Ke 9TOT YaCTHBITA ciydait
BRKJIIOYAET B cebs MHOTME BaskHbIe (yHKnuoHasnl. Hampumep, B Ka-

yecTBe L MOKHO paccMaTpuBaTh LY-HOpMY
1
L(g) = lglla = (Elgl) ", 1 <a < +oc,

Bosnee o6mo, ecau (B,| - ||) — 6aHAXOBO TPOCTPAHCTBO M3MEPUMDBIX
¢yurmmii Ha M (¢ OOLIYHLIM OTOIECTBIEHNEeM ()yHKIUHA, COBIANAIO-

MUX HA MHOKECTBE [i-MepLl 1) co cBodcTBaMu

(@) (IfI<lgl mr. mgeB) = (feBulfl<lgl);
(u) s JI000# HeBO3pacTalolnell MOCIeI0BaTeNIbHOCTH (Y HKIVA

{gn} C B, cxopamelica n.u. ¥ pyuruuu g € B, |g.| — |lgll,

to HOpMa L(g) = |g|| mpencrasuma B Bume (1.6.3) (cmodcrBo (4)
omnpezenser B kak naeaibHOe GAHAXOBO HPOCTPAHCTBO (IO Apyroi
TEPMUHOJIOTAU — K-TIPOCTPAHCTBO), U B TOM CJydae CBOWCTBO IIO-
JYHEIIPEPLIBHOCTU HOPMLL (44) ABJIACTCS TAKKe N HEOOXOIMMBIM IS
npeacrasumocTy HOpMeL B Buge (1.6.3), cm. [16]).

Koneuno, ¢pyurnuonan L(g) = ||g|| zeanss paccmarpusats B(1.1.6)
IUISL BCEX ¢ U ClexyeT (YHKIUM ¢ KAKUM-I100 06pa3oM LEeHTPUPO-
BaThL, HAIpUMep, mpeanonaras, uro Eg = 0. 9DTo SKBUBAJIEHTHO
(1.1.6) ¢ ¢pyurmmonanom L(g) = ||g— Eg||, koTopuii Takke, Kak 1 MO-
[yJIb TPAJNEHTA, MHBAPUAHTEH OTHOCUTEILHO CABUTOB g — ¢+ const.
OueBunno, uro ecan HOpMa B B npencrasuma B Buze (1.6.3), To B
»rTOM BHAC npencrasuMm u (pyrrnuonan L(g) = ||g — Eg]|.

BazkabIM IpuMepoM cay:xuT npocrpascTBo Opianua B = Ly (M, 1)

BCeX M3MePUMLIX (yHKuuii g na M ¢ KOHeYHON HOpMOH
lglle = inf{)\ >0:E¥(g/N\) < 1},

roe U: R — [0,400) — (mpousBoJsbHAs) YeTHAs BLILyKIasd (yHKIUI,
rakas uro ¥(0) = 0, ¥(z) > 0 upu « > 0. Tarue ¢yHKmUM MLI Oy-

neMm HaspBaTh pyHKmusamu FOHra (HaszniBaeMble MHOT A B JINTEPAType



94

rarxe pysrmmsaMu Opanua). Hopma B 9TOM naeasbHOM GaHAXOBOM

npocrpascTBe npencrasuMa B Buze (1.6.2), m Mbl GymeM cooTBeT-

crBeHHo paccMmarpusarh B (1.6.1) ¢pyrrmmonan L(g) = |lg — Eg|w.
IIpumepom ¢yHEIMOHAJA, npencTtaBumoro B Buxe (1.6.2), HO He

npencrasuMoro B Buge (1.6.3) MOKeT CILyKUTL T.H. SHTPONUS
L(g) = Elg|log|g| — Elg|log E[g| = sup E|g|u.
Eeu<1

Vmenno sroTt npumep npusBomut Porxays, BBoaa Oojiee mmporuit mo
cpasrenuio ¢ (1.6.3) kmacc GpyHKIMOHAIOB.

HNmeer mecTo:

Teopema 1.6.1. Ilycrs L oupenesnen ¢ nomomsio (1.6.2). Creny-
IOIME yCIOBUS SKBUBAJCHTHDL:

a) Ul BCeX M3MEPUMBIX moaMHO:xkecTB A C M
pr(A) > max(L(1a), L(~14)); (16.4)

b) must Bcex (yHEmuA g Ha M, MMEIOMMUX KOHEYHYIO JIUIMIAIECBY

HOPMY Ha Ka:KAOM mmape B M 1 BXOIAMUX B 00JACTL onpeneneHus L,
L(g) < E|Vgl. (1.6.5)

Ilnst puMaHOBBEIX MHOroO6pasuii M (¢ kaHOHWYECKOW pPUMaHOBOM
MeTpUKO# 1 Mepoli JleGera) sra Teopema, npuueM Ge3 IPeIIoIoKe-
HUSI O KOHEYHOCTU MepLI 4 (4TO, KOHEUHO, HE CYIIECTBEHHO B TEOpe-
Me) Gouta mokasana Porxaysom [206]. B wactHOCTH, OHA 0GOOmAaeT
yTBep:kAeHue, nokazanHoe Penepepom u Puaemuarom [128] u Masns
[24] 06 sKBHBANECHTHOCTU Kiaccuueckoro Hepasencrsa CoGoisesa u
KJIACCUYECKOIO M30IMEPUMETPUYECKOI0 HEPABEHCTBA B EBKJIUIOBOM
npocrpascTBe. OCHOBHBIM apryMEHTOM B TAKOM yTBED:KICHUU CIIY-
wuT Gopmyna Kporpona—Penepepa mist narerpanga oT MOILYJIs Ipa-
muenta (T.H. coarea-popmysa, cM. Hamp. [12], [18], [25], [43])

o0
E|Vy| :/ pH{g > t}t,

—0o0
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YaCcTO WCHOJb3yeMas MPU AOKA3aTeNILCTBE PA3IUYHLIX HEPABEHCTB
CoGoneBa, BrIOUaOmuUx LY-HOpMY rpaiueHTa (3aMeTuM, OIHAKO,
YTO MOKA3aTEILCTBO TeopeMbl 1.3.1 OLIIO0 OCHOBAHO Ha APYTUX WUIE-
sx). B mefictBurensnoctu B popmyie Kporpona-Penepepa ncnoun-
3yeTcs JUL HepaBeHCTBO (cM. gemMmy 2.6.1), a oHO, KAK OKA3LIBAET-
Csl, COPABEIINBO HE TOJLKO MJISI PUMAHOBLIX MHOrOOOpasuii, HO u
JIJIs1 IPOM3BOJILHLIX METPUYECKUX IPOCTPAHCTB. YTOOLI MCCIen0BAThL
MHTEPECYIONe HAC BOIPOCLI B MAKCUMAJILHOW OOIHOCTU, MLI TOKa-
xeM TeopeMy 1.6.1 B TakoM abCTPaKTHOM BUIE.

IIpuBeneM HECKONLKO MIPUMEPOB.

Ecmu L(g) = ¢||g—Eglla, 1 < a < +o00, ¢ > 0, TO coriacio teopeme

1.6.1, uzonepuMeTpuvecKoe HEPABEHCTBO

Pt (A) > c(pq+pg®)*, p=n(A), g=1-p, (1.6.6)

9KBUBAJICHTHO aHaJ’II/ITI/I‘IeCI{OMy HepaBeHCTBy
cllg — Eglla < E[Vg]|. (1.6.7)

[Ipenmonoskum, uTo Mepa p He UMeeT aTOMOB. B aToM ciydae u30-
mepuMeTpuUeckas PpyHrmua I, onpeneneHa Ha BceM mHTepBade [0, 1],

u (1.6.6) samumercs kax HepaseHcTBO I,(p) > cl,(p), 0 <p <1, rme
I(p) = (p“q+pg™)"/* mpum 1< a < oo,

u I (p) = max(p,q) npu a = +00. Takum 06pa3oM, B TOM U TOILKO B
ToM ciydae, korga I, mmeer Bun cl,, (1.6.7) 9KBUBAIEHTHO TOUHOMY
M30TIEPUMETPUUCCKOMY HEPABEHCTBY U MOYKET COIEP/KATL B cebe mH-
dopMaruoo 00 3KCTPEMaJLHBLIX MHOXKECTBaX B AuddepeHIuaIbLHOR
M30TEPUMETPUIECKON 3a1aU€ JIA MEPLI fi.

IIpu o = 1 I1(p) = 2pg — ¢ TOUHOCTLIO 1O HapaMeTpa MacCIiTa-

Oa m3omeprMeTprUYecKas (YHKIUS JOTUCTUYECKOrO PACIPEIEJICHUS
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Ha npsamoii. Ona ymoBieTBOpsieT ycJaoBuUsiM TeopeMbl 1.4.1, u mos-
TOMy M30IepuMeTrpudeckoe HepaseHcTBO (1.6.6) momyckaeT HEOIHO-

pPOAHYIO QyHKIMOHAILHYIO Gopmy (1.4.8)
2¢Var(g) <E|Vyg|, 0<g<l1, (1.6.8)
U B TO K€ BPeMs — OJHODPOIHYIO ()yHKIMOHANLHYIO popmy (1.6.7)
cElg — Eg| < E|Vy|. (1.6.9)

Cunenosarensuo (1.6.8) u (1.6.9) skBuBanentHol. s GpyHKUUA BuU-

na I = cl, 9T0 eMHCTBEHHLI ciay4dait ”

nepeceuvenus’ Teopem 1.4.1
u 1.6.1. e#crBurenvuo, npu « > 1 pacupenenenue F,, acconu-
upoBaHHOe C [,, UMEeT KOMINAKTHBIA HOCUTENL, TAK KaK WHTErPaJl
fol dp/I.(p) xonmeuen. Hampumep, npu a = 2 mnr umeeM Iz(p) = /pq.

B sTom ClIy4dae aCCOIUMPOBAHHOE paclIpenejicHrue F2 COCPEenoTO4YEHO

dFs(xz)  cosz
dx T2

WMHuTepecHo mpociemuTs 3a moBeleHueM (GyHKRuuii I, ¢ poCcToM .

™
Ha MHTEpBaJE |z| < - U MMEET TaM IIIOTHOCTE

[Mockonnry In(p) = ||€ — Efla, roe £ — GepHynnMeBCcKas cirydainas
BeJIWYMHA, IpUHUMaromas 3HadeHusa 1 m 0 ¢ BEepoATHOCTAMU p U
¢ COOTBETCTBEHHO, 3TH (YHKIUN BO3pacTaioTr ¢ pocroM «. llpm
1 < a <3 sty pysrnuu BOrHyTHl (CM. [78]), HO9TOMY ACCOMUMPOBAH-
HLle pacnpenenenus F, morapmpMmuyeckn BorayTol. llpm a > 3
3TO ysKe He Tak u, OoJsee TOro, p = 1/2 me Gymer TOUKOW Makcu-
myma ¢yarmuii I,. Tem nve menee, [, He mepecraeT ObBITH CcybOam-
OUTUBHOM, U ClenoBaTeNILHO [}, yIOBIETBOPAIOT YCIOBUAM TEOPEMDI
1.2.2 npm Bcex «; B yacTHOCTH, [, ABIAIOTCS U30IEPUMETPUUECCKUMU
¢yurmuamu 1 F,,. I[Ipn a = 400, T0 pacupeneieHne ynoMruHAIOChH
B 3aMevaHmuy 1.2.2.

Kak ysxe ormeuasnocn, [y ABIAETCS M30IMEPUMETPUYECKON ()yHKIM-
el m s paBHOMEDHOI'O PACIpENesIeHUs Ha ABYMepHOU chepe M =

S? Cc R? pamuyca 1. Ilosromy dyrrmronannaas dopma (1.6.7)

Var(g) < E|Vy|
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BLIDAKAET DKCTPEMAJILHOE CBOWCTBO MIAPOB B U30IEPUMETPUYUECKONR
samaue ma chepe S?2. Ommaro, musa chep S™ mpu n > 2 (1.6.7) ymxe
He OyneT SKBHUBAJEHTHLIM M30IEPUMETPUUCCKOMY HEPABECHCTBY HA
cepe, u ciaenyer paccMarpusarh yHKImoHaAAL L(g) Gosee obmero

BUOA.

Jlemma 1.6.1. Ilus mroGoit munmuiesoit pyurimuu g Ha M (10 ecTh,
Takoit, 410 ||g||rip < +00)
o0
E|Vy| 2/ g > thdt. (1.6.10)
— 00
Herpynao Bumern, uTO mon mHTErpasioM B (1.6.10) CTOUT U3Me-

puMasg QyHKIUA.

Caencreue 1.6.1. lna nro6oi nunmuneBoi ¢ysrnum g Ha M,

rako#i uro u{g =0} =0,

0 o)
E|Vy| z/ pt{g <t} dt+/ p{g > t}adt. (1.6.11)
0

—oo
Yrobn Besectn (1.6.11), mocratouno mpumennts (1.6.10) & gt
n g~ u 3ameTutn, uto |Vg| = |Vgt| u |Vg| = |Vg~| ma (oTRpLITHIX)

muOkecTBax {g > 0} u {g < 0}.

HoxrazareancrBo gemmnl 1.6.1. Ilyctn cmavama g orpanuuena.
Tak kak (1.6.10) He m3menuTcs npu KOOABIEHUN K ¢ IOCTOSHHOTO
ciaraeMoro, Mo;xHO cunTaTh g > (. Tak #e, Kak U B TOKa3aTe/ILCTBE
reopemnl 1.4.1, BBemem ¢yurmun Upg(x) = sup{g(y) : p(x,y) < h},
x €M, h >0, rak uro

lim sup M < |Vg(z)|. (1.6.12)

h—0t

Pacemorpum Ay = {g > t}. Ilna Bcex t,h > 0 {Upg >t} = AP, nos-
tomy EUpg = 0+°° (Al dt. Crenosarentuo

EUn—g :/ #AY) = 1A gy (1.6.13)
h 0 h
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B cuny ycnosus nummunesoctu, Upg(x) —g(z) < ch mus Bcex © € M,
h > 0 n Hekoropoii nocrosiuaoi ¢ > 0. Ilosromy, ncnons3ys (1.6.12),
reopemy JleGera o maskopupyemo#i cxomumocrtu, (1.6.13) n pemmy
dary, momyuaem:

. Ung — - Ung —
E|Vg| > limsupE "% > liminf E 2%
h—0+ h h—0+ h

+oo hy _
— lim inf / w4 Ay
h—0+ Jq h

+oo hy +oo
> / liminf A 0D gy / wt (A dt.
0 0

h—0+

Takum obpaszom, (1.6.10) NOKAa3aHO IJIA OTPAHUYEHHBIX JINIIIUIEBHIX
¢yukmuid g. lius HEOrpAHUYEHHDIX JIUNIIANEBLIX § MOKHO IIPUMEHUTD
(1.6.10) k yceuenusam g,, = max{—ay,, min{a,,g}} ¢ nocienoBarenn-
HOCTBIO a, — +00, Tako#t uro u{lg| = a,} = 0. Torma Mbl mOITy4IUM
f{‘g‘@n} Vgl du > fon ut{g > t} dt. lipumenas teopemy Tomenmu o

MOHOTOHHOM CXOOUMOCTU, MIPUXOIUM K TPEOYEMOMY yTBEPKICHUIO.

IloxazarenncTBo TeopeMnr 1.6.1.

a) = b): mo camomy ounpegenenuto (1.6.2), mocraroyno paccMar-
pusath ¢yurimuonas suna L(g) = E(gTu1 + g ug), noposkmenuLiii
oxHO®IeMeHTHLIM ceMmelictBoM G = {(u1,u2)}. Ilo ycnosuto, ¢yHKImN
Uy, Uz, & TAKKEe ¢ Uy U g Uz CYMMUPYEMDL.

[Tar 1: g nMeer KOHEYHYIO nummuueBy HoOpMmy. IIpemmososkumM,
uro p{g =0} = 0. B cnay cnencrsus 1.6.1, nonaras A; = {g > t},

B; = {g < t} n nupumensa k stum MHOKecTBaM (1.6.4), mveem

“+o00 0
E[Vg| 3/ L(lAt)dt—k/ L(=1p,) dt
0

— 00

“+o00 0
/ E].Atuldt-i-/ ElBt’U,th
0

—00

“+o00 0
E/ 1Atu1dt+E/ 1p, ug dt
0

— 00

=Elsg,gui +Elp gus = EgTui + Eg us = L(g).
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3aMeTuM, UTO MBLI BOCIOJIL30BAJUCL Teopemoll PyOuHu, m3MeHsas
TOPANOK MHTEIPUPOBAHMUA, YUTO BO3MOKHO B CUIIy CYMMHPYEMOCTH

GyHEIUR T U1 M g ux: B TOM carydae
+00
E [ Lyfuldt=Eg*ul <+,
0

0
E/ 1p,|us|dt = Eg'lug| < 4+oc.

Teneps, urobnl nsbasurnes ot yeaosus u{g = 0} = 0, npocro npu-
mvernM (1.6.5) k pyHEIUAM g — €, BuiOupas € # 0 CKOJIL yromHo Ma-
apiMu, HO TakuMmu, dto pu{g = £} = 0. B mpeznene noxyunm (1.6.5)
1A QYHKIUM g.

IIIar 2: g uMeeT KOHEUHYIO JUIIIUIEBY HOPMY Ha BCEX IIApaX B
M wu, xpoMe TOro, orpaHuueHa. B 9TOM Ciydae MOKHO IPUMEHUTH
(1.6.5) & "ycewenuam” g, = ¢gT,, KOTOPBIE MBI UCIOJIL30BAIMA B TOKA-
3arennctBe TeopeMnl 1.4.1. Tak xak 0 <7, <1, ¢pyHKIUN ¢, BXOIAT
B o0nactn onpenenenuss L, u no reopeme JleGera L(g,) — L(g) upu
r — +o0o. C yuerom (1.4.11) (3mech M MCHONL3YETCS OrPAHUYECH-
HOCTL ¢), noxydaeM B npezeine (1.6.5) mus g.

MTar 3: obmwuii cayuaii. Kak u B mokaszarenncrse semmbr 1.6.1,
ANNIPOKCUMUDPYEM ¢ QYHKIUAME ¢, = max{—a,, min{a,, g}}. o Teo-
peme JleGera, L(g,) — L(g) mpu n — 00, u Tak ke, KAK U B JIeMMe
1.6.1, E|Vg,| — E|Vg].

b) = a): cayuam p(A) = 0 u p(A) = 1 TpUBMAIBHEL, U MOMKHO
cumratn, uto 0 < pu(A) < 1. Ecam pu(A) > p(A), to pt(A) = 400, n
nokaspBath medero. Ilyern p(A) = u(A), Tak uro pt(A) = pt(A).
ITo ycnoBuio, nist 1r060# orpaHnUeHHON JunmuneBo Gyuknum g > 0

na M u Becex (uy,us) € G
E|Vgl > Egui, E|Vg|=E|V(—g) > Egus. (1.6.14)

ITo memme 1.4.1, cymecTByeT MOCIEIOBATEILHOCTDL ¢y, JUAMIIUIEBLIX

¢yurunmii #a M co 3padenuamu B [0,1], moToyeuno cxomamuxes k 1z,
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TAKNX YTO

limsup E|Vg,| < ut(A). (1.6.15)

n—oo
IMpumvenss (1.6.14) & ¢, n ucnoan3ysa (1.6.15), MLl TOXydYnM B mpe-

nene
,u"'(A) > Elaug, ;ﬁ'(A) > Elqus.

Bepst cynpemyMm no BceM (uy,us) € G, IPUXOAUM K HEPABEHCTBAM
i (A) > L(14), 5t (4) > L(—14), 10 ectr, x (1.6.4).

Teopema 1.6.1 morazana.
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§1.7. Omuoponusie HepaseHcTBa Tuna CoboaeBa

B npocrpancrBax Opianya

CroBa nycts (M, p, 1) — METPUYECKOE IPOCTPAHCTBO C BEPOSTHOC-
THOM Mepo#l. Dymem mpenmonararh, 4TO Mepa [t HE UMEET ATOMOB,
Tak 4TO ee M3omepuMeTpudeckas GyHrnusa [, ompeznenena ua [0, 1].

[Tpumernnm Teopemy 1.6.1 & ¢pyurmmonany L(g) = |lg — Eg|lv, rae

¥ — meroropas ¢yurmus FOHra: m3onepuMeTrpuyeckoe HEPaBEHCTBO

p(A) > Iu(p),  p= p(A), (1.7.1)

9KBUBAJICHTHO aHAJNTUYECCKOMY HEPABEHCTBY
g — Egllv < E[Vg], (1.7.2)

rae Ig(p) = |[1a — plle. B (1.7.2) ¢ — npousBonbHAA CyMMUpyeMas
GyHEIMA, UMEomas KOHEUHYIO JUIIMUIEBY HOPMY HA BCEX mapax
B M, npuuem coraacao teopeme 1.6.1, g € Ly (M, 1), Kak TOJILKO
E|Vg| < 4o0.

dyurmua [y npencraBiser coOOW HEKOTODBIH aHAJNOD (yHIAMEH-
TanbHOR QpyHkmmu p — ||14]|. Ilo onpenesnennio HOPMLI IPOCTPAHCTBA
Opuanua, yncno A = Iy(p) upu 0 < p < 1 ABIASETCS HOJIOKATEILHBIM
KOpHeM ypaBHeHus p WV (%) +q¥ (%) =1, rme g =1—p, u, Kpome
roro, Iy(0) = Iy(1). Ecam mpr xorum, yrobot (1.7.2) Guuio pasBHO-
CHJILHO TOYHOMY M30II€PUMETPUYECKOMY HEPABEHCTBY, CJELyeT, CO-
rnacuo (1.7.1), sebpars W rakoid, uroGsl Iy = I, TO e€CTb, YTOGHI
npu 0 < p < 1 ¢pyurmusa I(p) = I,(p) OblIa HOTOKUTENbHA U yIOB-
JETBOPsIA YPABHEHUIO

p@(i%)+q@(ﬁ%):L g=1-p. (1.7.3)

EcrectBennniii Bonpoc: korga takas ¢Gpyakuus FOura cymecrsyer?
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Teopema 1.7.1. Ilycts [ — monokuTenbHas (PYHKIUA, 3aTaHHAL
Ha (0,1). Ius Toro, urobul cymecrBoBasa (ysakimus FOura U, ynos-
aerBopsromas (1.7.3), HeOGXOIUMO ¥ KOCTATOYHO, YTOOLI

1) 1(0%) = I(17) = 0;

2) I(p) = I(1 — p) s Bcex p € (0,1);

3) ¢pyurnus p(l —p)/I(p) Gouna BorayTa Ha (0,1).

Takum 06pa3oM, CBOWCTBO DKCTPEMAJILHOCTA MHOKECTB B M30Ie-
pUMeTPUYECKOH 3amaue I MepEl (4 B M MOKHO BLIDA3UTL Kak Hepa-
BercTtBo CoGouseBa Buza (1.7.2) B TOM 1 TOILKO B TOM ClIydae, KOTAa
nsonepumerpudeckas ¢pyurnus I, obranaer ceofictBamu 1) — 3).

3al\leTI/IM, 4YTO 9THn CBOI/UICTBa IIOJITHOCTBHIO OIMCBIBAIOT KJaCC BCEX
¢yusnuii Buna Iy(p) = ||1a —pllw. Hpencrapias A B Bune obnemume-
HUA ABYX HEMEPECEKAIOMMUXCA MHOKECTB MEPLI P| U P2, CPa3y IMOJy-
vaeMm HepaseHCTBO Iy (p1 + p2) < Iy(p1) + Iw(p2), To ectn, cBOHCTBO
cybanmurusHoctu. [lostomy, B cmmy Teopemor 1.2.2, ¢ysrmus Iy
Oy xeT m3omepuMeTpUUecKoil GyHKIme accomuupoBasHoro ¢ [y pac-
peaesieHns Ha IPAMOi.

Oyurmuu FOura ¥, ynosuersopsromue (1.7.3) (B Tom cayudae, ec-
JU OHU CYINECTBYIOT), ONPENEJSAIOTCA HEeONHO3HAauHO. Hampuwmep,
s yurmun [(p) = p(1 — p) Bce Takne ¥ ONMCLIBAIOTCA COOTHOIIE-
mreM ¥ (z) = (1—2a)+a|z| opu |z| > 1, roe a € (0,1) — nponsBobHLIT
napamerp, npudeMm Ha uHTepBase [—1,1] U Mmosker onpenensitncs
IIPOM3BOJILHO, HO TAaK, YTOOLI OHa ocraBaJach ¢yukmueit FOura. lns
dymrrmm 1(p) = 1/p(1 — p) MoxHO B3aTL V(1) = 22, HO MOKHO B3ATD
u pysrmmio (cM. 3amedanue 1.7.1)

a wpu Ja] <1,
(z) =
{ 1—|z|+2% mpm |z| > 1.
Omrako, HECMOTPS Ha CTOJIb MMUPOKUEA BBIOOD, Bce Takue W mOpOkK-
MA0T OAMHAKOBLIE mpocTpancTBa Opiamua Lg B TOM CMBICJIE, YUTO
UX HOPMLI OyIyT SKBUBAJIEHTHLIMU. MOMKHO cmenarnh Gojee TOYHOE

YTBEePKICHUE.
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OGoszuaunm uepe3 W (M, p) nuHeliHOE HPOCTPAHCTBO BCEX CYM-
MUpyeMbIX (yHKIuR #Ha M, MMeomuxX KOHEUHYIO JIUMIIIUIEBY HOPMY
Ha Bcex mapax B M u mynesoe cpenuee Eg = 0. Beenem 8 W (M, )
nonyHopmy ||gllw = E|Vg|. Dra momyropma Gymer 3aBenoMo HOP-
MO#i, ecan, Kak U B Ly, Mpl OymeM OTOMKAECTBISATL (YHKIUU, COBIIa-
JAOIIe HAa MHOKECTBE [-MepLl 1 (M B IPeIIoIOKEeHUN, YTO BLIIOJI-

usercs (1.7.2)). Bompochl HOnoNHEHNsT MBI He 06CYKAAEM.

Caencreue 1.7.1. IIpenmonosxum, 4T0O M30mEpUMETPUUECKAT (YH-
kA | = [, ynosnersopsetr coiicrsam 1)-3), u ¥ — ¢yuknusa FOura,
yaosaersopsitomas (1.7.3). Torma Ly (M, ) — HAarMeHboiee cpenu
Bcex npocrtpancts Opumua, comepsxamux W (M, @) Kak BIIOKEHHOE

TIOIIPOCTPAHCTBO.

[Mocnennee oszmauaer, uro ecau W(M,u) C Ly, (M,u), npuyem
nopma B W(M, p) cunnree, uem HOpMa B Ly, (M, 1), To m HOpMA B
Ly (M, p) cunbree, uem HopMa B Ly, (M, p). B aT0M cMbIcie cymect-
ByeT €IMHCTBEHHOE MUHUMAJILHOE nmpocTpancTtso Opianya, comep:ka-
mee B ceGe "npocrpancrso Cobonesa” W (M, 1) Kak BIOKEHHOE.

Ucnonn3ys Teopemy 1.7.1, MOKHO HOKA3aTL CIEYIONIEE yTBEDK-
nerme. O6ozmaumm uepes S™(r) C R"T! n-mepuyto cdepy pammyca
r >0, u mycTh 0, — PABHOMEPHOE pacupeesneHne (HOPMUPOBAHHAS
mepa JleGera) ma S™(r). VM3omepumerpuueckoe CBOWCTBO WIApOB Ha
cepe o3HAYAET, YTO sl BCEX M3MePUMBLIX MHO:kecTB A C S™(r)

or (A) > ot (B),
rae B — (mo6oit) map ma S™(r) Takoit ke 0,-Mepnl, yTo u A. DTO
MO/KHO 3aIUCATL KAK YTBEPKICHUE 00 M30MEPUMETPUYCCKON (yHK-

U MEPDLI 0yt

Iy, (p) = o, (B), (1.7.4)

rae B — map wa S™(r) Mepnt p = 0, (B).
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Teopewma 1.7.2. Ilpu n > 2 n3onepuMeTpUUECcKOe CBOXCTBO MapoOB
Ha cdepe S™(r) MOKHO SKBUBAJIEHTHO IPEICTABUTL KaK HEPABEHCTBO

tuna Cobousesa (1.7.2) ¢ noaxonsmelt pyurnueli FOura V.
Kak npenennuniit cay4gaii reopemnt 1.7.2 BoicTymaer

Teopema 1.7.3. T'ayccoBCkOe M30MEPUMETPUUECKOE HEPABEHCTBO
(1.5.2), BBIpaskamuee MU30HePUMETPUYECKOE CBOWCTBO MOIYHPOCT-
paucts B (R",7,), MOMKHO SKBUBAJEHTHO NPENCTABUTL KAK HEDABEH-

ctBo tuna Cobosesa (1.7.2) ¢ nogxonameit ¢pyurnueir FOura .

Cuayuaii okpysknoctu (n = 1) mHe oxBaTbBaeTcsa Teopemoin 1.7.2.
o 1
Heiicrenrensno, Iy, (p) = — — nocrosunas dpynkmua na (0,1), cre-
JOBATEJILHO HE yIoBJIeTBOpsiomast ceolictey 1). IIpun > 2 colicrea

1) — 2) oueBnHLI, U TPEOYETCS JULIL NPOBEPUTDH, YTO:
Jlemma 1.7.1. Oyurnusa %, q=1—p, Boruyra Ha (0,1).

Ilpy n = 2 3TO yTBEp:KAEHNE TOKE OUEBUIHO, TaK Kak [, (p) =
VP4
-~
BBLIPA;KCHUA, U NOKA3aTEJLCTBO JeMMEI 1,7,1 cTaHOBUTCA OYEHDL IPo-

IIpu n > 3 I, (p) He MMeeT TAKOTO FBHOTO AHAJIUTUYECKOTO

MO3IOKUM,; OHO 6y1:[eT IPUBEACHO B IPUJIOKRECHUU. OTMeTI/IM7 UTO IIpn’
p — 0 I, (p) BemeT cebsi ¢ TOYHOCTBHIO MO MHOKWUTEJS KaK p/ (=1,
[OPTOMY COOTBETCTByIOImee IpocrpadcTBo Ly (S™(r),0,) u3 cren-
crus 1.7.1 mzomopdro mpocrpanctsy JleGera L™ ("1 (qg,).

Jlerko mpoBepurn, 4To mis chep pamuyca r, = /n Iy, (p) = I,(p)
npu n — oo, rae I,(p) = o(®1(p)) — uzonepumerpuueckas (yHKIMA
Mepol v, (cm. §1.5). Ilostomy semma 1.7.1 Bieder cBoiicTBO 3)
mna I = I, n 3aunt Teopemy 1.7.3. MoxHO narh n mpaMoe JoKas3a-
TenLCTBO (OHO IPUBOAUTCS B KOHIE TOrO naparpada). Jlerko raxke
nposepurh, ucxons u3 (1.7.3), uro mpocrpancrso Lg(R™,7,) u3
caencrBust 1.7.1 msomopdro upocrparcrsy Opimda Ly (R™,7y,) ¢
dyurmmedi FOnra ¥, (z) = |z|\/log(1 + |z[), = € R. Ogmako, cama
¢yurmus ¥y me ynosaersopser (1.7.3).
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[pucrynum & qokaszarenbcTBy Teopemsbl 1.7.1. O6o3naunMm uepes

T = T HOJOAUTEILHLIA KOPEHL ypaBHEHUS

p¥(qr) +q¥(pz) =1, g=1-p, (1.7.5)
rae ¥ — meroropas ¢yurnusa FOnra.

Jlemma 1.7.2. ®ymrmmsa y(p) = pr, HempepbiBHa 1 (CTPOro) BO3-

pacraet Ha (0,1).

IokasareancTBo. HenpeprLiBHOCTL odeBuaHa. llOKaskeM, 4UTO y
Boszpacraer. Pyurnusa T'(z) = ¥(x)/z nmonoxkurensua u He yOnLiBaeT
ua (0,+00). B cumy (1.7.5),

p¥(qzp) +q¥(pap) = pazp(T(qay) + T(pap))

= qy(p) (T<%Em> + T(y(p))>

1.
(1.7.6)

Honycrum, uro mist HeroTopoix 0 < p; < py < 0 y(p1) > y(p2), u

oycts g1 = 1 —p1, g2 = 1 —po. Torma ¢1 > ¢2, q1/p1 > q2/p2, 7
IIOSTOMY

T(L@)) > T(L@)) T((p) > T(pa)),

P1 P2

Cpasrusast (1.7.6) upu p = p1 U p = pa, TNOIydaeM HPOTUBUDPEYUNE
1>1.

Jlemma 1.7.3. Ecan nonoxurenvbras (QyHKIUA [ yIOBIETBOPSET

cBoficrBam 1) — 3), To ¢pyurmusa y(p) = p/I(p) Bospacraer ua (0,1).

Iokazareancrso. [lo ycnosuro, pyuruus z(p) = pg/I(p), ¢ = 1—p,
poruyTta Ha (0,1), mostomy 3mauenue z(0") KOHeuHO M HeoTpUIA-
reapuo. Ilycrn 2’ — meBospacraromas npoussonnas Pamona-Huko-
muma dpyskmun z. Tak xak y(p) = 2(q)/q,

z(01)

1
y(p) = 0 +/ Z(tq)dt, 0<p<l.
0
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1
dyHRIUM p — 7 AP — 2/(tq) me yGrBaloT, nosTOMy He yOLIBaeT U
¢yurnusa y. Bosee Toro, ecau z(07) > 0, To y (cTporo) BoszpacTaeT B
1
CHITy BO3paCTaHUA ()yHKIUYA p — PR Paccmorpum cayuait 2(07) = 0,

Korga L
y(p)=/ ' (tq)dt.
JO

Honyctum y(po) = y(p1) masa mexoropuix 0 < p1 < po < 1. Torma
Z'(tq1) = 7' (tqo) mus mourm Bcex (B cmbicae mepsr JleGera) Touek
te (0,1), rme qo =1—po, g1 =1 —p1. Ho Torma, kak serxko Bumers,
z' Gymer mocrosimHa Ha (0,qp), CleHOBATENLHO (QYHKUMS 2z NOJKHA
nMeTh Bug 2(s) = a + bs npu Beex 0 < s < g, u Tak kak 2(07) = 0,
Mbl OBl uMenu z(s) = bs nua mekoroporo b > 0 u Bcex s € (0,¢p). B

TAKOM CJydYae Mbl Obl OJIYJUIn

I(s) = s(i(;)s) _ 1;3 7

B wactuoctu, I(07) = 1/b > 0, uro npotusopeunt 1). Jlemma 1.7.3

JOKa3aHa.

IoxrazarennctBo TeopeMmsr 1.7.1.

Heobxomumocts. Ilo ycmosuto, x, = 1/I(p) nus scex p € (0,1). B
cuny (1.7.5), z, = x4, Tak 4TO CBOHCTBO 2) OYECBUIHO.

B cuny nemmbr 1.7.1, ¢pyrrnusa y(p) = pz, Bo3pacract Ha (0,1),
mosToMy cymecrByeT mpegen { = lim, ;- y(p), KOHCUHLIA MIM HET.

Ecin ¢ < 400, To 3anuceBas (1.7.5) kak TOKIECTBO

1=p¥(y(q) +q¥(y(p)) (1.7.7)

u yerpemias p — 07, mur 6o moayunnu ¥(y(07)) = 1. Ho rorma,

cuoBa mpumensas (1.7.7), mor 661 nmenn mus Beex p € (0, 1)
1> pU(y(07)) +qP(y(07)) = T(y(0%)) =1.

ITosromy ¢ = +00, T0 ecth, I(p) — 0 mpu p — 17, 1 3HAYUNUT CBOKCTBO

1), ¢ yyeroM cuMMeTPUYIHOCTHU [, IPOBEPEHO.
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Ocraercs ycranosuts 3). Bemem ¢yurmmio z(p) = pg/I(p), rae

Kak 00buHO ¢ = 1 — p. 3ammmenm (1.7.5) B TepMuHAX Z:

p\y(%")>+qqf(%‘”>:1. (1.7.8)

ITokaskeM, UTO 3TO TOKAECCTBO BJIEUET BOTHYTOCTL GyHKIMM 2. DyHK-
s U Kak HeoTpruHaTeabHAsd BLIMYKIAd QyHKIMA Ha Toxyocu [0, +00)
co cpoficrBamu VU (0) = 0, ¥(z) > 0 npu = > 0, MoxkeT OBITL mpel-
crasiena #a (0, +00) B popme
U(xz) = sup (cx—d) (1.7.9)
(e, d)eT
nas mexkotoporo cemerictsa T C (0, +00) x [0,400) co caenyomum
cBoficrBom: st Bcex x > 0 cynpemywm B (1.7.9) mocruraercst nis
HerkoTOpo# naput (¢,d) € T. 3ameuas, yro z(p) = z(q) u npumeHss
(1.7.8)—(1.7.9), nomyuaem:
p¥ (i) +q¥ (i) =p sup (ci fd) +q sup (c'i fd’)
p q (e,d)eT N P (¢/,d")eT q
= sup  [(e+d)z—(dp+dq)] = 1
(¢,d),(c’,d")ET
B uacrrocTm, mius Beex (¢, d), (¢, d') € T mmeem (c+¢') z—(dp+d'q) <
1, To ecTn,
1+dp+dq

< if 1tdptda (1.7.10)
(e,d),(c’,d")eT c+c

Bosnee toro, tak kak cympemyMm B (1.7.9) mocturaercsi Ha HEKO-
TopoM (¢,d) € T, napummym B (1.7.10) Toske mocTUraercs Ha HEKOTO-
puix (¢, d),(c',d'") € T. CunenoBarennHo 3Hak HepaseHcTsa B (1.7.10)
MOYKHO 3aMEHNUTDH HA 3HAK PABEHCTBA, U3 YETO CJIEIYET, YTO Z BOTHYTA

KaK MHPUMYM a(UHHLIX (yHKIA.

Hocrarounocrs. B cuny snemmer 1.7.2, ¢ysxuus y(p) = p/I(p)
HenpepoBHO Bospacrtaer Ha (0,1), mpuuem, B cuiy cBodcrBa 1),

y(17) = 4o00. Hosromy ¥ : (0,1) — (cp, +00) — BO3pacraroman Ouex-

1

mas, rae ¢ = y(07). Mycrn y=! : (co,+o0) — (0,1) — obparnas
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¢yurmusa. Be3 mapymenns obmuOCTU Oy nemM cuuTarth, uro y(1/2) =1,
u Torma co < 1.

Hawm mys&HO mocTpouTnh BLINYKIYIO BO3pacraiomyio ¢Gyekiuio ¥ :
(0, +00) = (0,400), ¥(0T) = 0, ynosrersopsatomyto (1.7.3). Cuaua-
aa mosnokuM V(z) = x npu 0 <z <1. Ilpu = > 1 onpenenum ¥(x)
(oueBUAHO, € AMHCTBEHHLIM CIOCOGOM) B COOTBETCTBUU C YPABHEHIEM
(1.7.7), koropoe srBuBanento (1.7.3). Iockonbky npu 0 < p < 1/2
U(y(p)) =y(p), (1.7.7) upm Takux p NpuUMeT BUX

U(y(q) = %f’(p) 0<p<1/2, g=1-p.

CunenoBarennHo, nonaras © = y(q), MBI UMeeM

1—y @) y(1 -y (x))
11—y~ Y(x) ’

U(z) = x> 1. (1.7.11)
1

ITockoubky y He ybnBaer Ha (0, 5), abCOJIOTHO HENPEePLIBHA U TPU-

1 —qy(p)

1 p

(0, 5 ) IetictBurenbHo, npousBonuoit Pamona-Hukomuma nia u cioy-

y(p) — pqy’(p) — 1
2

aumaer sHavenus B (0,1), ¢pyurmusa u(p) = yObIBaeT Ha

ssuT Gysrnus u'(p) = < 0, rme y — HeOTpUNATEIL-
Haa npom3sBonHas Panoma-Huxkomuma nna y. Ilostomy ¢ymrmua VU,
onpenenentasn B (1.7.11), Bospacraromas u HenpepoBHAasI Ha [ 1, +00)
u, kpome toro, V(1) =1.

Ocraercs nokasars, uro ¥ Bhimykia Ha [1,400) u 4TO ee mpasas
npoussognas ¥'(17) > 1. Ilna sroro mam morpebyeTcs eme OIHO
npencrasienue misg pyekmuu V. Ilo yemosuio 2), z(p) = z(q), rame
cuoBa z(p) = pq/I(p), nosromy Toxmecrsa (1.7.3) u (1.7.8) srBuBa-
aertHsl. [Ipm 0 < p < 1/2 mbr numeem z(p)/q = y(p) < 1, caenosa-

reavuo V(z(p)/q) = z2(p)/q, n (1.7.8) npurnmaer Bux

xp(@):%f% 0<p<1/2,

p
niu — B TepMuHax QyHKIMu 0(p) = %f)) = y(g) — MLl nMeeM TOX-
JECTBO
V() = — —6(p), 0<p<1/2. (1.7.12)
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Samernm, uro § ybwmaer ma (0,1/2], npuuem 6(1/2) = 1, §(07) =
y(17) = +oo. Beemem obparnyio ¢pymkmmio 61 : [1,400) — (0,1/2].
Torna, nonaras x = §(p), (1.7.12) MoxkeT OLITL HEPEIMCAHO KAK

1

Y(z) = i x> 1. (1.7.13)

CunemoBarennbuo ¥ OymeT BLILYKJIOW Ha wmHTEepBaje x > 1 Torma u
TOJLKO TOTJA, KOrJa OyAeT BLIIYKJIOW Ha ®TOM MHTePBaJe (yHKIUAI
1/671. Tak rak »Ta GyHKIUA BO3pACTACT U HEMPEPLIBHA Ha [1, +00),
mpugem, B cury (1.7.13), 1/671(1) = 2, 1/671(+00) = oo, BLITYE-
soctn 1/6~! sxBUBasenTHA BOorHyTOCTH QyHEIM R, 06PaTHOM K Heit.
Haiinem R. Omna oupepnenena Ha unTepBadse [2,400). [Ipu sTom mis
BCcex t > 2

1
6~ Hx)

=t < 5_1(35):% = xz&(%):tz(%).

Taknm obpaszom, R(t) = tz(1/t), t > 2. Ilo ycaosuio 3), z BorHyTa
M 3HAYUT MOMKET OLITH mpeacTapieHa B Buae z(p) = inf(. ayes (cp + d)
st Hegkoroporo S C R x R. ITostomy ¢yHKIMA
1 . .
R(t) =tz (—) =t inf (E +d) = inf (c+dt)
t (c,d)es \ t (c,d)eS
BOTHYTa KaK MHPUMYM HEKOTOPOI'O ceMelcTBa a()(PUHHLIX ()YHKINHA.
Yrobu mokazath, uto U/(17) > 1, HykHO NPOBEPUTL, COTJIACHO

(1.7.13), uTo mpaBas HIpOU3BOIHANL

Fwl. 2

unu, skeuBajseHTHO, uto R'(21) < 1/2. Kax Bormyras ¢ynrmms, z
I GepeHnmpyeMa BO BCEX TOUKAX P 38 UCKIIOYEHNEM, OLITL MOJKET,
Touek cueTHOro Muoskecrsa U C (0,1). usat > 2, raxkux yro 1/t ¢ U,

MBI IUME€EM:

R(t) = [tz (%)]/ =2 (%) - A (1.7.14)
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Yerpemnss B (1.7.14) ¢t — 2, t > 2, nonyuaem

’ 1 2 ((1/2)~ 1 1
re=e(3) S <. (4) -
MOCKOJILKY, B cuiy cBoficrs 2) u 3), 2/((1/2)7) > 0.

Teopema 1.7.1 morazana.

3ameuvanue 1.7.1. B obmewm cayuae, korma ¢ = 21(1/2) me ob6a3a-
TenbHO paBHO 1, ¢yskmus U, ynosiaersopsromas (1.7.3), crpourcs

TaKUM K€ CIIOCODOOM, IoJaras

() w()=1;

(17) U(z) =cxupu 0 <z < %;

1
i) U() —
(1) W(w) = T
CTBEHHLI KOpeHb ypaBHenus ¢ = [(q) .

—cx npu T > %, rae q(z) € [1/2,1) — enun-

Ycaosue (i) Boirekaer u3 (1.7.3) npu p = 1/2, B TO BpeMs Kak Ipu
yeaosuu (ii), (i4i) cnemyer mz (1.7.3), ecnun monosxuts © = q/I1(q),
1/2<q¢<1.

JomycTuM, UTO BLIMOJIHAIOTCA cBofictBa 1)-3). Omupenenum eme

omuny ¢pyurmuio IOura ¥, paBercTBOM
1
2V, (W) =1, ¢=1-p, (1.7.15)

rak uro Vy(2/c¢) = 2, npuuem Ha muTepsaine [0,2/c] onpenemmm ¥
munedino: Wo(z) = cx. Takas ¢ysrums Vo unsyganacn [lesmmnums
n Tamentu [201] mus rayccoBCKOW m3omepuMeTpudeckoil ¢yHKIMM
I(p) = ¢(®71(p)). C mcmonb30BaHWEM M30TEPUMETPUUCCKOTO HEPa-
serctBa (1.5.2) B (R"™,7,) uMu GLIIO NOKA3AHO AHAJIUTUUYECKOE He-

pPaBEHCTBO

lg — Egllw, < E[Vg|. (1.7.16)

B orsnnune ot ¢ysrunu ¥, onpenenenHoll Boime ycaosusamu (i) — (14i),

U, ompenessercs sSIBHO, U ®TO AejaeT ee DoJiee NPUBIEKATEILHON ¢
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TOURM 3peHnsa HepaseHeTBa (1.7.16) Kak BO3MOKHOW ()yHKIMOHAIL-
ot dopmor mus (1.5.2). Iloraskem, ommako, uro (1.7.16) ¢ ¢yHk-
et ¥y, onpenesnenno#t B (1.7.15), He MOMKeT BBICTyNATL B Kadec-
TBe (YHKIMOHAJILHOW (opMbl He ToabKO mist (1.5.2), HO u B 00meM
cayuae — Ui u3onepumerpudeckoro mepasenctsa pt(A) > I(u(A))
B npennosio:kenuun, uro I obaamaer csolictBamu 1)-3), u QyHKIUS
U crporo Bomykaa Ha [1/¢,4+00) (4ro, pasymeercs, BEpHO, KOIIa
I(p) = (@ *(p))). Kar mur zmaewm, (1.7.16) sxsusanenTtno (1.7.1):

pH(A) > 14 = plleg,  p=n(A),

U MOSTOMY HaM cienyer cpaBHUTL HOpMol Opiamua B Ly u Ly, nis
¢yurmuit Buga 14 —p, roe A — nommuoxkecTBO M p-Mmepnt p. Tak kak
masteex p € (0,1) ma >0, ¥(pz) < p¥(x) co cTporuM HEPABEHCTBOM

npu = € (1/¢,4+00), Mol umeem, noaaras x = 1/1(p), g =1—p,
2pq¥o(z) =1 =p¥(qz)+q¥(pr) < 2pq¥(x)

€O cTporuM HepaBeHCTBOM npu = > 1/c. Hosromy Wo(x) < U(x) mus
Beex x > inf, 1/I(p) = 2/c. Kpome Toro, ¥o(z) = cx < ¥(z) mus Bcex
x € (1/¢,2/c] B cuny crporoii Bomykiaoctu ¥ Ha [1/¢, +00). Hakoner,
Uo(z) = ¥(z) mpm z € [0,1/c].

Tarum o6paszom, Vo(z) < ¥(z) mus Bcex & > 0 co crporum Hepa-

BeHCTBOM npu = > 1/c. 3adurcupyem reneps p € (0,1) u nonoxum

z=lxa—plv, xo=Ixa—plw.

ITo camomy ompenenenuto HopMmbl Opmauua, pU(gx) + qV(pz) = 1.
Curnenosarensuo pWo(qz) + qPo(px) < 1, npudeMm 3TO HEPABEHCTBO
OymeT CTPOrUM TOTJa U TOJLKO TOTAa, Koraa pr > 1/c uau gz > 1/c.
Tak kax ¢ymkmma y(p) = px Bospacraer u y(1/2) = 1/¢, »T0 BO3-
MOKHO B TOM U TOJBLKO B TOM ciydae, ecau p > 1/2 wuu q¢ > 1/2.
ITosromy g < x mpu p # 1/2 m @ = xg upu p = 1/2. Tarxum obpa-

30M, HepaBeHCTBO (1.7.16) cTaHOBUTCS HA WHIAMKATOPHLIX (YHKIMIX
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g = 14 uzonepumerpuueckum HepasenctBoM pt(A) > I(p) B ToM 1
TOJALKO B TOM ciayuae, ecau A mmeer Mepy p = 1/2, u me Gymer

TAKOBBIM 1Ipu p # 1/2.

HoxrazarenscTBo ciaencrsus 1.7.1. Mot mokaeMm, uro Ly (M, p)
BitoskeHo B Ly, (M, p), To ectn, uro Ly(M,u) C Ly, (M, 1), npryuem
lgllw, < c|lgllw mns mHekoTOpOU MOCTOAHKEOM ¢ > 0 u Bcex g € Ly (M, ),
ecan noxbepeM Takme KOHCTAHTLI ¢, d > 0, 4To

1

Uy (z) < g\I/(cazr)7 (1.7.17)

nys Bcex mocraroyno Gouspmux x > 0. Ilo ycnoBuro, cymectByer c,
rakoe uto ||g|lw, < c|lgllw mna Becex g € W(M, ). B cuny teopemur
1.6.1, »ro mepasenctso Bueder |14 —plly, < cl(p), p = u(A), To ectn,

IO ONpenesIeHnIo HOPMLI B npocrpancTtee Opianya,

por (1) +quy (P2) <1, pe(0,),

C

rue , = 1/I(p), ¢ = 1 — p. B wacrHoCTH, p\111<q:p) < 1. Tycts
0 <p<1/2. B arom cayuae ¢ > 1/2, u nockouanky ¥, BO3pacraer

Ha [0, +00), moxyuaem
v, < 2c07 ! (%) 0<p<1/2, (1.7.18)

rue \Ilfl — obparnas & Uy, cysennoit ma [0,+00). Bossparumes k
¢yurnun ¥ u tosgectsy (1.7.7). Tak kax y(p) = pz, BO3pacTaeT Ha
(0,1), meobxommmo ¥(cp) < 1, rae ¢o = lim,,_,g+ px,, 160 B IPOTUBHOM

Cnyqae MBI 6]:1 HO.TIy'-H/IJ'II/I
1=p¥(qz,) +q¥(pzy) > p¥(co) + q¥(co) = ¥(co) > 1.

Yerpemasas B (1.7.7) p — 01, umeem 1A Bcex DOCTATOUYHO MAJILIX
p € (0,1/2],
1 — N(co)

p\Il(qxp) <d= )

> 0.
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CrenmoBarenbHo mias Takux p umeeM pV(x,/2) < d, To ecrn,

2, > 20! (%) (1.7.19)

roe W1 — obparmas x ¥, cyswennoit ma [0, +00). Cpasrusas (1.7.18)

u (1.7.19), 3akmogaem, 4TO ISl BCeX noCTaTOYHO Mainix p € (0,1/2]

() <er (5),
P P
u3 uero (1.7.17) cremyer mocie 3amennt x = Wi (1/p).

HokazarennctBo Teopemnr 1.7.3. B cmny teopemnr 1.7.1, mam
JOCTATOYHO IPOBEPUTL, uro ¢yHrmua z(p) = pq/ly(p), ¢ = 1 — p,
soruyta Ha (0,1). 3mecy I,(p) = @(®71(p)). Tar xax z cummer-
pUYHA OTHOCUTEILHO TOUKU p = 1/2, HYKHO yCTAHOBUTL BOTHYTOCTL

na unrepsBase 0 < p < 1/2, T0 eCTh, NOKA3aTL, UTO (yHKIUL

1-20(x))p(z) + ¢(z) (1 — P(2))x
©* ()

He Bo3pacTtaer Ha (—00,0), To ecTn, uto ¢'(x) < 0. Ilocne madpepen-

o(@) = 2/ (®(x)) = ¢

HUPOBAHUS C MOMOIILIO TORAeCTBA ¢ (x) = —xp(x), 5TO HEPABEHCTBO

npuMeT Bu
w(@) = (14 222)3(z) (1 — B(z)) — p2() + 22(1 — 28(z))p(z) < 0.
Eme ono muddepenmuposanue maet
u(z) = 4a®(z) (1 — (2)) + dzp(z) (1 — ¢(2)) + 3p(z) (1 — 20(x)).
Tyers v(z) = 4z(1 — o(z)) + 3(1 — 28(x)), Tak uro
o (z) = 42®(z) (1 — @(2)) + (z)v (). (1.7.20)

Torna
V' (z) =4 + p(2) (2 — 10) (1.7.21)
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u v"(x) = 2(12 — 2?)p(z) > 0 mpu 0 < = < V/12. [losromy v BLITyKITa
ua [0,+/12]. Kpome Toro, v(0) = 0,

327 — 10

v'(0) = 4 — 10p(0) = NiT

>0,

caenoaremsuo v/ > 0 ma [0,1/12]. Cormacmo (1.7.21), v' > 0 ma
[V10, +00), u mockomnky dyskmusa v’ gerna, v’ > 0 Ha Bcel mpaMOii.
CunenoBarennHo v Bo3pacraer Ha Bcell mpsivoii. Tak kax v(0) = 0,
nmeeM v(z) < 0 mHa (—00,0), mosTomy, coraacuo (1.7.20), v’ < 0 Ha
(—00,0). Takum 06pazoM, u yOLIBAET HA STOW MOJIYyOCU, U OCTAETCS

3aMeTutTnh, uto u(—00) = 0. Teopema 1.7.3 mokazana.
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§1.8. IIpumeuanus

Teopema 1.1.1 morazama B [78]. Jlemma 1.1.1 norazama B [8].

Pazanunnie Bonpocol, cBA3aHHLIE ¢ M30IEPUMETPUYECKON 3anadeii
sl BEPOSTHOCTHBIX Mep Ha OpsiMoii, paccmarpusanuch B [4], [8],
[71] u [78]. Teopema 1.2.1 nokasana B [71] (cayuail qBycTOpOHHETO
NIOKAa3aTeJLHOTO paclpelernenns ObLI paHee MCCIeIOBaH B pabore
Tanarpana [216]). Teopema 1.2.2 nokasana B [4] u [78], rae Goiro
oTMeueHo u caenctsue 1.2.1 (ycaoBue CymecTBOBAHUA HEIPEPLIBHON
IJIOTHOCTY CHATO B [8]). MHOrouncieHHbIe TPUMEDDI, BRIIOYAIONINE

MHOTOBEPIINHHBIE PACIPENEeNeHNs, IPUBEIEHL B [78].

dyurmoHaANBHAS (POpMA M " MHTErPAJLHBIX M30IEePUMETPUYEC-
kux HepaseHcTB (1.3.4) Obuia sBBemena B [72] u [73]. Tam :xe u
nokazasa Tteopema 1.3.1. TepMuH ”MyJIbTUNIMKATUBHBEIA MOIYJIL’
(1 Tem Gosee ”coBepUIEHHBIE MOAYIL”) He SABIAETCS OOIMENPUHs-
tov.  CeoHicTBa »TmX 06bekTOB m3ywanuch B [71] m [73] (memmebr
1.4.2, 1.4.3, 1.4.4, 1.4.5, a Taxke nemmnt 2.2.1, 2.2.2, 2.4.1, 2.4.2,
2.4.3, 2.4.4 un cnencrBua 2.4.1, 2.4.2 u3 1a1.2; CM. TakKe JIEMMY
2.7.1). Jlemma 1.4.5 meranusupyer B OZHOMEDHOM CJy4Yae U3BECT-
Hyo xapakrepusanuio K. Bopensus [88] sorapupmMuueckn BOrHy ThHIX

pacupeneseHuit.

dyurmonanbHas popma miia  audpepeHnraNbHbX” U30IePUMeT-
puyecknx HepaseHcTs (1.4.8) Oolta BBeneHa B [72] Ha npuMepe rayc-
COBCKOT'O U30MEPUMETPUUECKOTO HEPABEHCTBA. TaM sKe MO-CYIECTBY

nokazaHa u Teopema 1.4.1.

BBenennoe onpenenenue Monyisa rpagueHTa \Vg| A QYyHKIUR g
Ha abCTPAKTHOM METPUYECKOM IpocTpancTse (M, p) NCHOIB30BAIOCE
B [78] u [80], m MBI HE MOMeM yKa3aTh Gosee paHHUME CCLUIKM. Kak
moka3niBaoT JgemMMmol 1.4.1 m 1.6.1, 3TO ompemeseHwe XOPOIIO CO-

riaacyercs ¢ moHsarueMm nepumerpa. B cayuae M = R™ (¢ eBruau-
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[OBOW MeTpUKOW) OHO cormacyercs u ¢ m3BecTHOW Teopemoii Cre-
nanoBa [43]: ecuu |Vg| < 400 mouru Bciomy (B cMmbicie Mepot Jle-
Gera), TO (yHKIUMsI g mOUTH BCoAy anpdepeHmmpyema (1 3HAUUT
abCcTpakTHOE ONpPEeAEIeHNEe HE PACXOIUTCSI ¢ OOLIYHLIM, €CJIU OTOMK-
IEeCTBIATL (YHKIWN, COBIAMAIONNEe Ha MHOKECTBe J1eDeroBOil Mepul
aynn). Opaako, cymectByoT u apyrue onpenenenus. CoriacHo
Xaiinoneny u Kockesne [152], ¢pyurums f HA METPpUUECKOM IIPOCTPAaH-
cree (M, p) HA3BIBaETCA CIAOLIM IPDANUEHTOM TAHHOW (QyHKIUU ¢ HA
M, ecnmn maust Beex a < b u mo6oro myTtu v : [a,b] — M, Takoro 4rto

p(y(t),v(s)) < |t — s| upu t, s € [a,b], nMeeT MeCTO HEPABEHCTBO

b
l9(v(a)) — g(v(B))] < / FOv(e)) dt.

Cuenys [152], Kocrkena u MaxMaryc [162] ucnonbsosamu f mog
nmeneM ”Bepxunii rpamuent”, a Cemec [212] — mox mmenem ” 0606-
merHLi rpaauert’. B [212] ormeueno (6e3 DOKa3aTENLCTBA), ITO
UL AnmuieBslx ¢ Gysrnus f = |Vg|, onpenesnsiemas ¢ HOMOMIBIO
(1.4.7), Bcerma sBusiercsi 0600MEHHBIM IPAIUEHTOM (.

Teopema 1.5.1 nokazana B [72].

B mpencrasnennoMm Buze teopema 1.6.1 mokazama B [78]. Jlem-
My 1.6.1 moxno Haitu B [78] u [80]. Teopemsr 1.7.1, 1.7.2 u 1.7.3
OKa3aHLl B [78].

YrBep:kaeHne 06 SKBUBaAJCHTHOCTU HepaseHcTs (1.7.1) mn (1.7.2)
MOKHO 0000muThL ciaenyromuM obpaszoMm. Ilycrn U — npowmsBoanuas
Boimykyaas ¢Gyerinua Ha R, me spuasomascs adpduunot. Torma mis
Bcex a u b, Takux uro b > V(a),

oo inf BVl = it L) a,(a.b) (1.8.1)
rxe I, — msomepuMeTpuyUecKkas (QYHKIMA BEPOATHOCTHOR MepHI [ Ha
(abcrpakTHOM) MeTpHUeckoM mpocTtpaHcTBe (M, p), n z = xp(a,b) —

€IVMHCTBEHHOC IIOJIOKUTEJILHOE DEeIIeHVe YPDaBHEHUSA

p¥(a+qr) +q¥(a —pr)=b, qg=1-p.
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Ilepsoii uapumym B (1.8.1) Gepercs no BceMm ¢(yHKmusM g Ha M,
VMEIOIMNVM KOHCUHYIO JIMIINMWNEBY KOHCTAHTY Ha BCeX IHapaX B M u
rakuM, yro Eg = a, EV(g) = b. Korma ¥ — ¢yskmus FOwura, pa-
BeHCTBO B (1.8.1) paBHOCUILHO yTBEDKACHNUIO 00 SKBUBAJIEHTHOCTU
(1.7.1) m (1.7.2), u, KAk OTMEUYAJIOCh, YKBUBAJIEHTHOCTL HEPABEHCTB
(1.7.1) u (1.7.2) BoITeraer u3 Teopemnl Porxaysa ¢ (yHKIMOHAIOM
L(g) = |lg—Eg||w. Onnaro, eciu ¥ He apnsercs pyuruueit FOura, Te-
opemy 1.6.1 npumenuts Henn3s. B oGmewm cayuae pasencrso (1.8.1)
nokazano B [78]. Bompocnl 06 SKBUBAJIEHTHOCTH W30MEPUMETPU-
JecKux HepaBeHCTB HepapeHcTBaM CoBoseBa OOCYRAAIOTCA TAKKe

B [145]. Hepasencrsa Buzna (1.6.7),
cllg—Eglla <EVgl, a=1, (1.8.2)

1 ero 06OOIEeHus Ha TOT caydaii, korga L'-HopMa MOmyJIs rpaIueH-
Ta 3aMEHFeTCS Ha HOpMy B npocrpancTtse JleGera LP, nuorma masoi-
Bators HepasencTtBamu tuna CoGonesa—Ilyankape (u mpocTo Hepa-
BencrBamu tumna [lyankape npu o = ). B TepMuHax msonepuMerpu-
yeckolt Gynrmum I, Hamnydmas nocrosuad ¢ = c(a) B (1.8.2), yun-
THIBasl OTMEUEHHYIO ®KBUBaJIEHTHOCTL Hepasencts (1.6.6) u (1.6.7),

onpenesasaeTcsa COOTHOIEHUEM

c = inf Lu(p)

oI e g q=1—p. (1.8.3)

Takum 06pa3oM, pemuns n30nepuMeTpUIecKy o 3anaqy B (M, p, i), TO
ecTb, ompenenus [, MOxHO Halitu ¢ ¢ momompio (1.8.3). Omnaxo,
y#&e B mpoctefimem ciyuae, korma M = S(r) — okpysHOCTL pa-
mayca r > 0 ¢ pPABHOMEDHLIM DACIPEIEJIEHUEM (i, U CJIeJOBATEILHO
I.,(p) = % — nocrosiHas ¢QyHrnus, (1.8.3) mpexncrasisier cobGoi
HE TAKyIO YK U HPOCTYIO 3amady O Makcumusanuu (ysguuu I, (p) =
(p%q + pg®)/*. Tor ¢akr, uro mpm o < 3 MAKCHMYM 5TOH (yHKIIHI

2
AOCTUTACTCA B TOUKE P = — , 1 CIENOBATEIHLHO cla) = =, norazan
mr
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B [78]. IIpm o = 1 coorsercrByromee HepasercTtso (1.8.2) (¢ om-
TUMAaJILHOM ITOCTOSTHHOM ¢ IJIs HEHOpMAaJn30BaHHON Mepol JleGera Ha
OKpyskHOCTH) ynoMuHaercs B paborax Occepmana [198] u Porxaysa
[206] rak mepaBencTBo PaiinGepra (tuna Buprunrepa), a npu o = 2
— B [206] (ommHako, Tam He OTMEUYEH TOT (AKT, UTO eCIM PaCCMaT-
pusati (1.8.2) mis HopmasuzoBauHol Mepnt JleGera, To KOHCTAHTHI
cosnagaior: ¢(1) =¢(2)). Ipn a > 3 nocrosuuse ¢(a) yOLIBAIOT.
Korgma = 0, — paBHOMepHOE paclIpemneseHure Ha n-MepHO# chepe

M = S"(r) ¢ n > 2, ourumanbras nocrosusad ¢(a) B (1.8.2) moxoxu-

TeJLHA TOJNLKO npyu o < Ee Toumoe 3mauenue malineso B

n—
pabore Yamgm [232], MCIONL30BABIIMM U30MEPUMETPUIECKYIO TEO-
pemy aist cdepnl. B srom ciayuae munnmyMm B (1.8.3) mocturaercs
npu p :% BHe 3aBucumoctu ot «. Cuenoarennro ¢(a) = c(%)7
npuyeM sKcTpeManbHLMy QyHKIuamu B (1.8.2) (B acummroTrueckoM
CMLICJIE) SBJISIOTCS MHAUKATODLI moaychep. YacTHL cioyuaii n = 2
uccaenosaiucs pasee Tanentu [226]. VlHTepecHO, UTO eCiu 3aIUCATE
(1.8.2) upu a = —

JleGera na cdepe (HO, KOHEUHO, MOHUMAA BHYTPEHHEE MATEMATUYEC-

II0 OTHOII€HUIO K (HeHOpMaJ’II/I3OBaHHOI7I) Mepe

KO€ ORJaHMEe KaK cpenHee 3Haqume), TO MOKHO O6Hapy>KI/IT]'37 gTo

OIITUMAaJILHAA IMIOCTOAHHAA C HE 6y,aeT 3aBUCETL OT T.

B [232] mepasencro (1.8.2) paccMaTpUBAJIOChL TAKKE I PaB-
HOMEPHOI'o pacupenesenusa Ha mape B R". Jlaa mapa pemenue
(mudpepennmanLHONR) M30MEPUMETPUYECKH 380849l U3BECTHO : BKCT-
PEMAJLHLIMY ABJIAIOTCA MAPLI CO CHENUPUUECKUM IEHTPOM U PaIv-
yecom ([12], [25]). Dr1or ¢akr, cormacuo [25], Obla nokasan Byparo
n Maspsa B [11].

B cayuae rayccoscko#r mepnl p = v, sa M = R" (¢ eBraunosoi
METPUKO#) onruMmasbHas mocrosuHas c(a) B (1.8.2) mosmosxkurennHa
Toabko npu « = 1. Ee tounoe 3nauenue c¢(1) = /2/7 naineno Iusne
[202] Ge3 ncnonL30BaHUS rayCCOBCKOTO U30IIEPUMETPUYECKOTO Hepa-

BeHCTBa. B kadecTBeHHOM cMmbIicie Jlemy ycumiamm 9TOT pe3yinTar,



119

3aMeHuB || - ||o B (1.8.2) Ha HOpMY B HIOAXOLIEM HIPOCTPAHCTBE
Opanua (um nokazano HepaseHcTBO (1.7.16) ¢ TouHOCTBIO HO ab-
COJIIOTHOrO MHOkuTess [171]) .

B [78] mpeanosKeHLL ClIe Ay OIe JOCTATOYHBIE yCIOBAA, IPU KOTO-

1
puix uaEuMyM B (1.8.3) mocTuraercs B TOUKe p= U cTano OLITL pa-

1
BeH 2I“(E 1
0, u dynkmms dI(p)/dp somyrna ma (0’5] (rme 1 < o <2). Bra-

1
): I, — cUMMeTpUYHA OTHOCUTEILHO o 1,0 =1,17)=

YCCOBCKOM CJIy4dae U cily4dae C(i)epbl 9TU YCJIOBUSA BLINOJJHSAIOTCA OIS
BCeX OOIIyCTUMDLIX (x.

Haxkonen, ormerum, uro (1.8.2) BieueT HEPABEHCTBO
lglle < K IVgll + Killgllx (1.8.4)

¢ (ysxe, BOOOWIE rOBOps, HeONTUMAaJLHOW) mocrosaHO K = 1/c¢(a)
(K1 =1). Takue n Gosnee obmue HepaBeHCTBa, CBs3bBaromue ||gllq
¢ Hopmamu ¢yHruu#d |Vg| n g B mapyrux npocrpascrsax JleGera,
COCTaBIAIT BaskHEeHmIylo yacth B Teopuu npocrpancts Coboresa.
Onu uccnenoBanucs, MHOrMMU aBropamu. OCHOBOIOIATAIOIUMU B
3TOH 06nacTu ABIAIOTCA Kiaccudeckne paborot Cobonena [36], [37],
[38], B KOTOpLIX Takue COOTHOmEHUS (BKIOYAs MPOU3BOIHLIE Bosee
BLICOKUX NIOPSIAKOB) ObLIN yCTAHOBJIEHBI IJIsi MHOTOMEPHEBIX 00acreid
€BKIMIOBOTO MPOCTPAHCTEA (OIMH 13 HanboJee PAHHUX PE3yJILTATOB
npunaesxkur Ppunpuxcy [133]). CoBpeMeHHOE COCTOsIHUE TEOPUN
CcOBOJIEBCKUAX POCTPAHCTB M3JI0:KeH0 B kHurax Maspu [25], Anamca
[48], Kyduepa [164], D6es [149], npudyem coboIeBCKre TPOCTPAHCT-
Ba Ha abCTPAKTHLIX METPUUYECKUX NPOCTPAHCTBAX TOJLKO HAUNHAIOT
nCCIenoBaTLCA (BaskKHLIE PE3YJILTATEL B 9TOM HAIIPABJICHAN OBLIN He-
JABHO TOJIyueHbl XafBamewm, cM. Hamp. [144]).

Bonpoc o TOYHLIX KOHCTaHTax B HepaBeHcTBax Buma (1.8.4) u mx
0BOBMEHNAX OKA3BIBACTCA TOBOJILHO IEIUKATHBIM U JasKE B HEKOTO-
PBIX IPOCTLIX CUTYANUSIX HPEICTABISICT COOOW OTACILHYIO HEIPOC-

Ty 3anady (cM., Hamp., Ay6un [60], Tamentu [225], D6eii u Bo-
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rou [150], [151]). Onun BaskHLIA yacTHBIA ciydali 3armMaer ocoGoe

nosnoxkenue: M = S™(r) — cpepa ¢ (HEHOPMAIM30BAHHON) Mepoi
n

Jlebera, n a = P B sTom cayuae TounOoe 3HAaUeHWE OITHU-
ManbHOW mocrosmHOW K B (1.8.4) Obuto Halineno AyGuabm [61].
Becoma m060ILITHO, UTO 9Ta MOCTOAHHAS COBIALAET C ONTUMAJILHOMN
nocrossaaOo K B kiaaccuueckoMm HepaBencTtBe CobosieBa [UIsi MepoI

JleGera B R™

(n—=1)/n
K[ 9yl > ( / |g<x>|"/<"*1>dw)
R” R

(g — uponsBoNLHAS rIanKas QYHKIMSA ¢ KOMIAKTHBIM HOCHUTEJEM).
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I'IABA II. U3OIIEPUMETPUYECKUE 3AITAYN
B [IPOCTPAHCTBAX C PABHOMEPHLIM
PACCTOAHUEM

§2.1. MuayKIuOHHLIA mar

CroBa mycts M — TOHNOJIOrMUYECKOE IPOCTPAHCTBO C BBIACICHHOMN
crucTeMoll OTKpLITHIX OkpecTHOcTeld U(x), * € M, n cHab:xeHHOE
(GopeseBckoil) BeposATHOCTHON Mepo# p. Paccmorpum msonepumer-

puyeckoe HepaBeHCTBO B M
(U (4)) = R(u(A)). (2.1.1)

3mech HAC OyAeT MHTEPECOBATL TOJILKO OIUH BOIPOC: MOYKHO JI PAC-
npocTpaHuTh HepasencTso (2.1.1) ma mpocrpancTBo Gosbmeid 7 pas-
MEpHOCTU’ , TO €CThL Ha MEeKApPTOBY crTemeHb M'™ ¢ mpomaxT-mepoit
u"?  UYrobLl HEe paccMaTpUBATL BONPOCLI U3MEPUMOCTH, OyaeM B
[asibHERImeM IpeanoIarats, uro M merpusyemo u cenapabeanbHO — B
9TOM ciydvae, u" 3aBeJOMO OmpenesieHa Ha o-ajaredbpe GOpeeBCKUX
monMuOkecTB M™.

B M™ Boimenum cucremy okpectHOCTEH— Ky6OB”
Ul)=U(xy) x - xUl(zyp), x=(x1,...,2,) € M",

Tak uro B coorBercTBum ¢ (1.1.1) okpecrroctu muOkecTB A C M™

JOJIKHBI OIIPpeneJATLCS PaBEHCTBOM

U4 =J Ul

acA

(st yOpomenns 3anucy MLl UTHOPUPYEM MHIEKC pa3MepHocTh). B

vacrroctu, ecma 8 M U(A) = A* — h-orpectnocts, A C M B cMuicTe
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merpugn p, To 8 M"™ U(A) = A" — h-okpectrocts A C M™ B cMuIcae

METPUKU oo (T, Y) = SUP <<y P(Tis Yi)-

IIpu sTux 060O3HAUEHUAX CIPABEIIUBA CJIE Y IOTIAS

Teopema 2.1.1. Ilycrs R : [0,1] — [0, 1] — BorHyTBIf COBEpIICHHDIH
Monyab. Ecau mepasenctso (2.1.1) Bomonusercs s (M, 1), To oHO
pomosHsaercs st (M™, ;™) (B Kiacce BCEX M3MEPUMBIX 110 IMHOMKECTB

M u M™ cOOTBETCTBEHHO).

HanoMuuM, 4TO COBEpIIEHHBIE MOILY TN OLLIU ONPEICIICHDLI yCIOBU-
avn (1.3.5)—(1.3.6) u orgenvuo B onpenenenun 1.3.2.

IIpuBenem Tarke GeckoHeUHOMEpPHLIE BapuanT Teopemol 2.1.1. B
npocrpanctee (M, 1°°) paccmorpum cucremy “"KyGoB” Us(z) =
U(z1) x U(xg) X ..., x € M. OHnu yke He OyAyT OTKPBITLIMUA MHO-
swecTBaMu B M MOSTOMY 11 HENVJIMHAPUYECKAX A MLI HE MOKEM
ckazaTb, uro MHOkecTBa U(A) OymyT mamepumol. OIHAKO, MOMKHO

OILCHMBATL HIDKHIOI U BHeIHIO Mepol: (0 (U(A)) n (1£°)*(U(A)).

Cnencrsue 2.1.1. Ilyctn R : [0,1] — [0,1] — BoruyTold coBepiuen-
HbIE Monynn. Ecam mepasenctso (2.1.1) Bomonuserca nma (M, u),

TO 1UIs Bcex uamepumbix A C M

(1) (U(A)) = R(u(A)). (2.1.2)

Sameuanue 2.1.1. B 7peryaapubix” ciydasx BHENIHIOI MepPbI
MOKHO 3aMEHHUTL B (2.1.2) Ha BHYTDPEHHIO. DTO, HAIIPUMED, OTHO-
curca k cutanuu, korna M = R ¢ o0LIuHO# crcTeMoil OKPeCTHOCTEN,

TO €CThL, K HePaBEHCTBAM BHIA
(1) (A+ (=h, h)>) = Rn(u(A))

IPU JOHOJHUTEILHOM IIPEANOIOKEeHNN, 4TO Ry (p) HEeNpepLIBHO 3aBU-
cuT OoT mapul aprymentos (p,h). IlefictBurennuo, mycts 0 < p' < p,

0 < h' < h. Mo%HO momoGpaTL KOMIAKTHOe MHOkecTBO K C A Tak,
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urobnr p°(K) > p'. Tar rax K + [—h/,h/|*° kommakTHO (Kak cymma

KOMIIaAKTHLIX MHO}KGCTB) n CJaengoBaTeJbHO U3MEPUMO, MMEeM:

p (A + (=h,h)>®) > p™®(K + [=h', h']>)
> (p) (K + (=h',h)>) = R (p).

Yerpemaas p' — p, ' — h, Mbl noxyuum

p= (A (=h, h)™) = Ri (™ (A)).

IloxazarenncTBo Teopemol 2.1.1. Dynem mcnosnn3oBaTh (yHKIU-
onanbHy0 (Gopmy (1.3.4): mo Teopeme 1.3.1 mus mo6o#t ¢yHKIAN
g: M —[0,1]

EUg>R(ER '(g)), (2.1.3)

rne Ug(z) = sup{g(a) : © € U(a)}. Hamomuamm, uro Ug BCerma mo-
ayHenpepbiBHa cHEU3y. CoOOTBETCTBEHHO, misi GyHKImA g va M"™ U-

onepamnusa 3a1aeTcsa paBEeHCTBOM
Ug(l‘la i '7xn) = Sup{g(a17 .- '7an) ta; € U(‘T’b)a 1<:< n}'

Maremarunyeckoe oxuznanue B (2.1.3) HOHEMAETCA B CMLICJIE Me-
pel 4. Ecnu Mbl pacupocTpaHuM TO (YHKIMOHAJLHOE HEPABEHCTBO
Ha (M™, ™), TO HA MHAMKATOPHLIX (YHKIMAX OHO NPUBELET K ~ MHO-
romeproMy” Bapmanty (2.1.1).

IlorazarensLCTBO MOKHO MPOBECTU MO WHAYKIUU. UTOOLI CaelaTh
VHIYKIUOHHBIT [IAr, MPeIIoIoKAM UTO MBI IMEEM IBA IIPOCTPAHCTBA
(M,p) m (M', 1) co cBomvm cuctemamu okpectrocreit U(z) n U'(2').
Paccmorpum npoussenenune (M x M’ u x p') ¢ cucremoli okpect-

wocrelt U(z) x U'(2'), (x,2") € M x M'. Oupenennm

D(x)={aeM:zeU(a)}, z€M,
D'(xy={d eM :2e€U'(d)}, xeM.
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IIpennonaraem, uro (2.1.3) semonnsercsa nusa (M, p) u (M’ 1'). Pac-
cMoTpuM m3Mepumyto Gymkmmio g : M x M’ — [0,1]. Beegem V = R™!
n s3adpurcupyem ' € M'. Torma mna ¢ymxmmm x — g(z,2’) (2.1.3)

3allUIIEeTCA KaK

yeD(x)

/M Vig(z,2"))du(x) <V </M sup g(yw')d,u(x)) . (2.1.4)

ITonoxum

u(a’) = /M sup gy, 2") du(z).

yeD(x)
PyHEIMA % KOPPEKTHO OnpeneeHa (Tak Kak IOJ MHTErPAJIOM CTOUT
[OJIyHeNpepLIBHAS IO & (YHKIWs), HO HE BUIHO HUKAKUAX OCHOBAHUN
cynurarh ee maMmepumoit. IlosToMy BBemeM M3MEPUMYIO MUHODAHTY
ux. ITo Teopeme Pybunm nesas vactn (2.1.4) p/-usmepmma. Kpowme
roro, V(u.) npencrasuser cobodl namepumyro Munopanty V(u). Ilo-

sromy (2.1.4) BieyeT HEPABEHCTBO

/A Vgl dula) <V (), (2.15)

cupasemmBoe misA p/-noutu Beex ¥ € M'. Uuterpupys (2.1.5) mo

nepemennoii «’ u npumenss (2.1.3) K 4., MBI HOXYy4YnM

| ] Vi) du(w)du(w’)§V< / Uu*(:r’)du/(x’))

’

Ocraercsa 3aMeTUTD, YTO U, < u, u ciaenoBareanuo U u, < U u, u uro

Uu(z')= sup g(y')= sup / sup g(y,y') du(z)
v eD! (@) yeD'(a') J M yeD(a)

S/A sup  sup g(y,y') du(x) =/M Ug(z,z') dp(x).

1y’ €D’ (x') yeD(x)
Teopema moraszana.

Hokazarenscrso caencrsust 2.1.1. Ilycern g : M — [0,1] — usme-

pumas ¢yHrnus. ByneM mokasniBaTL HEPABEHCTBO

E*Ug>R(ER '(g)), (2.1.6)
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rne Ug(z) = sup{g(a) : a € M>®, z; € U(a;), i > 1}, Tak uto Ha
MHIUKATOPHLIX (yHKmuMAXx (2.1.6) mpespamaercs B (2.1.2) (E* o03-
HavaeT BHemHuP mHTerpas mo mepe p>). Ilycrn ¢ — usmepumas
maskopanTa misg Ug. B wactaoct, 0 < g < Ug <y < 1. Haa ao0bnix
PUKCUPOBAHHLIX (Tp41,Tnt2,--.) g OyAeT uaMepuMoii GpyHrumed nep-
BLIX 7 IEPEMEHHBIX (Z1,...,Z,) € M™, 1 105TOMY MOKHO IPUMEHUTL

Teopemy 2.1.1:

V(g(z1, .y Ty Tpgt, .. ) dp™ (21, .o zp) <

M (2.1.7)
V(/ sup g(ylv"'7ynvxn+17'")d#n(l‘lv"'vxn)> <
M yieD(a)) (2.1.8)
V< 1/)(11»---7$m$n+17-~~)dﬂn($17~~~7mn)) (219)
Mn
3aMeryrM, UTO (YHKOUSA OT NEPEMEHHBIX (X1,...,&p) HOX WHTE-

rpasoM B (2.1.8) mosyHenpepuniBHA CHU3Y, HO 9TO, KOHEYHO, HE Bile-
YeT U3MEPUMOCTL BCErO MHTErPAJIa OT IEPEMEHHLIX (L1, Lnt2,---)-
Paccmorpum maTerpaast B (2.1.7) un (2.1.9) Kak yciaoBHBIE MaTeMa-
TUUECKUEe O/KUAAHUS HA BEPOATHOCTHOM npocrpancTse (M, 1) or-
HOCUTEJILHO CATMa-ajredp T,, MOPOKIEHHLIX KOODANHATHLIMU (Y HK-

My T (z) = xg, k> ne
217 =E(WV(g)lm),  (21.9) = V(E(Y[m)).

Xopomio m3BeCTHO, YTO IJIA JTI000W CyMMUpPYyeMO#l ciaydaitHO!l Besn-
ynnnt 1) ga (M, u*°) p*°-nouru masepuoe E(n|m,) = En npu n — oco.
[TosTomy B mpezeine, ¢ yderoM HempepoiBHOCTH (yHKmmu V), (2.1.7)
u (2.1.9) mamyr uckomoe mepasercrso EV(g) < V(Ey) = V(E*Uyg).

Ciencrsue HOKa3aHO.
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§2.2. M3onepumerpudeckas GyHKIUs OECKOHEUHOMEPHOMN

IIPOJaKT-MePLI

Ecnu B ”onnomeprom” mepasencrse (2.1.1) R He sBisieTcs coBep-
MIEHHBIM MOJYyJIeM, TO yTBep:kaeHue Teopemol 2.1.1 mepecraer ObITh
BepHbIM. [losTOMy Hamell ciaenyromuii 3agayeil OyaeT ompeneaeHne
ontumanbHOl ¢ymrmmm R B (2.1.1), obcayskuBaromeii Bce pasmep-

HOCTU. COFHaCHO HaIIrM 0603HaquI/IﬂM, TakKoi (byHKHMGﬁ ABJIAETCA
R/fo (p) = HﬁfR/L" (p)a 0< p < 17

rue

Ry (p) = w%%z;)“ (U(A))

— u3omepuMerpudecKas (QYHKOUSA IpOogakT-Mepol u” (unpumym Ge-
percs o Bcem u3MmepumpiM A C M"™ mepot p™(A) > p). Tarkum 06-
pazoM, R~ — m3omepuMeTpuyecKas (QyHKIMA ~OeCKOHCYHOMEpPHON”
npoxakT-Mepsl (°° B npocrpancTee (M, 1°°) mis cucremsl " KyGoB”
Uso(z) = U(z1) x U(x2) X ..., © € M, B riacce Bcex ’KOHEU-

HOMepPHLIX” (MUIVHAPUYECKUX ) HOAMHOKeCTB M !

Rye(p)= inf 12°(U(A)), 0<p<l,
@)= _int i (U(4) .

rae mHPUMYM Oepercs M0 BCeM IMIMHIPUYECKUM K3MEPUMDLIM IIOI-
muOxecTBaM A C M mepor 1 (A) > p.

Wrak, IpeamosoKuM, YTO MBI PEMINIIN OLHOMEPHYIO M30IEPUMET-
PUUECKYIO 3aady, TO €CThb Ompeneauau R, — ONTUMAJLHYIO (YHK-
muo B (2.1.1). Omnpenenserca nmu torma Ry onHosHauno? U ecnn
Ia, TO Kak ee Halitu wnm ommcarn? Ha stm BOmpocnl GynyT HU-
JKe NaHbl OTBETHl B IPEIIOJIOKEHNM, YTO (YHKIMA R, BOIHYTa HA
(0,1). Kpome toro, Mer GyaeM IpeAlONaraTh, YTO BBLICICHHAS CHC-
TeMa OokpecTHOCTEeRr B M obianaer cieLylomuM CBOWCTBOM CHUMMET-
pudocTu:

zeU(y) =yeU(x), z,y e M. (2.2.1)
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Teopema 2.2.1. [Ipegnonoxum, uro ¢pyurmua R,, sBorayTa Ha (0,1),
npuueM R, # 1 (Tomaecrsenno). Torma R~ — MakcuMmanbHad (yH-
KU Cpeau Bcex Bozpacraromux Ouekumii R : [0,1] — [0,1], Takux

uro R < R, n nus Beex p,q € (0,1),
R(pq) < R(p) R(q), (222)
S(pq) = S(p) S(q). (2.2.3)
rxe S(p) =1 — R(1—p).

To ecth, R;pc — MAKCUMAJBLHLIA COBEPIICHHLIN MOy b, MAKOPUPY-
empiii R,. Komeuno, cymecrBoBaBue Takoidl (yHKIUM BXOIUT B yT-
Bep:xaenre TeopeMol. OTMernm Takske, 9ro ciaydaid R, =1 na (0,1]

BO3MOKEH, U TOrJa, OYeBUIHO, R, =1 na (0,1].

Caencreue 2.2.1. Ilpenmosoxkum, YTo (yHKINSI R# BOTHYTa& HAa
(0,1). Cnenyromue yTBep:KIEHUs SKBUBAJIEHTHDL:

a) Ruoc = RH;

b) Ry» = R, roe n > 2 GUKCUPOBAHO;

¢) ¢pymruusa R = R, ynoBaerBopser (2.2.2) u (2.2.3).

s JOKa3aTeJbCTBa TEOPEMBI 1 CJI€ACTBUS, HAYHEM C IIOATOTOBU-

TEJILHLIX JIEMM.

Jlemma 2.2.1. Ilns moGoli meyGoBaromedd ¢pyuruuu f : (0,1 —
(0, 1], raro#t uro f(p) > p mus Becex p € (0,1], cymecTByeT MaKCUMAIL-

HBIA MyJIbTUININKATUBHBIA MOLyab R, Maxkopupyemsblii f. VmeHHO:

R(p) = inf f(p1) ... f(pn), (2.2.4)

rae MHGUMYM OepeTrcs IO BCeM KOHEeYHLIM Habopam {pi,...,pn} C
(0,1] co cBoficTBOM p1...p, = p. B uwactaoctu, R(p) > p musa Bcex

p € (0,1]. Ecau f Borayra, To R TOe BOTHYTA.

IokazarenscrBo. Pyurius R, onpenenensas B (2.2.4), sBasercs,
OYEBUIHO, MAKCUMAJLHLIM MYJILTUTIMKATABHLIM MOy JIEM, MasKOpPU-

pyemopim f. Iloraskem, uro R Bormyra, ecam f Bormyra. Tak Kak
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R =inf, R, rune R, oupenensercs (2.2.4) ¢ ¢uxkcupoBaHHbM n > 1,
[OCTATOYHO MOKA3aTL BOTHYTOCTL Bcex R,. Mcmomn3ys muaykmuio,
HEOOXOAMMO TOKAa3aThL, UYTO ST JI0OO0W mapnl BOTHYTLIX HEyOLIBAIO-

mux Gysrnui fi >0 un fo >0, sanansuix #va (0,1], dyHKDUs

R(p) = inf{f1(p1) f2(p2) : p1,p2 € (0,1], p1p2 = p} (2.2.5)

Takke BorayTta u He ybomaer Ha (0,1]. Bomee Toro, tak kak fi u
f2 MOryT OBITH IPEACTABIEHLI KAK TOTOYEYHBIE MHGUMYMBI HEKOTO-
PBIX CeMeHcTB HeyOBbBaromux apGUHHBLIX (YHKINUNA, JOCTATOYHO pac-
cmorpers Gysruuu f;(p) = a; + bip, a;,b; > 0 (i = 1,2). s takux
¢yuruuit (2.2.5) naer

R(p) = aras + bibap + 24/ arazb1bap,

mpu 0 < p < ¢ = min{(a1b2)/(azb1), (a2b1)/(a1b2)}, n R adppurna npu
p > ¢, npuaem R'(ct) = R/(c”). Cnemosareanno R BorHyTa u He

yOLIBaeT.

Jlemma 2.2.2. s mro6oii HeyOLiBatomed BoruyToit ¢pyukiuu f :
(0,1] — (0,1], Taroit uto f(1) =1wu f # 1 (TOxKIECTBEHHO), CYMECT-
ByeT MaKCUMAaJbLHBI COBEPIIEHHLIA MOIynb R, Masopupyewmsiid f.

dyurnusa R BormyTa.

Hoxrasarensctso. Jlas Bospacraromeit 6ueknuu R B [0,1], kak
06nraHo, obo3HaunM uepes R~! obpaTHyto k He#r ¢pymrmao. Hamow-
HUM, YTO MBI HA3BAJW IyaubHO# & R ¢pyErmmo R*(p) = 1—- R~ (1—p),
0 < p <1, sBasmomeiica obparuoit k ¢pyskmun S(p) = 1 — R(1 — p).

Takum o6paszoM, (2.2.3) 9KBUBAJIEHTHO HEPABEHCTBY

R*(pq) < R*(p) R*(q),  p,q€[0,1],

U 3HAUUT, KAK YK€ OTMEYAJOCh, R OymeT COBEPIIEHHBIM MOIYJIEM
TOTJa W TOJILKO TOTJa, Korga R u R* ABAAOTCA MyJILTUIINKATIB-

HBIMW MOIYJISIMU ONHOBPEMEHHO. DbymeM MCIoJNL30BaThL CJienyIolue
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IIPOCTBIE CBOWCTBA MyaJbHLIX (DYHKIWMA:

(R*)* = R (2.2.6)
eciu Ry < Rs, 10 R} < R3; (2.2.7)
ecau R Bormyra, 1o R* BOormyra. (2.2.8)

Snecy R, R1 n Ry — Bospacratomue 6ueknuu B [0,1]. Bynxem 0603-
HavyaThL QyHKOO R m3 gemmor 2.2.1 kak mod(f). Onpenemum QyHEK-
i Ry mo tpancduanTHON nuayknuu. I[Tososkum Ry = mod(f). Ilo
aemme 1.4.2 m 2.2.1 Ry — Bo3pacraromas BOrHyTas OUEKIUs B (0,1].

Korna A = £ +1 — He mpeaeabHOe TOPAIKOBOE UUCIIO, TONOKAM
Ry = min {mod(R¢), (mod(R{))"} . (2.2.9)

B mporusrOM ciyuae momoxmMm Ry = infeoy Re. Moxno mpemmo-
jaraTb B TaKOM OIpemeJeHun, dTo A < Ao, TAe A9 — AOCTATOYHO
6onpmoe. OcymecTBiAs WHAYKIUOHHLIA [MAr, IPENIOJIOKUM, UTO
opu Bcex § < A Re — Bospacratomas Borayras Omekmma B (0,1].
Torpa mia A = €+ 1 ¢yusmua Ry B (2.2.9) Oyzmer Bospacratomeit
BoruyToii Gueknuer B (0,1] B cuny memmer 2.2.1 u coficrea (2.2.8).
st npenenbHLIX TOPAAKOBLIX umrced A Ry Oymer obaanarnh TeMu ske
cBOicTBaAMU Kak MHOUMYM BO3PACTAIONAX BOTHYTLIX OMEKIIVH.
Takum o6pazom, MLI IOCTPOUIN HEBO3PACTAIOMYIO TPAHCHUHUAT-
HYIO IIOCJIENOBATEILHOCTL Ry, A < g, BO3PACTAIOMMUX BOTHYTLIX
6ueknuii B (0,1]. Ecau )¢ mocrarouno Gosbinoe, HapuMep, €CiIu
card(Xg) > 2°, TO 9Ta NOCIENOBATEILHOCTL AOJKHA HAYMHAS C HEKO-
Toporo mara A < Ag CTaTL MOCTOAHHOH, TO ecth, Ryi1 = Ry. Co-

riacHo (2.2.9), 10 03HAUAET, UTO
Ry = mod(Ry), Ry < (mod(RY))".

ITosromy R) — MyJILTUILIMKATUBHLIA MOxynb u, B cuiy (2.2.7) u
(2.2.8),
R} < ((mod(R}))*)" = mod(Ry}).
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Cuenosarennao, BcnoMuHas 9T0, mod(g) < g, Mbl momydaem, 910 R}
TORKe OymeT MyJILTUIIMKATUBHLIM MonaysieM. Kak cimencrsue, Ry —
COBEPUICHHLIA MOIYJID.

Ocraercs noOKa3aTh, 9To R) — MakCUMaJLHAS (YHKIV CDEOU BCEX
COBEPIICHHLIX MOxyIelt, MmaskopupyeMuix f. Ilycrn R — coBeprueHHDIH
Monmynn, Tako#t uro R < f. Ilokamem mumyknueii mo £, uro R < R
s Beex € < A\g. Tak kaxk R < f n R — MyJIbTUIINKATUBHLIA MOy b,
mveeM R < mod(f) = Ry. Homyctum remeps, uro R < R, mus
Bcex 1 < . Ecmm £ — mpenenvrbiii opamuan, To R < inf, ¢ R, =
Re. B apyrom ciyuae, korza & = 1+ 1, mbr umeem R < mod(R,),
nockonnky R < R, u R — MyJILTUIIMKATUBHLIA MoAyan. CoriacHo
(2.2.7), R* < Rj, caenoBatemsro R* < mod(R;), Tarx xak R* —
MyJILTUIIUKATABHLIA Moxynn. CHosa npumenss (2.2.6) u (2.2.7),
nonygaem R = (R*)* < (mod(R;))". KomGumupys obe onenkm, 3a-

KIIFOYaeM, uTO
R < min {mod(R,), (mod(R}))"} = Re.

Taxum obpaszom, R < Re nna Bcex § < A\g. Jlemma 2.2.2 moxasana.

Jlemma 2.2.3. ®Pymrmua R~ ABIACTCA COBEPIICHHBLIM MOIYJIEM.

Ecau R, Boruyra Ha (0,1), T0 1 R~ BOrmyTa Ha (0,1).

JokaszareancTBo. VIMEHHO B 9TOM MECTE MBI MCIOJIL3YeM CBOHCTBO
cumMerpuyroctu (2.2.1). s mpousBosnbHOro MHo:kectBa B C M
oupeznenuM ero ”U-sryTpernnocts”: int(B) = {x € M : U(z) C B}. B
cuny (2.2.1), muast moGoro paszbuenus M Ha aBa momMHOMkecTBa A 1

B nveem:
U(A) n int(B) obpasyror pasbuenue M. (2.2.10)

CewmelicrBo ky6oB U(x) =U(z1) X - x U(xy), v = (21,...,2,) € M™,
O4YeBMAHO, Takke ynoiaersopser (2.2.1), mosromy (2.2.10) BoImOI-

msercs u 8 M™. Kpowme roro, mis moboix Ay, By € M™, Ay, By ¢ M*
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CIIPAaBEIJIMBLI TORICCTBA

U(A1 X Az) = U(Al) X U(AQ), (2211)
int(Bl X BQ) = lnt(Bl) X lnt(Bz) (2212)
Omnpenennm
R(p) =inf inf p™(U(A)), 2.2.13
(p) = in R (U(4)) ( )
S(p) =sup sup p"(int(B)), (2.2.14)
n pr(B)<p

To ectn, R = R°. B cuy (2.2.10), 5Tu ¢yHKIMM CBAZAHLI COOTHO-
IIeHueM

R(p)+ S(1—p) =1, 0<p<l

IIposepum (2.2.2) u (2.2.3) gna R u S. Ilo onpenenenuio (2.2.13),
st mo0eix p,g € (0,1) m ¢ > 1 MOKHO HOIOGPATHL IEJbIE YUCIA
n,k > 1 u maoxectsa A C M™, Ay C M¥*, taxkue uro u" (A1) > p,
(*(Az) > q, npraen

p"(U(Ar)) < eR(p), p"(U(A2)) < cR(q). (2.2.15)

Muoswectso A = A; x Ay C M™% mmeer mepy u"*(A) > pq, cue-

nosarennbHO, coraacuo (2.2.11) u (2.2.13),
R(pg) < p" M (U(A)) = p*(U (A1) g (U(Az)). (2.2.16)

Komburmpys (2.2.15) u (2.2.16), moxyuaem R(pq) < c?R(p)R(q).

Yerpemnsas ¢ — 17, npuxomam k mepasenctBy R(pq) < R(p)R(q),
TO ecTh, (2.2.2) Bumounsercsa. TOYHO Takue sKe PACCYKICHUS C UC-
noan3oBanueM (2.2.12) u (2.2.14) npusomsar k mepasenctsy S(pq) >
S(p)S(q). Mo nemme 1.4.2 R — Bospacratomas 6ueknua B (0,1), n
CIENOBATENLHO R — COBEPIICHHDBIR MO Iy I .

Borayroctn R Oymer scHA M3 HUKECIEOYIOMEro PACCYKICHUI.

HoxkazarenncTBo Teopemor 2.2.1. B cuny nemMmer 2.2.2 cymectByeT

MaKCUMAaJLHLIA COBEPIIEHHLIA MOIyIL R, Mamopupyembii f = R,,.
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ITosromy, Tak kKak R~ — coBeprmeHHLIA MOXy s (deMma 2.2.3), MBI
nmeem Ry~ < R. CuoBa B cuny nemmul 2.2.2, ¢pyHrmus R BoramyTa,
nosTomy 1mo Teopeme 2.1.1 nust mo6oro n > 1 u 1106000 U3MEPUMOro

MHO:kecTBa A C M™
n"(U(A) = R(p"(A)).
Ho sTo o3mauaet, uro R,~ > R. Kak pesynerar, R,~ = R. Teopema

2.2.1 nokasaHa.

HoxrazarensctBo caenctua 2.2.1. HykHO numb mokasarb, YTO
R,
2.2.3, paccmarpuBas MHOKeCTBa Buga Ay x Ay C M?, By x By C M?

> = R, Bieuer (2.2.2) u (2.2.3). Kak u B JoKa3aTeNLCTBE JTEMMBI

c (A1) > p, u(Az2) > g, p(B1) < p, p(B2) < g, MBI MOKEM HOTYUHUTD,

omupasicy Ha (2.2.11)—(2.2.12), nepasencrsa

R;ﬁ (pQ) < pr(p)Ru(Q)v Suz (pQ) > Su(p)S;L(Q)a

rae S,(p) =1-R,(1—p), Su2(p) =1—R,2(1—p). IosTomMy B ciryuae

R,» = R, ¢yrsnna R, GyneT COBEPHICHHEIM MOIYJIEM.

m
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§2.3. JlorapuMudyecku BOMHYTBIE IPOAAKT-MEPDI

C ®KCTPEMAJILHLIM CBOMCTBOM IOJIYIPOCTPAHCTB

Teneps MLI MOKEM PACCMATPUBATEL U30MEPUMETPUIECKYIO 33 a9y
B KOHKDETHLIX IpOCTpaHCcTBaX. leopema 2.2.1 u ee cjencTBue WH-
TepecHDl y:ke B ciaydae, korga M = R ¢ o6uiyHO# cucrtemo#t okpect-
HOCTeH, Tak 4To Ui MHOTOMepHLIX MHO:kecTB A C R"™ peun umuer
06 h-okpectnoctu Up(A) = A + (—h,h)" B cMbICIe PABHOMEPHOTO
paccrosiaua B R”.

IIycTh g — sorapuMUUecKn BOTHYTas Mepa Ha BEeIEeCTBEHHOR
npsamoit R ¢ mnoraocThIO f: )1 cCOCpenoTodyeHa Ha HEKOTOPOM UHTEP-
Baue (a,,by), rae f monoswurensha, npudem log f — Borayra. OGos-
naunm uepesz F~1:(0,1) — (a,,b,) oOpaTHYIO K (yHKIUM pacrupeme-
nenus F(x) = p((—o0,]), « € (ayu,by,). 3mech MLl onumeM Bce Takue
f, 1ist KoTopbix (" (A + (—h, h)™) MUHUMU3UPYETCsl Ha CTaHAAPTHLIX

nonynpocrpascreax A = {x € R" : 17 < ¢}.

Teopema 2.3.1. Ilpu n > 2 caenyioniue yCIOBUS SKBUBAJEHTHLIL:

a) mist mobuix p € (0,1) u h > 0 cragzapTHBIE TOJLYIPOCTPAHCTBA
muHEMEI3UPYIOT 1" (A + (—h,h)") B k1acce Bcex maMepumbix A C R”
mepet (1" (A) = p;

b) TO ke CBOWCTBO IS KJIACCA BCEX BBIIYKJLIX MHOMKECTB A;

¢) Mepa [ CUMMeTPUYHA OTHOCHUTEJLHO CBOEH MeauaHbl, W IS

Bcex p,q € (0,1)

fEN ) SETNW) | SETNG) (2.3.1)

pq P q

Kak yxxe ormeuasocs (§1.4), cBoficto (2.3.1) BMecTe ¢ cuMMeT-
PUYHOCTLIO BJIE€YET @, = —00, b, = -+00, TAK YTO HOCHUTENEM [
IMOJKHA OLITL BCA mpsaMas. TakuM 0O6pa3oM, B MPEINONIOKEHIN CUM-

METPUYHOCTU CBOWCTBO ¢) O3HauaeT, 4To npu Bcex h > 0 ¢yHKIuUs
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Ry(p) = F(F~Y(p)+h) asaseTca cOBEPUICHHBIM MOTYTeM (CM. JeMMy
1.4.3). 3amerum, uro Hpu n = 1 yTBEp:KAEHUE TEOPEMLI IEPECTAET
OLITL BEPHLIM: YCJIOBUE CUMMETPUYHOCTU OYyIeT Kak HeOOXOIUMDIM,
TaK U JOCTATOUHBIM IJIs SKCTPEMAJLHOCTU moiyocedn A = (—oo,u]
(§1.2).

IIpuBenem nBa mpmmepa. Ecam g — aBycroponnee mokazarein-
HOe pacmpenenenue, To f(F~!(p)) = min{p, 1 — p}, u cremosaresLHO
(2.3.1) mapymaercsa. Ecau ske [ — JIOrucTUYECKOE PACIDENEIEHUE,
To ectn, F(z) = 1/(1 + exp(—x)), = € R, To f(F~(p)) = p(1 — p)
yaosaersopser (2.3.1). Bousee 06mmo, 2TOMY yCIOBUIO Y AOBIETBOPSI-
IOT BCE CUMMETPUYHLIE JIOTAPUOMUYECKU BOIHYTHIE (i, NI KOTOPLIX

¢yuxnus log(f/F) sorayra (memma 1.4.4).

JloKa3aTeaLCTBO. @) <= ¢): yCJIOBUE CUMMETPUYHOCTU [l SBJISAET-
¢ HEOOXOIUMLIM IUIs () U BLITEKAET U3 DPACCMOTPEHUs OITHOMED-
HOW 3amaum (TeopeMa 2.2.2), Tak YTO MOYKHO IPEANOJIATATL, YTO
Mepa [ cUMMeTpuyHa. B oTOM ciydae cHOBa 1O Teopeme 2.2.2
MBI IMEEM IJISI M30MEePUMETPUUECKON (PYyHKIMN MEDPHI (i COOTHOIIECHUE
Ry, (p) = F(F~(p)+h). Ycnosue a) MO:kHO 3amucats Kak Ry ,n» (p) =
F(F~Y(p)+h) nnsa scex p € (0,1) u h > 0, T0O5TOMy SKBUBAJEHTHOCTL
@) ¥ €) MOY¥KHO BEIPA3UTb COOTHOIeHHeM R ,» = Ry ,. Cormacxo
creacTsuio 2.2.1, 3TO paBHOCUILHO TOMY, UTO (GyHKOUA I3, Oynmer
COBEPIIEHHBIM MOIyJeM npu Bcex h > 0, To ecth, colicrBy (2.3.1)
(nemma 1.4.3).

b) = ¢): CHMMMETPUYHOCTDL f OLIIA MOJyYeHA MPU PACCMOTDEHWUN
B OJHOMEPHOW m3omepumerpudeckoMm Hepasenctse (A + (—h,h)) >
F(F~Y(u(A)) + h) watepsasos Buma A = [y, +00), a OHU ABIAIOT-
cs BuIMykAbIMU. [losTomy g cummerpuuna. [Ipumenss ske aBymep-
noe HepasencTBo p?(A + (—h,h)) > F(F71(u(A)) + h) & (Bomysasm)
kybam A = (00, z] X (00, y|, momyuaem csotictBo Ry (pq) < Ry (p)Rr(q),
koropoe npu h — 0 npespamaercs B (2.3.1).

OueBnauo, a) = b), u 3gauur teopema 2.3.1 morazana.
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Sameuanue 2.3.1. Ilus sorapudMudyecKu BOTHYTBIX MED fi, Y IOB-
NeTBOPAIOMUX a), Mbl umeeM Ry, (p) = F(F~(p) + h). Cormacuo
zamevanuio 2.1.1,

Rpyee(p) = inf y2(A+(=h,h)>),  0<p<1,
12 (A)=p
rae nHGUMYM OepeTcs Mo BCeM M3MePUMbIM moaMHO:kecTBaM A C R™
Mepol (°(A) > p u mocTUraercs Ha CTAHZAPTHLIX MOJIYIPOCTPAHCT-
Bax.

Sameuanme 2.3.2. Ilycto n > 2 u ( = ((;)I, — mocuaenosa-
TEJNLHOCTDL HE3ABUCUMLIX CJIyYalHLIX BEJIUYMH, UMEIOMUX obImee Jo-
rapugMUUECKd BOTHYTOE pacupemuesnenue . TOrna B TEPMUHAX Poo-
aunmuneBsx Gpysknui g va R™ (¢ aummunesolt Hopmoit (g nip < 1)

CBOWCTBO a) MOkHO 3anmcaTh kak (1.1.5):

P {g(¢) —mp(g(Q)) > h} < P{G —mp(C1) > h}, h>0, (2.3.2)

rae m, O3HauYaeT KBaHTMIL nopsanka p € (0,1). Muadge rosopsa (mem-
Ma 1.1.1), mus n060# poo-nunmmnesoii Gyurnuu g vHa R™ cymect-
ByeT JunmuneBa GpyHKnua ¢* Ha npamoil R, Takas uro ciyuaiinbie
seauuunnl ¢(¢) u ¢*((1) OAMHAKOBO pPACIDENEIIEHDL.

CaolicTBO b) rOBOPUT, YTO HEPABEHCTBO (2.3.2) BLINOIHAECTCS NI
BCeX JIHMMMUNEBLIX BLIMYKJILIX ¢. V] Kak MLI BUOEIN U3 TOKA3ATENh-
CTBa, YTOOLI BLIBECTU (2‘3.2) UL BCEX JIMMNIIUIEBLIX ¢, NJOCTATOYHO
npennonararh (2.3.2) TONLKO i IBYX (yHRIUA: ¢1(z) = —x1 u

g2(z) = max(xy, xa).
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§2.4. M3onepumerpudeckas GyHKIUs OECKOHEUHOMEPHOIO

IIOKa3aTeJILHOTO pacClpeneIeHns1

31eCh MBI WILTIOCTPUPYEM TIPUMeHenre TeopeMnl 2.2.1 Ha mpumepe
HECUMMETPUYHOTO pacupeneienus. [1ycTn 4 — OQHOCTOPOHHEE TIOKa-
3arenpHOE pacupenenenue Ha M = R ¢ mnotaocThIO f() = exp(—1),
x > 0. Cormacao teopeme 1.2.1, B OZHOMEDHOI M30TEPUMETPU-
YECKOHM 3a7aue 9KCTPEMAJLHLIMA OymayT MHTEPBAJLI BUma (—o0, ]
u [y,+00), TO €CThb, M30LEpPUMETPUYECKas (YHKIUS [ OLPENesser-

CsI COOTHOIIEHUEM
Ry u(p) = min {(1 —a) +ap, p/a}, 0<p<1, (2.4.1)

rume a = e_h, h > 0. Dra QyHKIUA He ABJIAETCA COBEPUIEHHBIM MO-
IyJieM, HO BOTHYT&, IIO9TOMY MBI HAXOIUMCS B YCJIOBUAX TEOPEMBI
2.2.1.

Teopema 2.4.1. Ilnsa seex p € (0,1) u h > 0,

Ry, oo (p) = min {pa, 1-(1- p)l/a} , oa=c¢ (2.4.2)
Hamomunm, uro Ry, e~ = inf, Rj » u, cornacuo 3ameuanumio 2.1.1,
Rh,u“’ (p) = inf /Jio(A + h(_la 1)00)7 (243)

e (A)>p

rae napuMyM 6epercs no sceM uamepumoiv A C R mepot ™ (A) > p
(p$° o3HAUAET BHYTPEHHIOIO MEPY ).

ITo Bcell BMAMMOCTU, PKCTPEMAJLHLIX MHOMKECTB, OOPAIIAIOMIMX
(2.4.3) B paBencrso, mer. OnHako, onupasich Ha (2.4.2), gerko Haii-
T ACHMITOTUYECKN DSKCTPEMAJLHLIE MHOKeCTBA. OB03HAUMM uepes

=299

An(p) = (—00,a,(p)]" x R X ... crapmapTHLIA ”n-MepHLIA® nuInH-

Ipudecknii Ky6 Mephl p, CIeIOBATENLHO an(p) = —log(l — p'/™), u
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uepes By, (p) — nononnenue x A, (1 — p). IIpocroii noxcuer noKa3bl-

BaeT, 4TO

1> (An(p) + A(=1.1)%) — p*,
(1 (B (p) 4+ h(—=1.1)%) — 1 — (1 — p)'/,

upu n — 00. Ilosromy mapuMyM B (2.4.3) mocTuraercs Ha acUMI-
TOTUYECKU CTAHIAPTHLIX N-MEPHLIX KyOax MepLI p MIM Ha IOIOJIHE-
HUAX K TAKUM KyOaM Mepel 1 —p. 3aMeTuM, U4TO T aCUMITOTHYCCKA
SKCTPEeMaJIbHLIE MHOKECTBA CaMU 110 cebe He 3aBUCAT OT mapaMeTpa
h, HO mias TOro, 4robnl crenars Boibop Tuma (A,(p) wim By(p)),

/e HerpymHO MOKA3ATL, UTO I

HY’KHO cpaBHUTL p® ¢ 1 — (1 — p)
Beex p € [1/2,1) m mus Beex a € (0,1) p* < 1 — (1 — p)V/*, crenosa-

TeJLHO i Becex h > 0 MBI mMeeM
Rh,ux’ (p) = pa7

u, TakuM 06pa3oM, KyOul A, (p) OyayT aCUMITOTUUECKN SKCTPEMAJIb-
HLIMU, KK TOJLKO P > % Ipy p < 3 THUI BKCTPEMAILHLIX MHOKECTB
3aBUCUT TakKxe OT h.

Hns nokazarenncrBa Teopembl 2.4.1 MBI cHavaJsia IpUBEIEM HEC-
KOJILKO IIPOCTLIX JIEMM O MYJILTUILIMKATUBHBIX MOLYJIAX ¢ T€M, YTOOLI
HaM Jierde OBLIO IPUMEHUTHL OCHOBHYIO Teopemy 2.2.1.

OGoszuaunm uepes @4+ (coorBeTcTBEHHO Yepes () ceMelcTBO Beex
uHeyonmBaromnx ¢Gyssmmit f : (0,1] — (0,1], Takux uro f(1) =1 n
OyHROIUA

T¢(zx) = —log f(exp(—x)), x>0,

BLIIyKJIa (COOTBETCTBEHHO BorHyTa) Ha [0,+00). B kiacce Hempe-

puiBHO aupepenmupyemuix f Ha (0,1] 270 03HAYaAeT, YTO (yHKIUS

L¢(p) =pf'(p)/ f(p)

He Bo3pacTaeT (coorBercTBeHHO, He yOnBaer) Ha (0,1]. flcmo, uro

ecmm f = fi, fo € Q4, To min(fi, f2) € Q4, rax xax ¢ynrmma Ty =
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max(Ty,,Ty,) BLIIyKTa KaK MAKCUMyM BLITYKILIX ¢(yHEmumit. Hamow-
HUM, YTO HAUMEHLIINY MYyJILTUINIMKATUBHLIX MOIYJIL R, Mamopupy-

eMblfl Gpyurnmed f, Mmur o6ozHaunau mod(f).
Jlemma 2.4.1. Ecau R € Q4+, T0 R — MyJIbTUNINKATUBHLIA MO LY JIb.

Jlemma 2.4.2. Ecau f € Q_, o ¢yrknus R = mod(f) umeer Bun

_ 1/n\" <
R(p) ;gflf(p )", 0<p<lL.

Iokazarenscro. Ilycrn cumavana R € Q. Pymruusa Tgr(x) +
Tr(a — x) Bomykaa za naTepBate 0 < z < @ ¥ HOPTOMY NOCTUrAET
MakcuMyM B Touke © = 0 miam ¢ = a. CiemoBaTesLHO A BCEX
2,y 2 0 Tr(z +y) = Tr(z) + Tr(y), 10 ectn, R(pq) < R(p)R(q) nna
Beex p, g € (0,1]. Takum o6pazom, R — MyJIbTUNINKATABHLIA MO Ly JIL.
IIycrn Tenepn R € Q_. Corsacuo nemme 2.2.1, HAM HYKHO MUHU-
MusupoBaTh npoussenenus f(p1)...f(p,) upum ycinosuu py...p, = p

niau B TepMuHAX 1y — MAKCUMU3UPOBATL ()yHKIMIO
’M(l’l, . .,In) = Tf(zl) + +Tf(£n)

HA CUMILIEKCE Ty + - + X, = x, ¥; > 0 (mpu z = —logp). To
nepasenctsy Wemcena Ty(x1) + -+ + Ty(x,) < nTy(z/n), To ectn, u

JNOCTUrAeT MAKCUMyM B TO4ke (x/n,...,x/n). Taxum obpasom,

supu = nT(z/n) = —nlogf(pl/”).

Ocraercsa MAKCUMU3UPOBATL HO M.

Cuencreue 2.4.1. Hua ¢pyrrmmu f(p) = (1 —a) + ap, o € [0,1],
nmeem mod(f)(p) = p*.

Hettersurensro, f € Q_ u inf, f (p'/")" = lim, o0 f (p/")" = p°.

Jemma 2.4.3. Tlycts 0 < a < 1. ®ymxmua R(p) = 1 — (1 — p)t/e

OPUHAOJICEKNUT Q+ 1 CJIeOoBaTEJbLHO SIBJIACTCA MYJILTUIIJIMKATVUBHLIM
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MoxyieM. Takum obpasom, R u nyanbHas k Hell gpyskuus R*(p) = p®

ABJAIOTCA COBEPIIEHHLIMU MO Y JISIMU.

IeficrBurensHo, npu o = 1 nokassiBarh Hedero, a upu « € (0,1)
monoskuM S =1/a>1, ¢=1—p. Torma ¢pyHrnms

_p-pFf~t 14!
p—>OéLR(p)7 1_(1_1))[3 - 1_q[3
1—-t7
1—

Baer o ¢ € (0,1), uro oueBnHO (31H€ECHL Y = % €(0,1) ut=4qg".

Tak rak ¢pysrmusa f(p) = p® npunagiesxkut kiaccy Q4 npu a > 0,

yOBIBAET TOTAA U TOJLKO TOTAA, KOraa (yHkmma u(t) = yObI-

MBI TToJrydaeM u3 jdeMMbl 2.4.3 u gemmol 2.4.1:
Cnenctsue 2.4.2. Ilycrs «a € (0,1]. Pynrnus
R(p) = min{p®, 1 — (1=p)"/*}, pe(0,1], (2.4.4)
npuramiexut Q. [Hockonbky R* = R, R — cOBepIIEHHBII MOLYJIb.

s JOKa3aTe/NbLCTBa TEOPEMDBI 2.4.1 mam ocraercs IIPUMEHUTDL TE-

opemy 2.2.2 x ¢yuruuu f(p) = Rp,(p) = min{(1 — a) + ap, p/a},

3amaHHof B (2.4.1), ¢ IOMOMIBLIO CIEAYIOMWER JTEMMLL.

Jlemma 2.4.4. Tlycts a € (0,1]. Pynruus R, onpeneseHHas BLIMIE
B (2.4.4), ABIAETCA MAKCUMAJLHLIM COBEPIIEHHLIM MOIYJIEM, MArKO-

pupyemoiM ¢pyrEnueii f = Ry, ,.

HokaszareanctBo. O6o3nauuMm uepe3 Ri MakCUMAJLHLIA COBEpP-
MIEHHLIA MOIYIL, MaskopupyeMmoid f. Ilockonnky R — coBeplneHHDIH
Monyanr 1 R < f, umeem R < Ry, 1 HAM HYKHO INOKa3aThL oOpaTHOE
mepasencrso. Wmeem: Ri(p) < fi(p) = (1 — @) + ap, u, npumenss
caencrere 2.4.2, Ri(p) < mod(f1)(p) = p*. Ilpumensas csolicTBo
(2.2.7), nomyuaem

Ri(p) < mod(f1)"(p) =1 - (1 —p)"/".

O6a mepasenctBa naior R; < R = min(mod(f1), mod(f1)*). Jlemma

2.4.4 u 3HaunT Teopema 2.4.1 mOKAa3aHLI.
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§2.5. M3onepumerprudeckre HEPaBEHCTBA IS MOHOTOHHBIX

MHOKECTB

Teopema 2.4.1 MOsKeT HABECTU HA MLICJIL, YTO B KJIACCE BCEX MOHO-
TOHHBIX MHOYKECTB ACUMITOTUYECKA DKCTPEMAJILHBLIMU MOTYT OLITh

TOJILKO Ky6LI, TO €CTDL, BLIIIOJIHAETCSI HEPaBE€HCTBO

pE(A+h(=1,1)%) = p*,  p=p=(4), (2.5.1)

roe o = e~ . Hamommmm, uro Mur HasnbBaem MHOmecTBo A C R
MOHOTOHHLIM, eciu miaf Bcex z,y € R™, kak Tompko ¢ € A n y; < x;
s Beex ¢ < n, MBIl nMeeM Yy € A. AHAIOIMYHO OIpeneNaroTCa MOHO-
ToHHBIe MHOkecTBa B R, Ecnu 61 (2.5.1) 6buio cupaseninso mis
TAKMX MHOMKECTB, TO CTaHAAPTHLIE KyObl A, (p), KOHEUHO, ObLIM OLI
ACUMITOTUYUCKUA DKCTPEMAJILHLIMUA. DTO IPEANONIOKEHIEe OKA3LIBAET-
CA BEepHLIM, IpUYeM TOT (AKT, UYTO Mepa [t UMeeT IOKA3aTeJILHOE

pacmnpeneieHue, He CyOIeCTBEHEH.

Teopema 2.5.1. Ilycts h > 0 u « € (0,1). Ecnu nna mamsoii Be-
POSITHOCTHOM Mepbl (1 Ha npsaMoli R ogroMepHoe HepaserncTBo (2.5.1)
BLINOJIHSIETCsI Ha nHTepBatax Buna A = (—00, a], TO OHO BLIIOJIHSETCS

B R*>® JJIs1 BCEX MOHOTOHHLIX MHOKECTB.

ODTO yTBED:KIEHUE — YaCTHLIA ciydali Teopemnt 2.1.1: B mpoct-
paucrtee M = R caenyer BuimenauTs cucremy okpectHocrelt U(z) =
(—oo,z + h), TO ecTn, okpectHOCTH MHO%ecTB A C R™ Gymyr ompe-
nensatoes paserctBoM U(A) = A + (—oo,h)”, mpudeM mis MOHO-
ToHHLIX MHOMkecTB U(A) = A + (—h,h)". OueBmaHO, HEPABEHCTBO
w*(U(A)) > R(u"(A)) B rmacce BceXx M3MepUMBIX A DABHOCUILHO
BTOMY K€ HEPABEHCTBY B KJIACCE BCEX MOHOTOHHBIX A. B mamewm
cayuae Gpynrnus R(p) = p® sBIseTCs COBEPIIEHHLIM MOy JIeM (JIeMma
2.4.3). Takum o6pazom, (2.5.1) Bomosansercs B R™ Ha MOHOTOHHBIX

MHOKECTBAaX, Kak TOJLKO OHO BoimoidHserca B R. Ho ma npsamoit
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MOHOTOHHBIMU SABJIAIOTCA TOJILKO MHTEPBAJLI BUIOA Ao = (7007(,1] n
Ay = (—o0,a). Iockoasry U(Ag) = U(A1), nocratouno tpeGoBaTh
BLINOJIHEHIE OJHOMEPHOro HepaBeHCcTBa (2.5.1) TONLKO IuIsi MHTEp-
BaJIOB IepBOro Buma. llepexonm ¥ OeCKOHEUHOMEPHEIM MHOKECTBAM
OT KOHEUHOMEDHLIX cTapmapred (cM. ciaexcrsue 2.1.1 u 3ameuanue
2.1.1).
Wrak, nna 6eCKOHEUHOMEPHOI'O IIOKA3aTEeILHOIO PAacCIpeneeHus
1°° MLI IMeeM 2 HepaBEHCTBA:
p®(A+ h(=1,1)*) > min{p®, 1 — (1 —p)l/o‘}, A — moboe,
(2.5.2)
u>*(A+h(-1,1)) > p%, A — MOHOTOHHOE, (2.5.3)

rme @ = e " p = pu®(A) (vmomecteo A C R>® u ero h-okpect-
HOCTU IPEIIONaraloTCs U3MepuMbiMu). Kak yke 0TMeYalsloch, Ipu
p > % HepaseHcTBO (2.5.3) He ycumimsaer (2.5.2). Ilpu p < % n
nocraTouno Gomnmux A coBa p® < 1 — (1 — p)/®, u 3maumr Towme
HET yCWJICHWA C TOYKM 3PEHUA CBOMCTBA KOHIEHTPAIWMM (WUMEETCH,
ONHAKO, OJVH KOHTPAPTYMEHT, KACAIOMMUNCA TayCCOBCKOA MEpPEHI; CM.
3ameuanue 2.5.2 Hke). IIpu mMaunix ke h up < %, (2.5.2) u (2.5.3)
CyTMECTBEHHO OTNMYaloTcA. llonaras B »Tux HepaBeHcTBax h — 0,
MEI TIOJTyYUM OIEHKU MIsA (°°-TlepuMeTpa:
(1) (A) = min{—plogp, —(1 - p)log(1 — p)}, A~ moGoe,
(2.5.4)
(u)*(A) > —plogp, A — MOHOTOHHOE. (2.5.5)

Paznuune mesxny (2.5.4) u (2.5.5) npossisercs, HaIpuMep, B TOM,
YTO JUIA HOKOODIUHATHO HeyOBIBAIOMUX IiIankuX (GpyHknuii g > 0 Ha
R"™ npomakr-mepsl 4" yIOBIETBOPAIOT JOTapUPMUIECKUM HEDPABEH-
cream Coboxnesa Eglog g—Eglog Eg < E||Vg||1, a nis npou3BoisHbIX
IIagKAX (QYHKIUR — He yAOBJIETBOPAIOT.

PaccmorpuMm tenmepn o6myio curyamuio. B TepMmmuax ¢yHKIIN

pacupenenerus F(x) = u((—o0,z]) meper p yciaosue Teopemot 2.5.1
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MOKHO 3aIUCATL KaK HEPABEHCTBO
F((z+h)") > F(x)*, z€eR, (2.5.6)

UTO, OYEBUIHO, BIEYET SKCIOHEHIUAILHOE yOblBaHUe XBOCTOB F B
Touke +00. OTMeTHM, YTO I ABOMHOIO SKCIOHEHIUAILHOIO Pac-
upepnenenus F(z) = exp(—exp(—x)) B (2.5.6) nMeeT MeCTO paBEHCTBO
(mpu o = e™"). B obmem cayuae, pUKCUpYs, HATPUMED, TTapAMETD
h, caenyer B (2.5.6) ONTUMU3NPOBATE (.

Brroenum omue BasKHLITT KJIACC pacOpenesieHut, s KOTOPLIX He-
pasercTBo (2.5.1) Gymer onTuMaILHLIM 1K " IOYTH” ONTUMAJILHBIM.
Bynmem paccMaTpmBaTh BePOATHOCTHBIE MEPBI [i, COCPEIOTOYEHHLIE

Ha nouyocu [0, 400), M KOTOPLIX

(i) ¢ymrumsa pacupenenenus F HempepoiBHa u (CTPOro) Bo3pac-
raet Ha [0,bp), nae bp = sup{z : F(z) < 1};

(1) 1= Fz+y) < (1-F(x))(1 - F(y)) nnsa scex x,y > 0.

Hanpuwvep, Bce norapudmmuyueckn BOrayThle Mepul Ha [0, +00) 06-
JAMAI0T STUMU CBOKCTBAMU, a [ MOKA3ATEILHOTO PACIIPENeIeHI
B (ii) mMeeT MeCTO PaBEHCTBO.

Tax rxax Mmepa p" cocpemorodena Ha okramre R} = [0,400)",
HNOHATHE MOHOTOHHOCTU OyIeM UCIOJNL30BATL TPUMEHUTEILHO K MHO-
xectBam A C R} : A — momoronmo B R}, ecim

Ve e A, Vy e R} (y; <o mosaBeex i <n) =y € A

I‘I&I{OHGI_[7 IIOJIOERMIM

A = A+ (=h,h)", A ={ac A:{a}+ (=h,h)" C A}.

Teopema 2.5.2. Ilycro Bomoanenst ycaosus (i) — (ii). Torma mus

nyGoro HemycToro MoHOTOHHOTO MHO%ecTBa A B Rl u Bcex h > 0

/L”(Ah) > exp [f (1—F(h)) log(l/p)]7 (2.5.7)
pt(A™h) < exp [ - 1%}3(}1) log(1/p)]. (2.5.8)
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ITockonbky HepasercTBa (2.5.7)—(2.5.8) ”6e3pasmepHble”, TO Te
Ke caMble HeDABEHCTBA BLITOJNHAITCA U B GECKOHEYHOMEPHOM TIPOCT-
pauctse (R, 4*), mpuaenM a1 HOKA3aTENILHONO PACIPEIEICHNT OHI
Oy4yT ONTHMAJILHBIMA (ACUMIOTOTUYECKM SKCTPEMAJLHLIME MHOMKEC-
TBaMu OymyT KyGul A, (p)).

Hepasencrso (2.5.8) siBiasiercs nyaibHBIM K (2.5.7) 1 IpuUBeIeHO,
YTOOBI MOAUEPKHYTHL €ro HeCUMMETPWYHLIA xapakrep. Hampumep,
s mepasercts Buna " (AP) > F(F~1(p) + h), BLIIOIHAIOIMUXCA, B
YACTHOCTH, IUIS NPOAAKT-Mep u3 TeopeMmsbl 2.3.1, myanbHpiMu OymyT
HepasercTa (A~ < F(F~1(p) — h).

Iokazareancto. Ilpu p,a € (0,1) ML uMeeM oueBHAHOE Hepa-
BeHcTBO pa < 1 — (1 —p)*. Tonaras p=1— F(z), a =1— F(h), rme

x,h >0, u ucnoaL3ys CBOACTBO (ii), mMOSLydaeM:
1-Fx+h) <(1-Fx)(1-Fh)=pa<l—(1-p)*=1-F(x),

caenosBarennuo F(x+h) > F(x)®, o ectn, (2.5.6). B cuny Teopemur
2.5.1, monyuaem (2.5.7). Yrobul noxyunts (2.5.8), HALO IPUMEHUTL

(2.5.7) & A=h. Teopema 2.5.2 moraszama.

Sameuanue 2.5.1. Tax :xe, kax u (2.3.2), mepasencrsa (2.5.7)—
(2.5.8) MOMKHO BEIPA3UTL B TEPMUHAX poo-JIAMIIUIEBLIX (QYHKIUEA ¢
Ha R", omHAKO, IpPU NOLOJHUTEILHOM YCJIOBUU, YTO STU (PYHKIMU
He yOoBaror (Ho kKasknoil mepemenxoit). Ecmm ¢ = ()P, — mocie-
[OBATEILHOCTDL HE3ABUCUMBIX CILyYaiHEIX BEIMYINH, UMEIOmux obmmee

pacupenesesue p, TOo st Bcex h > 0

P {g(¢) —my(9(C)) < h} >exp [ (1 - F(h))log(1/p)],
(2.5.9)

1
P{9(Q) =mp(9(Q)) < —h} < exp [ = 5 log(1/p)], (2.5.10)

rue, Kak OOLIYHO, M, O3HAYAET KBAHTWIL mopsamka p € (0,1).
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Monosmum T'(h) = F~Y(1 —e™ "), h >0, tne F~' : [0,1) — [0,br)
— obpatnas k F. B cuny ycuosuit (i) — (i7), pyrrmus T sBisiercs
MoyseM HenpepnBHOCTH (TO ecThb, T'(a+b) < T'(a) + T'(b) mius Bcex

a,b > 0) 1 3HAUUT HOPOKAAET METPUKY
dF(.%’,y):T(‘.TJ*yD’ :E»yER'

Kak caencrsue Hepasencts (2.5.9)-(2.5.10) u mo anasoruu ¢ gseMMoit
1.1.1, MBI HOJIydaeM TaKoe paBHOCUJILHOE yTBep:&IeHne. 1lycTh ciry-
ualinas BeauuuHa (¥ uMeeT ABOWHOE MOKA3aTENLHOE PACIPEIeIeHUe.
Tornma nnsa noboii HeyOLIBaOMmIEH poo-stunmnneBoit pyuknun g za R
¢ HOpMOH ||¢]|Lip < 1 cymecrByer ¢ynrnus ¢* ma npsamo#t R ¢ nun-
muneBoir HopMo#t ||g||zip < 1 mo orHOmenuio k MeTpuke dp, Takas
uro ciydaiaple Beanuusnl ¢(¢) n ¢*((*) OAMHAKOBO pacupeneeHbl.
Takoe CBOWCTBO yI0OHO MCIOML30BATL, HAIIPUMED, TP OICHUBAHUYA

mucnepcun Var(g(Q)):
Var(g(¢)) = Var(g*(¢") < 5 E(dr(C",n"))’
= % // (F71(1 _ e*lwfy\))Qdefe"defe‘y

- // (FH (1= L)Pe+atas

0<t<s<+o0

+oo $2
- Y _4F
| .

roe n* — HezaBucuMas komus (*. Tak mis mokaszaTeslnLHOrO pacupene-
2
s

aernust T'(h) = h, u Mol noaxydaem onesky Var(g(¢)) < - = Var(¢*),
KOTOpas He MOMKET OLITL yJIydlIeHA, MOCKOILKY

n
2
Var(max((i,...,Cn)) = Z ;712 — % opu  n — 0.
k=1

Sameuanue 2.5.2. Hepaserncrsa (2.5.9)—(2.5.10) BuekyT

P {g(¢) —my(9(¢)) = h} <log(1/p) (1 — F(h)),
(2.5.11)

1
log(1/p)

P{g(¢) —my(9(Q)) < —h} < (1= F(n)).
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Cpasaum (2.5.11) ¢ rayCCOBCKMM H30IE€PUMETPUUYECKAM HEDABEH-
cTBOM. B rayccoBckoMm ruin6epToBOM mpocTparcTBe H ¢ OpTOHOP-
MAaJILHLIM 0a3ucoM (€;);>1 PACCMOTPUM CEMEHCTBO CirydaiHLIX BEJIM-
unH K co caemyrommMu CBOWCTBAMM:
a) ecnu Y, aie; € K, To Y, a2 <1;
b) ecmm ), a;e; € K, mo ), bje; € K, xax Tombko |b;| < |a;l;
c) el € K.
leomerpuueckn K mpencrtaBiser coboil 00LeauHeHUe mapaJiiiese-
MUIIENOB C IMEHTPOM B HYJIE M CTOPOHAMY, MAPAJICILHLIMUA OCAM €;.
[Ipeanonoxnm, 4To ciaydalinas Bemuuuna &(w) = sup,cx z(w) orpa-
Huuena, To ecth K € GB (cMm. [39], 45]). BamermM, 9To
sup Za? = sup supla;| =1. (2.5.12)
> aiei€K B >, aie€K i
IIpumenss rayCcCcoBCKOe uzonepuMerpudeckoe nepasencreo (1.5.1)
dymrmm g(z) = SUPy: 4 .c,ek 2o % B (1.1.5) (u ucmonbsys, ecim
HEOOXOAUMO, KOHEYHOMEPYIO ANNPOKCUMAIMIO), MLl UMEEM B CUILY
(2.5.12)
P (€~ my(€) > h} < 1— B(D(p) + ) (2.5.13)

st Beex p € (0,1) u h > 0. C mpyro#i cTopoHsI,
52 sup Za’i|ei‘:g(<.17<-27“‘)7
> aiei€K B
rae ; = |e;|. VI, Tak Kak GyHKUUs pacupemeseHus CIIyJalHLIX Besn-
une (; F(z) = 20(z) — 1, > 0, ynosaersopsier (i)—(ii), MBI MOkKeM

TakKe npuMeHuTs (2.5.11):
P {& —my(€) > h} < 2log(1/p) (1 — ®(h)). (2.5.14)
Takum o6paszom, (2.5.13) nyume, yem (2.5.14) opu p > %, oTamJa-

1 1
ACH TPU P = — JIUIIL MHOKUTEIIeM 2log2 > 1. Omnako, mpu p < PR
(2.5.14) cranoBurcsa Gosee TOUHLIM (IO-KpafiHedl Mepe il 6OIbLIINX
smagennit h), mockonpky ®7!(p) < 0. Komeumo, paccmarpuBaeMble

cemeiictBa K 006pa3yloT OUeHb Y3KUR KJIACC IayCCOBCKUX IIPOLECCOB.
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§2.6. DKCTpeMaJIbHOE CBOWCTBO KyOOB IJisi MHOTOMEPHOIO

IIOKa3aTEeJILHOTO pacupeneyIeHus

B cayuae, korma p — mokasaTesnbHOE pacIpenesieHne, MOKHO IOy -
yuThL 00JIee CUMILHOE YTBEP:KACHUE MO CPABHEHUIO ¢ Teopemoit 2.5.1
niu 2.5.2. Muosxkectsa Buga A = [0, a]” GyneM HA3LIBATL CTAHAAPT-

HBIMU KyOamu.

Teopema 2.6.1. IlycTo p — mokazarennbHoe pacupenesneaue. [lycrn
p € (0,1), h > 0. Torma p"(A + (—h,h)") mocturaer HauMeHDLIIEE
3HAUCHUE B KJIACCE BCEX MOHOTOHHLIX moaMHuOxecTB A B R/} p1"-Meprr

p, korma A — cragnaprunii ky6. To ecTn,
pt(A+ (=h,h)") > [e " p/m 4+ (1—e7M)]" (2.6.1)

Ilna noka3arelbCcTBa ®TOrO OOJlee NENUKATHOIO CBOMCTBa KyOOB
(ueM MPOCTO ACUMITOTUYECKAS SKCTPEMANLHOCTD) MBI HE MOMKET HC-
[IOJIb30BATh MHIYKIVOHHBIE PDACCYKAECHNA, KAK MBI 9TO I€JIaJIi PAaHb-
mle, 1 HaM NOTpebyeTrcs MCCaenoBaTh CTPYKTYDPY h-OkpecTHOCTER
MOHOTOHHBIX MHOKECTB.

Ecmz A momoromro B R}, To Bmecto A + (—h,h)" MomnO pac-
cmarpuBaTh cymmy A+hD,,, roe D, = [0,1]", Tak kak 9T MHOKECTBA
nMeroT oamHakoByiO Mepy. O6oszmaumm uepe3 Vol, mepy Jlebera
B R". KamoueBbiM OKa3bIBAETCS CIEAYIOMEE MHTEPECHOE CBOWCTBO

MepuI p”.

Teopema 2.6.2. Ilnsa n:060ro HEIIyCTOrO MOHOTOHHOT'O MHOXKECTBA
A B R} cymecTByeT MOHOTOHHOE MHO%ECTBO B C D, Takoe 4To A
Bcex h >0

(A + hD,) =e """ Vol, (B +¢eD,), (2.6.2)

roe € = el — 1.
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Yro6n! nonyunts 2.6.1, MOkHO OyaeT IPUMEHUTL K IPaBO# YacTu

(2.6.2) mepaserncTBo Bpynua-MuHKOBCKOIO
VolX/™(B + B') > VolX/"(B) + Vol ./™(B'), (2.6.3)

CIpaBeIuBOe M JIOOLIX HEIyCTLIX u3MepuMbix (o JleGery) muo-
xectB B u B’ B R™, rakux uro B+ B’ usmepumo ([12], [203]). IIpu-
mensa (2.6.3) k B’ = eD,, u 3ameuasn, uro Vol,(B) = u"(A) = p,

HOJIyqaeM:
WA+ RD,) > e (pt/ " )" = [e Mt (11— e M),

Ocraercsa nokasarn teopemy 2.6.2.
IIycrs A — memycroe MOHOTOHHOE MHOEeCTBO B R/} . lnsa kammoro
menycroro Habopa m = {iy,...,ix} C {1,...,n}, i1 < ... < ig, pac-

CMOTPUM €ro MPOCKIUIO0 Ha KOOPAUHATHOE IIOMIPOCTPAHCTBO
k
Ar={zeRf :FyecA Vs=1,... .k a, =y}

Byznem nucars |r| = k. IIpu 1 < k < n nomnoxum

= Z Volp(4r), bk(A) = Z Nk(A

|w|=k |7|=k

(cymMupoBanue Benercs o BceM Habopam 7 MomHocTH k). ITo onpe-

nmenennto, npu k = 0 monoxsuM ag(A) = by(A) = 1.

Jlemma 2.6.1. Has Bcex € >0
Vol,(A+eD,) = Zan k(A)ek. (2.6.4)
Jlemma 2.6.2. Ilnsa scex h >0

A+ hD,) =e " Z b (A)er, (2.6.5)
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roe e = el — 1.

Pasnosxenus (tuna [lrelinepa) no crenensm € kak B (2.6.4) xopo-
IO M3BECTHLI B TEOPUM CMENIAHHLIX OOLEMOB, TIe OHH MCCIEXLyIOTCS
IUISL BLIMYKJALIX MHOxkecTB (cM. [12]). lns mac ske Oyner BasKHO
MMETL TAKOe DA3JI0/KeHWe U VIS HEBLIIYKJILIX Tes (OZHAKO, MOHO-
TOHHLIX). JlokazaTenncTBa OCOMX JIEMM COBEPIIEHHO WIEHTUYHLI,

IOSTOMY OI'DAHUYMMCSI OJHUM M3 HUX.

IloxkazarenncrBo geMmmbl 2.6.2. B unrerpase

p"(A+ hD,) :/ e~ @tte) doy L da,
A+hD,,

clesaeM 3aMeHy MepeMeHHLIX y; = x; — h. Muosxkectso A + hD,, npu

S5TOM OTO6paH{6HI/II/I HepeﬁlleT B MHOKECTBO
Al = {(al _hl7~~~7an_hn) : (CLl,...,CLn) € A7 0< hz < h}

Ins gasgmoro Habopa m = {i1,..., g}, 1 <41 < ... < i < n, pac-

CMOTPUM
Ar(h)={z e R": (z;y,...,2;,) €EAr u —h <z; <0 mpu j #i,}.

Ecnu 7 = @, ro nonaraem A,(h) = [—h,0)". OueBuaHO, MBI IOCTPO-
nimu pasnoxkenne A’ = UpAr(h) (o6benunenne Gepercs MmO BCeM T,
BKJIIOUYAs IIyCTOE MHOkeCTBO). Ilockonbky Ay (h)NAx,(h) = &, ecin

Ty # Mg, MBI UMEEM

u"(A+hD,) = e_"h/ . /e_(y1+"'+y") dyy ... dy,
A/
=k Z / e /ef(ler"'er") dyy ... dyn.
T Ax(h)

Ocraercs 3aMeTuTL, 4TO st m = {i1,..., 05}
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.. ./e_(y1+"'+y") dyy . ..dy, =

Ax(h)

(e" — 1)"7’6/ e /e’(ylﬁ“'*y”k) dy;, ... dy;, =" FpF(Aq).
Ar

JlemMa mokaszaHa.

IlorazarenncTBo TeopeMmsur 2.6.2. B rauectBe B MOKHO B3ITL MHO-

AKECTBO
B={(1-e™,...,1—¢e*):(ay,...,a,) € A}.

Torma, Kak Jerko BUAETL, M jnoboro Habopa m = {i1,...,i5} MDI
umeeM pF(A;) = Volp(By), u crenoBarenbno by (A) = a(B) mis Beex
k=0,1,...,n. llpumenss aemmot 6.2.1 u 6.2.2, npuxoaum k Tpebye-

MOMY TOXRIOECTBY. TeopeMa JOKa3aHa.
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§2.7. CBOWCTBO KOHIICHTPAIUU

BossparnMmcs k abcrpakTHO#R curyarumu §§ 2.1-2.2, Kk HEpaBEHCT-
BaM

p*(U(A)) = R(p"(A)) (2.7.1)

B kjacce Bcex uamepumbix A C M™. Ilockoasky A C U(A), ecrect-
BEHHO npeanosaratb, 4ro R(p) > p musa scex p € (0,1). Ecau mur
cHauasa pacupocrpassan (2.7.1) ¢ pasmeproctu n = 1 Ha npowus-
BOJILHYIO Pa3MEPHOCTL, & HOTOM UCKAJINM ONTUMAJILHYIO QyHKIUO R,
00CIIyKMBAIOUIYIO BCe PA3MEPHOCTH, TO BIIOJIHE €CTECTBEHHLIM Oy 1eT
¥ BOIIPOC O TOM, KOT'JA K€ CYINEeCTBYeT XOThL KaKasa-HUOYIL (yHKIWS
R, koropas Gbl roaMiach s BCcex pasMmepHocteir. Koneuno, rpusu-
anpHLIA cayuali R(p) = p uckimoudaercs, Tak Kak He HeceT B cebe
HUKAKOW MHGOpMAIMU, U MO3TOMY HANI BOIPOC MOYKHO NTOCTABUTL
Tak: CymecTBYIOT ju takue po,p1 € (0,1), po < p1, 4TO s Beex Ie-
apix n > 1 u Beex mamepumbix A C M"™ mepot p"™(A) > po Mbl nmeeM
p"(U(A)) > p1? B repMuHAX M30IePUMETPUYECKON (QyHKIMM R o0
®TO CBOMCTBO (KOHIEHTPAIMHN) 3alMIeTCa Kak R (po) > po. Tax
JKe, Kak 1 B TeopeMe 2.1, OTBET MO/KHO IATL B TEPMUHAX U30MEPU-
Merpudecko ¢pyurmuu R,,. Byxem npenmonarars, 4To BBIIOIHACTCSA
cBofictBo cummerpuuoctu (2.2.1): = € U(y) = y € U(x) ana Bcex

x,y € M.

Teopema 2.7.1. Caenyromue yClIOBUS SKBUBAJCHTHLL.

a) Rype(po) > po A mexoroporo pg € (0, 1);

b) cymectByer € > 0, Takoe uro g Beex p € (0,1)

R,(p) > p+ep(l—p). (2.7.2)

B sToMm ciyuae Takoe ske HEPABEHCTBO BLINOJHACTCA U IAA R o Tpum

BO3MOKHO APYroM 3HauveHn: € > 0.
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3aMeTnM, UTO IPaByIO 4acTb B (2.7.2) MOKHO 3aMEHUTL HA U30-
IEPUMETPUUECKYI0 (DYHKIUIO ITOKA3aTEJLHOTO UIU JIOTUCTUYECKOIO
pacupeneaeHus.

Ilepexons k komkpeTHOU curyarmuu, korma M = R ¢ kamonmuec-
KOl cucremoii okpecrrocrelt U(z) = (x — h,xz + h), MLl noxyuaem
ceMelicTBO mM3omepumerpudeckux ¢QyHKui Ry e, h > 0 (mo orno-
MEHUIO K PABHOMEPHOMY PACCTOSHUIO ), U II03TOMY BOIPOC O KOHI[EH-
TPANUM MOYKHO CBS3aTL C IapaMerpoM h.

Iycrs F(z) = p((—o0,z]) — dpyHKOmMA pacupeneseHns MepLl .
O6ozmaumm uepes F~1(p) manvennmyio ksanTuan mopamka p € (0, 1).

HMonommy Ty, (z) = F~Y( z € R. OroGpasenne T, mepeso-

1
1+e @ ) ’
AT JIOTHCTUYECKOE pacupenesnenue v B Mepy f. Onpenenum

T, (h) = sup{|Tyu(2) = Tu(y)| : [z —y[ < h},  h>0.

Ecmu T;(h) < 400 s mexkoroporo (u sHauut moGoro) h > 0, To
roBopAT, uro ), MMeeT KOHEUHLIH (aIIUTHMBHLIA) MOy b Ty 9o,
OuEeBMIHO, paBHOCUILHO ToMy, uro [T, (xz) — T,(y)| < a + blz — y|
ISl Beex ¢,y € R npm HEeKOTOpLIX a,b > 0, 4TO ABIAETCA HEKOTOPLIM
ocsiabiieHreM CBOMCTBA JIUMIIUIEBOCT. AHAJOMMYHO ONPEIEIIAI0TCS
(apouTUBHLIE) MOIYIM (YHKIUMA, 3aIaHHLIX HA WHTEDBAJeE BEIECT-

BEHHOW MPSAMOIA.

Teopema 2.7.2. Cuenyromue yCIOBUS S9KBUBAJICHTHLIL.
a) Ry ee(po) > po musa mexoropeix po € (0,1) u h > 0;
b) T, MeeT KOHEUHLIA MOy Ib.

B arom cayuae mis seex p € (0,1), h >0 u h* > T (h)

Ry e (p) 2 m- (2.7.3)

B wacTHOCTH, MMeeT MeCTO albTepHATHBA: JIU00 Ry 0o (p) = p mna
Beex p € (0,1) m h > 0, mmbo mna scex p € (0,1) Ry o (p) — 1 mpnm
h — +o0.
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Bumecro mormcrmueckoro MoHO OLLIO OLI CTpoWTh 1), M ¢ TO-
MOIIBIO JABYCTOPOHHErO MOKA3aTEILHOTO PACIPEAENIeHNUs. DTO JIUIID
HOBIMSAIO OBl Ha OHeHkKy (2.7.3).

IIpuBenem eme onHy xapakTepu3anuio CBOWCTBA KOHI[EHTPAIIUN.
IIycrs (¢;)i>1 — HOCIEROBATEILHOCTL HE3ABUCUMDIX CIIyJYalHLIX Be-

JIMYNH, UMEIOMUX pacIpeneaeHue [i.

Teopema 2.7.3. CpolictBa a) 1 b) ®KBUBAJIEHTHBI TOMY, YTO [

nMeeT KOHEUYHLI BTOPO MOMEHT U

¢1) sup,, Var(max(Cy, ..., () < +00;
¢2) sup,, Var(min(¢y, ..., (,)) < +oo.

3aMeTnM, 4To Kak CIeICTBUE CBOWCTBA b), Mepa [ HOJKHA UMETh
SKCIIOHCHIMAJILHO yOLIBAIOIINE XBOCTLI.

Kak Gyner Buano us nokasarennbcrsa (cM. gemmy 2.7.2), nucmep-
Cuun B 01) — CQ) MOYKHO 3aMEHUTDL HA NMEHTPAJILHLIE MOMEHTHI JIOOBIX
MOPSAIAKOB. DTU yCJIOBUS MOYKHO TaKKe 0CHabUTL, Tpebys, uToOLI
OCHTPUPOBAHHLIC (B CMLICJIC KBaHTHHeﬁ) II0CJIeJOBATECIILHLIC MaKCU-
MYMDbI ¥ MUHAMYMDI UMEJU PAaCIpeIeseHus, 00pasyioimue II0THOe
(npenkoMmakTHOE) cemelicTBO B €i1abo# TOIOJIOrMM TPOCTPAHCTBA
BEPOSITHOCTHLIX MEP Ha MPIMOM.

CaotficTBO 1) uHTEpECcHO camo 1o cebe, HO MLI He 3HAeM, KaK ero
oXapakKTepn30BaTL HemocpencTBeHHO B TepmumHax F. Ho B Bask-
HOM cCilyuae CHMMETPUYHOrO pacupenenenus F, cpolicreo b) yke
[AaeT TAKYIO Xapakrepu3aimuio (IedCTBUTEeNLHO, NIl CUMMETPUYHLIX
F ¢1) u ¢2), 0O4eBUIAHO, SKBUBAJEHTHLI). B obmem (HecuMmerpuu-
HOM) Cilyuae MOJKHO IOKa3aTL TAKOe yTBepskIeHue. Ecau B ¢1) na-
MEHUTL JUCIICPCUN Ha HEHTPAJLHLBICE MOMEHTLI IEPBOro mopsanara, TO
BTO CBOWCTBO OymeT PaBHOCUILHO cienymomeMy [82]: (3 umeer Ko-
HCYHLII IEPBLIA MOMEHT, 1 Ipn ToM (GyHENUA 1), TOpOXKAACT KOHCU-
HBIA Moxysn Ha mosyocu [0, 4+00).

3aberas BIepem, TAKKe OTMETUM, YTO CBOWCTBO b) MOKHO cdop-
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MyJIMpOBaTL U B OoJsiee siBHOM Buze (cMm. Teopemy 4.4.1): cymect-

ByioT nocrosuunie ¢ > 0 u h > 0, takme yro s Bcex z € R

F(z)— F(z—h) > cF(z)(1 — F(x)).

IlokazarenancTBo TeopeMsl 2.7.1. b) = a): IO yCJIOBUIO IJIsi HEKO-

Toporo «a € (0,1) (mocrarouno Gau3kroro k 1)

R.(p) > R(p) = m (2.7.4)
npu Beex p € (0,1). dymxmus R mveer sun R(p) = F,(F, Y (p) + h),
roe F,(z) = 1-&-%’ r € R (¢yusmus pacnpenenenus v), F)1
— obparHas K Heii u o = e ", Ilo caemcrBuro 1.4.1 R — cosep-

meHHbid Moaynn. CilenoBaTessHo, B cuiy Teopemul 2.1.1, Hepasen-
crBo (2.7.4) pacmpocrpanserca ma (M",u"), To ectb, R TOMWE
yaosierBopser (2.7.4) n 3mauut ynosiaersopser (2.7.2).

b) = a): mo memme 2.2.3 R,eo — coBeplueHHbIH Momyns. IlosTomy

AOCTATOYHO OOKa3aTh CJeAylonlee yTBEePHRIACHUE.

Jlemma 2.7.1. Ilycto R — coBeplIeHHLIA MOy L, Takol uro R(p) >
p s seex p € (0,1). Ecau R(pg) > po mas mHexoroporo pg € (0,1),

TO cymectByer € > 0, Takoe uro mius Beex p € (0,1)

R(p) = p+ep(l—p). (2.7.5)

Horaszarenncro. CHavana HOKaxkeM, dro (2.7.5) BLIMONHAETCA
IJIst Beex p, mocraroyno 6am3kux k 1. Ilist sToro 6ymer mocrarodno
nonobpars takue « € (0,1) u 27 € (0,1), uro R(p) > p® npum BCcex

p € [r1,1). Tak kak R — MyJLTUIIMKATUBHLIA MOLYJIb, NMEEM:

p1=R(po) = R((py'™)") < R(py'™)",

1 1 1
CITeI0BATETLHO R(po/") > pl/" 1A Beex meanix n > 1. Iyers po/n <
1 1 .
p < po/("+ ). Kak COBEPIIEHHLIA MOy L, R — BO3pacraromas Ouek-

st B [0,1], mosTomy

R(p) = R(py") = py/" = p°,
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1/n a/(n+1)
Ipr4YeM IIOCJIeIHEE HEPABEHCTBO BLIIIOJJIHAETCA, €CIN Py 2 pO s

TO €CTbL, eCJIn
n+1 log(l/p1)
n log(1/po)

(2.7.6)

Taxk Kak p1 > pp, MOKHO monobpaTsh o < 1, Takoe uro (2.7.6) BeIIOJI-
HAETCA IJIA BCEX NOCTATOYHO OOoNpmux n > nmi. Takum obpasom, B
Ka4yeCTBE T MOYKHO B3ATH pé/nl.

Tenepn HOKaskeM, UTO HEPABEHCTBO (2.7.5) CIpaBeyinBO IS BCEX
p € (0,1), nocratouno GAU3KKAX K HyJIO. BBeneMm nyaibHyo (yHE-
mio R*(q) =1 — R (1 —¢q), rne R™' — o6parras k R. Oma Tose
ABJIACTCA COBEPHICHHBIM MOYJIEM, IIOBTOMY, KaK yiKe NOKa3aHO, IJIf
HEKOTOpOoTO € > ()

R*(q) > q+eq(1 - q) (2.7.7)

upu Becex ¢ € (0,1), mocrarouyno Gumskux k 1. Iemas 3ameny p =
1 — ¢ u pemas (2.7.7), monyuaem, uro R(p —ep(l — p)) > p mus Bcex
p € (0,1), mocrarouno Gauskux k 0, uro, oueBUIHO, Bieuer (2.7.5)
st Beex p € (0, x0] ¢ mocTaTouno MasniM &g > 0 1 BO3MOMKHO APYTUM
e>0.

Takum o6pazom, (2.7.5) somonusaercsa mis seex p € (0, x0] U [x, 1)
npu HekOoTOPHIX 0 < 29 < 1 < 1. B cuay mempepniBrOCTH R, 5TO
HEPABEHCTBO OyNET BLINOJIHATHLCSA W HA MHTEPBAJE [Tg,X1]|, €CIM MLI
nokaskeM, uto R(p) > p mia Bcex p € [xo,21]. Paccysmas ot mpo-
TUBHOTO, eciu Obl R(p) = p 1J1s1 HEKOTOPOT'O P, TO IJIs BCEX 7 MBI ObI
nvenu R(p™) < p", 4TO IPOTUBOPEYUT NOKAZAHHOMY.

Jlemma 2.7.1 u ¢ Heir Teopema 2.7.1 moKas3aHLI.
IlokasaTeanLcTBO TeopeMbl 2.7.2.

a) = b): mo Teopeme 2.7.1 Ry, (p) > p+ep(l — p), crenoBaresbHO

P _ -1
Ry u(p) = P+ —peto Fy(F, " (p) + ho) (2.7.8)

upu Beex p € (0,1) u mekoropuix h > 0 u hg > 0. Ilo onpenenenuro

nsonepumerpudeckoit Gpyurnmu, p(A+(—h,h)) > Ry, ,(1(A)) nns Becex
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mamepmvex A C R meprr 0 < p(A) < 1. Bepa A = (—oo, F~1(p)], Mo

nosygaeMm ¢ yuerom (2.7.8), uro mus Beex p € (0,1)
F(F~Y(p) +h) > F,(F, ' (p) + ho)-
IMoncrasiuss B »T0 HepaBeHCTBO p = F,(x), umeem
F(T,(z) + h) > F,(z + ho) (2.7.9)

na Beex x € R. Iloompemenum F~1 B Touke p = 1 mo mempepoLis-
moctu. 3amermm, uto Bcerga FH(F(y)) <y, xak Tonnko F(y) > 0.

B namewm ciayuae y =T, (z) +h u
F(y) > F(T,(x)) = F(F~'(F,(x))) > 0
Bepno, Tak kak F(F~1(p)) > p nns seex p € (0,1). Crenosaremnno
FYF(T,(z) + h)) < T, (x) + h. (2.7.10)

Brruncass F~! ot obeux uacreit (2.7.9) u ucnoansys (2.7.10), npu-
xommM K HepaseHcTBY T, (2 + ho) < Ty (x) + h, 9T0 M O3HAUAET Tpe-
OyeMoe yTBep:kIeHue.

b) = a): B cuixy Teopemul 2.3.1, s JOTUCTUYECKOR MepLI IV BbI-
HOJIHAETCA M30IE€PUMETPUUECKOE HEPABEHCTBO

(A > W (2.7.11)

nst moboro A € R™ mepnt v*(A) > p. 910 B TouHOCTH (2.7.3),
worma i = v (A" — h-oxpecTHOCTL A B CMLIC/IC PACCTOAHUA poy B R™).
Pacemorpum orobpakenue i(xy, -« ,xn) = (Tu(@1), -+, Tu(xy)), me-

pesomamiee v B p". Husa mwo6oro A C R" BLIMOMHAETCA BRIOUYCHUE
(i71(A)" cit(AM). (2.7.12)

Heficturensuo, ecmu x € (i~1(A))?, To maa mexoToporo y € i~1(A)

Poo(T,y) < h, TO ectn, |z — Y| < h, mus Bcex 1 < k < n. Taxk kak
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i(y) = (Tu(yr), - Tulyn)) € A m |Tu(wr) — Tuly)| < h*, momyuaem
poo(i(),i(y)) < h*, u cremoBarensuo i(x) € A" . Tarxum obpasowm,
zeil (Ah*). Kom6uunpys (2.7.11) n (2.7.12), 3armodaeM, 4TO
ecm " (A) = v (i7Y(A)) > p, To
mAY = (AN = () ) 2
) = ) 2 () 2
To ectn, Mul npunny  (2.7.3) MIA MEpLL 4, 9YTO U BIEYET @).

Teopema nokazana.

Yrobnl moraszarh Teopemy 2.7.3, HAM MOTPEOYIOTCSA UCCIEAOBATD
[OCJIe [OBATENLHLIE MAKCUMYMLI &, = max{(y, - ,(,} orneavno. Kak
00BIYHO, uepe3 my,(£) MBI 0003HAYAEM HAMMEHBIIYIO KBAHTUIL IIO-
panga p € (0,1).

Jlemma 2.7.2. Caenyroue cBOWCTBA SKBUBAJIEHTHDI:

la) mns meroroprix p € (0,1) mw h > 0 inf, P {&, —mp(&,) < h} > p;

1) ma mexoroprix p € (0,1) m h < 0 sup, P {&, —mp(&,) < h} <p;

l¢) must HEKOTOPOW MOCIIEeNOBATENLHOCTH a4y € R
sup P{|§, —a,| >h} -0 mpu h — +oc;
n

2) mns Becex (PKBUBAJIEHTHO: HJIA HekoToporo) a € R ¢ymrmusa T),
“MeeT KOHEYHLII MOIyJIb Ha MHTEpPBAJe T > ;
3) cymectByer £ > 0, Takoe uro sup, BeEn—m»(En)) < too mua

Bcex p € (0,1),

IoxrazarenncTtBo memMmer 2.7.2. Ham Oymet ymoOHee UCIONIL30BATL
eme OIHO SKBUBAJIEHTHOE YCJIOBUE:

4) nus Bcex (9KBUBAJIGHTHO: IUIsi HEKOTOpOro) a € R ¢dynrnums
V(z) = F~(exp(— exp(—r))) uMeeT KOHEUHLIF MOy HA UHTEpBAJE

x > a. Kpome toro, mas Beex p € (0,1) u h >0

sup P {&, —my(&,) > V; (W)} < P{Z—my(Z) > h}.  (2713)
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rae ciaydJaiiHas BeIUYWHA / WMEET OBOWHOE DKCIOHEHIUAJILHOE Pac-
npenerenne P{Z < x} = exp(—exp(—r)), u rae V,* ozmauaer mo-

IyJb, TOposkaeHHLI V' Ha nHTepBate [—loglog(1l/p), +00).

MMQH IpaBLIe XBOCTDLI (TO €CTh, XBOCTLI B OKPECTHOCTU TOYRHN
+00), B CYyHIIECTBEHHOM HE OTJIMYAIOIMECS OT IPABLIX XBOCTOB MePBLI
v, ciaydaiiHasg BenuumHa Z 00JjazaeT CIeAYIOMUM 3aMedaTesLHBIM
cBolictBoM: ecnu Z,. .., Z, — He3aBUCUMDLIE Komuu Z (U caMy He3aB-
UCUMBIE B COBOKYIIHOCTH), TO cayualinas senuunua max{Zi,- -, Z,}
VMeeT TaKOe Ke paclpelneseHue, 4rto u Z + logn, u cienoBaTeibHO
cayvaiianie Bequuunnt &, u V(Z + logn) oaMHAKOBO paclpemeieHo.

ITO CBOWCTBO HEABHO HCIIOJNL3YETCA Ha CJenyrneM OCHOBHOM IIare.

la) = 4): myers p,q € (0,1) m hg > 0 Tagkme, 9T0 ¢ > p 1

10 ectn, F(F~ (p*/™) + hg) > ¢*/". Tlo onpemenennio F~1, a10 pas-

HOCWJILHO TOMY, 4UTO

F=Y g™ — F~Y(pY™) < hy. (2.7.14)

ITonaras ag = —loglog(1/p), by = —loglog(1/q), (2.7.14) moxker GLITH

3aIMCAHO KaK
V(by + logn) — V(ag +logn) < hy, (2.7.15)
cupaBenBoe s Bcex n > 1. Hawm Hy:kHO BbIBecTH u3 (2.7.15), YTOo

Vyi(h)=sup{V(y) = V(z):a<z <y, y—x<h} <+oo (2.7.16)

nns Bcex a € Ru h > 0. Tak kax V' — HeyOniBaromas GpyHKIUA, CBOM-
cTBO (2.7.16) He 3aBuCHAT OT @ U h, U IO9TOMY MOMKHO B3ATL G = G,
h = ho (mvemno mpu taxom smauenum a V, (h) Obuto ompeneneno

Boime B 4)).
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bo—ao

Sagurcupyem n0boe ¢ € R, Takoe uro 1 < c < e , U IyCTDb N

— m060e HATYpPaJILHOE YUCIO, TAKOE UTO
log(ng +1) —logng < by —ag u (7% —¢)ng > 1. (2.7.17)

Yrobu qokasars (2.7.16), MOKHO pacCMATPUBATL & U Y C yCIOBUEM
ag + log(ng) < z < y. Oupenenum mociemnOBATENLHOCTL Nk, k > 1,
mo wHAyKIUU. IlycTh np — HaubOJbIIee [eJoe UUCIO, TAKOe UTO
ag+logny <z. Eciu k > 1, nycts ngy1 — Hanboubiee [ejioe YuCIo,
Taroe uto ag+logngi1 < bg+logng. Torma ng < nj < ngy1 48 BCex
k > 1, nockousry ag + log(ng + 1) < by + logny, uro Bepro B cuiy
(2.7.17) u Toro, 4ro ni > ng.

OGosznaunum uepes K nHanmenvmee k, takoe uro by + log(ng) > y.

Ilo mocTpoenuto, MHTEPBAJILI
Ag = [ag +logny, by +-logng], 1<k <K,

MOKPLIBAIOT MHTEPBAI (X, Y], mosToMy ¢ yderom (2.7.15)

K

V(y) = V(z) <> [V(bo + logn) — V(ag + log k)] < Kho.
k=1

Hama nenr — malitu omeHry cBepxy mias K, 3aBUCAIIYIO TOJILKO OT

Yy — @; MBI OBl TOrAa mosy4niau oueHky it V(y) — V(z) B repMunax

y — x. OGosmaunm yepe3 [u] meayro vacTh umcaa u. Torma ngip =

[eb"*ao nk] , CJIeIOBATEILHO

Ngy1 > €07 %n, — 1> eng,

Tak KakK ng > Ng U ebo

k—1

“%ng > cng+1. Jlerko mo mHAYKIUY TOKA3aTD,
uro ng > ¢*“tny, to ecrn, logn, > (k — 1)loge 4 logny. Tarkum
06pa3om HepaBeHCTBO by + logny > y OyeT BLINONHATLCA, KaK TOJb-

kO by + (k—1)log c+logny > y, 94TO MOKHO 3aMUCATL KAK HEPABEHCTBO

f>14 Yo loam (2.7.18)

loge
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ITo ompenenenuto ny, Mul Takxke umeeM log(ng +1) > & —ag, 1 Tak Kak
log(ny + 1) —logny < by — ap, cupasenuuso logny > x — by. ITosromy
(2.7.18) Oynmer BLIIOTHATLCS, KAk TONLKO k > 14 (y —x)/logc. Cuae-

IOBaTEILHO

K<24+ 212,

= logc
Takum o6pasom, (2.7.16), To ectn, nepsas yacts 4) nokazana. Yro-
OBl JOKa3aTL BTOPYIO 4acTh, 3adpurcupyem p € (0,1), h > 0 u noso-
wnMm ¢ = P{Z —my(Z) < h}, a = —loglog(1/p), b = —loglog(1/q).
Kak snerkxo nposeputsb, b —a = h. Ha npenniaymenm mare Me BUAIENN,

UTO HEpPpaBEHCTBa BUIa
P{& —mp(&n) <V (h)} =g (2.7.19)

srBuBaseHTHE (2.7.15): V(b +logn) — V(a +logn) < Vj(h) (3neco
V, (k) ¢popmanbuo BBICTymaer B posu hg). Ho B cmry Toro, uro
b — a = h, mocnenHee HEPABEHCTBO CIPABEAJMBO IIPOCTO IO OMpPemIe-

nermmo V¥, Ocraercsa samerntn, uro (2.7.19) copmanaer ¢ (2.7.13).

4) = la): mycts p = exp(— exp(—a)). Kak n ma npeuiaymem mare,

la) paBHOCHJILHO TOMY, UTO
V(b+logn) —V(a+logn) <h

I HEKOTOpPBIX b > a, h > 0 u Bcex m > 1. DTO BepHO, TaK Kak
V(b+logn) —V(a+logn) <V, (b—a) < +oc.

la) < 1b): 3amerum (BcmomuHas BoBox (2.7.14)), uro mis Bcex

O<p<g<luscex h>0
P{& —mp(&) <h}>g<= P{& —my(&) < —h} <p.  (2.7.20)

4) = l¢): momaras a, = mp(&y,), noxydaem u3 (2.7.13), 4ro npu
h — +oo0 sup, P{&, —a, > h} — 0. Ilna oueHuBas BepOATHOCTEH
JeBLIX YKJIOHeHu# Bocmoiabsyemcs (2.7.20). Ilycrtn temepn ¢ ¢ux-

cuposano (Ho m060¢€), a, = My(En), a B pomu h Buictynaer V' (h)+¢
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ce>0: muaseex p € (0,q) P{& —my(€n) <V, (h) +e} > q =
P {&, —my(&n) < = (VS (h) + )} <p. Yerpemmssa e — 0, umeem

P{& —mp(n) <V (M)} 2 g =
P{& —mg(&n) < =R} <p mua scex h' >V (h)

(2.7.21)
Ecau B3ars p € (0,¢) rakmm, urober ¢ = P{Z — m,(Z) < h}, 1o
ectb, TakuM 4to loglog(1l/p) — loglog(1l/q) = h, To mepBoe HepaBeH-
cTBO B (2.7.21) Gymer BLIIOMHATLCS B cuiy (2.7.13), cienoBaTensHo
6y 1eT BLITOJHATLCS U BTOopoe HepaseHcTBo B (2.7.21). Ocraercs 3a-
MeTuTDL, 4to p — 0 mpu h — +00 u, Tak Kak Besmunna V) (h) Komeuna
(xoTb M MOkeT OBICTpee Bo3pacTaTbhb K +o0o mpu p — 0 mo cpas-
HEHUIO C aJJUTUBHLIMM MOIYJIAMU Ha BCel HpAMON), 3akiiodaeM,

uro sup,, P {&, —a, < —h'} = 0 upu h/ — +oo.
lc) = la): rak ysKe OTMEUANOCh, CBOWCTBO la) He 3aBUCHUT OT P,
u MOkHO cumrarh p = 1/2. Ilo mpemmonoskenuto cymecTByer hyg,
rarkoe uro P{|{, —a,| > ho} < 1/2 mna Becex n > 1. Cuenoearensso

|mp(€n) — an| < ho. IlosTOoMy npu h — +00
sup P{¢&, —m,(&,) > h} <sup P{&, —a, > h—ho} — 0.
n n

2) <= 4): nouoxum S(xr) = —loglog(l + e™*), z € R, Tak uto
T,(x) = V(S(x)) mna Bcex x. OueBmmno, S — Bo3pacraromas OHek-
musg n3 R B R, mMmeer KoHEUHYIO JUNOMUIEBY KOHCTAHTY HA WHTEP-
BaJIax [a, +00), M TO e caMoe OTHOCUTCA K obpaTHO# ¢GymHKmmm S~ 1.
IMosTomy T, MMeeT KOHEUHLIA MOLyIbL Ha [a,+00) TOLAA U TOJIBLKO
Torga, Korga V ummeeT KOHEUHLIA MOLYJIL Ha [a, +00).

Haxkonen, oueBunno, 4) Bieder 3), 4TO, B CBOIO OUepEeNL, BIeUeT

1a). Jlemma 2.7.2 nokasana.

HoxrazarenncTBo Teopembl 2.7.3. Csofictso b) u (2.7.3) Buekyt
(em. (2.3.2))

P {g(¢) =myp(9(Q)) = "} < P{n—myp(n) = h}, h>0,
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rae ¢ = ((1,...,(n), Caydalinas BeIWYUHA 1) UMEET PACIpeneeHUe
vV, & g — poo-immmunenas GpyHrnus Ha R” (¢ nunmmneso#t Hopmo#
llgllLip < 1). Ilpumenss »To HepaBeHCTBO K ¢1(r) = max{zi,...,Z,}
u go(x) = min{xy,..., T, }, DOIyUaeM ¢1) U C2).

OGpaTHO: OYEBMIHO, 1) BieYeT CBOHCTBO l¢) m3 meMmul 2.7.2,
u crenoBarenbHO 1), MMeeT KOHEUHBIE Momyns Ha moiyocu [0, +00).
AHAJOrMYHO, ¢3) BIEYET Te 3Ke caMble CBOWCTBa, HO IUId CIydaliHoN
BEIMYMHLI —(1, TO €CTh, U BEPOATHOCTHOW Mepol j1 — obpasa p
npu orobpaskenun r — —z. Tax rxax T, (x) = —T,(—z), T, nmeer
KOHEUHBIA Monysn Ha moxyocu (—oo,0]. Crenosarensno T), nmeer

KOHEYHLIT MOIYJL Ha Bcell npsmoii. Teopema 2.7.3 moka3zaHa.
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§2.8. IIpumevanus

PesympraTot §§2.1, 2.2 u 2.4 6oum monyyenot B [73] (Teopema
2.4.1 B ommbounOW popme Guuna panee anoncmposana B [69]). Teo-
pema 2.3.1 mokaszana B [71]. B uwactHOM cayuae teopembr 2.3.1,
KOTZIa PACTIPEIEIICHUE [ — JOTUCTUICCKOE, CBOACTBO DKCTPEMAILHOC-
TU TMOJYIPOCTPAHCTB HOKA3aHO HA OCHOBE NPYTO# (pyHKIMOHAJILHOM
¢dopmot B [78].

Teopemsr 2.5.2, 2.6.1 u 2.6.2 nokasaunt B [1], [2] u [70] (anoE-
cuposaHul B [3]), npuyem Teopema 2.5.2 Onula HOJNydYeHA HA OCHOBE
reopemel 2.6.1. 3mect ke MLI IPEANOYIN IPUBECTH APYToe (Ha Haml
B3y DOJIee IPOCTOE) HOKA3ATENLCTBO TeOpeMEl 2.5.2, OCHOBAHHOE
Ha ymadHoM Boibope U-omepammn B Teopeme 2.1.1. B [2] u [70] Teo-
peMa 2.5.2 IpUMEHANACh K CIAyYalHBIM IIpoIeccaM, JIUHERHO IOPOK-
JEHHDIM HE3aBUCHMLIMU OAVMHAKOBO DAaCHpPEneJIeHHLIMU BEJIUYUHAMU,
IPU U3YYEHNU WX BLIDOPOUYHOrO HOBEIECHUS U, B YACTHOCTU, CBSI3aH-
HOrO ¢ HmMu ddderra ocrmuiaanuu. OTMETUM, YTO HA TAKUE NPO-
LEeCCHl IePeHOCATCS MHOTUE Pe3yJbLTaThl paboTnl [7] 0 rayccoBCKon

OCIUJIJIAINA.

Pesynoratnt § 2.7 ocHoBann! Ha pabote [82]. Teopema 2.7.2 yTou-
HsleT caenymolee HabmoneHne, caenantnoe Tamarpanom [216]: coi-
CTBO @) BileYeT KOHEYHOCTDL SKCIOHEHINAILHOTO MOMEHTa C.B. (1. Bo-
MPOCLI, CBA3AHHLIE C PACIPEICTICHIEM MOCIEIOBATEILHBIX MAKCAMY-
MOB HE3aBUCUMBIX OJMHAKOBO PACIPEACICHHBIX BEJINYNH, U3y IaOTCA
B TEOPUU DKCTPEMAJLHLIX MOPAJKOBLIX CTATUCTUE, WM UM MOCBAIICHA
obmuprelimas nmureparypa (cM. Hanp. DamamGom [13]). B paBore
ne Xaana u Punnepa [141] monydena ciemyromas XapakTepU3alis
CBO¥ICTBA OTHOCUTEJLHOY KOMIAKTHOCTHU CEMECTBa pacrpeneseHui

c.B. max{(1,...,(n} — an (IpU TOAXOMAINMUX 3aHUEHUIX Gy ): CYIIECT-
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Bytor € € (0,1), g € R u hy > 0, Takue uro
1-F(z+h)<e(l-F(x)), x>z, h> hg,

raoe F' — ¢yHrums pacupeneneHus c.B. (;. Takoe yTBep:kIeHUE I0-

Ka3aHO IIPU yCJIOBUU HempepbiBHOCTU F'.
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TJIABA III. IVMCKPETHLIE M30OIIEPUMETPUYECKUE
HEPABEHCTBA

§3.1. PyHrMOHAILHAA (OPMA N30IEPUMETPUYECKUX HEPABEHCTB
IJIA IPOJAKT-MeP B MPOCTPAHCTBAX C PACCTOSHUEM €BKJIIU-

JOBOT'O THUIIA

Ilycrs I — menpepbiBHas HeoTpunareabHas Gpyurnus Ha [0,1], Ta-
kas uro [(0) = I(1) = 0. [lna nuddepeHnnanbHBIX U30IePUMETPH-

YeCKUX HEPaBEHCTB
ph(A) = I(n(4)), AcM, (3.1.1)

B METPUUYECKOM BEPOATHOCTHOM npocrpancTse (M, p, (1) MBI UCIOJIL-

30BaiIn (YHKINOHAJILHYIO (OPMY
I(Eg) —EI(g) <E[Vg|, 0<g<1. (3.1.2)

Opnro n3 mocromucTB (3.1.2) cocrour B TOM, YTO Takue ¢yHKIMO-
HaJILHLIE HEPABEHCTBA JIENKO PACIHPOCTPAHSIOTCS HA MHOIOMEPHDLIE
npocrpancta (M™, pso, 4™) ¢ PABHOMEDHOW METPUKOHR poo(T,y) =
max;<n, p(:pi,yi) (B GoJsee oOmell cUTyanuu WHIYKIVMOHHLIV mar OLLT
ocymectsieH B §2.1). Kak pesyabrar, pacnonaras ”onHoMepHbM”
HepaseHcTBOM (3.1.2), MBI mosydyaeMm MHOTOMepHLI BapuanT (3.1.1)

ona p('*-mepuMeTpa B CMBICTIE DaABHOMEPHOW METPUKU:
(u")*(A) = I(u"(4)), Ac M. (3.1.3)

Koneuno, me Bcerma (3.1.1) Baeuer (3.1.2) — HEKOTOpLIE IPEAIONO-
skeHus o QyHKuuM [ HeoOxOmuMBL ("HmOUTH” MUHUMAJLHLIE YCIIOBUS
Ha [ npuBenenot B Teopeme 1.4.1). Ecum ke MLI XOTUM yCTAHOBUTL

(3.1.3) IO OTHOIIEHUIO K PACCTOSIHUIO €BKIMIOBOIO THUIA

n

p2(z,y) = 4| 2 plzisy:)?,  zyeM”,

i=1
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TO M ®TUX YCJIOBUR HexocraroyHo — HepaseHcTo (3.1.2) B ob6mem
caydae He MOKET OLITL PACHPOCTPAHEHO HA MHOTOMEDHLIA Cirydaii.
Hanpuwmep, kKak MBI y:Ke 3HaeM, ULl JIOTUCTAYECKOW MepLl [1 Ha Ipsi-
mvoit M =R (3.1.1) u (3.1.2) Bemoasstorcs ¢ (ONTUMAILHON) (YHK-

mueli I(p) = p(1 — p), upu sTom (3.1.2) npunumaer BuL
Var(g) < E[Vg[, 0<g<1

Ho »To HepaBeHCTBO IepecTaeT OBLITL BEePHLIM yike B R?, Tak kKak OHO
[OBJIEKJIO OBl YKCTPEMAJILHOE CBOWCTBO MOLynpocTpancTs {(x1,xs) :
71 < ¢} B uzonepumerpuueckoit 3amave mia (R2, po, u?). A 70 BO3-
MOYKHO TOJILKO IUISI TayCCOBCKMX Mep (cM. Teopemy 3.1.3).

Taknm 06pasoM, (GyHKIUOHAILHAS (popMma (3.1.2) mma ommomep-
HBIX M30MEePUMETPUYECKuX HepaBeHCTB (3.1.1) HemocTaTOYHO CHITh-
Ha, YTOOLI IPUMEHATH WHAYKIWIO IPU TOKA3aTENILCTBE MHOTOMEDHBIX
M30MEePUMETPUYECKUX HePAaBeHCTB (3.1.3) Mo OTHOmMEHWIO K eBKJIU-
IOBOWI MeTpuke. B mefcTBUTENLHOCTU, MONLITKU OCYIIECTBUTL WH-
IYKIMOHHLIA IIAr MPU JO0KA3aTEJILCTBE MHOTOMEDPHOIO HEPABEHCTBA
(3.1.2) mpuBonaT k Gosee CUILHOW rumorese, a MMEHHO, K HEDABEH-

CTBY
I(Eg) <E\I(9)?+|Vyg]?, 0<g<1. (3.1.4)

ITpu »TOM OKA3LIBAETCS, UTO caMO HepaBeHCTBO (3.1.4) obmangaer mo
OTHOIIEHUIO K Py TeM :Ke CcBoHcTBOM, yto 1 (3.1.2) mo OTHOmEHUIO K
Poo: EKak TOILKO (3.1.4) Bomomnnsercs B 7 0qHOMEPHOM” IPOCTPAHCT-
Be (M, p, 1), TO >TO HEPABEHCTBO PACIHPOCTPAHAETCS 6€3 KAKUX-Iub0
n3MeHeHn 1 6e3 KaKnX-JInubo MpearnoIoKeHnit o Gy | Ha " MHO-
romepuoe” npoctpancTtso (M™, py, u™). Tak ke, kak u (3.1.2), na un-
AUKATOPHBIX (YHKIUAX g = 14 (TouHee, HNpUOIMKAS WHIANKATOPHbLIE
GYHKIMM JIUMIUNEBLIMU B coOTBeTcTBUM ¢ JeMmmo# 1.4.1), (3.1.4)
IpeBpamaercs B n3onepuMerpudeckoe Hepaseacrso (3.1.1) niam, Go-

aee o6mo, — B (3.1.3). Cuenyer, oqHAKO, OAUYEPKHYTL, UTO WHIYK~
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I_[I/IOHHLII'?I’ arar OCHOBLIBAETCA Ha TOMKIAECCTBE

n

Vg(@)]* = [Vug(@)?, (3.1.5)

i=1

rne |V, g(x)| o3mauaer Momynn rpammenta ¢pyurmum ; — g(z) (3HaA-
UeHUA T; OpU j # i QurcupoBaner). I[losToMy Hamo IuGO IPUHATH
(3.1.5) 3a ompegnenenue mMomysis rpaiueHta (GpyHruuid vHa M, aubo

IPUIEPKUBATLCSA TEPBOHAYAILHOTO onpenesnenus 1.4.1

lg(z) — ()l zeM,

)

Vg(z)| = limsup
| ( )| pa(y) -0+ p2(z,y)

u TpeGoBarh, 4ToOnl (3.1.5) BLINOIHANOCL NS [1'-IIOYUTU BCEX T €
M™". Bosee TOYHO, UMEET MECTO CIEMYIOIEee yTBED:KICHUE.

ILycre (M;, pi, iti)1<i<n — METPUYECKUE BEPOATHOCTHEIE IPOCTPAH-
crBa. Paccmorpum npoumssenenve M = My X --- X M, ¢ MeTpuko
p(x,y) = />oimy pi(isyi)?, 2y € M, m MepO#t 1 = g @ -+ @ fin.

ByzmeM roBOpUTL, UTO ¢ JIMIMIIUIEBA, ecan ||g||Li, < oo.

Teopema 3.1.1. Ipennonosum, uro mus (M;, pi, fti)1<i<n BBIIOI-
HstoTCsl HepaseHcTBa (3.1.4) B kKiacce BCEX JMINIMIEBLIX (yHKIUNA
g : M; — [0,1] (I — nmpom3BoaLHAS HEOTPUIATEILHAA HENPEPLIBHAL
¢yurmms Ha [0,1], o6mas nist Bcex HepaBeHCTB). Ilpeanonoxum rak-
JKe, UTO (3.1.5) BLINOJIHAETCA NJIA BCEX JIUNIIUIEBLIX (QYHKIUI ¢ HA
M nns p-nouru Beex x € M. Torma (3.1.4) sumonusercs B (M, p, i)

U1l BCEX [-M3MEPUMBIX JINIIMUNEBLIX (PyHKIWNN g : M — [0, 1}.

Bropoe ycioBue TeopeMbl BCerja BLIIOJHEHO B BAKHOM Cllydae,
korma M; = R¥ (¢ eBrammoBoii MeTpuKo#) m Mepbl ji; aBCOMIOTHO
HEIPepPLIBHLI OTHOCUTENLHO Mepol JleGera. lleficTBurennro, mo us-
BecTHOW Teopeme Panemaxepa, nummmiess! ¢pyHknuu Ha R” mourn
BCIOLY AU(P(PEPEHIUPYEMEI, & B TOUKAX, A€ OHU JU(PePEHIUPYEMEI,
(3.1.5) BCerga cupasemIuBO.

Y cil0BUE (1-U3MEPUMOCTH ¢ B YTBEP/KACHUN T€OPEMBI HeOOXO0AUMO,

TaK Kak [ Kak IPOJAKT-Mepa OIpeneseHa B obmeMm ciaydae (Korga
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M; He cenapabeJbHBI) Ha MeHblIel o-anrebpe, yeMm g-anreGpa Bcex
OopeseBcknx MHOKeCTB B M, 1 mosromy nunmuneBn GpyHKIuu B M
MOrYT OLITL HE M3MEPUMDI 10 OTHOIICHUIO K [i.

3amerrM Takske, 4TO MBI He Tpebyewm, urobwr [(0) = I(1) = 0.
[Tocnenunee, omuako, BaskHo npu nepexoze ot (3.1.4) k (3.1.1).

Ha camom nmese yrBepsknenue teopemot 1.3.1 mocur Gosee yHUBED-
CaJIbHBIT XapakTep B TOM CMBICJIE, YTO POJIb METPDUKU p HE ABJIAET-
cs ompegensmomeii. BmecTo momgymnedl rpaJueHTOB MOMKHO paccMa-

7 BLIMYKJIbIE” OMEPATOPDLI, JIUIIL OLI BBLITOJI-

TpuBaTL BOOOIIE JTHOOLIE
HAJIOChL YCJIOBUE (3.1.5). Tak rak B majpHelimeM Mbl OyIeM MMETH
IeJ0 TakKe C APYTCUMU CTPYKTYDPAMU, HE ONpeIesseMLIMU KaKOoui-
b0 METPUKOM, MpUBEIEM OIWH aHaJor TeopeMnl 1.3.1.

MMycrn (M;, i), 1 <i < n, — BepOATHOCTHLIE IPOCTPAHCTBA. Pac-
cmorpuM npoussenerue M = My X --- X M, ¢ Mepoit it = 11 @ -+ @ L, .
st kasxmOrO0 ¢ My CTh 3aJaH HEKOTOPLIZ onepaTop [';, onpenenenHoii
Ha ceMelicTBe BCeX M3MePUMBIX (YyHKIU# ¢g; Ha M; cO 3HAUYEHUAMU B
[0,1], mpu aTom I';(g;) — mamepumbie GpyHKIME HA M; CO 3HAUYCHUAMU B
[0, +00]. Msr raxxe npennonaraeM, uro i(g;) = I';(g)) pu-n.H., ecan

9i = g5 pi-m.H. s xkasgnodt namepumMolt Gpyukmmn g Ha M onpenennm

(3.1.6)

rae g; — QyHKRIUA mepeMeHHOR x; € M;, oupenessieMasi paBEeHCTBOM
gi(z;) = g(z), v € M (3mavenus x; € M; npu j # { UKCHPOBAHLI).
DBynmem mpeanosiaraTh, 4TO BLITOJHAETCSA CJEIYIONee yCIOBUe TH-
Ha BLITYKJIOCTHU: IUIA JIOHOTO BEPOATHOCTHOTO TpocTpancTBa (Y, )
un o060l mamepumoit ¢pyuruum g Ha Y X M; co smagenusvu B [0,1]

¢yurmus y — I';(g(y, x;)) v-usmepuma, npudem
Li(Evg(y, i) < E,Li(g(y, 2:)) (3.1.7)

AJIST [4;-TIOYTU BCEX Tj. l__[pI/I HCKOTOPLIX IPEONOJJOKCHUAX O Pz THUII&
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HEMPEPLIBHOCTU 9TO yCIOBUE MOKET OLITL YIPOIIEHO:
Ti(tg+ (1 —t)h) <tli(g) + (1 —t)Is(h)

(g m h — mpousBosLHBIE U3MepUMBIE QyHKOUN HA M; CO 3HAYCHAMU B
[0,1], 0<t<1).

Teopema 3.1.2. Ilycte I — Heorpunarensuas usmepumas (no Bo-
penro) ¢yurnus wa [0,1]. IIpennosnoskum, urto nis Kakmoro i < n u
BCEX M3MePUMBLIX QyHkuui ¢ na M; co 3navenuavu B [0,1] BuimosHs-

eTcsa HEPaBEHCTBO
I(Eyg) < Eyu1(9)* +Ti(g)*. (3.1.8)
Torma mus Bcex m3aMepuMbIX (GyHKIMI g Ha M co 3navenmavu B [0,1]
1(B,.g) < E,/1(9)? + T(9)2. (3.1.9)

IlokazarenncrBo Teopemol 3.1.2 mpoBeneMm mo muaykmuu. Ilycrn
n > 2. IomycTtuM, 94TO yTBEP:KICHUE TEOPEMLI CIPABEIJINBO IS
YuCIIa BEPOATHOCTHLIX IIPOCTPAHCTB, MEHLIIEro, ueM n. BBemem npo-
ctpaHCTBO Y = My X -+ X M, c Mepoit Vv = (41 @ -+ @ lly,—1, TAK UTO
M=Y xM,, p =v® pu,. Ha cemelicTBe Bcex M3MepPUMLIX (yHKIUI
Ha Y co 3Hauenusmu B [0,1] onpenenum oneparop D Tak :ke, Kak U B
(3.1.6) mus mabopa (M;, i, I'i)1<i<n—1. Touru Y Gynem obGo3nauars

uepes y = (z1,...,2n-1). Vmeem:

L(9(y, n))? = D(9(y,20))* + Tulg(y, x,))?

(B mepBOM ciaraeMoM (UKCUPYeTCsl Z,, BO BTOPOM — y). 3adux-

cupyem x,, € M, u nomxoxumM

u(y) = \/I(g(yvl'n))2 + D(g(y7 -Tn))zv U(y) = Pn(g(y7 -Tn))-
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ITo reopeme Pybunu ¢ymruus y — ¢(y,r,) v-uaMepuma s fi,-
MOYTH BCEX Ty, W A TAKAX T, B CHJIY WHIYKIMOHHOTO IIPEINO-
JIOKEHUS,

E u(y) > I(E,g(y, ,))- (3.1.10)

ﬂanee, IO yCJIOBUIO (byHKHI/IH UV TOXRE V-U3MepuMa OJIs [by-IIOYTU BCEX

Ty, IPUYEM BLIIOJHAETCA ycaoBue Boimykaoctu (3.1.7), To ecTn,

E,v(y) > Tn(Eug(y, x,)). (3.1.11)

Yunreasa (3.1.10)—(3.1.11) u OpUMeHss >IEeMEHTAPHOE HEPABEH-
crBo [Vu? +0v? > (fu)2 + (fv)Q, TMOTYyYaeM IJIS [l,-TIOUYTU BCEX
Ty € M,y,:

E,/1(g(y, 20))% + D(g(y, 20))2 = E,v/u? + 02
(E,u)? + (E,v)?
VIEL(y, 7)) + (Evg(y, z,))2

= VI(w)? +Tn(w)?,

2
>

rae w(z,) = Eyg(y, z,). DTa QyHKIUS KOPPEKTHO ONIPENeICHA, [~
n3MepuMa u npuxuMaer 3xadenus B [0,1]. ITosromy B cuny (3.1.8)

npui=nug=w, [(E,w) <E, \/I(w)?+TI,(w)? CiaenoBarenrHo

o Teopeme PyOuHM

EV/1(9)? +T(9)? = E Eu/I(g(y, @))% + T(g(y, 2n))?
> E, VI(w)?+T,w)?
2 I(Epnw) = ](Eu9)7

To ecto (3.1.9). Teopema 3.1.2 norazana.

JoxkazarennctBo Teopemnl 3.1.1 Hudem He orimuaercs. Hyskno
JIAOIL 3aMETUTDL, YTO IJIs JIUNMUNEBLIX (yHKnui g Ha M ¢GyHKIIN

w OyayT TakKe JUNMNNEBLIMU, a yciaosue (3.1.7) BomosnHseTcs s
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oneparopos I';(g) = |V,,g| HEmOCPEACTBEHHO B CHIly ONpPENEICHUS
1.4.1 m Teopemnl JleGera o mpemeanbHOM Mepexoae MO 3HAKOM WHTE-

rpaja.

Hakomern, mOKaKeM yNOMJHYTYIO XAPAKTEPU3ALUIO I'ayCCOBCKUX
Mep 4epe3 M30LePUMETPUUECKOe CBOWCTBO CTAHZAPTHLIX IIOJIyIIPO-
crpaHcTB. HamoMHNM, 9TO CTAHZAPTHLIMEM MBI HA3LIBAEM IIOJIyIIPO-
crparctea B R™ suma A = {z € R" : z; < c¢}. A" (h > 0) ozmauaer
OTKPLITYIO h-KpecTHOCTL MHO:kecTBa A C R™ B cMbIcie eBRIMIOBON

METPUKHA.

Teopema 3.1.3. Ilyctn n > 2. IlycTth o — BepoATHOCTHaA Mepa Ha
npavmoii R co cienyromuMm cBOWCTBOM: Mg BCEX P € (O7 1) uh>0
(A" mocturaer mauMenbITee 3HAUCHME B KJIACCE BCEX M3MEPUMLIX
(mo Bopemo) muoskects A C R™ meput p"(A) > p HA HEKOTOPOM

CTAaHIApPTHOM moJiynpocTpascTBe. Torma mepa i — rayccoBckadd.

HoxrasarenscTso. [IpuMeHsas yClIOBUS K NUIMHAPUYIECKUM MHO-
sxectBaM Buga A x R"™1, A C R, nomydaeM, 94TO B OJIHOMEPHO# 130-
NEePUMETPUUCKOR 3amade mosyocu (—oo,¢] 06IamaoT SKCTPEeMAb-
HBIM cBOMcTBOM. CUleIOBATENLHO (i NOJKHA OLITL CUMMETPUUHON
(oTHOCHTENLHO CBOEH MEIMAHLI) W MMEETh KOHEUHBIA SKCIOHCHIM-
sbHBIA MoMeHT (cMm. §1.2). He ymanss obmuocTu, OyaeM CYUTATD,
UTO i CUMMETPUYHA OTHOCUTEJLHO 0.

Ananoruuno nosynpocrpancrsa suna B(c) = (—oo,c] x R obna-
AIOT SKCTPEMAJILHLIM CBOMCTBOM B ABYMEDPHON M30IE€PUMETPUUCKON
samaue: mus Beex p € (0,1) mw h > 0 m mua secex A C R? meprnr
u%(A) > p cymectsyer ¢ € R, Takoe uro u?(B(c)) >pu

p(A") = i (B(o)"). (3.1.12)
IMpumennm (3.1.12) upu p = 1/2 k MHOKECTBY

Ale) = {(xl,xg) : L\/;Z < c}
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apu ¢ = 0. Ouesngno, p(A(0)) > 1/2, 1 MuUHUMAILHOE 3HAYCHUE
npasoif yactu B (3.1.12) mocturaercs, B CUILYy CUMMETPUYHOCTH [,
mpu ¢ = 0. Tak xax A(0)* = A(h), (3.1.12) MoxHO 3amucarn B TEp-
MUHAX HE3aBUCUMBIX CJIyYafHLIX BeJMYUH § U 1), OUPEICICHHLIX Ha
HEKOTOPOM BEPOSATHOCTHOM npocrpancTse (€2, P) u umeromux obuee

pacupeneeHue [, KAk HEPABEHCTBO

P{ﬁj/ri" <h}2P{§<h},

cupaBemiuBoe npu Bcex h > 0. Kak caexncrsue,

Var(gjin):4/o+ooP{§j; >h}hdh

< 4/+O° P (> h}hdh = Var(©).
0

Ho Var ((£ +1)/v2) = Var({), cnenosarensno ans nouru scex h > 0
(mo orromermio k mepe JleGera) P {(é+n)/v2>h} = P {£ > h}.
OueBnaHO, TO PABEHCTBO PACIpOCTpaHseTcs Ha Bee h > 0, 1 Takum
obBpaszom, caydaitabie Bemuaunb (€ +1)/v/2 1 € onuEHAKOBO pacmpe-
nesennt. CileoBaTeNLHO XapaKTEPUCTUIECKAsd (QYHKOIUSA [ MEpBL f
ynoBaeTBopaer ypasuenuio f2(t/v/2) = f(t) mna Bcex t € R, uro
BO3MOKHO TOJBKO eciu f mmeeT Bun f(t) = exp(—o2t?/2). Teopema

3.1.3 mokasama.
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§3.2. M3onepumerpruueckoe HEPABEHCTBO Ha AUCKPETHOM KyOe.
Ero cBf3n ¢ rayCCOBCKUM M30IEPUMETPAUECKIM

HEepPaBEHCTBOM

3mech Mbl IpuMeHUM Teopemy 3.1.2 B ciemyiomeid curtyanum: Bce
(M;, pu;) mpencrasisior coboii gByTodeunoe mpocrpancrso {—1,1}
o o o 1
¢ OepHYJJINEBCKOW Mepoii, NIPUNMCHIBAIONIEH OAMHAKOBYIO MaCCy 5
Toukam 0 u 1. IlpoumsBenmeHme 5TUX TPOCTPAHCTB — ' N-MEPHBIA’
muckpeTHii ky6 M = {—1,1}", cHAGKeHHBIA PABHOMEPHLIM pacIpe-
nenenuem P .
Kasknas touka © € {—1,1}" nmeer n coceneit s;(z), 1 < i < n,
— Oumwkalimue K © TOYKM MO KAKIOMY HAIPABJIEHUIO: TpU j F 1
[si(@)]; = @5, [si(x)]i = —=:.
Ecan ¢yHrmus g onpenenena Ha AUCKPETHOM KybOe, TO B KawkIOM
€ro TOYKE MO:KHO ONPENENUTh MUCKPETHBIE I'PAaaueHT — BEKTOD, CO-
CTABJICHHBIA M3 IPUPAINEHNAA ¢ BIOOIL KAsKIOTO HAIPABJICHUA (C TOU-

HOCTLIO [IO MACIITAGHOTO MHOkUTENs). JlImHy 9TOro BeKkTOpa

n
g(x) — g(si(@)) |2
Fg(z) - ’ 2 | ’ T € {_17 1}n7
=1
OymeM Ha3LIBaTL MOIYJIEM AUCKPETHOTO IpalueHTta. B wacTHOCTH,

I MHAWKATOPHBIX (QYHKIUNR g = 14
T 1a(z)* = % card{i <n:(x € A,si(z) ¢ A) mnmm (x ¢ A,s;(z) € A)}.

Benuuunry
PH(A) =E|T 14|

Oy eM Ha3LIBATL AUCKPETHLIM nepumerpoM MHOkecTBa A C {—1,1}".
HamomuwmMm, uro MbI ucnosnn3yeMm crangapTHbe 0003HAUEHUS

x

o) = = eol-a/2) o) = [ el

— 00
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COOTBETCTBEHHO IJIs INIOTHOCTHU U (YHKIUU PACIPEIEJICHUs IayCCOB-
cKoii mepnr v ma mpsmoit R. @71 : [0,1] — [—o0, +0c] oBo3nauaer

¢yurnuio, obparayio g .

Teopema 3.2.1. Ilyctn I(p) = ¢(®~1(p)), 0 < p < 1. Ilaa moboit

¢yurnuu g va {—1,1}" co snauenusmu B [0, 1]
1(Eg) < By/T(g)2 + T(g)? (3:2.1

(MaTeMaTHUeCKOE O/KMAHME MOHMMAeTCs B cMmbiciae Mepol P). B

yacTHOCTH, I Ir06oro MuOokecTBa A C {—1,1}"

P (A) > I(P(A)). (3.2.2)

Caencrsue 3.2.1. Iycrn I(p) = (@1 (p)), 0 < p < 1. Ilna moboit

JOKAIBLHO JummuneBol ¢gyurmum g : R™ — [0, 1]

I(E,,g) < E,, V1(9)> +|Vg|*. (3.2.3)

B uacraOoCcTH, mus nmo6oro usmepuMoro MuoxkectBa A C R™

Yo (A) = I(7n(A)). (3.2.4)

Takum 0Gpa3oM, IUCKpeTHLIe HepaBeHcTBa (3.2.1)—(3.2.2) BuekyT
(3.2.4) — rayccoBckoe M30IE€pPUMETPUYECKOE HEPABEHCTBO B Au(de-
pernmaanHOR popme (cm. (1.5.2)). Umaue: I = I, ABmaerca msome-
PUMETPHUUECKON (yHKImel rayccoBCKkoil MepnI ¥, B R™.

IleficTBurennHo, 4TOOLI BoiBecTH (3.2.3), npuMennym (3.2.1) wa nk-

MEPHOM AUCKPETHOM Ky0e K (yHKIUSIM BUIA

oo n
gr(x1, ..., x) :g(%), Z1,... 2 € {=1,1}",

npenmnoJiarasg, 4TO ¢ MMeeT OrPAaHWYEHHLIC YacCTHLIE IPOM3BOIHLIE
EePBOTO U BTOPOTO MOPSAKOB. B Cuiy IEHTPAJLHOW IpenesbHOR

Teopemnl B R”,

/ g dP — gdy, npu k — oo.
{—1,1}nk R"



174

Kpowme Toro,

Tgr(x1,...,21)°> = ’Vg(%)’z +0 (%)

npu k — 0O paBHOMEDHO IO BCEM I7,...,xp € {—1,1}". Tak kak
¢yrrnua Vg2 = 31" | |0g/0x;|> nanpepiBHa un orpaHuYeHa, CHOBa

B CIIy LEHTPAJbLHON mpenenbHoll Teopemul B R™,
[ Vi raRde — [ iR+ [VeR
{-1,1}nk R»

npu k — oo. CruemoBareiabHO (3.2.3) BLINOJIHAETCA A (PYHKINZR
g C OrPaHMYEHHLIMU YACTHLIMU IIPOM3BOJHLIMU IEPBOTO UM BTOPOTO
nopsankos. C momompio mpoctoii ammporcumamuu (3.2.3) pacmpo-
CTPaHAETCs Ha BCE JIOKAJILHO JIMIINNNEBLIE (QYHKIUYA CO 3HAYCHUSMU
B [0,1] (mamoMEWMM, UTO Takme (QYHKOUU MOYTU BCIOLY MA(HepeH-
mupyemol mo Teopeme Panemaxepa). Hakonen, B cuiy HepaBeHCTBa
Va?+ b2 <a+b (a,b>0), (3.2.3) BIeueT HEPABEHCTBO

I(E'yng) - E'VVN,I(Q) < E'yu

Vl, (3.2.5)

KOTOpOe, Kak Mbl 3HaeM (cM § 1.5), ABagercsa (yHKIMOHAILHON (Gop-
Moit mist (3.2.4).

IIpoBenernoEe paccy:xaeHuEe TakXKe MOKA3LIBAET, YTO I'ayCCOBCKAA
n3onepruMeTpUUecKas YHKIUA — ONTUMAaJILHASA B KJIacce BCeX Helpe-
PBLIBHBIX (hYHKIUEA [, yIOBIETBOPAIOMUX JUCKPETHOMY ()YHKIMOHAIL-

HOMy HepaBeHCTBY (3.2.1) m Takux uTo
I1(0)=1(1)=0 (3.2.6)

(6e3 mocaenHero ycnoBus 6€CCMBICIEHHO paccMarpuBaTh (3.2.1) nian
(3.2.3), Tak KAK HA MHAUKATODHBIX (YHKIMUAX OHU HE HPEBPAILalOT-
cs1 B M30IepUMeTpUYUecKre HepaseHcTBa). JleficTBuTesLHO, eciu He-

orpunareisbHas HenpepbiBHas (ysruus [ Ha [0,1] ymoBiaersopsier
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(3.2.1), TO B cHIIy HEHTPAJILHON IIPEIENILHOM TEOPEMBL, MBI IOy YaeM
(3.2.3) u caemoBarennHO (3.2.5), YTO, B CBOIO OYepEnb, B IPEAIO-
noxernu (3.2.6) Buaeder (3.2.4). Ho rayccoBckasi n3onepuMerpu-
ugeckas QyHEIMA [, — MakCHMaJILHO BO3MOkHas B (3.2.4), mostomy
I <I,. Tagum o6paszom, I = I, — MakCHMAaJILHO BO3MOKHAA B (3.2.1).

OHAKO, MBI HE MOKEM CKa3aThb HUYErO 00 ONTUMAJLHOCTU HEpa-
BaHCTBa (3.2.2) — AUCKPETHOrO aHAJIOTA ayCCOBCKOTO M30IE€PUMET-
PUYECKOTO HepaBeHCTBa. Tak ke, kKak u npu nepexone or (3.2.1)
(3.2.3), MOsKHO OBLLIO OBI OKUAATE, YTO IO KpaiiHell Mepe muis ”rua-
kux’ MHO:xecTB B C R™
lenolo Pt {(Il,...,xk) cay € {—1,1}", % € B} =~H(B)

(3.2.7)

(P — pasmomepmoe pacmpenernerue ua {—1,1}"%). Heommmanno ta-
KO€ HPEINoJIOKEeHre HeBePHO. YiKe Ul MOJyIIOCKoCTel Buna B =
{(w1,22) € R? : bywy + bowy < b}, b2 + b2 = 1, mpemen B (3.2.7) cy-
mecTByeT, HO 3aBucut oT (by,b2), B To Bpema rak v, (B) = p(b) me
sasucur ot (by,bs).

Bousee Toro, maske s 0MHOMEPHLIX MHOkeCTB B = (—o0,b], TO

eCTb IJIA MHOxKeCTB A B (3.2.2) BUIA

Aup) = {z e (-1} BT <o)

Mol umeeM [y (A, (p)) — p B CUIy HEHTPaJLHOW mnpeneianHOW Teo-
pemur, B To Bpema kak P T(A,(p)) — v2I(p) mpu n — oo B cury
JIOKAJLHOW mpenennHoil Teopemnl Myaspa—Jlanmaca. Takum obpa-
30M, €CJIM TayCCOBCKAs W3omepuMerpuyeckas QyHruus | — onTu-
mMasbHad B (3.2.2), MuHokecTBa A, (p) HE MOTYT OLITL SKCTPEMAJL-
HBIMU B (3.2.2) naske B aCUMITOTUYECKOM CMBICIIE.

VTak, AucKpeTHOE M30IepUMeTPpUYecKoe HepaBeHCTBO (3.2.2) mo-
BuauMOMy ciabee, yeMm ero ¢yHKImoHaJALHas Gopma (3.2.1). Cuin-

Hee JI1 Toraa (yHKIMOHAILHOE HepaBeHCTBO (3.2.3) miis rayccoBCKO
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MepBI 0 CPABHEHUIO C MayCCOBCKAM M30IE€PUMETPUYCCKUM HEPABEH-
crBoM (3.2.4) mim (3.2.5)7 Ilycrn ¢ — raagkas ¢yssmus za R™ co

snavenusamu B (0,1). Pacemorpum MHOMKECTBO

A={(z,y):z e R"yeR, ®(y) <g(x)} CcR".
Torma (3.2.3) Gyzmer coBnagarh ¢ (3.2.4), HO B IPOCTPAHCTBE GOJL-
meii pasmeproctu (R"1 ~,.1). le#cTBUTe bHO, B TepMUHAX (YHK-
mm f = & 1(g) (3.2.3) samumercsa kax HepaBEHCTBO

(4 s1(A)) < / on(@) o(f@) VIT Vi@Pde.  (3.28)

n

3ameTum TaKXEe, 4TO

v (4) = /8 o (2) L, (2) = /a on@) o) A (@), (3:29)

rme z = (z,y), a H, — n-Mepras Mepa Xaycaopda B R"T! 1o ectn,
npasbiii uaTerpadt B (3.2.9) Gepercs no (1e6eroBoii) IOBEpXHOCTHON
Mepe Ha rpaHune 0A. DTa HOBEPXHOCTL ONPENCIISACTCS yPABHEHU-
em y = f(z), npuuem \/de IIpeaCcTaBiseT cCOOOH vieMeHT
dH,(xz,y) meput H, B Toure (z,y) € 0A. CuenoBareiLHo, IpaBLle
vactu B (3.2.8) u (3.2.9) conanator, u 3uaunt (3.2.3) npespamaer-

ca B (n+ 1)-MepHOE M30IEPUMETPUIECKOE HEPABEHCTBO

I(7n+1(A)) S ’Y;:JA(A), (3210)

To ecTn, (3.2.4) B (R""!,v,.1). C yuerom Teopemtr 3.1.1, mepasen-
CTBO (3.2.3) OOCTATOYHO OIMEHUBATDL IS pa3MepHOCTU N = 1, u Toraa
(3.2.10) 6y meT aByMEpHBIM M30MEPUMETPUUYECKIM HEPABEHCTBOM. 10
ectn, mo cytu (3.2.3) — 2TO rayCcCcoBCKOe U30IEPUMETPUUECKOE He-

PaBEHCTBO Ha IJIOCKOCTU.

HoxrazarensctBo Teopemsl 3.2.1. B cuny Teopemnr 3.1.2, mocra-
TOYHO paccMoTpern ciayudaidi n = 1. Beous nepemennnie a = g(1),

b=g(—1), (3.2.1) 3anumercs Kax HEPABEHCTBO

T(550) < g1+ 150 + 102+ 0P, G2y
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Bagpurcupyem ¢ € (0,1) u BBemem ¢ymrmmio u(x) = I(c + x)? + 22,
x € A(c) = (—min(e, 1 —¢), min(c¢,1—c¢)). Ecau nomoxuts ¢ = (a+b)/2,

x=(a—0)/2, To (3.2.11) MOKHO mEepennUCaThL Kak

Vaul(0) € 5 ulz) + 5 v u(—a), (3.2.12)

npudem ycaosue a,b € (0,1) Gyner skBuBasenTHO ycaosmio & € A(c).
YMmHO:xasg HA 2 06e vactu (3.2.12) u BO3BOAA UX B KBAApAT, IPUXO-

UM K HEPaBEHCTBY

4u(0) — (u(z) + u(—2z)) < 2y/u(z)u(—=x). (3.2.13)

Eme pa3 Bo3sous B kBanpar, HO renepb (3.2.13) (3amermm, dTO
HET HUKAKOW HeOOXOAMMOCTH IPOBEPATH, YTO JeBas 4acTb (3.2.13)

HEOTPUIATENLHA), IPUXOIUM K HEPABEHCTBY
16u(0)% + (u(z) — u(—2))? < 8u(0)(u(x) + u(—x)).
Tlepenumen 5TO HEPABEHCTBO B TEPMUHAX ()yHKIUK
h(z) = u(z) —u(0) = I(c+z)* + 2% — I(c)*:
(h(x) — h(—x))* < 8I(c)*(h(z) + h(—x)). (3.2.14)

Jemma 3.2.1. a) I-1" = —1.
b) ¢pymxmuma (I')? semykna ma (0,1).

JokazarenncTBO. a) cremyer m3 Toxkmectsa ¢ () = —xp(x), x €
I " — 12
R. b): (I =2I'" = —2—, CIIeOBATENLHO (I'*)" = 20— =
1+ 12
2 >0.

Jemma 3.2.2. ®ynrmus R(x) = h(z) + h(—x) — 21'(c)*s? Bomywmaa
ma A(c).

Ioka3aTeanLCTBO.

R'(z) =2I(c+2)I'(c+x) — 2I(c — 2)I'(c — ) + 4z — 41'(c)*x.
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CrnenoBaTelLHO

R'(z) =4 I/(C+I)2;I/(sz)2 —I'(c)?

HEOTpUIATENLHA, TOCKONLKY (ynkmusa (I')? Bommyraa.

IIponomsum nokazarenncrBo Teopemsol 3.2.1. ITockonbky QyHEINA
R uerna u B cuny aemmnt 3.2.2, nmeem R(z) > R(0) = 0 mma Bcex

x € A(c). CrnenosaTenbHo
h(z) + h(—x) > 21'(c)*2.
[ToaToMy (3.2.14) Oynmer cienoBarh u3 60Jiee CUILHOTO HEPABEHCTBA

(h(z) — h(—x))? < 161(c)I'(c)?2?, T0 ecTn, U3 HepaBeHCTBA

’M’ < A4I(e)|I'(c)).

x
Taxk xak h(r) —h(—z) = I(c+x)? — I(c — x)?, ocTaeTca moOKa3aTh, UTO

I(c+ )% — I(c —x)?

x

‘ < 4I(O)|I'(c)]. (3.2.15)

[Tockonbky $pyHEmMA [ cUMMETpUYHA OTHOCUTENLHO TOURM 1/2, 0Be
vactu (3.2.15) He M3MEHATCs, eciIu 3aMEeHUTL ¢ Ha 1 — ¢ (3aMeruM
rarke, uro A(l —¢) = A(c)). IlosroMy MOKHO IpeAnOIararTh, 4TO
0 <c¢< 5. Kpome Toro, momno npemonarars, aro x > 0, Tak
Kak seBas 4acth (3.2.15) — uernas ¢yuruus x. Ilpuw sTux mpen-
noaoxenusx [(c+x) > I(c—zx), Tak kak I Bozpacraer Ha [0, %}, yOBI-
BAaET HA [% ,1] 1 cuMMeTpUYHA OTHOCUTEILHO % HeticTBuTennHo,
B cuiy »tux cBoficTs, [(c+z) > I(c—x) <= 1—(c+2) > c— 2 <
1> 2¢. Takmm obpasom, (3.2.15) ynpomaercs:

I(c+ )2 — I(c —z)?

< 4I(e)I'(c) (3.2.16)

B npeanonoxkenun, uto 0 < x < ¢ < 1/2. Paccmorpum ¢yHKIMIO
v(x) = I(c+x)* = I(c—x)% B cury nemmur 3.2.1a),

V' (x) =2 (c+2)* = I'(c — 2)?).
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Kak BbIIyKJasl, CUMMETPUYHAS OTHOCUTENBHO TOYKM 1/2, QyHKIM,
1 1

I'"? y6nsaer na (0, 5] 7 BO3PACTaeT Ha [5 ,1). Crenosarenvuo I'(c+

2)? < I'(c — x)? u, Takum obpaszom, v”(x) < 0, xKax Toabko 0 < = <

1
c < o ITosromy v — BorHyTas HeoTpunareiabHas (Gysrnus Ha [0, ¢].

1
=) :/ o' (zt) dt
0

xT

Ho Torma

ue Bospacraet Ha (0, ], n ocraerca nposeputh (3.2.16) B Touke x =

0. Tak rak

I(c+ )% = I(c)® 4+ 2I(c)I'(c)x + O(z?)

npu = — 0, mMmeem — 41(c)I'(c). Teopema 3.2.1 nokasana.

u(x)
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§3.3. VM3omepumerpuyueckoe HEPABEHCTBO IS HECUMMETPUYHOTO
pacupenenenusi Bepuyau. AGcTpakTHOE U30NEPUMETPU-

YECKOE HEPABEHCTBO rayCCOBCKOI'O THUIIA

Hemuoro m3menum obosmauenwnsa. I[lon ”n-mepHLIM” IUMCKPETHLIM
ky6om Oymem nmonumarh npoussenerve M = {0,1}". Cuabaum sTO
NOPOCTPAHCTBO NPOJAKT Mepo#t P = 7, y KOTOpo# MapruHajibHbBIE
pacrpezneneHus (, npunucsBaioT maccy p € (0,1) Toure 1 m maccy
q=1—p — touke 0.

s kasgnas roukn x € {0,1}" s;(z), 1 < < n, oGo3zHauaeT TOUKY
¢ xoopaumHaraMmu [s;(z)]; = x; mpu j # ¢, [si(x)]; =1 — ;.

Ilns ¢pyHKRIU#E g, onpeneseHHLIX HA AUCKPETHOM Kybe, Mpl Gepem
\/Pq B Ka4eCcTBE MACIITAGHOTO MHOAKUTEIA IJIA MO/ TUCKPETHOTO

rpajueHTa:

Tg(z) = | |pg ; l9(z) — g(s:(@))[2, @ € {0,1}",

Tak 4To OpU p = 1/2 MLl mosydaeMm npensiaymee ounpenenenue. C

nomvuokectBoM A C {0,1}" cBskeM (yHKIMIO
ha(z) =card{i <n:(z € A, si(x) ¢ A) numm (z ¢ A,s;(x) € A)}

— YKCJIO TPAHUYHLIX pebep, Y KOTOPLIX T CIYKAT OTHOM M3 BEPIINH.
2 _
|* = pgha(z).

HpI/I 5TUX 0003HAYECHUAX JUCKPETHOE M30IIEePpUMETPUYIECCROE HEDa-

B uwacrtroctn, [I'14(2)

BEHCTBO (3.2.2) MOMKHO 3alucaTh B BUIE

1

[Vizap = 1 @), =g, (33.1)

rpe I — rayccoBckasg nsonepuMerpudeckas GpyHKnusa. EcTecTBeHHBI

1
Bonpoc: ocraercs au (3.3.1) copasBemiuBLiM pu p # E? Orsetr
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ORa3bIBACTCA OTPUIIATCJILHDLIM. IICﬁCTBI/ITCJII:HO, €CJIM IPUMEHUTDL He-

PaBEHCTBO BUIA

[ Vizap = — 1P ()

VPq

¢ onTuMasLHOR (yHkmeit [y (He 3aBuCcAmEell 0T pasMepHOCTH) K O11-

HoToueunoMy MHOxkecrBy A = {(0,...,0)}, o momxyuum

VPG (Vnp™ +np™lq) > Io(p").

Honaras p =t/ rmet € (0,1) — ¢purcupoBaHO, 1 yCTPEMIIAA N — 00,

HOJIYYUM B IpeJee
J(t) = ty/log(1/t) > Iy(t).

Ho ¢yurmus J(t) Bemer cebs kak %I(t) upu t — 0, u mosromy
Iy(t) < I(t) must Bcex mOCTATOYHO MAaJbIX ¢ (WM, YTO PABHOCUJILHO,
— s BCex ¢, DOCTATOYHO Gum3KuX K 1).

Tewm ue meree, (3.3.1) cupaBeIMBO ¢ TOYHOCTLIO 10 aBCOIOTHOTO

MHOENTEJIIA.

Teopema 3.3.1. Ilycrn I(t) = @(®71(t)), 0 <t < 1. Ilna scex
AcC{0,1}"
1
vV P>—I(P(A4). 3.2

Bosee Toro, mus mob6o# ¢pyrknmu ¢ : {0,1}" — [0,1]
I(Eg) < E\/I(g)? + 2T'(g)? (3.3.3)

(MaTeMaTHUeCKOe OMKUIAHUE NMOHUMAETCS B CMbIciae Mepnl P ).

ITpoBepuM, HACKOJILKO ONTUMAJLHO HepaBeHCTBO (3.3.2), Ha npu-

Mepe MOJYyIPOCTPAHCTB, T.€., MHOKECTB BUIA

Ap(a) = {x € {0,1}": S"T\/_sz < a},
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roe S, = x1 + - + x,. Homowum k = [anra,/npq], rae [-] 0603-

HaJvaeT eyl JacTh dnucia. OueBumHo,

ha,@ = —k) Lis,—py + (E+1) 115, —x41),

U B CUIYy JIOKaJILHOII TeopeMbl Myaspa—Jlanmaca,

/ hAn(@dP:\/nfk P(SnZk)+vk+1 P(SnZk‘Jrl)

VPtV

—
Nz

p(a)
npu n — oo. C Apyro#l CTOPOHLI, B CUIY LEHTPAJILHON mpenenbHOR

reopemsl, P (A,(a)) — ®(a), u crenoBarensuo

1

1
Va1

N p(a).

P (A.(a))) —

Tak rax 1 < /p +./q < V2, 3aBucuMoCTL mpaBoii wacTu (3.3.2) or
naput (p, P (A)) ontumanbaa (¢ TOUHOCTLIO KO0 aBCOTIOTHOTO MHOKH-

Tes).

Mur momyunm (3.3.2)—(3.3.3) kak ciencrsue Goisee oOmero yrsep-
swaenns. Ilyern (M, p;), 1 <i < n, — IpOU3BOJNLHLIE BEPOSITHOCTHLIE
npocrpancTBa. Paccmorpum mpoussenenue M = My X --- X M, ¢
Mepoit P =1 ® - ® py,. g xkasnoit masmepumoit pysknun g Ha M
ONIpENIeIUM TAK K€, KAK U HA AUCKPETHOM Ky0e, (HOpMaIu30BAaHHDIR )

MOOYJIbL I'DaJUueHTa

rae Varg,(g) obo3HAauaeT NUCIEPCHUIO ¢ [0 MEePEMEHHI ; B CMBICIe
Mepol fi; (B TO BpeMs, Kak APYTHE MEPEMEHHLIE (ZUKCUPOBAHDI).

Ina usmepumbix MHOKecTB A C M Benuuuny P T (A) = EI'(14)
MOKHO pacCMaTpPUBAThL Kak CBoero poma P -mepumerp A.

Nmeer mecTo
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Teopewma 3.3.2. Jlna mo6olt uamepumoit Gpyurmum g : M — [0, 1]
I(Eg) < E+/I(9)* +2T(g)? (3.3.4)

(MaTeMaTUUeCKMe OKUAAHUA MOHUMAIOTCS B cMbiciae Mepol P ). B

YaCTHOCTHU, M a06oro namepumoro A C M
P+(A)> = I(P(A)). (3.3.5)

V2

B cayuae, xorma M; = {0,1} ¢ mepoit p,, (3.3.4) u (3.3.5) cBomar-
cs coorBeTcTBeHHO K (3.3.3) m (3.3.2). U rak Mol 3HAECM, IpU p = %
muOEUTENL 2 B (3.3.4) MouO y6parn. Bosee Toro, mpyrux ta-
KUX Mep 3a WCKIIOUYEHWeM eIVHUYHLIX Macc Oosblie HeT (B Kiacce
npoxakr-Mep P ), u B 9TOM CMBICIE CUMMETPUYHOE PACIpEneeHre
Bepuyamun urpaer ocobymo posasb. UToOLI MOKA3aThL 9TO, MPUMEHUTL
npu n = 1 npasyo yacts (3.3.4) g QyHKUIMAM Buxa g. = ¢ + &g, Tae
0 <c< 1, ug- orpannuennas ¢yurnua Ha M, takas uyro Eg = 0.
IIpu mocrarouno maiubix € umeeM 0 < g. < 1, a paszyoxeHue B pan

Telinopa npasoit wactu (3.3.4) mo cTenmeHAM € UMeeT BUL

E\/I(gc)? + Var(ge) = E\/I(c+£g)? + £2 Var(g)

I'(c)
61(0)7 Eg®c® +0 (e4).

=1(c) +

ITosromy mepasenctso I(c) = I(Eg.) < E\/I(g.)?> + Var(g.) Bneuer
Eg® = 0. Tlocnennee MoskeT He BLITOJHATLCSA, €CJIU Mepa i1 He UMeeT

[BYTOUEUHLIA HOCUTENIL ¢ Maccoi 1/2 B TOUKAX HOCUTEJI.

I[Ipuctynum x mokazarennctBy Teopemol 3.3.2. B cuny Teopemor
3.1.2 mus omepatopos I';(g) = /2 Var,, (¢9) (upeacrasusromux coboi

CKOpee (yHKIMOHAJDBI), HOCTATOYHO paccMorpers caydaid n = 1. To

€CTbL, HaM CJenyeT YCTAHOBUTL HEPABEHCTBO

I(Eg) <Ey/I(g9)?+2Var(g). 0<g<L1. (3.3.7)
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Mz moraskem Gosiee cuIbHOE yTBEP:KICHUE:

Jlemma 3.3.1. Ilnsa moGolt uamepnmoit Gpyurmum g : M — [0, 1]

1
[Ipumensas HepaBeHCTBO Vencena (rayccoBCKas M30IepUMETpPUAUEC-
kan ¢ymrmusa 1(t) = o(®~1(¢)) sormyra ma [0,1]) u (3.3.8), Mur mory-

UM

(I(Eg))® - (EI(9))* = (I(Eg) — El(g)) (I(Eg) + EI(g))
< (I(Eg) — El(g)) 2I(Eg) < 2 Var(g).

CruenosareanHO
(I(Bq))” < (BI(g))* +2Var() < (By/T(g)? + 2Varly) )

rZe Ha IOCJEeIHeM Iare Mbl BOCIOJIL30BANNCEH (paHee YIOMSHYTHIM)
mepasencrsoM (Eu)® + (Ev)® < (Evu? +v2)2 ma uw = I(g) m v =
v/ 2 Var(g). Takum o6pasom, (3.3.8) Baeuer (3.3.7).

JlokazaTeascTBO JeMMBI 3.3.1.

OTMeTuM CHAYATA HECKOMBKO cBoticTs ¢ymrmun I(t) = o(®1(1)),
0<t<1:

1) I Bormyra Ha [0,1] 1 cuMMeTpUYHA OTHOCUTEILHO TOUKM 1/2;

2) I Bospacraer Ha [0,1/2] u y6uBaer ma [1/2,1]; I(0) =I(1) =1,

3) I ynosnerBopaeT muddepermmanrsaomy ypasraeruto [] = —1;

4) ¢ynrnms I(é + t)2 +t? BormyTa u uyerHa ma [t| < 1/2.

ITar 1. Ceenem (3.3.8) k cayuato 0 < g < 1/2. BanumeMm g B Buge
g= é—i—ef, rne 0< f<1/2u el =1. Tak rak I(%—&—Ef):f(%—kf)
u Var(g) = Ef? — (Eef)?, (3.3.8) mpumer Bung

1(§+Eq)—EI(§+f)<7(Ti__j(Eﬁ_4Egyy

35 + Eef
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YTO MOYKET OBLITH MEPEMUCaHO KaK

{12 (% +E5f> n (Esf)Q] "y (% +Esf> El (% +f) <Ef?.
(3.3.9)
B cuny cBoticts 1) u 4), aeBas yacts (3.3.9) npencrasiser coGoi
BLIIYKJIYIO 4eTHYIO (yHKuuio nepementoii t = Eeg. Cuenosarennso
MaKCUMAJLHOE 3HAYEHUE STOW UACTH IPU yCIOBUU, UTO § (PUKCHPO-

BaHA, NOCTUTACTCS HA TAKOW (QYHKIUM €, I KOTOPOH 3Hauenue [t

MaKCHMAaJbHO, TO €CTh, Ha IMOCTOAHHBLIX QYHKIUAX € = —1 u € = 1.

B o6oux cayuasx Mbl noxyunM B (3.3.9) oxuHAKOBBHIC HEPABEHCTBA,
1

IO®TOMY MOKHO OIDAHUYMUTLCA ciydaeM € = —1. Ho rorma g = 0 —f

npuHEMAaeT 3HauveHus Ha uHTepsate [0,1/2].

[Mar 2. Ilycts g npumamMaer 3HaveHma Ha wmaTepsaste [0,1/2].
Sapurcupyem ¢ = Eg. He ymauss obmuoctu, 0 < ¢ < 1/2. 3a-
mumem A Gyrknuu [ pasznoskerne Tedmopa B TOURe ¢ IO BTOPOTO

IOPAIKA C OCTATOYHBLIM YJIE€HOM B MHTEIrPAJILHOR (popMme:

I(g) = I(c) + I'(c) (g—c)—i—/(; I"(te4+ (1 —t)g)tdt (g—c)® (3.3.10)

B cuay csoticts 2) u 3), I” Bospacraer ma wunrepsage (0,1/2],
nostomy I"(te+ (1 —1t)g) > I"(tc). Vicnonb3yst 3Ty OLEHKY U UHTE-
rpupysa (3.3.10), noayuaem

El(g) — I(c) > Var(g) /0 I"(tc) tdt = — Var(g) /0 ﬁ dt

Hakonen, BocnonnsyemMcsa HepaserncTsoM I(tc) > tI(c), koropoe BLI-
moNHseTCsI B cuily BorHyToctu I m Toro ¢akra, uro I(0) = 0. B
pe3yabTaTe IpuxoarM K MCKOMOMY HEPABEHCTBY.

Jlemma 3.3.1 u ¢ "Held Teopemnr 3.3.2 u 3.3.1 moka3aHbI.
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§3.4. VM3onepumerpudeckoe HEPABEHCTBO MJIsI MHOTOMEPHOTO

pacopenenenus Ilyaccona

B orummume or mepasencts (3.2.1)—(3.2.2) mus cUMMETPUUYHOIO
pacupenesieans BepHy i, KOTOPOE MBI CBA3LIBAJIN C U30IEPUMETPU-
YECKUM HEPABEHCTBOM IUIA IayCCOBCKO# Mepol, HepaBeHcTBa (3.3.2)—
(3.3.3) 17151 HECUMMETPUYHOTO PACIpENEeIeHns BepHy i conepssaT
B cebe Kak NpeNesbHLIA Ciaydali COOTBETCTBYIOIIUE WU30MEPUMETPU-
Jeckme HepaBeHCTBa Iisa pacupenenenus [lyaccona.

O6Goznaunm uepes Iy pacnpenmencuue Ilyaccoma ¢ mapamerpom
A>0: mak€Z, ={0,1,2,---} \({k}) = e *\F/kl. Kar obnruno,
II{ obo3smavaeT cCOOTBETCTBYIOMYIO NPOAAKT-Mepy Ha Z'}.

s mEO%ecTB A C Z’i onpenenuM (yHKIIIO
ha(z)=card{i<n:(x €A, x+e; ¢ A) nim (v ¢ A, z+e; € A)},

rae (e;)i1<i<n — KaHOHMYeckuil Gaszuc B R"™. Haxkomen, ompeneimM
oneparop Ag(x) = g(x +1) — g(x), melicrByromuii Ha cemelicTBe Beex

¢ynrnUit g HA Zif .

Teopema 3.4.1. Ilycrn I(t) = p(@71(t)), 0 <t < 1. Ilna mob6oit
¢yurnuu g : Z4 — [0,1]

I(Eg) < E\/I(g)2 + 2X |Ag]2 (3.4.1)

(MaTeMaTI/ILIeCKI/Ie ORKNOaHUsA IIOHNMAaTCA B CMLICJIE MEPLI H)\) Kar

ciencTsue, M JIr0060ro Muoskecrsa A C Zf:_

/ Vhady > — I((4)) (3.4.2)

7 IyaCCOHOBCKUM aHAaJIOIOM M30IIe-

Hepasercrso (3.4.2) caysxur
puMeTpuYeckoro HepaseHcTBa (3.3.2) Ha AUCKPETHOM Ky0e: Beiu-

YUHA f\/hA dIT} mpencraBager coboif HEKOTOPYIO MOBEPXHOCTHYIO
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Mepy, npenenpHbii ananor P -nmepumerpa. Kak cinencrsue, MOKHO
oneruts Mepy MHO®KecTBa 0A = { € Z" : h4(x) > 0}, npencrasisio-
mero coboil rpannny A nmpaBocroponHero tumna. JledcTBUTEILHO, B

cuiry TOro, uto ha < nlga, momydaem

1

M(04) > ——

I(ITX(A)).

Uro ke rkacaercs Hepasenctsa (3.4.1), TO 9TO B HEKOTOPOM CMBICJTIE
BeCbMa HEOKUIAHHLI (akr. Kcian MBI pacmojaraeM aHAJOTUYHBIM
HEPABEHCTBOM
2 2
I(E.g) < Eu/1(9)? +c|Vy|

IJI1 MOLYyJsA I'palfueHTa (YHKIUN ¢, ONpEeNeJICHHLIX Ha HEKOTOPOM
MeTPHUYECKOM InpocTtpancTse M ¢ Mepoil f, TO BCE NUIIMUIEBLI (yHK-
M 0GA3aHLI IMETEL PACTIPEICICHAA € TayCCOBCKAM yOBIBAHIEM XBO-
cros (Habmonenue [l.Bakpu u M.Jleny [62]). B 1o :xe Bpems myac-
conoBckue xBoctol 11y ({7 : ¢ > k}) "Tsurenee” rayccoBckux (oHU Be-
nyt cebs kak I\ ({k}) mpu k — o0). Takum oBpazom, AUCKpeTHLIE

HEPaBEHCTBA MOTYT CYIMECTBEHHO OTJINYATLCSA OT ~ HENMPEPLIBHLIX .

IoxrazarenncTtBo Teopemul 3.4.1. IIpumensas teopemy 3.1.2 k ome-
paropam I';(g) = |Agl|, MmosxknO pacupoctpannts (3.4.1) Ha MEHOrOMED-

HOe mpocTparcTso (Z7,1IY) ¢ onepaTopom

Po(a) = | 2 lofa + e0) — g(@) .
IIpu »TOM HA MHAVKATOPHLIX (YHKIMAX MHOTOMEDHDLII BApUAHT HePa-
BercrBa (3.4.1) Gyzmer cosunamars ¢ (3.4.2). Tarxum oGpasom, ocra-
ercst yeraHoButh (3.4.1). Ilpumennm mist sroro (3.3.3) upu p = A/n
€ JOCTATOYHO GONBIMM N K QyHKIUAM BUIa g, (z) = g(z1+- - +x,). B
cuiy Teopewmul Ilyaccona, (3.3.3) B npenesne upespaturcs B (3.4.1).

Teopema mokazaHa.
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§3.5. YTOouHEeHME HEKOTOPHIX HepaBeHCTB TamarpaHa

Ha NUCKPETHOM KyOe

Bossparumcst ¥ Teopeme 3.3.1 — m3oneprMeTprUdYeCKUM HEPAaBEH-

crBam Ha muckpernom kyGe ({0,1}", P), P = uy, suna
/\/hAdP > ¢, I(P(A)). (3.5.1)

Hamnyumas mOCTOSHHA ¢, UMeET IOPANOK % (g = 1—=p), uro
MOKET OBITL CYIIECTBEHHO, HAIPUMED, IPU IE€PEXOAE K IIyaCCOHOBC-
KOMy pacmpenenernio. OnHako, B HEKOTOPLIX 3a1adax HEOoOXOIu-
MO oueHuBaTL B TepMmmHax obvema ” P (A)” apyryro Beauduny —
J4VhadP | 1 5T0 CymecTBEHHO M3MEHUT IOBEIEHIE KOHCTAHT.

3nech Hameld 1esabio OyAyT Cleoyiomue OBa YTBED:KICHUA.

Teopema 3.5.1. Ilycrn I(t) = @(®71(¢)), 0 < t < 1. Ilna scex
Ac{o,1}"
/ Vi dP > ¢, I(P (A)), (3.5.2)
A
re HAMTydmas TOCTOAHHAA Cp, HE 3aBUCAMAA OT PA3MEPHOCTH 7,
yaoBrersopsier npu Bcex 0 < p < 1 M IS HEKOTOPLIX aBCOIOTHLIX

nocrosuunix Ko, K1 € (0,+00) HepaBencTBaM

1

1
K——— <, < Ky ——— . 3.5.3
0 Jloa(i/pa) — P = Jloa(1/pa) (3:5:3)

Teopema 3.5.2. Ilycto P — mpomakr-mepa ua {0,1}" ¢ mHeoGsa3a-
TEJILHO OJUHAKOBLIMU MaprUHAJLHEIMU pacupeneneanaMu. s Bcex
Ac{o,1}"

/ VhadP > P (A)(1 - P(A)). (3.5.4)
A
OueBUIHO, C TOYHOCTLIO NO MHOKUATENS, 3aBACAIIETO OT P, (3.5.2)

cuanHee, yeM (3.5.1). Takoe HepaBeHCTBO OLLIO MOIy4YeHO Tanarpa-

HOM [216] ¢ xymmeii o mOPANKY MOCTOAHHOM ¢, =./P¢ (C TOYHOCTHIO
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1o abcomoTHOro MHOMkuUTENs1). C Takol ke [0 MOPSAKY IOCTOSHHON
(mepen P (A)(1— P (A))) nm Gouro nokasaso u HepaBeHCTBO (3.5.4),
OJIHAKO, B TOM JIMIIL cIy4dae. Korga P = pg nMeeT OAVMHAKOBLIC Map-
rUHAJLHBIE pacupenenerns. OCHOBHLIM MOTUBOM JJIsI TIOJIY YEHUS Ta-
KIX OIIEHOK IOCIyskuia TeopeMa Mapryauca [23]: cymectByer ¢yH-
kst ¢ = ¢(p,t) > 0, p,t € (0,1), Takas UTO WIA BCEX MHOMKECTB
A C{0,1}" mepur t = pp(A) € (0,1)

,uZ(aA)/ hadP > c(p,t),
A

roe 0A = {z € A : si(zr) ¢ A nna Herkoroporo ¢ < n} o6oszHaUaeT
rpanuny A ”c BHyTpenHeii ctoponnl”. B cuny mepasencTBa Komm—
Bynskosckoro, uf(0A) [, hadP > (fA \/HdP)Q, IO3TOMY, UTOOLI
UMeTL Kakue-aubo OneHku mia QyHrnuu ¢(p,t) HOCTATOYHO yMeTh
OIIEHMBATD fA \/HdP (HO, KOHEUHO, ONEHKU ML f\/HdP OymyT
Henocrarounsl). Kak caencrsue (3.5.4) (B oramune ot (3.5.3)), Mo
moJiydaeM, 4To (PYHKIUIO ¢ B Teopeme Maprynuca MOKHO BHIOpaTh
He 3aBUCANICH OT p, B UACTHOCTH, MOKHO B3ATL c(p,t) = (t(1 —t))2.
OpmHaro, Ipyu (UKCHPOBAHHLIX P, OOJee TOUYHAS 3aBUCHMOCTL C OT
epeMeHHOM ¢ maercs mepasencTsoM (3.5.3).

Kak u nmpu mokasaTesnLcTBe HEPaBEHCTB BUIA (3.5.1), MBI Oy zmem
UCIONB30BATL (PYHKIMOHAJILHYIO ¢popMmy (3.3.3), HO ¢ ApyruMm orme-

paropowm I'. Mimenno, BBemeM omepaTop

(Mg)(z) = \/Zi‘l ((9(x) — g(si(x)T)?, =€ {0,137,

rze g — IpOM3BOJNLHAS (PYHKIWSA, ONPeNeIeHHAs Ha QUCKPETHOM KyO0e
{0,1}" (MB1 ucmonb3yeMm cTanmapTHoe obozHauenue a = max(a,0)).

Tenepr mameil QpyHKIMOHAILHON (popMOI OyIoyT HEpaBEHCTBA BUIA
cI(Eg) <Ey/cI(9)?+(Mg)?, 0<g<I1. (3.5.5)

OueBnaHO, HA MHIMKATOPHLIX QyHKIUAX g = la (3.5.5) mpespa-

IAETCA COOTBETCTBEHHO B (3.5.2), Korma ¢ = ¢, u I(t) = (@~ 1(t)), n
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B (3.5.4), korma ¢ =1 u I(t) =t(1—t). B cuny reopemst 3.1.2, nocra-
TOYHO MCCIIENOBATL ONHOMEDHOE ()YHKIMOHAILHOE HEPABEHCTBO.

Haunem ¢ Gosee mpocroit Teopemnr 3.5.2.

Jlemma 3.5.1. Ilycrs I(t) =t(1 —t), 0 <t < 1. Ilo oTHOmEHNIO K

Mepe [, Ha {O, 1}7 ONTUMAJILHASA IMOCTOAHHASA € = Cp B HEPABEHCTBE
cl(Eg) < Ey/c?I(g)*+ (Mg)?, 0<g<l (3.5.6)

onpenessieTCsi COOTHOIICHEM

. 2— 2 —
cp = min —177 =7 .
p q

3amMmeTnM, 4ro ¢, > 1, mosroMy MHOroMmepuii Bapuant (3.5.6) Bie-
uer (3.5.4). Kpowme roro, mnsa npomakr-mep P = pup, (3.5.4) moser
6LiTL HespaunTennHo ycuaeno: [, vVhadP > ¢, P (A)(1— P (A)).

Tlorazareancto. omowmm d = 1/c2. Tax xax I(Eg) — EI(g) =

Var(g), (3.5.6) MoxkHO 3anmcarh B BuzIe

Var(g) < E [\/+—d1\/lg ]

IMonoxum ¢g(1) = a, g(0) = b. Ilycty chavana 1 > a > b > 0. Torma

9TO HEPABEHCTBO 3aIlIUIICTCA KaK

q(a —b)? < py/I(a)? + d(a —b)2 — pl(a

YTO B CBOI OYepennb (MOcie BO3BEJNCHUA B KBAJDAT) CBOAUTCA K He-
PABEHCTBY
¢*(a—b)? +2¢I(a) < d. (3.5.7)

Maxcumym sesoit nesoii wactu B (3.5.7) mocruraercs npu b = 0 u

a=1/(2—q) €10,1], uro naer d > fzq. Paccmorpenue cayuas a < b

Takum obpasom,
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(3.5.6) BRIMOMHAETCA I BCEX ¢ TOLAA M TOJLKO TOrha, korma d >

l/cf,, Jlemma 3.5.1 u ¢ Helr Teopema 3.5.2 mOKa3aHLL.

Ilepetinem temepn k Teopeme 3.5.1. Ilpekme, uem moOKaswLIBATD
"rayccoBckuil” Bapuant (3.5.5), yro maer seByro ouneHky B (3.5.3),
[OKasKeM, [IoYeMy CIpaBelirBa Ipasas oueHka. lIlpuvenum (3.5.2)
K oxHOTOYeyHOMY MHO%ecTBY A = {5, = 0} — MBI HOJIy4YuM HEpaBEH-

CTBO
vng" > ¢, 1(q"). (3.5.8)

Kak ysxe panee ormedanoch, ¢pyukmus I(t) skBuBanentHa npu t — 0
¢yurmun t4/2log(1/t), mosromy npu Gompmux n (3.5.8) MOKHO 3a-

oMcaTh Kak
1
Vng" = ¢, q" [ log e (I+o0(1)).

Yerpemnsis n — 0o, mpuxomuM & mepasenctsy ¢, < 1/4/log(1/q).
Ananormuno npuMensas (3.5.2) K OZHOTOUEYHOMY MHOMKECTBY A =
{S,, = n}, Mut nomyunym mepasenctso ¢, < 1/4/log(1/p). O6e onenrn
[AIOT ¢p < 1/\/@7 rae p’ = min(p,q). Ho p’ mmeer mopsamok pq
npu pg — 0. Takum oGpaszom, npasas onerka B (3.5.3) nokasana.

Ilepefinem tenepn k seBoit ouenke. JleficTBys kak 1 Ipu JOoKa3a-

TeJILCTBE JIeMMELI 3.5.1, HaM HY’KHO YCTAHOBUTL HEPABEHCTBO

I(pa + gb) < p\/I(a?) + d(a — b)? + qI(b), (3.5.9)

rae p € (0,1) — ¢urcuposano, 1 > a > b > 0 — NpoU3BOILHLIE YKCIIA,
n d < Klog(1/(pq)) ¢ meroropoii abcomroTaol mocrosuuoit K (3a-
MeTuM, uro (3.5.9) cosmamaer ¢ (3.5.5), eciam monoxurh ¢g(1) =
a, g(0) = bud = 1/c?). Ilaa noka3aTeanLCTBa 3TOrO (BAKTa HAM
HOTPEOYIOTCA UCCIEIOBATL HEKOTOPLIE CBOMcTBa (yHKIMK [, TouHee

MBI OyneM paboraTh ¢ APYro#l GpyHKIUeH, a NMEHHO,

lo(x) = J(z(1 =), rme J(x) =x\/log(l/z), 0 <z <1,
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n Gynem mokaspiBaTh (3.5.9) mius Ip BMecTo I (9TO BO3MOMKHO, IIO-
CKOJILKY 9TU (DYHKUMM MOKHO OLEHWUTL APYT 4Yepe3 APyTa ¢ TOUHOC-
TLIO OO aOCOJIIOTHLIX HOCTOHHHLIX).

Urak, 3adurcupyem p € (0,1) u BBegeM (yHKIUIO
L = L(a,b) = Iy(pa + qb) — (plp(a) + qly(b)).

Torma mepasenctso (3.5.9) (musa ¢ymrmmum Ij) MOMKHO 3ammcaTh B

BUIE

L 1181, rme t= Yie=b
plo(a) Io(a)

1 . .
Taxr kak 3 min(t,t?) < V142 — 1 < min(¢, %) mna scex t > 0, mam

OyneT HOCTATOYHO YCTAHOBUTL IBA HEPABEHCTBA!

L
32y < Vd, (3.5.10)
LIy(a)
Dy S0 (3.5.11)

rne d = Klog(1/(pq)) (K — aBcomoTHAS TOCTOSHHA).

Jlemma 3.5.2. J(z) <1 musa seex z € [0,1].

Hoxrazarenscrso. Umeem J(0) = J(1) =0. Ama 0 <z <1

J'(x) =y [log = ~ % =0 (3.5.12)
24/log -

TOTZa ¥ TOJNLKO Torga, xoraa x = 1/y/e. Cuenosarennuo J(x) <

J(1/y/e) = 1/v/2e < 1.

Jlemma 3.5.3.

a) ®ynrnus Iy Bospacraer Ha [0,1/2] u y6uBaer ma [1/2,1].
b) Iy BoruyTa Ha [0,1].

¢) 3 < —I{(@)Io(z) <1 s veex x € (0.1).

Hokazarenscro. Iomoxwum y = (1 —z) € [0,1/4]. Tak rax J

Bo3pactaeT ma maTepBaJge [0,1/\/e] u 1/y/e > 1/4, mmeem I)(z) =
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J'(y)(1—22) >0 nna seex 0 < < 1/2. DTO NOKA3BIBAECT a), TAK KaK
Iy cuvmerpuuHa oTHOCUTENLHO Touku 1/2. ColicTBo b) BBITEKaeT

u3 ¢). Yrobul Hoka3arh ¢), Bocmoan3yemcs (3.5.12):

" _ 1 o 1
J"(x) = - ; = .
2x4/log — 4xlog — y/log —
x x x
CureroBaTeanLHO
1 1 1 ’ 1 1
—J"x)J(z) = = + > J(@)J(@@) =xlog — - - =
2 T 2
4log —
x
B cuny onpenenenus y = z(1 — x), umeem (y')? = 1 — 4y, y" = -2,

IO TOMY
—Ij () Io(z) = —[J"(y)(1 — dy) — 27" (y)] J(y)

:(%—!— 11 >(1—4y)+(2ylog%—y)

4log —
Yy
1 1 1 1
= -+ —- —yl3—-2log— + .
2 1 v 1
4log — log —
Yy Y

1
Takum 06pasom, BBOIA mepeMeHHyio ¢t = log m € [log4, +00), momy-

UEeHHOE TOJIEeCTBO MOKHO 3aIICATL B BUIE
" 1 1 —t 2
*tfo(l')fo(l‘): Z + Et+6 (2t 731571).
Crenosarensuo —If(z)Ip(z) <1 Torma m TONLKO TOrAa, KOraa

u(t)= — — —t+e t(2t2 -3t —1) <0.

1 1
4 2

Pacemorpum dymrmo v(t) = et (262 — 3t — 1). Nmeem
V()= =27 (242 =Tt +2) = =2 (t —t1)(t — t2),

rre t = =Y o1 4y = ”4‘/%

1 = 3.229.... IlosTomy
v Bo3pacTtaer Ha [t1,ts] m yObBaer Ha [t2,+00). B wactHOCTH, HiIs
Beex ¢t > logd v(t) < wv(ta) =0,403.... ITosTomy

1 1
2

log4 4+ v(te) = —0.041... < 0,
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u BepxHsas ouenka nua —I( Iy B ¢) nokasana. Urobbl DOKA3aThL HUK-

1
HIOIO OHEHRy, 3aMeruM uro —I((x)Iy(z) > 3 TOTZa M TOJLKO TOTJa,

rorga w(t) = i + % t+v(t) > 0. Tak rak v(+o00) =0 u v(log4) <0,
v(t) > v(log4) = 2 log? 2 — % log2 — %
st Beex t > log4. CumenoBareianbHo
w(t) > w(log4) = 2 log? 2 — % log2 =0.152--- > 0.
Jlemma 3.5.3 moxazaHa.
Jlemma 3.5.4. Ius Beex a € (0,1)

I2(pa) — p*I2(a 1
Qpla) = % < 3log Pt

Hokazarenncro. 3amucoBas 1 — pa = (1 — a) + ga, nveem 1o

onpenesenuto Iy:

_ 2 2 —
Qp(a) = (1 7pa,) log m — (1 — a) IOg a(l — a) =
2 _ 2 b a2 ! =
(1 =) +29a(1 —a) +a%) dog ™ — (1 = a)’log =)
B 5 l _ 2 1—a _ 2 ;
(1 — pa)*log . +(1—a)log o + (an(l a)+a )log o)
(3.5.13)

1
[Tepsoe cnaraemoe B (3.5.13) MOKHO ONEHUTL BLIpaskeHWeM log —

P
BTOpPOE — OTPUNATEILHO, Tak Kak 1 —a < 1 — pa. Vcmoan3ys mepa-
BercTBa 1 — pa > ¢, 2qa(l — a) + a® < 2a, omeHWM TpeThe caaraeMoe

BLIDaKCHUAMMUN:

2alog qia < 2max(1,log %) < 2log i

1
(#a mocsemHeM mIare MCHOIbL30Baiu HepaseHcTBO 1 < log — ). Co-
Pq

Oupas BCe OIEHKU, MMOJydaeM

1 1 1
<log — +2log — < 3log —.
@p(a) < log p +2log pg =% g
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Jlemma 3.5.5. s seex a € (0,1],

Ry(a) = Lo(pa) = plo(a) ;plo(a) < dpq /log i.

Hokazarenncrso. 3anucoiBas 1 —pa = (1 — a) + ga, nmeem

1 1 1
» Bola) = (L= pa)y flog =75 — (1 —a)y [log —7—
1 1 1
=(1-a) [\/1og 7 —pa) \/log wa—a) } + qa, [log P T—

) 1—a
og —————
- (1— p(1 — pa) 1 1 )
(1-a) 1 1 1 1 tqay /o8 pa(l — pa)
% pa(l—pa) | *® al-a)

(3.5.14)
Yro6Ll onenuTs Bropoe caaraemoe B (3.5.14), Bocnonb3yemcs Hepa-
1

BeHcTBaMu 1 —pa > ¢, J(a) <1< ,/log o :

1 1 1
qa4 [log Dall—pa) <qa [\/Iog P + \/log a]
1 1
< gy/log — + ¢qJ(a) < 2¢,/log —.
P P4 (3.5.15)
1

ITepsoe cnaraemoe B (3.5.14) HENOIOKUTEILHO, €CIU @ > 11, TaK
p

1 .

Kak B »TOM cirydyae —— < 1. Ilostomy paccMmorpum ciyuait
pa(l — pa)

—a

1
a < ——. Ilocroubky < 1, mepBoe ciraraeMoe MOYKHO OIE€HUTD

— 1+p 1—pa
BLIDaKE€HUSAMN

1
log; : 1 1 1
l—a) ——P < Jlog— <2q/log —
( a)\/log—1 og - = 2qy/log -,
P

npuyeM IOCJIeIHee HEPABEHCTBO BLINOJHSETCs npu ¢ > 1/2. Takum

ob6pasom, ¢ yuerom (3.5.15), B 2TOM ciydae MLI HOJNydaeM rKejae-

1 1
MYIO ONEHKY — Ry(a) < 4q4/log Pl
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ITycts Temepn ¢ < 1/2. Onenum mepsoe caaraemoe B (3.5.14)
1
apyrum crnocoboM. CHOBa MOKHO MOMYCTUTL, UYTO a < T4, Korma
p
3TO CJIATAeMOe HEMOJOKRUTENLHO. Mmeem:

1—a
p(1 — pa) 1-a

< log ———
: 1 . 1 = 08 p(1 —pa)’
% pa(l—pa) | al-a)

rTak kKak B 3HaMenarese cuaesBa a(l —a) < 1/4 u pa(l — pa) < 1/4.

log

(1—a)

OuenuBas najiee, UMeEM

1-a 144 1-(1+pa

- = <1+2g,
p(1 — pa) p(l—pa) — t

nockoIbKy p > 1/2u 1 — (14 p)a <1 —pa. Crenosarenvo,

1-a 1
log ——— < log(1 + 2¢) < 2q < 2q4/log —.
08 Sy = log(l+2¢) < 2¢ < 2q4[log —

C yuerom (3.5.15), cHoBa mpuxoauM K TPeOyeMOMY 3aKJIIOUYEHUIO.
Jlemma mokaszana.
Jlemma 3.5.6. Ecau 1 >a > b >0, To

L(a,b) Pq L(a,0)
(a—b)2 — 2Iy(a) a2

IokazaTenncTBO. 3anumeM pasioskerue Teftmopa mias ¢yHKIMM
Iy B Touke ¢ € (0,1) mo cremenam z — ¢, = € [0,1], ¢ ocrarouHBIM

YJIEHOM B MHTETPAJLHOI (opMme:

In(z) = In(c) + Ij(c) (a:—c)—|—/0 IJ(te+ (1 —t)z)tdt (z—c).

ITpumenss 1o pasnoxkenue ¥ ¢ = pa + gb B Toukax * = au x = b
U CRJIAALIBAS ABa PAa3JIOKEHWs C BecaMu p U ¢, moiydaeM (obmee)

TOKIECTBO:

L(a,b) . -
a—p2 ~ M4 CI/O Io(tc+(1—t)a)tdt+p/0 I (te+ (1 —t)b)tdt | .

(3.5.16)
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B cuny memmer 3.5.3 ¢), —I < 1/Iy, cnenosarensro

L(a,b) ! 1 ! 1
a—pz =Pl {q/o To(te + (1 — t)a) tdt“’/o Towera—op) |-
(3.5.17)

B cuny nemmur 3.5.3 a), ¢yurmus 1/1y yoosaer ma [0,1/2] u Bo3pac-

raer Ha [1/2,1]. TlosToMy mMakcumyMm TO# (GyHKIMM HA JI06OM UH-
TepBase [, §] mocTUraeTcs B OQHOR U3 KOHIEBLIX TOYEK MHTEPBAJA.
B wacrrOCTH, N1 Beex ¥ € [ov, (],

1 1 1

L@ = @ @) (3:5.18)

Byznem cuurars, yro ¢t u a B (3.5.16)—(3.5.17) ¢urcupopaner, a b
menserca Ha uaTepsade [0,a]. Torma xz = tc + (1 — t)a Mensercsa Ha
naTepBaue |a, ] = [tpa + (1 —t)a,a], n cormacuo (3.5.18)

1 < 1 4 1
Io(tc+ (1 —t)a) — Ip(a) Ip(tpa + (1 —t)a)

Amnanorngso ! <L + !
Io(te+ (1 —t)b) — Io(a) Io(tpa)

ku B (3.5.17), moxyuaem

. I/ICHOJILSYH 9THU OICH-

L(a,b) pq [ ! 1 by
0 < .t 1 .
@a—b2 = 2pp(@ TP _q/u To(tpa+ (1—t)a) tdt+p/0 To(t pa) tdt]

IIpumenss mepaserctso 1/1y < =3I}/ (nemma 3.5.3¢)), momydaem

1 1
L(a,b) Pq 1 "
(a—b)? < m—?;pq_q/o Io(tpa+(1—t)a)tdt+p/0 Io(tpa)tdt} .

Ho Bropoe cnaraemoe (6e3 MHOMHUTEINsT 3) COBIALAECT C IPABOA 1ac-
tr10 (3.5.16) mpu b = 0 m mosTomy pasuo L(a,0)/a?. Takum o6pasowm,

Jlemma 3.5.6 mokasana.

IokazarennctBo Teopemnt 3.5.1.
Hysuo norasarn (3.5.10)—(3.5.11). Haumewm ¢ (3.5.11). B cuny

JgeMMEBI 3.5.6,
L(a,0)Ip(a)

Tl <349 = (3.5.19)

pla—b)2 —
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Oyurnus [y Borayra (nemma 3.5.3a)) u Ip(0) = 0. CuenmoBaresnbHO
Iy(pa) > ply(a). IlosTomy

12(pa) — p2I2(a
L@Lm::hﬁm)—Phﬁﬂzzﬁ%%%I%ﬁé%

< Bpa)—p’I§(a) _ (pa)’Qp(a)
2plo(a) 2plo(a)

(Qp(a) ompeneseno B semme 3.5.4). Ilpumenss sTy ngeMMmy, Ipu-

L(a,0)lo(a) _ 3

1
XOIUM K HEPABEHCTBY log 2’ ¥ © yueTouM (3.5.19),

pa? 2
nMeeM
Lly(a) 3q 27 1 1
——= < — + —log — < 15log —,
pla—b)? = 2 2 B = & ba
3 3 1
TaK Kak o < o log Pl Takum obpasom, (3.5.11) Bomommsaercs ¢
1
d=15log —.
® b

Yrobnr ycranosuth (3.5.10), pacemorpum mpu 1 > a > b > 0

HEDABEHCTBO BUIA
L(a,b) = Ip(pa + ¢b) — (pIp(a) + qlo(b)) < C(p) (a —b). (3.5.20)

Taxr rax [y Borayra, nis Beex c¢ € (0,1) nesas gacrts (3.5.20) npen-

craBisier co0OW BOrHYTYIO (yHKIMIO napsl (a,b) HA cermenTte
Ae) ={(a,b) :pa+gb=c,1 Za>b=0},

B TO BpeMs Kak npasas dacTb (3.5.20) — nunelinas ¢ysruus. Ilos-
Tomy (3.5.20) Buimosnsercs mis Bcex (a,b) € A(c) Torga U TOILKO
TOrga, KOrga 3TO HEPABEHCTBO CIPABEIMBO IS KOHIEBLIX TOYEK
oTOoro MHTEpBasa. OUeBMAHO, M KOHIEBLIX Touek A(c) ¢ KOOpIu-
waramu (a,b) nmu6o b = 0, mu6o a = 1. Ecam b = 0, to (3.5.20)

opeBpanaeTcsi B HEPpaBEHCTBO
Io(pa) — plo(a) < Co(p) a, (3.5.21)

rae Co(p) = C(p). Ecau e a = 1, To (3.5.20) npespamaercs mocie

(hopMabHOW 3aMEHBI IEPEMEHHOR b HA ¢ B HEPABEHCTBO

Io(qa) — qlo(a) < Co(q) a,
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rae Co(q) = C(p). CuenmoBaresnbHo ontumanbable nocrosHable C(p)
B (3.5.20) cBszaHbl ¢ onTuMaibHLIMU nocrosiHEbIMU Cy(p) B (3.5.21)

TOYKIECTBOM

C(p) = min(Cy(p), Co(q)).

B cuny aemmnt 3.5.4, Cy(p) < 4dpg+/log(1/pq). Cnenosarennuo

C(p) < 4pq +/log(1/pq).

Kak pesymbrar, 3p(a—L—b) < 124/log(1/pq), n 3maunt (3.5.10) BLIIOJ-

userca ¢ d = 1441og(1/pq).

Teopema 3.5.1 moraszana.
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§3.6. VM3onmepumerpuyeckue HEPABEHCTBA, MJISI PEIICTUATHIX

pacnpeneneHuit

3mech Mbl pacupocTpaHuM TeopeMy 3.5.2 mis mpomakT-mep Po=
4" ¢ OOMHAKOBLIMU MAPTUHAJLHLIMU DACIPEEICHUSIMUA [, COCPENO-
TOYEHHLIMU Ha MHOKeCTBe meinix yucen Z. Hamelr 3amauein Gynmer
ONMUCATL B TEPMUHAX MOPOXKIAIOMUX MeEpP [ BCE TPOIAKT-MEPHI, KO-
TOpBIE YIOBJIETBOTAIOT C TOYHOCTHIO N0 MOCTOAHHOI, He 3aBUCAIIEH
OT Pa3MepPHOCTH, U30MEPUMETPUUECKUM HepaBeHcTBaM tuma (3.5.4).
Baskuyio poan B Hamewm onucannu 6y aeT Urparnh ABYCTOPOHHEE HOKA-
3aTeJLHOE pACIpeIeseHue V.

TTo amasorum ¢ OUCKPETHBIM KyOOM, C KayKILIM MHOKECTBOM A C

Z" cBsReM (hYHKIIIO
ha(x)=card{i<n:z €A, (xr+e ¢ Aumu z —e; ¢ A)},

rae (e;)i<n — KaHOHMYeCKu# Gaszuc B R™ (Ha muckperHoM kyGe sroi
¢yuEKIIUK cooTBeTCcTBYeT (GyHKIUSI hal4 — Mpl yopomaem obo3nade-
HUS ¢ TeM, 4ToOLl uaTerpad B (3.5.4) GopMaiLHO paccMATPUBATL MO
Bcemy npoctpancTsy). Onpenemum 0A = {hy > 0} — 7 muckpernyo”
rpanuny A ”c¢ BHyTpeHHEH CTOpPOHLI” .

Insa ¢yuxnuit ¢ Ha Z" COOTBETCTBYIOIIEEe ONpeesieHre (yHKINN

Mg momxHO GLITHL

Mo(e) =[5 3 ((9(x) — gl = 0)*)? + ((gla) — gla + )"

Hanomunm, yro Ag(z) = g(x + 1) — g(x), 2 € Z, — pa3HOCTHLIA Ome-
paTop, melicTBylomuii Ha ceMelicTBe Bcex (yHKuuUi Ha Z.

Ilnst BeposarHOCTHON Mepol ¢ Ha npsaMoit R ¢ ¢pyuknmeir pacupene-
nemns F,(xz) = p((—o0,2]), € R, onpenemum ¢yHKIMIO

F;'(p) =inf{z: Fy(z) > p}, pe(0,1],
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NPUHUMAIOMYIO 3HauUeHnA B (—00, +00|. HamomunMm, 4To ABYCTODOH-

Hee TOKA3aTeILHOE PaclpeleeHre, KOTopoe Ml 060o3HadaeM depes
1

V MMECT IIOTHOCTD exp(—|z|) (mo ormomenmio k mepe JleGera).

Orobpaxenne U, : R = R, Uy,(z) = F, ' (F,(r)), senpepsisro ciesa,

He yOnIBaeT 1 nepeBoauT V B i (oToOpaskeHne ¢ TaKUMU CBOWCTBAMU
emuucTBenHO). Ecmm p cocpemorouena ma Z, to U, — crymeHuaras

beHI{III/IH CO 3HAYCHUAMU B Z.

Teopema 3.6.1. Ilyctn p — BeposTHOCcTHAA Mepa Ha Z. Crenyro-
[MUe YCJIOBUS 9KBUBAJICHTHLI:

a) cymectByet ¢ > 0, Takoe 4To g Bcex n > 1u A C Z"
[ VAR = e () 1= () (3.6.1)
b) cymecTByer ¢ > 0, Takoe uto mias Becex A C Z
1(0A) = ¢ p(A) (1 — p(A)); (36.2)

¢) Mepa [i yIOBJIETBOPsieT HepaBeHCTBY Tuna llyaHkape s ome-

paropa M: cymectByet ¢ > 0, Takoe 4TO 1is BceX (PyHKIm g HA Z
¢ Var,(g) < E,(Mg)?; (3.6.3)

d) Mepa [ YyAOBJIETBOPSET HEPABEHCTBY TUIIA HyaHHape JJIsA OIle-

paropa A: cymectByer ¢ > 0, Takoe UTO Ui BCeX (QyHKuuii g Ha Z
¢ Var,(g) < E,|Ag|?; (3.6.4)
e) cymectByer ¢ > 0, Takoe 4To MiIsl BCexX a € Z
¢ Fu(a)(1 = Fu(@)) < u({a}); (3.6.5)
f) mans mexoroporo h > 0

sug Uz +h)—Uy(z)] <1. (3.6.6)
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3aMeTuM, UTO Ka:KIO€ U3 CBOUCTB a) — f) BiedeT TOT (akT, 4TO
HocuTeseM [ OymeT HeKOTODLIH [eIOYNCIIeHHBI MHTepBai (KOHeU-
Hpli wnu Her). JlefcTBUTENLHO, €CiaM AOMYyCTUTL IPOTUBHOE, TO
ectn, ecau p((—oo,a—1]) > 0nm p(ja+1,+00)) > 0, o u({a}) =0 mna
HEKOTOpOro a € Z, To Hepasencrsa (3.6.2) u (3.6.5) mapymaroT-
ca qna A = (—oo,al NZ, a (3.6.3)—(3.6.4) — nna uHANKATOPHON
pysxman g = 1(_oqnz (Tax kax Mg = Ag = 0 p-n.u.). Haxomern,
kak caencreue (3.6.5), o6pas U, (R) momken GbITb HHTEPBAIOM B Z.

3aMeTnM, 4TO CBOWCTBO @) coBmamaer ¢ b) mpu n = 1.

Hepasenctsa tuna [Tyankape, B wactaoctn, (3.6.4)—(3.6.5) merko
PACTPOCTPAHAIOTCA Ha MHOTOMEPHOE MPOCTPAHCTBO Z", HO Ha WH-
OUKATOPHLIX (YHKINUAX OHU Oy IyT ciaabee, ueM M30IE€PUMETPUUECCKIE
HepaserncTBa Tuna (3.6.1). Kak u panee, Ham cienyer usbparnh apy-
ryio GyHKIMOHANLHYIO Gopmy s (3.6.1) u JOKa3LIBATL HEPABEHCT-

Ba BUIA
¢I(B.g) < Bu/EI(g7 + (Mg, 0<g<1, (3.6.7)

¢ ¢pyurnmeit I(t) = ¢(1 —t), kax B aemme 3.5.1. Hepasencrso (3.6.7)
(CHOBa B cuiry obuieid Teopemol 3.1.2) 060061maeTcss Ha MHOTOMEPHLI
ciay4dail, ¥ Ha UHIWKATOPHLIX (YHKIWAX MHOTOMEPHLI BAPUAHT 2TO-
ro HepasercTBa naer y:xke (3.6.1). Tarxum obpasom, 4ToOLI cBECTH
Teopemy 3.6.1 K OMHOMEPHOMY CIIydaro, CJIEAYeT OO0LACHUTDL, IMOUe-
My (3.6.3) srBuBauentHo (3.6.7). Ecum 6bl peus mia 0 CpaBHEHUU
”HenpepuBHLIX aHanoros (3.6.3) u (3.6.7) mis 0OLIYHON IPOU3BOA-
HOH ¢, TO (3.6.7) ObLIO GBI CcUaLHEe, ueM (3.6.3). Oxmako, misa rpa-
JMEHTOB QUCKPETHOrO TUIA CUTYAIUsa MEHAETCH CYIIECTBEHHO, U pe-
maromiee HabJIIOAEHNe COCTOMT B TOM, uro npu n = 1 Mg < 1, kak
ronpko 0 < g < 1. Kak cnencrsue, ecau (3.6.3) BLIIOIHAETCS € HOC-
1 1

TOSIHHOM ¢, TO (3.6.7) BLIIOJIHSETCs ¢ IOCTOSIHHOM ¢ = 1/ 2 T
C (&

HefictBurenso, mis moboix u € [0,1/4] u v € [0,1] cupasenauso

Vu?+dv?—u> %1)2, roe d=1/c.
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ITpumenss »To HepaBeHCTBO K u = I(g), v = M g, nomyuaem

E#[I@P+d@@ﬁfl@ﬂz%EAM@22VMﬁm
= I(Eug) - Eu](g)7

T.e., (3.6.7) muas ¢;. O6parno, npumensas (3.6.7) K pyHKIMAM BUIA
o +¢€g, Toe g orpaHMdeHHad QyHKNUA Ha Z, Takaa uro E,g =0, n
yerpemiss € — 0, npuxoauM k (3.6.3) ¢ mocrosHHON 2¢.

Wrak, MokHO cunTaTh, YTO N = 1, U KAK MBI OTMETUJIU, CBOWCTBO
¢) Baeder (3.6.7), crenoBarennHo a) u b), crenoBarennto e) ((3.6.2)
Ha MHOxkecTBax A = (—00,a] N Z npespamaerca B (3.6.5)). 3nauwr,
OCTAETCsI NOKA3aTh ®KBUBAJICHTHOCTL cBolicTs ¢) — f). CaolicTsa c)
7 d) OYeBMAHLIM OOPA30M BIEKYT €): HYysKHO npuMeHuth (3.6.3) u
(3.6.4) K MEAMKATOPHLIM QYHKIUAM § = 1(—cc,ajnz- Tarum obpaszom,
HY’KHO yCTAHOBUTL JIMINL JBe UMIIMKanuu e) = f) = c¢) & d).

HauneM ¢ HEKOTOPLIX IPUTrOTOBJIEHNUIA.

Jlemma 3.6.1. Ecau z < 2z <y, TO

Fu(y) — Fu(z)

y—x _
R RE <271

IokazarenncrBo. OUeBHOHO, HOCTATOYHO PACCMOTPETDL CIydau
z=xuz=y. ObaoTu ciydas SKBUBAJICHTHLI, TaK KaK MePa  CHAM-
MeTpPHYHA OTHOCHUTENLHO (), M MOKHO CUMTATL, 4yTO z = x. Hamom-

u

HuM, 9to F,(u) = %e“ opu u < 0 u F,(u) =1-— %e‘ apu u > 0.

[Momoskum h =y —x. Ecan 0 <z <y, To

Fy(y)—Fu(x)  1—eh o .
Fy(x)(1-Fy(x)) ~ Fy(z) <21 —e ") <2(e" — 1),

Ecau x <y <0, To

FV(y)iFV(aj) _ eh71 <9 h—l
F@(-F) 1-F@ = (e )-

Haxkownern, eciu z <0 <y, T0

P =Fle) 20— ™ Mol ggma 2eoh ) < g(eh o]
Fy(z) (1 — Fy(x)) 17 (2) <2(2e7 e ) < 2(eh-1),
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TaK KakK IIOCJIeJHEE HEPABEHCTBO CBOIUTCA K 2 < etth 4 e=(a+h)

Teneps MBI TOKasKeM, UTO CBOWCTBO €) Bieuer cBolictso f). s
npuIoKeHui ¥ 601ee oOmmM HepaBEHCTBAM, JOKAKEM HA CAMOM [Ieje
Gosnee obmee yrBep:kneHre (HIKE UMILIMKANAU €) = f) COOTBET-
crByer mapamerp hg = 1: B »ToM ciaydyae (3.6.8) npespamaercs B
(3.6.5)).

Jlemma 3.6.2. Ilyctn g — BeposiTHOCTHas Mepa Ha mpsamoir R.

IIyctn ¢ > 0 m hg > 0 TakoBLI, 4TO mist Bcex a € R
Fu(a) — Fu(a — ho) > cFu(a) (1 — Fu(a)). (3.6.8)
Torma, sup,cr [Up(z+h) —U,(z)] < ho npu h =log(l+c¢/2).

IorazareabctBo. Oupenenum (yHKINIO U‘:l : R — [—o0,40o0],

NCXO0O0d M3 TOKRIECCTBA
{t:Uu(t) <a} = (-00,U, '(a)], a€R,

wimn ssro Uy '(a) = FY(Fu(a)) (4ro paBHOCMILHO B CHIy Hempe-

puisroct U, ciesa). Orcoma Fy(a) = F,(U, ' (a)) nna seex a € R.
B uacruoctn, npu x = U, '(a — ho), z =y = U, ' (a), (3.6.8) npumer
BUTT

Fu(y) — Fu(x) = ¢ F,(2) (1 = Fu(2)).

B cuny memmnr 3.6.1, ¢ < 2(e¥"* — 1) npu ycaoBum, 4TO T U Y KO-

HeyHbl. B mr060oM caiyuae y > x + log (1 + %), TO €CTD,
Uy @) = U, Ma — ho) +1og (14 %) (3.6.9)
nas Beex a € R. Tak kak, no onpenesenuo U, !,
(—o0,2] C {t: U,(t) < Uu(x)} = (=00, U (Un())],

CIpaBelJIMBO HEPABEHCTBO UJI(UH(Z’)) >z, x € R. TlosTomy, mon-

craBnan B (3.6.9) a = Uy,(x) + ho, nomyuaem npu h = log(1 + %)

U, (Un(x) + ho) > Uy H(Uy(x) +h >z + h.
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—1 —1
CroBa B cuny onpenesnenus U, ", mueem U, (U, *(a)) < a ana Beex
a € R, rue, ecau Heo6x0 MO, CIemyeT HOHNMATL 3Hadenna U, (—oo)

n U, (+00) B oburanom (mpemensHoM) cMbiciae. Taxum o6pasom,
Upla+ h) < Un(U; (Up(2) + o)) < Up () + ho,

n caenoBarennHo sup,eg Uy (z + h) — Uy(x)] < hg. D10 mokasviBaeT

aemmy 3.6.2.

Yro6bl npuCTynuTh KO BTopo#t yactu f) = ¢) & d), Ham norpeby-

OTCA HERKOTOPLIE CBOWICTBA MEpPLI V.

Jlemma 3.6.3. Ilns mr060# HeOTpUIATENLHON U3MEPUMON (yHKIIUYI

gHua RuBcex he R
e M E, g(z) <E,g(z +h) <e"E,g(x), (3.6.10)

e 2" Var, g(z) < Var, g(z + h) < e*" Var, g(z). (3.6.11)

Iokazarenncto. [lmoTHOCTL f, MEpLI V yIOBJIETBOPSET HEPABEH-
crey fo(z+h)/fy(x) < el

Jlemma 3.6.4. Ilna secex a € R u h > 0 cymecrsyer ¢ = ¢(a, h) > 0,

Takoe uTO mis 060 HeyOLBatomelt Gpyrkuuu g Ha R ¢ g(a) =0
cE,g(2)? <E[(9(z) = 9(x = 1)*1(anay + (9(z + 1) — 9(2))* 1 (z<a—n)]-

TokazarembcTso. B cuy (3.6.10), c(a, h) < e 2l%l¢(0,h), tax uro
IOCTATOYHO paccMmoTpernh cayuaii ¢ = 0. Cuavasia mOKa:KeM, 4TO
nis nrob0# HeyOLBarome#t ¢Gyurimnu g Ha R, Takoirt uro g = 0 na
(—00,0],

E gz +h) > (2—e "E,g(z). (3.6.12)

DTO HEPABEHCTBO JIUHEHHO IO ¢, TODTOMY JOCTATOUHO €0 IPOBEPUTD
Ha WHAUKATOPHLIX QYHKIUAX ¢ = l(g 100), @ > 0 (Tak kak m06asm He-

yOBIBAIOIAs, HEPEPLIBHAS CJIeBa (yHKINs, ncdesaromas Ha (—oo, 0],
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MOKET OLITHL MPEACTABICHA B BUIE CMECU TAKUX I/IH;LI/H-caTopOB). s

9= l(a,400) (3.6.12) mpunumaer Buz
1-F,(a—h)>©2—-e™(1—-F,(a), ah>0.
Ecauz a > h > 0, 10 mpocto e + e " > 2. Ecmu :xe 0 < a < h, onO

3allUIIeTCsa KaK

1

1— = a—h - *
€ - 2

_ ,—h\ _—a
2 (2 € )6 )

UTO TOMkE OueBMIHO (¢ paBeHcTBOM npu a = 0).

SanumeM reneps (3.6.12) B Bune
(1—e™E,g(z) <E,(g9(x +h) — g(z)). (3.6.13)

ITockonbky g = 0 Ha (—00,0], (3.6.13) MOKHO Takke IPUMEHUTL K

g%: B cuny mepasencTBa Kommu-Bymskosckoro u (3.6.10),

(1= gl3 =1 —e") Evg(x)?
<E,(g(z +h) = g(2)) (9(z + h) + g(x))
< llg(z +h) = g(@)2 l9(z + h) + g(z)]l>
< llg(z + 1) — g(2)|2 (eh/zl\gllz + ||g||2) ,

rze || - |2 o6osmauvaer mopmy B L2(v). Caenosarennno

(455 ) Buale) < Bulalo+ ) - g(a)”

Cuosa B cuiy (3.6.10), u tak xak g(x) — g(z —h) = 0 mpu = < 0,

nMeeM

e(h) Byg(2)® < B, (g(x) — g(z — 1))*Liss0). (3.6.14)

_h 1—eh
rue c(h) =e (71+eh/2

HeyboBaromell pyukuuu g Ha R, Takofi uro g = 0 ma (—o00,0]. B

)2. Nrak, (3.6.14) cnpasemmmso ana mobott
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CHJIy CUMMETPUYHOCTU V, IS Ji000# HeyOnIiBatomeid pyHKIUM g Ha

R, Takoit uto g =0 ma [0, +00), nmeem
() Eyg(a)? < B, (g(a +h) — 9@)*Lo<o). (3.6.15)

PaccMOTpuM Tenepn IPOU3BOJLHY IO HeyObBatomyto pyHkmmio g Ha R
¢ ycrosuem g(0) = 0. Baenem dpysrmum go = g 1(—co,05 91 = 9 1[0,400)-
[Tpumvenss (3.6.14) x g1, a (3.6.15) & go, CKIAALIBAS 9TU HEPABEHCTBA

u 3aMedvasi, 4TO IJsd Bcex & € R

(x4 h) — g(z),
(x) = g(z — h),

gi(w+h) —gi(r)

<g
go(z) —go(x —h)<g

IoJIydaeM

c(h) Byg(2)® < Eu(g(z) = g(z = 1))*Lizs0y + Eulg(@ +h) = g(2))*1{z<0)-

Crosa B cuiy (3.6.10),

(x — h))*Lo<a<ny
(z — 1)* L0

E, (9(z +h) = 9(2))*1{—h<acoy < " Ey(g(x) —

g
< eh EV(Q(I) -9

CJIe IOBATETLHO
c(h)Eyg(z)® < (1+e")Ey(g(z) — g(z — h))*1(u=0)
+ E,(g(x+h) — g(2)*Liac )

Ipuxomum k Tpebyemomy yreepsaenuio ¢ c¢(0,h) = c(h)/(1 + e").

Jlemma 3.6.4 mokasana.

Jlemma 3.6.5. [las mr00OLIX BEIIECTBEHHLIX ¢ > b CyIIecTByeT Io-
crositaaas ¢ = ¢(a,b) > 0, Takas 4ro 1y n060% HeyOLBaomed (yHK-

muu g Ha R

¢ Var, (9(x)) < By (g(z +a) — g(z + b))%
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Iokazarenscro. B cuiy (3.6.11) mocTaTodHO paccMOTPETh CILy-
vali @ = h > 0, b = —h, upennonaras upu stom, uro g(0) = 0.
Mgt nomyunm Tpebyemoe yTBepsKIeHNE, €CIU IPUMEHIM JeMMy 3.5.4
upu a = 0 u 3amerum, uro g(z) — g(x — h) < g(z + h) — g(z — h),
g(z+h) —g(x) <g(x+h)—g(x—h).

Tenepn MbI MO:KEM CIOeJIATL MOCTETHUN IMMar Js HOKa3aTeILCTBa

Teopemnl 3.6.1.

Jlemma 3.6.6. CsoticTso f) Baeder ¢) u d).

Hokazarenscrso. Ilycrn h > 0 Takoe, uro Uy(z +h) < Uy(z) + 1
npu Bcex x € R. Ilycrn g — meybrBaromasn ¢pyuknust Ha Z. [lpumvenss

aemmy 3.6.5 mpu a = h u b =0 & ¢pyssmmu g(U,), norygaem

c Varu(g(y)) = ¢ Var, (g(Up(2)
E,(9(Uu(z + h)) = 9(U,()))
E,(9(Uu(2) +1) = g(Up(2)))?

=E#(g( 1) —g(y))?,

~~
~—

TO ecTh, ¢ Var,(g) < E,|Agl?, u (3.6.4) Takum 06pasoM HOKa3aHO B
D€ IOJIOKEHNU MOHOTOHHOCTH .

B manpmeitmem MO:KHO Tpeamosararh, UYTO Mepa [, HE COCPeno-
ToueHa B omHO# Touke. Ilycrn mus ompenesnennoctn p = p({0}) > 0
u p1 = pu({1}) > 0. Torzma, npu (HOLOIHUTEILHOM K MOHOTOHHOCTH)

ycaoeun ¢(0) = 0 no mepasernctBy Komu-ByHskoBckoro

(E.9)* = (Euglizz0))® < (1—p)E,g”.

Crenosarensno Var,(g) > pE,¢%. Kak caenctsue, nia MOHOTOHHBIX

g, Takux uro ¢(0) = 0, mmeem

pE,9(y)? < E,|Ag(y)?. (3.6.16)



209

Ha camom mese, uToOBI ABUTATLCS JAJLIIE U MOKA3LIBATD (3.6.16)
nias omeparopa M, HaM IOHATOOWTCS NPU TEX K€ YCIOBUSIX eIne
onHO HepaBeHCTBO. Ilycth a € R — MakCHMaJLHLIA KODEHL ypas-
mennsa Uy, (a) = 0 (Takoe 3HAUEHVE ¢ CYIIECTBYET, Tak Kak ¢pyHKmma U,
senpepoiBHa ciesa u fi([1,+00)) > 0). Torma mis Bcex = > a MMeeM
y =Uu(xz) > 1, B 10 Bpemsa rak miaa ¢ < a — h nmeem y = Uy, (x) < 0.
IIpumenss nemmy 3.6.4 npu oTux 3HaueHUAX ¢ U h ¥ ¢yurmun g(U,)
n 3amevad, 410 ¢(U,(a)) = ¢g(0) = 0 (Tak 4TO BCE YCIOBHUA JIEMMBL
BLIIIOJIHEHDI ), OJIydaeM C HOMOIILIO TeX $Ke CAMBIX PACCYKICHUN He-

pPaBE€HCTBO

cELg(y)? < EuAgly — 1)* 11y + EulAg(y)Ply<oy,  (3.6.17)

rae ¢ = ¢(a, h) — nocrosiHaas u3 gemmel 3.6.4. Bropoe matemaruuec-

Koe ommmanue crupasa cozepsuT caaraemoe |Ag(0)|%p, uro momer
P 2

OLITL OLEHEHO CBEPXY BLIPAKEHUEM o E,lAg(y —1)[*1{y>1y. Taxum

obpaszoM, noxyuaem ¢ ygerom (3.6.17), uro

a1 Eug(y)® <EulAg(y — 1)1z + BulAg(y)Ply<—1y  (3.6.18)

¢ mocTosiHHOR ¢ = ¢/(1+ ;% ). Kaxr pesynsrar, (3.6.18) BoinOIHEHO,
rarke kak u (3.6.16), B KIacce BCeX MOHOTOHHLIX (DYHKIUEA g Ha Z
npu ycanosuu ¢g(0) = 0.

Pacopocrpannm teneps (3.6.16) un (3.6.18) Ha mpousBosbHBIE (yH-
ki ¢ ¢ yeaosueMm ¢(0) = 0. Ompenenum GpyHRIMIO ¢* CIileayOmuM

o6pasom. Iomoxum ¢*(0) =0 u

g*(y):ZIQ(i)—g(i—l)L mpu oy > 1,

7@ =— o) —gli+1)], mpm y< -1

=y

u

Toraa nns seex y € Z [g*(y)| = |g9(y)

g (y+1)—g"(y) =lgly +1) = g(y)l-
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Taxk rak ¢* we yonmaer u ¢(0) =0, B cuny (3.6.16),
cpEu9(y)® < cpEug*(y)® < EuAg* ()] = EulAg(y).

Ilo TeMm ke caMbIM IpUYMHAM ¢ yAOBJIETBOPAET U (3.6.18). Kaxk cinen-
cteue, cp Var,(g) < E,|Ag|?, n Tak rax ycnosue g(0) = 0 He yMasgeT
obmuoctu B (3.6.4), cBolicTBO d) mOKa3aHO B OOIEM Cilydae.
Hakomern, Mbl MOkeM MOKa3aTh (3.6.3) u 3HAYMT CBOWCTBO ), omu-
pasce Ha (3.6.18). Tarke, kak u st oneparopa A, Hy:KHO [I0Ka3aTh,
uyro cE,¢? < E,|Myg|?> naa nexoropoii nocrosusuofi ¢ > 0, He 3aBucs-

welt ot ¢, npu ycnosun ¢g(0) = 0. CHauvana 3aMeTHM, YTO

[Ag(y)]? <2(Mg(y))? +2(Mg(y + 1))

st Beex y € Z. CuenoBarensHo, B cuiy (3.6.18),

écl Var,(g) < éq E.g(y)*
<E, [(Mg(y)*1gy>1y + Mgy — 1)1y
+E, [(Mg(y)*1ry<—1y + Mgy +1)*1gy< 1] -

ITosToMy mocTaToyHO MOKA3aThL, YTO HEPABEHCTBA

E,(Mg(y —1))*1{y>13 < aE,(Mg(y))*1iysor,
(3.6.19)

E,(Mg(y+1)*1yy< 1) < BEMg(y))* (<o)
(3.6.20)
BLIIOJHAKTCA [JIsd HEKOTOPLIX IIOCTOAHHBIX v U /37 HE 3aBUCAIIUX
or g. Ha camom mexe, (3.6.19)—(3.6.20) cnpaBenauBLl IjIs JIIOOLIX
HEOTPUIATENLHLIX (GyHKmUA V' u, B wactmoctw, mis V = (Mg)2.
IleficTBUTENLHO, TEIEPh MBI MOKEM BOCIOJIL30BATLCSI HEPABEHCTBOM
(3.6.5) (mockoanky cBoiicTBO €) crenyeT u3 d), a d) yske TOKA3AHO).

B wactrocTtu, nms Bcex y > 0 mesnix

p{y}) = e Fuly) (1 = Fu(y)) = ¢ Fu(0) p({y +1}).



Cire 1oBaTECILHO
1
E, V(Y — 1{y>1} - Z V(yn({y +1}) < Fu(o) E“V(y) 1{y20}'

9to mokaswsaer (3.6.19). Amanoruuno mua y < —1

p{y}) = cFuly) (1 = Fu(y)) = cp({y — 1}) (1 = Fu(=1)).

CienoBaTelbLHO

EV(y+1)1y< o = Z V(y)p({y —1})

Yy=—00
1
< m E;LV(Z/) Liy<—1}-

Kpowme Toro,

1
EV(y+1) ly=—1 = V() u({~1}) < — EuV () 1y=0}-
Tax kak F,(0) >p>0wu 1— F,(—1) > p > 0, npuxomum & (3.6.20),
CKJIAAbIBAs MOJyUeHHbIE HepaBeHcTBa. Jlemma 3.6.6 u ¢ Heir Teopema

3.6.1 Tenepn mOKAa3aHLI.
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§3.7. Ilpumeuanus

Pesyapratot §§3.1 n 3.2 ocroBannl Ha pabore [74], a §§3.3-3.6 —
Ha pabote [75].

OCHOBHBIM MOTHBOM K TeopeMme 3.2.1 mOCIy:Kuiaa CTaTbs Tajar-
pana [216] (yrounenuto Teopemsr 1.1 aToii pabornl nocssues §3.5).
Kak ys&e ormedanoch, B kauecTBe (yHKINOHAJLHON (OPMDLI I He-
pasencts Buga (3.5.2) Tamarpan paccMaTpuBad HEPaBEHCTBA IS

nucnepcun GYHKIURA ¢ Ha OUCKPETHOM KyOe BUIa
cI(Varg) <EMyg, 0<g<1. (3.7.1)

[Ipy HEKOTOPBIX OTPAHMYEHUAX Ha (QYHKIUIO | TaKue HEPABEHCTBA
MOryT 0606ImEeHsI ¢ AByXTOYeuHOro npocrpancrsa {0, 1} ma ”muOTO-
MepHL” muckperHbii ky6 {0,1}". IIpm aTOM mOCTOAHHAS ¢ YXyI-
MIATCs, HO OCTAHETCS He 3aBucsmeir or ”pasmepuoctu” n. B sTom
cmpicaie (3.7.1) Bemer cebs xy:ke mo cpasHeHuio ¢ (3.5.5), u Bpsn
JI1 MOZKHO BBIBECTU I'ayCCOBCKOE M30IIEPUMETPUUYECKOEe HEPABEHCTBO
HAa OCHOBE NUCKPETHOro HepaseHnctsa Buma (3.7.1). Kpowme roro,
Ipyu MHOrOMepHOM 06o00menun (3.7.1), mo-BUAMMOMY, HIPOUCXOAUT
YXYIIMIEHNE B 3aBUCAMOCTHU IIOCTOSHHOW ¢ OT mapamMeTrpa p.

B cBowo ouepenn, motuBoM mis [216] mocayskuia teopema Map-
ryauca o cBoyictBe “threshold phenomenon”. Dauskum Bompocaw,
CBS3aHHBIM ¢ oneHuBanveM Besauuus (1.H. “influences”) P (4;), rme
A = {x € A: s;(z) ¢ A}, nocssamenst ase apyrue pabornr Ta-
aarpasa [218], [223] (cm. raxke Kan, Kanadh u Jlunnan [157] u
op. paborer: [92], [93], [132]). B [218] Gbum noKa3aHEL MUCK-
PETHbIE HEPABEHCTBA M30IEPUMETPUUCCKOTO THUIA, DJIU3KME K JIOTa-
pupMuUUIeCKOMYy HEPaBEeHCTBY l'pocca Ha IuUCKpeTHOM KyOe, mprdeMm
OCHOBHOW mIar COCTOAJ B IOJYYEHUN HEPABEHCTB THUIA XUHUNHA

Kaxana ||Qlla < ¢||@Qlg (mpu o > f=2) nns monumaoMoB @ or (He-
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CUMMETPUYHO PACIPEIETCHHBIX ) HE3aBUCUMBIX OEPHYJIUEBCKAX Be-
muumb. Korma @ — HOpMa, Takue HEpABEHCTBA WHTEHCUBHO HCCJIIE-
MOBAJIUCL MHOTMMU aBTOPAMMU, B YACTHOCTU, Ha OCHOBE U30IEPUMET-
PUYECKMX HEPABEHCTB. B Kjacce sKe MOJMHOMOB HEPABEHCTBA TUIIA
Xwurunna-Kaxama mccaenoBaHpl UL MO OTHOMIEHUIO K HEKOTOPLIM
paCIpeneseHuAM, KaKk TO: PABHOMEDHOE DPACIPENEJCHUE Ha BLITYyK-
JIOM MHO:KeCTBe B eBraumoBoM npocrpasctse (Bypran [91]), mop-
MaJbHOEe U raMmma-pacupenernenue (IIpoxopos [32], [33], cm. Takxe
[77]).

Oycrn P =y — npomakr-mepa ma {0,1}". Ilaa AC{0,1}" pac-
cMoTpuM MHOKecTBO 04 A = JAN A, cocrosiee U3 rpaHUYHLIX TOYEK
¢ ”BHyTpenuel” croponnl. Tak kak ha < nlya, HepaBencTsa (3.3.2)

u (3.5.2) BIEKyT OUEHKU

1

P (94) > - I(P(4)), (3.7.2)
P0:A)> ZIPM), o= i (373

rae I — rayccoBckas msonepuMerpudeckas (GpyHrimmsa, u Ko — abco-
JIOTHAA NOCTOsHHAA. IlpaBas wactb B (3.7.2) MMeeT IpABUILHBIA
MOPATOK 1O Tmape nepeMerunix (p, P (A)), uro nokasnmaer yske mpu-
Mep muOxecTB Buga A, ={S, <k}, k = [np+a\/npq]: B aTOM CyUae
vnpg P (0A,) — 2¢(a) u I(P (A,)) = w(a) mpu n — oo. IIpmmep
TAKNUX MHO/KECTB YKA3LIBACT W HA NPABWILHLIA MOPSNOK B 3aBUCH-
Moctu npasoit wactu (3.7.3) or I(P (A)), m kpome TOro, yrasas-
Hasl IIOCTOAHHAS €, TOXKE ME MOKET OLITDL yJIydlleHa ¢ TOYHOCTLIO 1O
aBCOTIOTHOrO MHOZKUTEJNSA, YTO MOJKHO IPOBEPUTL Ha MHOKECTBAX
{S, =0} u {S, =1}.

Muoskurenn nepen I(P (A4)) B (3.7.2)—(3.7.3) rak ¢yHKuum ma-
pamerpa p mo-pasHomy Benyt cebs mpu p — 0 (u, Kak crencrsue,
(3.7.2), B ornmune or (3.7.3), OOIMyCKaeT IIyacCOHOBCKUAW AHAJIOT).
OpnHAaKO, ecau OTBJIeYLCsI OT IapaMerpa p, TO, KOHeuHo, (3.7.3) —

fojlee CUILHOE HEPABEHCTBO, TAaK KAk MHOKeECTBO Oy A MokeT OLITL
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CyLecTBEeHHO MeHblne, yeM 0A. Buepsele HepasencTBo Buga (3.7.3)
6outo mosmyueno B 1974 r. Maprynucom [23] (rak ciemcTsme ero
TeopeMbl), npaBna, mif Gpysrmuy [(t) = (1 —¢). B 1976 r. Annc-
Bene, ['akc u Kepuep [51] nokasanm Takoe HEPABEHCTBO yiKe IS

rayCCOBCKOI m3omepmMeTpuyeckoit ¢pymurmum I ¢ mocToaHHOR ¢, =
min(p, q)

3y/log(1/ min(p, q))
HUCHOJIL30BaH TOT (pakT, 4To I ynoBierBOpsAeT nud@epeHInalLHOMY

(rme ¢ =1 —p) (uMu GbLI, TOBUIUMOMY, BIEPBLIE

ypasreruto "] = —1; cM. ramke Anbcsene u Karona [52]). Cue-
Iyrolee yJydienre 0buto cuenano TamarpanoM, nokasasmmm 6osee
CUILHOE HEPABEHCTBO (3.5.2) ¢ mocTosuHO# ¢) = Ko./Dg.
CrazanHOE, KOHEYHO, HE OTHOCHATCA K KAHOHUYECKOMY CIIydaro p =
1
5+ AL KOTOPOro (3.7.3) — mpsamoe ciexncrBue TeopeMbl Xapiepa
[147], koTOpas maer onucaHWe PKCTPEMAILHBLIX MHOKECTB, MUHIMU-
supytomux P (01 A) upu ¢urcuposansom 3uadenun P (A) =t (Teo-
pema Xapnepa Ouuia nepeorkpoita Karono#i [158], cm. Tarske [131],
[229]). Omnaxko, npu p # % 3amada 06 PKCTPEMAJLHLIX MHOMKECTBAX
0 CHUX TIOP OCTAeTCs HePEeIeHHOR (B »ToM ofmeM ciydae yCIoBHe
P (A) =t cnemyer 3amenuts Ha ycaosue P (A) > t). Tem me Mme-
Hee, 3ala4ya O KOHIEHTDAIMM NPOJAKT-Mep P = pj X -+ X p, Ha
nMucKpeTHOM Kybe u, 6omee 06mo, Ha R” 1o orHOmenMIO K MeTpuke £
(T.e., paccToanmio XaMMUHTA B CJIydae AMCKPETHOTO Kyba) XOpomo
r3ydeHa. B "acTHOCTM, M3BECTHO TAKOE HEPABEHCTBO IS IPOLAKT-
vep P ma {0,1}" ([216]):

P(A") >1- PEA) LA ) (3.7.4)
Ipu p = % € TOYHOCTLIO N0 aBCONIOTHON MOCTOSHHON B SKCIOHEHTE,
3TO HEPABEHCTBO OUYEHL OJM3KO K TOYHOMY WU30MEPUMETPUUECKOMY
HEPABEHCTBY, COOTBETCTBYIOMmEMY Teopeme Xapmepa (OIHAKO, 10
CUX TIOp HEM3BECTHO, CIPaBEIMBO Ju HepasecTso 1 — P (AR) <
ce—2h?/n mpu p # %7 P(4) > % IS HEKOTOPO# abCOMIOTHONW mo-

crosiuaoii ¢). Ecun me TpeGoBarh, YTOOLI MaprUHAJILHLIE DaCHIpe-
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nmesenus p; opwmm cocpemorouentl Ha {0,1}, TO HepaBeHCTBO THUIA
(3.7.4) He MOKET BLIIOJHATLCH, M MOXKHO OMRUAATL J1000€ IOBE-
nerme P (A"). Tem me Menee, MOEKHO KOHTPONMPOBATL MTOBEICHIE
P (A"), manpumep, B Tepmmmax mucnepcun o2(P) = Y Var(u,).
VMenHO, cupaBeyIMBO Takoe YyTBEP:KICHUE, NOKazaHHOe B [79]: mis

Becex h >0,0>0mupe(0,1)

D, ecit  h S ?
e ;
o2(P)=0? P >p _ >
he o2 eciu  h > -

(paBEHCTBO BO3MOMKHO y3ke B Ciydae n =1, IpUIeM KCTpEMAaJLHLI-
mMu npu h > % OKa3LIBAIOTCA MEPbI, HOCUTEIL KOTOPBLIX COCTOUT
13 TPEX TOYEK).

Bumsko#i no myXy k M30IepUMETPUYECKON 3a7ade Ha NUCKPETHOM

KyOe sABiserca 3amada 00 OIEHUBAHUN CHU3Y ()YHKIMOHAJIA
L= / hadP

B Tepmunax P (A). Ilpu p = % L, ¢ TOYHOCTLIO O MHOKUTEJS
27"~ mpencrasaser coboit umcao rpammunex pebep A (To ecTn,
yncno Takux nap (z,y), yto x € A, y ¢ A, m x; = y; nus Beex i < n
34 UCKIIOUEHNEM OJHOTO 3HAYEHUA). B 2TOM Ciydae MHOMKECTBA, MU-
HuMu3upytomue L4 npu ¢purcuposanaoMm 3Hadenun P (A) = ¢, Gouin
omucannt B 1964 r. Xapnepowm [146] u Jlmancm [182]. Ux pesymn-
TaTLI HEOJQHOKPATHO IEePEeOTKPLIBAINCL U oGobmanucs [67], [118],
[119], [161], [148], [86]. WcTopus Bonpoca onucana B pabore Ainc-
Bene u Kas [53], cm. rarke [50]. DrcTpeMasLHLIME B 9TOH 3anade
OKA3BLIBAIOTCSA MHOKECTBA, COCTOSIUE U3 NEePBLIX 2"t TOUYEK AUCK-
peTHOro Kyba, eciiu PACIONIOKUATL €r0 3JIEMEHTLI B JIEKCUKOrPadu-
YEeCKOM MOopsnke. B vacTHOCTU, IpU t = 2k=n 310 OynyT "nonky 6w’

{0,1}* x {0}"7F, u 3mauwmr Mpu TaKWX f CIPABENTUBO HEPABEHCTBO

La>—2P(A)log, P (A) (3.7.5)
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(c paBencrBoM Ha moiky6ax). Ha camom nene, »TO HEPaBEHCTBO
rMeeT MecTo mis Bcex ¢ (To ecThb, mist Bcex A), UTO Jerko oGHapy-

SKUTDL, ecan 3amucarh (3.7.5) B QyHKIMOHAJLHONE popme
E|Vg|? > 2 Ent(g?), (3.7.6)

rae g — npousBoubHas Qysruusa #Ha {0,1}" co smauvennamu B {0,1}
(3mecn |Vg| o6o3ravaeT MOLYIL IUCKPETHOTO TPAINEHTA, U Ent(g?)=
Eg?log, g> — Eg®log, Eg?). Ilpu n = 1 5T0 HEPAaBEHCTBO OYEBUIHO,
CcJIen0BaTeJLHO OHO BEPHO IIPU BCEX N B CUJIY M3BECTHOI'O CBOﬁCTBa
anmuTUBHOCTU ®ETpommu (Tpasaa, mpu P (A) # 28" (3.7.6) yxe me
Hecer B cebe mHGOpMANUIO 06 3KCTPEMAJLHLIX MHOMKeCTBax). Hcan
B (3.7.6) log, (B oupeneseHNN SHTPOIMK) 3aMEHUTL HA HATY PAJILHLIN
JTOTApUPM, TO OHO CTAHET C TOYHOCTLIO 0 MHOKUTENA mepex Ent(g?)
caabee, HO OyIeT CIpPABEUIUBLIM YiKe UL BCEX QYHKIUEA ¢ HA IUCK-
pernoMm ky6e. Takoe smorapupmuueckoe mepasencso tuna Cobosesa
6110 orkpeiTo Bonamu [87] B 1970 r. u nepeorkpeiro I'poccom [138]
B 1975 r., cBazaBmmM (3.7.6) ¢ rayCCOBCKMM JOrapupMUIECKAM He-
pPaBEHCTBOM.

ITluckpernnie HepaBeHcTBa Tuna llyankape m3ydanuch B OCHOBHOM
B KOHTCKCTC TEOPUN KOHEYHLIX Fpa(bOB IO OTHOUICHUIO K paBHOMEP-
HOMYy pacupenesennio (Ha MHOkecTBe BepmuH). Cwm., Hanp., pabory
Asona n Munbmana [57], roe mosydyeHO HEPABEHCTBO Il KOHIEH-
Tpamuu Mepnl B TepMuHax A; (7 auckperHas’ Bepcusi HEDABEHCTBA
I'pomoBa—Muanmana (0.29)). BeposTtHocTHEIE Mepnl i HA Z, yIOB-

JIeTBOPSAIOIIME IJIA BCEX (YHKIU ¢ HA Z HEPaBEHCTBY
Var(g) < CE[g(z + 1) — g(z)|? (3.7.7)

upu HexkotopoM (koneunom) C, Goum omucannt Jly [184]. Mwmenno,
nonoxuM p(z) = p({z}), F(z) = p((—oo,z]), x € Z. Torma, cormac-
HO [184], (3.7.7) SKBUBAJEHTHO TOMY, YTO IJs HEKOTOpOro ¢ > 0

JIHEeHOe Pa3HOCTHOE YpaBHEHUE

Ag(z —1)p(z — 1) — (Ag(z) + cg(x)) p(z) =0
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MMeEeT CTPOro MOHOTOHHOE pemeHue ¢, takoe uro E|g| < +oo (rzme
Ag(xz) = g(r +1) — g(x)). Taroe onucanue HOYTU UACHTUYIHO XapPaK-

77He_

Tepuzamuu Mep, noinydennoir Yenom u Jly [111] mus oBnrusbix
mpepLIBHLIX | HepaBeHCTB Tuna llyamkape. Bummmo perypcusHO pe-
mas 3TO PA3HOCTHOE ypaBHeHue (OTTAJIKMBASICL OT HEKOTODPOH Tou-

ku xg € supp(p)), Jly norasvisaer, uto (3.7.7) PABHOCUILHO TAKOMY

CBOWCTBY:
z 1 zo—1 1
sup (1 — Fl(z — < 400, sup F(x — < 4o00.
x20 ( ( ))kgo p(k) z<wo—1 ( )k:z plk

HerpymHo BumeTnh, UTO 9TU yCJIOBUsA BJIEKYT 0OJee MPOCTOE COOT-
nomenue (3.6.5) u3 Teopemul 3.6.1, HO oOpaTHOe yTBep:KIeHUE He
Ka/KeTCSI HAM OUEBUIHDLIM.

Haxonery ormerum, uro Teopema 3.1.3 0 xapakrepusanum rayccoB-
CKUX Mep uepe3 M30MePUMETPUYECKOe CBOWCTBO MOJIYIPOCTPAHCTB
Gbl1a BhICKa3aHa 6e3 nokasarenbcrBa B [71] u norasana B [8]. Ioxka-
3aTEILCTBO 9TOW TEOPEMBI MOKHO YIPOCTUTDL, HE PACCMATPUBASA OJI-
HOMEDHDBIA Cciayuall, BIEKyIUA KOHEUHOCTDL SKCIOHEHIUAILHOTO MO-
MEHTa, €CJIU U3 HEPABEHCTBA

P{f%7 <h}2P{§<h}, h>0,

U3BJI€YL I'ayCCOBOCTL (HE3ABUCUMLIX, CUMMEPUYHO U OJUHAKOBO PAC-
OpeeNennnx) ¢.B. £ u 1) 6e3 Kakux-aub0 MOMEHTHLIX IIPeINOJI0Ke-
unii. Takoe yTBep:kneHne O6bLI0 HenaBHO nokaszaHo KBanenewm, Ilycu-

et u Mlaxepmaepom [167], a raxxe Oumnemkesuuem u Ilycueit [197].
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TJIABA IV. U3O0INEPUMETPUYECKNE KOHCTAHTDI,
HEPABEHCTBA TUIIA IIYAHKAPE "
JIOTAPUOPMNYECKNE HEPABEHCTBA
TUIIA COBOJIEBA

§4.1. O6obmenue reopemnl Yurepa wa npocrpancrsa Opiuua

IIycts (M, p, ) — MeTpuUecKoe IpOCTPAHCTBO, cHab:xeHHOE (6O-
DEJIEBCKOM ) BEPOSITHOCTHOM Mepoii 1. Hamel Gnmxadimeii neasio Oy-
IeT MOJIyYeHUe ~’HEeNPEePLIBHLIX aHAJOroB TeopeMbl 3.5.2 miis mpo-
naxkr-mep P = p B mpoctpanctBe M" TO OTHOIIEHUIO K METPUKE
€BKJIMIOBOIO TUIA po. B kKauecTBe 6a30BOTO y HAC OyA€T BLICTYNATL

M30MEePUMETPUIECKOe HEPaBeHCTBO B M Buaa
ut(A) > cmin{u(A),1 - u(A)}, Ac M. (4.1.1)

OnrtumasnsHas nocrosaHas ¢ B (4.1.1), xoropyo Mbl maiee 0603-
HavaeMm depes [s(j), HA3LIBACTCA M3OMEPUMETPUIECKO KOHCTAHTOM
B cumpicae Yurepa (M mpoCTO M30MEPUMETPUYUECKON KOHCTAHTOM).

Takum ob6pasowm,

. 1t (4)
Istw) = | _mf A1 — A (A} (4.1.2)

rae napuMym Gepercst o BceM m3MepuMbniM (1o Bopeino) MHOMkeCT-
BaM A C M mepnt 0 < p(A4) < 1. Yrobul 310 onpenesnerue OLIIIO KOP-
PEeKTHLIM (TO €CTh, 4TOOLI Takue MHO:KeCTBa A cymecTBoBasu), Heob-
XOUMO TIPEANOJIATaTL, YTOOLI Mepa [ He ObLlla IebTa-MepoH, T.e.,
€ IMHUYHON MaCcCO#W B KaKOW-HUOY AL TOUKE. B TakOM TPUBHAILHOM U
HE TIPEACTABIAIONEM KAKOTO-JINO0 MHTEPECa CIydae CJIeLyeT MOJO-
#uTh, cormacuo (4.1.1), Is(u) = 400 (cuuras, uro 0- 0o = 0).

Mzur xoTuM pacupocTpaHnTh HepaBeHcTBO (4.1.1) Ha MHOroMmep-

Hoe npocTtpancTBo (M™, 1™, ps) ¢ BO3MOMKHO ADPYIOW, OJHAKO, HE 3a-
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BUCsAImel OT pa3MepHOCTH n, nocrosHHOW c. Takoe mpenmomoske-
HPe OKA3LIBAETCSA BEPHLIM, U 0OJiee TOro, M30IEePUMETPUIECKAST KOH-
cranTa [s(u'™) MoxkeT OLITL OleHeHa CHu3y 4epes Is(i) ¢ TOUHOCTLIO
0 abCONIOTHOTO MHOMKUTEJs (3aMeTHM, YTO IOCJENOBATENLHOCTH
Is(p™) — meBospacratomas). Jloka3aTeaLCTBO 9TOrO (PaKTa OCHOBAHO
Ha (yHKINOHAJILHOM popme (3.1.4) ¢ ¢pyrkunmeli I(t) = ct(1—t), u rak
OOBIUHO, HAM HY’KHO IOKa3aTh HEUTO OOJIbIIEe IO CPABHEHUIO C M30-
nepuMerpudeckuM HepasenctsoMm (4.1.1) musa pasmepnoctu n = 1.
D10 "6onbimee” B JAHHOM Cilydae eCTb HepaBeHCTBO Tuna llyankape
B npoctpanctse Opauua Ly (M, i) ¢ Takodt moposknatomeit GyHxiumeit
IOura ¥, koropas Bemer cebs xax |z|? mpu manwx 2 € R u |z| npu
0OJIBIINX T.

B rauecTBe mpenBapuTeILHOrO mAara K OCHOBHOW TeopeMme, B 9TOM
naparpade Mbl IOKaKkeM cienyiomee yrsepsgaenne. Ilyct, ¥ — npo-
n3BoabHasa ¢yHrnus FOHra, Takas 4rTo

V' (z
Cy = sup 2¥ie) < 400,
>0 W (z)
rae U’ — npoussonunas Panona—Hukonnma ¢yukmun ¥ (ouesnguo, Cy
He 3aBucur or Beibopa ¥'). HamomHmM, 4To HOpMa B IPOCTPAHCTBE

Ly (M, 1) onpenensiercss paBeHCTBOM
lglle =inf{A>0:E¥(g/A) <1}

(MaTeMaTHUECKOE OKMAAHUE TTOHUMACTCA B CMBICJIE MEDHI 1). llpwm
sTOM Oymem cunrarh, 4to ||g|lw = 400, ecau g ¢ Ly (M, p).
Ianee m(g) obosnavyaer Memuany ¢yuximuu g Ha M. Ilpm stmx

IIPpEeaIoJNIOKECHUAX 1 0003HAYCHUAX ClIpaBe qJInBa

Teopema 4.1.1. Ilycrtn Is(u) > 0. Torma s no6o# pyHKIUEI g
Ha M, umeromeif KOHEUHYIO JUNIIUICBY KOHCTAHTY Ha BCEX mapax B

M u rako#t uro m(g) =0,

Cy
< v 4.1.3
lglle < 7205 1Vgllw, (4.1.3)
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Cy
Is(p)

EU(g) < BY(

IVyl). (4.1.4)

B Tom cayuae, korma ¥(z) = |z|?, umeem Cy = 2, u Tak Kak Beerma

Elg — Eg? < E|g — m(g)|?, momyuaem cremyiomee

Cnencrsue 4.1.1. Ilycrs Is(p) > 0. Hannyumas nocrosHaas A1 B
HePaBEHCTBE
MElg - Egl* < E[Vg[? (4.1.5)

(rme g € L2(M, ) — mpomsBosbHas Gynsmus sa M, nMeromas KoHed-
HYIO JIMNIINIEBY KOHCTAHTY HA BCEX IIapax) yAOBIETBOPSET COOT-

HOIIEHUIO

n o> P (4.1.6)

DTO COOTHOMIEHNE — TaK Ha3bIBaeMoe HepaBeHCTBO Yurepa, noka-
3amHoe Yurepom B KOHTERCTe prManOBoOit reomerpun [108]. Ha xom-
MAKTHBIX PUMAHOBLIX MHOTOOODA3UAX HEPABEHCTBO Twma llyaHkape
(4.1.5) (O OTHOWIEHUIO K PUMAHOBOW MeTPHUKE M HOPMAJIU30BAHHON
mepe JleGera wa M) onpenenser \; Kak IepBOe HETPUBUAILHOE COO-
CTBEHHOE 4ucio omeparopa Jlammaca. DTO HEPABEHCTBO, OTHAKO,
MMEET CMDICJ IS IPOU3BOJILHLIX METPUYECKUX BEPOATHOCTHLIX IIPO-
CTPAHCTB, IpU 9TOM Teopema Yurepa ocraercsa B cuse. Bosee Toro,
OIlEHKa IJIA A\; HE MOKeT OLITL yJIy4YIleHa B TePMUHAX U30IEePUMET-
puyeckoll kKoHCTaHTHL, Tak Kak (4.1.6) mpeBpamjaercsi B paBEHCTBO
nist pacupenenennit 4 Ha M = R, nMeronux miaoTHOCTL Buga e *7,
x>0 (a >0 — mapamerp).

Bousee 06mo, npumenss (4.1.3)—(4.1.4) & ¥(z) = |z|P upu p > 1,
[OJIyYaeM HePAaBeHCTBO (TO:Ke NpUHAJIeKallee K KIacCy HEPABEeHCTB

tuna Ilyankape)

Is(p)

o g =m9)ll < IVllp, (4.1.7)

7 CHOBa IIOKa3aTeJILHOC pacupeneieHre [ OKa3a3bIBACTCsI 3KCTpPe-

Is
MaJIbHBIM B TOM CMBICJI€, UYTO B 9TOM CJIy4dae MHOKUTEJIIb ﬂ 6y,£[eT
P
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onruMaseH (4To, oueBUAHO, ecau nporectupoBarh (4.1.7) Ha QyHK-
msix uga g(x) = e'* npu t — 1/p). 3HAUNT STOT MHOKUTEIL HE MO-
KT OLITHL YJIyUIIeH, €CJI MBI PACIOJIATAaeM TOJILKO 3HadeHueM 1s().

IokazaTenncTtBo Teopemnl Yurepa n 6osee 00moO — HEPABEHCTBA
(4.1.7) — snemenrapuo. IIpusenem ero npu p = 2. Teopemy Porxay-
3a 1.6.1 moskHO npuMeHuTh K Qpyuruuonanxy L(g) = E|lg —m(g)|. Tak
kak L(14) = L(—14) = min{u(A),1 — u(A)}, usonepumerpudeckoe

HepaBeHcTBO (4.1.1) 9KBUBAJIEHTHO AHAJIUTUYECKOMY HEPABEHCTBY
cElg| < E|Vy| (4.1.8)

B npeanonoxkeruu, uro m(g) = 0 (to ectn, Hepasenctsy (4.1.7) upn
p=1mnc=TIs(u)). Ipeamonaras raxxe, uro pu(g = 0) = 0 (970,
KOHEYHO, He yMajsger obmuoctn), u npumensas (4.1.8) g ¢pyHKmumam

(g)? u (¢g7)?, momydaeMm cOOTBETCTBEHHO

cElg’ 1{y>01 < 2E|g||Vg|1gg=03, cElgl* 1<y < 2E|g||Vyg| 1{g<oy

Crnannas st Hepasenctsa, norydaem cElg|? < Elg||Vg|. B cumry
uepasenctBa Komm-Bymskosckoro, (cElg|?)? < 4E|g]*E|Vg|?, cae-
IOBATEILHO

cElg]* < 4E|Vg|*,

u Mul npuxomuM k (4.1.7) mpu ¢ = Is(u).

Tor ¢akr, uro (4.1.8) aBusgercsa (yHKIMOHAILHOW (GopMOH mis
(4.1.1), OBLI KOHEYHO M3BECTEH 3a0JIN0 1O pe3yibrara Porxaysa u,
B YaCTHOCTHU, »TO mcmnoin3osan Ywmrep. Hemocpencrsenno B cuiry

aemMer 1.6.1 (7 coarea-HepaBeHCTBO” ), MMeeM

—+o0
EIVQIZ/ p(g > t)dt

—00

0 “+o0
e[ (-ntg>0)dire [ ulg>0d=cBlg

—00 0

uro u mokaswiBaer (4.1.8).
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Ilpu p # 2 nokasareascrBo HepaseHcrBa (4.1.7) He m3MeHUTCS
C TOW JWmL pa3Hunel, YTo Hy:KHO OyaeT MCIOJNL30BATL HEPaBEH-
crBo l'ennaepa Bmecto mHepaBencrBa Kommu-Bymsrosckoro. B 06-
meM ke ciaydae, 4ro6nl monyunts (4.1.3)—(4.1.4) miist 1pou3BOIBLHLIX
¢yurnuii FOura (a mac Oyner B mepByIo ouepens UHTEPECOBATL (yH-
kst U(z) = 1+ 22 — 1), HaM npugercs HaAWTH COOTBETCTBYIOMIEE
HammM Hy:kzaMm obobmenue HepaBencrBa [esnpmepa. Taxkum 0606-

MEeHneM CIIYEUT Clenyronee yTBepPHRIACHUE.

Jlemma 4.1.1. Ilycts (M, ) — IpOCTPAHCTBO € MEpPOH, U IyCTh
VU : R — R — muppepennupyemas Boimyknas ¢yuknud. [lycts uw n v
— uaMepumble GpyHKIUU Ha M, Takue 4TO

/ U(u)dp < / U(v) dp. (4.1.9)
M M

Torna

/M\I!'(v)udug/ U (v)v du (4.1.10)

M

(npu ycaosuwm, uro unrerpasist B (4.1.10) cymecrsyior).

3amernM, 4To uHTErpaJsl B (4.1.9) KOPPEKTHO OIpeNeseHLL.

YToOLI MONMyYnTL HEPABEHCTBO ['eianLmepa Kak YaCTHLIA ciaydait,
MO&HO TpuMeHnTh demmy 4.1.1 & U(z) = |z|P, u = f, v = g!/®=1),
vae f.g > 0 raxosss, wro | fl, =1, llgly =1 (¢ = p/(p — 1) — conps-
skeHHOe uncio). Torza B (4.1.9) MLl mMeeM PABEHCTBO, B TO BPEMs

kak (4.1.10) cranoBurcs
[ fodu<1=1flll.
M

Hokazarenncreo gemmol (A.B.7Ky6p). He ymansas obmuocru,
OyeM CUuTaTh, YTO Mepa (i KOHEYHA, a (YHKIUM U ¥ U O DAHUYEHBI.
B cuny Bomyknoctn U, npu 0 < ¢ < 1 nvmeem

/W(tu+(1—t)v)du§t/ \P(u)du+(1—t)/ W(o)dp. (4.1.11)

M
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Samerum, uro (1.4.11) mpespamaercs B pasercTso upu ¢t = 0 (u
t =1), u uro nesas yacts (1.4.11) upencrasiser coGo# BHITIYKIYIO
(QYHKINUIO IO IEPEMEHHOI ¢, B TO BpeMsA Kak IIpaBas JacTh — JNHelHa
(Tounee, adppunna). CienoBaTeabHO, MLI UMEEM TO K€ CaMOe Hepa-
BEHCTBO [UISI IPOM3BOIHLIX 3TUX (QYHKNUI B Touke t = O:
/ U (v)(u—v)du < / U (u) dp — / U (v) dp.
M M M

JlemMMa mokaszana.

HoxrazarennctBo Teopemsl 4.1.1. Crauana nokaxem (4.1.3). Bsu-
LIy OJHOPOIHOCTHU TOTO HEPABEHCTBA, MOKHO CUUTATD 4UTO ||g||w = 1,
T0 ecth, EV¥(g) = 1 (ucnonn3ys, ecau HEOOXOAUMO, yCEUEHUA, yCIIO-
Bue g € Ly(M,u) Mosker OuiTh BrocaencTeum cHATO). He ywmamsas
o0mHOCTY, MOXKHO TakKXke Ipenmoiararh, uro ¥V muddeperHnupyema
Ha Beell umcaosoi mpaMoit, n B wactroct, W (0) = 0.

Kak u npu BoBoze (4.1.7), cHOBa BOCIOJNL3yeMCsI HEPABEHCTBOM
(4.1.8) mpu ¢ = Is(u). Pacemorpum dynknuu ¥(gh) u U(g™). Oue-
BUIHO, OHU MMEIOT KOHCUHYIO JIMIIINIEBY KOHCTAHTY Ha BCEX IMapax
B M, u m(¥(g")) = m(¥(¢g7)) = 0. CrenopaTeqbHO, K HUM MOKHO
npumMeHnTs (4.1.8). Ounennm Moxynn rpaueHToB >Tux QyHkmuit. Ha
otkpuiToM MHOEecTBe {g < 0} U(gT) = 0, mostomy |[V¥(gT)| = 0.
Ha orkpoitom muoxkectBe {g > 0} mmeem |VU(g7)| < ¥/(|g|)[Vyl.
Hakonen, ecnu g(x) = 0, TO HENOCPEACTBEHHO IO ONPEAEIEHUIO MO-
Iyas rpajmenTa u B cuiy yeaosus U/ (0) = 0, umeem |VU (9T (2))] =
0. Tarmv obpasom, |[VU¥(gT)| < W'(|g])|Vg|l{ys0y. Amamormamo
VI (g7) < V' (lg)IVyllig<0y- C yuerom (4.1.8), momyuaem

cE¥(g") <EV'(g])[Vg| 1{g>0}

cE¥(g7) < EV(|g])[Vgl 1550}

CrianpiBas 9TU HEPABEHCTBA, IPUXOIUM K HEPABEHCTBY

cE¥(g) < E¥'(|g])|Vyg]. (4.1.12)
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Vgl
IVallw ’
EV(u) =E¥(v) =1, B cuny (4.1.12) u (4.1.10),

IIpumennm Tenepr aemmy 4.1.1 ¥ u = = |g|. Tlocroanky

cE¥(g) < [[Vglle BV (v)u < [Vg[ o BV (v)v
= [IVgllwE¥'(lg))]g] < Cul[VgllaET(g).

Cnepnosatenvuo, ¢ < Cy||Vy|lw, n Tak kak [|g|ly = 1, HepaBeHcTBO
(4.1.3) moraszaHo.

Ytobul monyunts (4.1.4), He yMmamusas oOmHOCTY, MOKHO NIPENIO-
10T, uTo o = E¥(g) < 4+00. IIpumennm (4.1.3) & ¢pyurmum FOura
U, =V/a. Takkak Cy, = Cy u ||g||w, = 1, umeem, coraacuo (4.1.3),
IVollw, > C—C\p, TO €cTh, E\IIQ(C?‘IWVg\) > 1, uro u oznauaer (4.1.4).

Teopema 4.1.1 moxraszana.
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§4.2. VzonepuMeTpudecKkre KOHCTAHTEL IS IPOJAKT-MeD.

Muoromepunie HepaBencTBa tuna [lyankape

Temepn, MBI MOYKEM YCTAHOBUTL OCHOBHYIO Teopemy 00 M30mepu-
MeTpuJueckux KoHcraTtax. llycrn (M, p) — cenapabennHoe mMeTpu-
YeCcKoe MPOCTPAHCTBO, CHAO/KEHHOE BEPOATHOCTHOW mepoit p. Ha-
noMEMM, 4TO B M™ MeTpuka ps (€BRIMAOBOIO THUIA) ONPENEISETCS

PaBE€HCTBOM

B rakoit abcrpakrHO# cuTyanuu Oy aeM mpeanoaaraTh, YTO IS BCeX
n > 1 m [ig BCeX JIUNIIUIEBLIX (YHKIUN g Ha (M”,pQ) s p-nouyru

Bcex © € M™

V@) = Y Mg, (4.2.)

rze |V, g(z)| o3ravaer Mmoxynn rpamuenta pyHrnuu x; — g(x) (3HaUe-
HUA j IPY j 7 i (UKCUPOBAHEI). DTO yCIOBME 32B€IOMO BLIIOHEHO,
rorma M = RF — eBRIMZOBO IPOCTPAHCTBO, U Mepa i aBCOTIOTHO
HenpepoiBHA (110 oTHOIIEHUIO K Mepe JleGera). B cayuae M = R st0

ycioBrue OymeT mo3aHee CHATO.

Teopema 4.2.1. Hasa Bcex n > 1

1

n
>
Isw") =2 55

Is(p). (4.2.2)

[Ipu sTom mua moboit pyurmum g : M" — [0,1], umeromelt koneu-

HYIO JIMIIIUIEBY KOHCTAHTY Ha Bcex mapax B M™,

Var(g) < K Emin I;M) IVgl, Iszl(u) VgP). (4.2.3)

rae K —abcomoTHas TOCTOSHHAA (MOKHO B3ATL X =288), a MaTema-

TUYCCKOC OERMIAHNEC 1 JUCHCPCUSA IMIOHUMAXTCA B CMBICJTIEC MEPLI ,U,".
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Hepaserctso (4.2.3) comep:ur B cebe KAk YaCTHBIE CIIydYan Hepa-

BerncTsa Tuna Ilyamkape omroBpemenHo mas L'- u L2-HOpMEI MO Iy Is

rpaaueHTa:
K
Var(g) < 75 ElVl, (4.2.4)
K
Var(g) < 505 EIVeP. (4.2.5)

IIpuuem, ecan mepBoe HEpPaBEHCTBO — HEOJHOPOAHOE, TO BTOPOE —
omHopoHoe, u nostoMy yciaosue 0 < g < 1 B (4.2.5) MokeT OLITH
cusito. Hamomuum, uro (4.2.4) 9KBUBAJEHTHO U30IE€PUMETPUUECKO-
My HEPABEHCTBY

(H")F(A) > B )1 - pr(a)), Ac M, (4.2.6)

OTKyIa mepBoe yTeepskaenue reopemsl 4.1.1 — mepasencrso (4.2.2) —
ciaemyeT C XyAmel, HO BCe emme ¢ abCoMTHON mocTosauuo. Hamom-
HUM TaKKe, 4TO OOJHOPOMHLIM AHAJUTUYECCKNM HEPAaBEHCTBOM, SKBU-
BaseHTHLIM (4.2.4) u (4.2.6) ABIgETCSA HEPABEHCTBO

2K
Is(p)

Elg — Eg| < E|Vy]. (4.2.7)

Ucnonbaysa (4.2.2), wepasencrsa (4.2.5) n (4.2.7) Mo:KHO Tpen-
CTABUTL C TOYHOCTLIO MO ABCOJIOTHBIX MHOKHATENECH KAK JacTHLIE
ciydau Oosee obmero HepaseHcTBa Ttuna llyamkape. Ilyctn W —
npousBonnHasa (Gysrmua HOwmra, takasa uro Cy < 4o0o. IIpeamoso-

SKMM, YTO BLINOJIHEHLI yCiIoBusa TeopeMnl 4.2.1.

Teopema 4.2.2. Iua noboii ¢pysknum g sa M"™, cymmupyemoi
mo Mepe p'" m MMeromeil KOHEUHYIO JIMIININAIEBY KOHCTAHTY Ha BCEX

mapax B M",

4\/60\1;
—E < A\ . 4.2.8
lg — Egllw < 1500 IVgllw (4.2.8)
Kpowme Toro,
4v6Cy
EV(g — Eg) < EV . 4.2.9
(9 —Eg) < < 1500 |V9|> (4.2.9)
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Korma ¥(x) = |z|P, p > 1, nmeem Cy = p, u (4.2.8) 3amumercsa Kak
HEPABEHCTBO
4pV6
lg — Egll, < 2205 |

npudeM MHOKUTENL (Kak QYHKOUSA p) MMeeT NPABUJILHLIA HOPSIOK

Vgllp, (4.2.10)

BO3paCTaHUA IpU p — 00 (€CJIU U3BECTHO TOJLKO 3HaueHnue [s(iu)).
DTO cHpaBeINBO yiKe B OJZHOMEDHOM ciydae, korma M = R u p —
oKa3aTeJbHOE pacupemeierue. [lis raycoBCKOM Mephl ji = 7y, Hepa-
BeHcTBa i LP-HopMol tuna (4.2.10) XOpOIIO M3BECTHEL ¢ HOYTH OI-
TUMAJILHOR mocTarroR mopanka /p (Ilumspe [203]; Tounoe 3nauenne
5TOM MOCTOAHHOW M3BECTHO JIMWIL JUMmL npu p = 2). s cyskeHus
Mmepel JleGera Ha orpannuenuie obiactu HepasencTsa suaa (4.2.10)

BIIEpBLIe NOABUINCEL B kHure Kypanra u 'manGepra [120].

HokazarennctBo Teopemor 4.2.1. Cuagana moraskem, uro B M

BLIIIOJIHACTCSA HEPaBEHCTBO
I(Eg) < E\/I(g)* + C?|Vg]?, (4.2.11)

rae g : M — [0,1] — npousBonbHas nunmmMnesa §yHKIUs,

46
Is(p) -~

Tak kax I(Eg) — EI(g) = 4 Var(g), (4.2.11) MokHO 3anmucarh B BUIE

It)=4t(1—t) u C=

4Var(g) < E[\/I(g9)? + C?|Vyg|? — I(g)]. (4.2.12)

IMockonpky (yHEIUA Buga s — Vs2 + u? — s He BO3pacTaeT Ha HOJY-
ocu s > 0, u tak kak s = I(g) <1, (4.2.12) Gyzer BLITeKaTL U3 Gosee

CHJILHOTO HEpPABEHCTBA
4Var(g) <E+/1+ C?|Vg]? — L (4.2.13)

ITpmvennm teopemy 4.1.1 k¥ ¢ymrxmum FOmra ¥(z) = 1+ 22 — 1.
IIpsmvoii noncuer naer Cy = 2, u cornacuo (4.1.4), nusa aro6oi num-

muneBoit ¢pyHkmu g Ha M

E¥(g—m(g)) < BU(—

< B (5 [Val). (4.2.14)
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Mer umeem nonosnuuresnsroe ycaosue 0 < g < 1, rak uro |g—m(g)| < 1.
Wcnonn3ys snemertaproe mepasenctso 4r’ < /14 2422 — 1, cropa-
Bemusoe npu |z| <1, u npumensisa (4.2.14) k ¢ysariuu /24 g, momy-
Jaem

46
(i [Val).

4E[g — m(g)]* < E¥ T2(s)

otkyna (4.2.13) BriTeraer B cury Toro, uro E|g — m(g)|? > Var(g).

Tagkmm ob6pazom, (4.2.11) mokasamHo, W CJIENOBATENLHO, B CUILY
TeopeMnl 3.1.1, »TO HEPABEHCTBO BLINOJHAETCS WU B IPOCTPAHCTBE
(M™, po, /') B RIACCE BCEX JMIMMUINEBLIX (QyHEmuiA g @ M™ — [0, 1].
AnnporcuMupysi MHIUKATOPHBIE QYHKIUM 14 JIUNMIMIEBLIMBL (KaK B
aemme 1.4.1), u3 muOoromepsuoro sapuanta (4.2.11) nomyuaem uso-
HepUMeTPUYECKOe HEPABEHCTBO

() (A) = BE ) - @A), AcMt. (d215)

C yuerom toro, uro t(1 —t) > émin{ul — t}, mosyuyaeM mepBoe
yTBepsxIeHne Teopemsl 4.2.1.

ITockonbky Mol ycTaHoBUau (4.2.2), BBIIOJIHAETCS M MHOTOMEPHBIA

BapuaHT HepaBeHcTBa (4.2.13) ¢ mocrosHHOR

46 o
S Is(ur) T Is(p)

48
—— |V g| snnemenTaproe HEpa-
oG |V p p

. 1
BeHCTBO V1 + 2% —1 < min{z, — 22}, momyuaem

Cute1oBaTEIBLHO, UCHONL3YS IPU T =

4Var(g) < Emin{ 05 V] 57855 V9 )
M) = BTy I sz ey YT
uro Bieuer (4.2.3) ¢ K = 288. Teopema 4.1.1 noraszana.

Sameuanue 4.2.1. Teopema 4.1.1 moxkeT ObITL Jerko 00o0ImeHa

(c TeM ske MOKA3aTEeNLCTBOM) HA POU3BENEHNE PA3HLIX HPOCTPAHCTB
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(M, pi, fti)1<i<n. 110 OTHOIIEHUIO K METPUKE €BRIMIOBOIO THIA, €CIII
BLINOJHEHO ycaosre (4.2.1), mMeeT MECTO OLECHKA

1
> mi .
Is(p1 @+ @ p) > W Is(p;)

1<i<n

O6parnoe HepaBeHCTBO Is(i1 ® -+ & py,) < minj<i<p Is(y;) Tpusn-

AJIBHO.

IlorazarenscTBO TeopeMsr 4.2.2.
[Ipumernum Teopemy 4.1.1 u 4.2.1 x mpoctpanctey (M?2", po, u?")
u ¢pymrmm g*(z,y) = g(x) — g(y), z,y € M. Tar xax m(g*) = 0 (mo

oTHOmeEHMIO K 1127), mMeem

2\/60\1;
Is(p)

"]l < Vg |lw.

Cornacuo HalleMy OCHOBHOMY IIPDEAIIOJIOKEHNIO O MoAyJe T'palaun-

eHTa,

Vg (z,9)| = VIVa(@)? + [Vay)? < [Vg() +[Va(y)l

s p?"-moutu Beex (7,y), caemoarenbro ||g*|ly < 2||glly. Takwmm

obpasom, mis mobo#t ¢pyurnun FOrra ¥

4v/6Cy
Is(p)

lg"lle < Vg |w. (4.2.16)

IIpmvenss (4.2.16) k ¥, = ¥/a npu o = E¥(g*), monyuaem

, 4/6C
/ / \I’(g(ﬂﬂ)*g(y))dﬁ"(ﬂf)du”(y)S/ V(g [Val) du.
M Jun M I
C apyro# CTOpPOHDLI, B CUJIy HEPaBEHCTBA I{/JIeHceHa7 JIeBLIEC WHTE-
rpajibl OLEeHUBAIOTCA cHu3y BoipaxkenuemM EU(g — Eg). Dto noka-
spBaer (4.2.9), a ono, oueBuano, Bieder (4.2.8). Teopema 4.2.2

JOKa3aHa.
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§4.3. M3onepumerprudeckre KOHCTAHTHI s IpoaakT-mMep B R™.
BeposarnocTroie Meprnr HA IPAMOM, yIOBIETBOPSIIOIIE

HepaBeHcTBaM Tuna llyankape

3mech MBI pACCMOTPUM BasKHLIA YaCTHLIA ciaydaii B Teopeme 4.2.1,
korma M = R — BemecrBeHHas mpsAMasg ¢ OOBIYHLIM PaCCTOSHUEM.
IIyctn @ — BeposrnHoctHas mepa Ha R, m p' — coorBercTBylomasn
npogakr-mepa B R". Ycaosue (4.2.1) oraspiBaeTCsl HECYIIECTBEH-
HBIM B 9TOH cuTyanmm, Tak Kak Mepol co cBofictBoM [s(u) > 0 moryT
OBITL IPEACTABJIEHLI KaK JIMIIIUIEBLI 0Opa3bl IBYCTOPOHHEIO NOKa-
3aTeILHOTO pacupeneneHus v. HamomMHMM, YTO v MMeeT IMJIOTHOCTD
fulz) = %e"x‘, r € R, u ynoBierBopser M30IePUMETPUIECKOMY
HEPABEHCTBY

v (A) > min(v(A), 1 — v(A)), (4.3.1)

OpruyeM MbI MMEEM PaBEHCTBO MOJIs .TIIO6I)IX VHTEPBaJIOB BUOa A =
(—o0, ], Tak uro Is(v) = 1. B cumy Teopemsr 4.1.1, 10 Hepasen-
CTBO C TOYHOCTIO O MHOMKUTEJSI W cunpaBemiuBo u B R". Taknm
06pa3oM, U30MePUMETPUIECKAT (YHKIUA TPOAAKT-MEPHI V" Yy IOBJIET-
BOPAET COOTHOUICHVIAM

b

26

1 B 9TOM CMBICJIC IIOYUTU HE 3aBUCUT OT PA3MEPHOCTH. Takoe cBo¥icT-

I, <In<I, (4.3.2)

BO CIPABEMIMBO U UL HEKOTOPBIX APYTUX Mep (HAampumep, IJIs JO-
TUCTUYECKOTO paclpenesnenus). B ciyyae rayCCcoOBCKO#R Mepol (= 7
BOOOIIE HET HUKAKOW 3aBUCUMOCTU OT PA3MEPHOCTH: Ly =1,. On-
HAKO, MBI HE MOYKEM OIKCATL BCE MEPLI L, YIOBJIETBOPAIONIUE KaK U
v HepaBeHCTBY (4.3.2) ¢ TOYHOCTLIO IO HE 3ABUCAINETO OT pasMep-

HOCTH MHOKUTEJIA.

Kax obnramo, obosmaumm gepes U, : R — R menpeprnsHOE cieBa

HeyOLIBatoIee orobpaskeHnne, nepesosmniee v B (. 1lo oTHOmEHUO K
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u™ paccmorpum B R” mepasencrso tuna Ilyamkape mia L'-mopmbr
cElg — Eg| <E|Vyg|, (4.3.3)

rie g — NIpoOM3BOJILHAsL cyMMupyeMast (1o Mepe (") HEIPEePLIBHO mud-
pepernupyemas pyHkiusa Ha R" (9KBUBAJIEHTHO, MOKHO PACCMATPU-
BaTh B (4.3.3) Gosee MUPOKUI KJIACC JIOKAJLHO JIMIMIAIEBLIX (yH-
KIUHA, ecau MOAYJIbL IPpaIUeHTa ITOHUMAETCSA B CMLICTIE OIpeeIeHIUsT
1.4.1 nns aBCTPAKTHLIX METPUYECKUX IPOCTPAHCTB). Ml nokaskem
cienyoniee yTouyHeHre TeopeMbl 4.2.1, B KOTOPOM HESABHO IpPOCIIe-

AUBaeTCAd OIIpeneJIEeHHOE DKCTPpeMaJIbHOe CBOICTBO MEpPLI V.

Teopema 4.3.1. Crnenyroinue yTBEP:KICHNA SKBUBAJIECHTHLL:

1) mepa p" ymosaersopsier (4.3.3) ¢ mHekoTopoii mocrosuHON ¢ > 0,
HE 3aBUCAIIEH OT pasMepHOCTH;

2) mepa p ynmosaersopsier (4.3.3) ¢ HekOTOPO¥ mocrosHHOHA ¢ > 0

3) cymecrByer orobpakernue U : R — R ¢ Koneuno#l nunmunesoit
KOHCTAHTOM, IepeBOIAIEE UV B U]

4) Is(p) > 0.

ITpu aToMm (4.3.3) BHINOIHSIETCS C IIOCTOSIHHOM ¢ = Is(n), n kpome

L
1 26
roro, Is(u") > ﬁfs(u) mist Becex n=1,2,---.

7

3aMeTnM, UTO €CJU [ YIOBJIETBODPSIET YCJIOBUIO 3), TO [t NOJIKHA
MMeTL KOHCYHDLIM SKCIOHEHIUAJLHLIE MOMEHT, & €CJIH [, yIOBJIETBO-
pser 4), TO [ NOJZKHA UMETL HETPUBUAJLHYIO abCOJIOTHO Helpe-
PBIBHYIO KOMIIOHEHTY. DTHU YCJIOBUS M, DOJEe TOTO, CaMO 3HAUYEHUE
Is(j1), MOYKHO BLIDA3UTL ABHO B TEPMUHAX (DYHKIAU DACIDPENEIICHUS

F(z) = p((—o0,2]), z € R. Honoxnm
a=inf{z: F(z) >0}, b=sup{z: F(z)<1}.

O6Go3raunM uvepe3 f abCOTIOTHO HENPEPLIBHYIO KOMIOHEHTY MEDBI [
(mo orHomenuio k Mepe JleGera). DBymem mpenmonararn, 4To [ He

BLIPO/KI€HA, TO €CThL, 94TO a < b.
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Teopema 4.3.2. VIMeroT MeCTO TOXIECTBA:

o f@) .
Is(n) = essinf min{F(z),1 - F(z)}’

1

N ||UuHLip '

(4.3.4)

Is(u) (4.3.5)

OuesBnno, npasas yacth (4.3.4) He 3aBucur or BeiGopa f. CMbica

9TOTO TOXRIOAECTBA B TOM, UTO IIPU OIIPEACJTICHNN HAVMMCHLIICTO 3HAYEe-

v

H(A)

HAST — JOCTATOYHO PACCMATPUBATL TOJILKO MHTED-
min{xu(A), 1 — p(A)}

Basel Buma A(zr) = (—oo,x] mna Bcex (UIM SKBUBAJICHTHO — IS

nouru Beex 1o Mepe JleGera) @ € R. Hanpuwmep, ecau Mepa 1 npen-

craBiaser cobOW cMech
o =X+ (1 —a)u, «a€]0,1],

rae A — paBHOMEpHOe paclpejeneHue Ha [a,b], a i — IpoW3BOILHAS
CUHIYJIAPHAs Mepa 6e3 aToOMOB ¢ HOCUTEJEeM B [a, ], cpa3y Haxoaum
2c
b—a’
Samerum Takxe, 9yTo Is(4) = 0, Kak TOILKO ossing f(z)=0.
a<z<

¢ momompio (4.3.4), uro Is(uy) =

Hepagenctso (4.3.3) npencrasisier coGol yacTHLIA ciaydaii mepa-

BEHCTB HyaHKape BU oA
cllg—Egll, < IVgll,, p>1 (4.3.6)

Knaccunueckuit caiyuaii — korga p = 2. B sToM ciydae, kKak M3BECTHO,
eciau mepa p ynosaersopser (4.3.6), TO 3TOMy HEpPABEHCTBY yIOB-
JIETBOPSAET U NPOAAKT-Mepa p', IpudeM ¢ TO# ke caMoil TOCTOAHHOM.
B cayuae p = 1 310 He Tak — oUTUMAJLHAA HOCTOSHHAA ¢ = Cp(p)
B 00mmeM ciydae 3aBUCUT OT Pa3MEPHOCTU M, HO BCE yKe, COTJIACHO
reopeme 4.3.1, oHa MOMKET OLITL OLEHEHA CHU3Y depe3 ¢1(f) ¢ Tod-
HOCTDLIO IO MHOYKUTEJIS SR OqHAKO, He M3BECTHO, CIPABEIIIUBO

2v6

JII TAKOe yTBep:kIeHue npu p # 1,2.



233

Ilpyro#i BasKHBII BOmpOC — Kakme Mephl Ha R ymIOBIETBOPSIOT
(4.3.6) n rar ouenurhb nocrosimayo ¢ > 0. Ilpu p = 2 »T0 Hepa-
BEHCTBO — rIyOOKO M3ydueHHas 00J1acTh, OCOOEHHO, B PUMaHOBOR Te-
omerpun (cm. fy [231], Yasexn [106], Bepap [66], M.®.Yen [113]).
Omuako, yske B IpOCTelmeM cirydae, KOrjaa MLl UMeeM JeJI0 ¢ OTHO-

MeprIM HepaBeHCTBOM
A1 Var,(g) < E,l¢'|%, (4.3.7)

rme | — BEepOSATHOCTHAs Mepa Ha IPAMOH, n ¢ — IpomsBOJILHAS ab-
COJIIOTHO HempepLiBHAs (yHKIusA Ha R (miu, SKBUBaIe€HTHO,~ (yHK-
s knacca C°(R) ¢ KOMIAKTHLIM HOCHUTEJIEM), 3TOT BOINPOC 3aHU-
MaJI BHUMaHIe MHOTMX mccienoBaresneil. Korma mepa pu =, — rayc-
cosckad, (4.3.7) cupasennuso ¢ (onTuManbHON) mocToAHHOR A = 1.
Cormacuo Bernepy [65], aTor ¢pakr 6uin m3secren eme B 1930 rr.
[Tozmsee OH MHOTOKPATHO MEPEOTKPLIBAJICSH, B UACTHOCTH, B paboTax
Homa ([195], 1958 r.), Bpacramna u JIuGa ([90], 1976 r.), Yeprosa
([115], 1981 r.). Cwm. raxske Boposros m Yres [10], Yen [109],
Yaps u Karam [154]. Kaaaccen ([159], 1985 r.) Hamen TouHOE
3HAUYEHMe KOHCTAHTLI A\ MU PsAJA HErayCCOBCKUX DAacCIpeneseHnii
U [aj ONHO HEOOXONMMOe U BJIM3KOe K HEMy ITOCTATOYHOE yCJIOBUE
ABHO B TE€PMUHAX MEDLI i, IPU KOTOPBIX BomosHsercsa (4.3.7) npu
HeroTopoM A1 > 0. B uacrroctn, (4.3.7) BLINOJHAETCS, €CIM Mepa
[ = ftn, UMEET ILIOTHOCTD dﬁ;if) = Ve VMl g e R (A >0
CIYKUT TapaMeTpoM MacmTaba [l JBYCTOPOHHETO MOKA3aTeILHO-
ro pacupeneserus v). B srom ciayuae (4.3.7) ObLIO U3BECTHO paHee
u OTMedYaJioch B pabore BoposkoBa um Y reBa kak Teopema B: cmpa-
BEUIMBO HEPABEHCTBO

1
— Var,(g) < E,ld'|% (4.3.8)

42

rue ft — abCOTIOTHO HEIPEPLIBHAS BEPOATHOCTHA Mepa Ha IPAMOI ¢

¢yurmueid pacupeneserus F v MIOTHOCTLIO f, yIOBJIETBOPSAIOMINMUI
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Ipu HEKOTOpOM o € R coorHOmenusm

C

IN

F mpu = < Xo, (4.3.9)
F

(z) <cf(x)
1- f

(z) <cf(z), mpu x> xp. (4.3.10)

B [10] Tak:xe 0OTMEYEHO, YTO B HECKOJBLKO MHOW (opMe Kak HepaBeH-
cro tuna Xapau (4.3.8) 6s110 nssectro maseo ([31], [41], [19], [34],
[163]). HobGaBum mnumb, uro ycmaosus (4.3.9)—(4.3.10) MoryT OuiTh

HEMHOT'O OCIaBJICHBL:
min{F(z),1 — F(x)} <cf(z), x€R. (4.3.11)

HeﬁCTBI/ITeJIbHO, KaK MDLI 3Ha€eM, OJId ONTUMAJILHONW IIOCTOSHHOW C B
1

5TOM HEPABEHCTBE CIPABEMJIUBO ¢ = o) WUullLip, voe U, —
HeyObIBaromee orobpaskenue, nepesossmee v B p. CiienoBaTesnnLHO,
vacTHLIA caydaii (4.3.8) ¢ ¢ = % ISt Mepol j = v Bieder (4.3.8) B
obmewm cayuae npu ycaosuu (4.3.11) (upocro B pesyinrare npume-
Henus (4.3.8), 3ammcaHHOrO mIsA MepH v, kK ¢yHrmmaM suna g(U,)).
Ilnst Mepul ke v HepaBeHCTBO (4.3.8) BoiTekaer u3 TeopeMnl Yurepa,
nockounky Is(v) =1 (cm. caencreue 4.1.1).

Ycaosuio (4.3.11) ymOBIETBOPAIOT MHOTME BasKHBLIE DACIIPEdesie-
HUA, B YaCTHOCTU, BCE BEPOATHOCTHLIE MEPLI, COCPEIOTOUYCHHLIE Ha
HEKOTOPOM KOMIAKTHOM WHTEPBAJIE U MUMEIOMME HA HEM HENPEPLIB-

HYIO HOJIOKUATENBHYIO IJIOTHOCTh. B ®TOM cilydae 9KCTpeMabHasd
Eu(g)?
Var,(g)
HreMm coorBercrByfomero ypasueaus [lrypma—Jluysunns. B pabo-

(YHKIMA, MUHIMU3UPYIOMAA BbLIpAKEHUE ABJIAETCA pelle-
re [112] Yen u Jly uccaenoBanau CUTyaunuo, KOTAa [ HEOOA3aTEILHO
“MeeT KOMIIAKTHBI HOCUTENb, M HALLIN B TepMuHax permenus [Typ-
Ma—JInyBuiisa Heo6X0UMBIE U TOCTATOYHLIE YCIOBUHA, IPU KOTOPLIX
w ynosiersopsier (4.3.7). ITo npusaanuio Yena (caesaHHOMY UM aB-
Topy seroM 1996 r.), Gosee 10 ser B paMKax TeOpuu BepOSTHOCTEH
OPEeIIPUHUMAINCL TOULITKA HAWTU Kakue-HUOyIL HEeOOXOAMMLIE U

(0AHOBPEMEHHO) NOCTATOYHLIE YCJIOBUS, U IPU ITOM, [I0-BUAAMOMY,
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HEe3aMEYeHHOR ocTaBasach oqua crarna Makenxaynra [193], B kKoTO-
po¥i onuceiBamuchL Bee Mepsl Ha nosxyocu (0, +00), yI0BIETBODSIIOITE
POAOCTBCHHLIM HEpaBCHCTBAM THUIIA Xap,HI/I

ITpuBenem ocHOBHOW pesyabrar u3 [193] (Mol OyaeM ero ucnonn3o-
BATL TO3HEE MPU ONMCAHUN BEPOATHOCTHLIX PACTPEICNEHN, yI0B-
JETBOPAIOMUX Jorapudmuaeckum Hepasenctasam Cobosesa Ha mps-
mott R). IlyceTs 4 m A — HeoTpumaTeababie Mephl Ha moayocu (0, +00)
(na onpemeseHHOCTH BYIEM UX CUATATEL KOHEUHBIMU). PaccMOTpUM

ontuManbayo noctosaayo C = C(u, \) B HepaBeHCTBe

lgllLe ) < C g lLrr) (4.3.12)

rie g — IpOUW3BOJLHAA HENPEPLIBHO Iu(pepernupyemMas GYHKIUA Ha
[0,400), Takas yro ¢g(0) = 0. Onpenenum nocrosauyo B = By(u, \)

PABEHCTBOM

x 1/(1
B = sup p((z, +00))/P </0 fA(t)*q/Pdt> . q= p% (4.3.13)

x>0

rue f) — MIOTHOCTL abCONIOTHO HENPEPLIBHOW KOMIIOHEHTHI A IO OT-
womenuio ¥ Mepe Jlebera. Ilo ompemenenuto, B = 0, ecam p = 0.

Cupasemiusa

Teopewma 4.3.3 ([193]). VMeroT MeCTO COOTHOIICHUS
B < C <p'/rgl/iB, (4.3.14)

Korgma Mepot g u A\ aBCOMIOTHO HENPEPLIBHLL (UTO, B CYMIHOCTHU HE
yMaJisieT OOLHOCTH), STU COOTHOUIEHUs OBLLIU MOJIYyYEHDLI, COTJIACHO
[193], Aproanoii, Tanentu u Tomacennu [59], [226], [227].

Hepasencra tuna Ilyankape (4.3.6) MOryT OBITH JIEIKO CBENEHBI
K yacTHOMY ciayuaro (4.3.12) mius map oquHakKoBLIX Mep A = u. Iledi-
CTBUTEJLHO, IPEANOIORIM IJIs1 onpenesnedaocty, uro m(pu) = 0 (rxe

m(p) obosnavaer Mmeauny Mepel ). Byznem paccmarpusats (4.3.12)
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TakKe [l Mep Ha nosyocu (—oo,0) ¢ COOTBETCTBYIOMUMY U3MEHEH!-
smu B onpenesnennn (4.3.13). OGo3HauuM 4Yepes [i4 U [i_ CYKEHUs
w Ha (0,+00) m (—00,0) coorBercrBenno. B mepasencrse (4.3.6),
B CHJy €r0 MHBAPUAHTHOCTU OTHOCUTEILHO ONEPAIMU CIBUrA § —
g + const, MmoskHO cunTarh, yto ¢(0) = 0. IIpennonaras, yro (4.3.12)
BLINOJHsIETC s Mg nap (g4, iy ) u (u—, i), mosydaem

1/
lg = Egllzrtw < 209llzowy =2 (19150, ) + 19170, y) "

1/
<2C (1915 0y F 19150 y) " < 2C 119 Loy

n TakuMm obpaszoM, (4.3.6) somonusercs ¢ ¢ = 1/(2C). Ilpu sroMm,
lg —Egllz2u) < ll9llL2(u), cremoBarensro MoskuO nae B3aTh ¢ = 1/C
upu p = 2. OGpartno, Bomegem (4.3.12) mua mapor (pq, p4 ), UCXons
u3 (4.3.6). Hooupenenum g(xz) = 0 npu x < 0. Torga cnpaseniuso

9JIEMEHTAPHOE HEPABEHCTBO

lgllruyy < 21lg — Egll o (4.3.15)

OmuenuBas npasyio dacts (4.3.15) ¢ momompio (4.3.6), npuxoaum k
HepaBencTBy Tuna Xapau (4.3.12) mus mapet (p4, iy ). AHAJOITYHO
noayuaeMm (4.3.12) musa (p—,p—). Takum 06paszoM, ¢ TOYHOCTLIO 1O
aBCOIIOTHLIX MOCTOSIHHLIX, HepaBeHCTBO (4.3.6) mis Mepnl [ pas-
HocuibHO HepaseHCTBY (4.3.12) s map mep (py, py) 1 (p—, pu—),
B uacTHOCTH, ¢ > (0 paBHOCHMIBHO TOMYy, uTO Bp(pi4,1t4) < +00 m
Bp(p—,p—) < +oo. B TepmuHax ¢yHKunMM pacupeneineHus F u mior-
HoCcTU f aBCOJIIOTHO HENPEPLIBHOW KOMIIOHEHTLI BEPOSITHOCTHON Me-

pul i ¢ MeamaHoi m(pu) = 0 TU ABa YCJIOBUS MOYKHO 3alNCATL DU

p =2 Kak
o oy
sup {(1—F(m))/0 mdt+F(fm)lzmdt} < 400

unu B TepMuHax oTobpaxenus U, (B mpeanonoxenun, uro f Hempe-

PLIBHA U HOJIOKUTENLHA HA (a,b)) Kak ycioBue

sup e_z/ (UL(t)* + U/, (—t)*)dt < +o0.
0

x>0
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Jlerxko BuzaeTh, YTO 2TO yciOBHE — HEOOJDLIIOE OCaabJIeHuEe YCIIOBUA
munmuneBocTy ||Uy| Lip < +00, ¥ cllenoBaTeILHO HEPABEHCTBO THUIA
ITyankape (4.3.6) npu p = 2 (crporo) cuabee, yeM Takoe Ke He-
paBeHcTBO npu p = 1. 3ameruMm Takxke, uro, corsuacHo (4.3.13),
yeamosusa By(py, pi4) < +00 u By(p—, pi—) < 400 mpu p = 1 mpumyT

B IO

esssup

[1—F(av) i F(—x)
x>0

f(@) f(=2)

uro, coraacHo (4.3.4), pasHocuanHO ycaosuio [s(u) > 0.

}<—|—oo7

HpI/ICTyHI/IM K OOKa3aTeJIbCTBaM. Haunewm c JOKa3aTeJIbCTBa TEO-

pembr 4.3.2.

IoxrazarenncTtBo Teopemsr 4.3.2. Ilomoxum

o /@)
K(p) = essinl S mo) 1 - F@)y

Ouesunno, K(u) > Is(p). HetictBurennuo, nus z € (a,b) nmeem

i (A@)) = limjnt ZEFI=EE = f (),

O3TOMY

wt(Az)) B f+(@)
1) < SGA@) 1 - sA@) — mn(Fe), L F@)

Beps essinf npasoii wactu no unrepBany € (a,b) u 3ameuas, 4TO
B cuiy Teopemnl JleGera o muddepernupyemoctu F' mourtn BCony,
f+ = f mouru Bcrony, nonyuaem K (u) > Is(u).

B uvacrrocru, K(p) = Is(p), ecin K(u) = 0. Ilosromy mius moka-
3aTeILCTBA (4.3.4) OymeT HOCTATOYHO YCTAHOBUTH IPOTUBOIOJIONK-
HOE HEPABEHCTBO, IIPUYEM MOKHO mpeamosarars, ato K (u) > 0.

Nrak, npexnonoxum, uro K(p) > 0. Kax caencrsue, f(x) > 0
nourn Bcioay Ha (a,b), u 3HaunT F CTPOrOo BO3pacTaeT Ha STOM WH-

repBasie. CraenoBaTeabHO, (OyHKIUA

F~Y(p) = min{z : F(z) > p}
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(omHO3HAYHO OLpeleNseMBbIX KBAHTUIIEH) He yOblBaer, HEIpEepHIBHA
ma (0,1] u npuruMaer 3mauenus B (a,b]. IoompenemuM ee Ha BECh
marepsadn [0, 1], momaras mo mempeprrocTr F~1(0) = a.

Beenem ¢ymrnuio pacupenenenus F, mepnt v. O6o3HaumM uvepes

F;1:0,1] = [~o00, +00] o6paTHyIO K Helt, @ paccMOTPUM (yHKIIIIO

V(z)=F ' (F(z)), zcR.

v

HaHOMHI/IM, 4gTo OTO6pa}KeHI/I€ UH onnpeneasTCss OJHO3HAYO0 U MOKET

OLITL 3aIIMCAHO SIBHO B BUIOE
U.(z) = F*F,(z)), z€R.

Samernm, yro mis Beex t,z € R mepasencrsa Uy(t) <z u t < V(x)
exBuBaeHTHLI, mosTomy U, (V (x)) = x masa Bcex « € R. Kpowme Toro,
U, = z na unrepsanax (V(z™),V(z)), npuuem U, = a Ha (—o0,V(a)]
n U, =bua [V(b),+00).

IToraskem, uTo
1

T 2 K. (4.3.16)
Oyurmusa F mudpepenuupyema mourn scrony, npudeMm F'(z) = f(x)
st moutn Beex & € (a,b). Iostomy, mupdepenmupys V n noansysaco
toswnecteoM [, (F;1(p)) = min{p, 1 — p}, nonyuaem

’ f(z)
Viz) 2 min{F(z),1— F@)} ~ K(p)

mis nouru Beex T € (a,b). Cumemosarennno, mis Beex a < x <y < b,

V(y) - V(z) > / VI(t) dt > K (u)(y — ).

xT
Monowkum Im(F) = {F(x) > 0: 2 € R}. s scex p € Im(F), oue-
sumno, F(F~1(p)) = p, nostomy V(U(z)) = x, xax Tomwko F,(z) €
Im(F). Ilockoneky U, mpuHIMaeT 3HAYEHNA B [a, b], 3aKI09aeM, ITO

A BceX © < Y

y—z=V(Ul(y) - V({U) = K(p)U(y) - U(z))
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npu ycaosun, yro F,(z), F,(y) € Im(F). Ho, kak Jerko BUAETH, 5TO
YCIOBUME MOMKET OLITL CHATO, MOCKOILKY (yHEmuA F ! HempepLBHA
(B cury cTpororo Bozpactanua F') 1 TOCTOAHHA HA WHTEPBAJIAX BUAA
[F(z7),F(2)]. Takum o6pasom, (4.3.16) morasaHo.

Ianee, mut 3aaeM (cM. (4.1.13) naun, Gosnee 06mo, reopemy 4.1.1),
UTO cayuaitHas BeauunHa £, UMeromas pacupene/cHue v, yI0BIeTBO-

paeT aHAQJIUTUYIECKOMY HEPABEHCTBY

Elg(&)| < Elg' ()], (4.3.17)

rJe ¢ — IPOM3BOJBHAA JOKAJLHO JUMMUIEBAsA QYHKIUA HA TPAMOH,
rakas gro m(g(§)) = 0. Ilpm 3TOM, MBI IPUAEP:KUBAEMCS OIPELe-
) — lg(y) — g(=)|

aenns 1.4.1: |¢'(z)| = hmsupy_my#zw. IIycre n = U,(§),

n npumernM (4.3.17) k ¢pymrmuam suga g = w(U,) (w — IoKaIBHO

mnumnesan): Tak Kak |¢'(&)| < [|Upl Lip|w’ (Uy(§))|, momyuaem
o
1Upllip

E|w(n)| < E[w'(n)]. (4.3.18)
Cunenosarennro, B cuiy (4.3.16),
K (p) Elw(n)| < Elw'(n)| (4.3.19)

JUIST BCEX JIOKAJILHO JIMIIIAIEBLIX PyHKIUA w, Takux yro m(w(n)) = 0.
Tak Kak 1) IMeeT PACHPEeIeNIeHUe (i, M TaK KAK ONTUMAJILHAS HOCTO-
sunas B (4.3.19) nepen E|w(n)| paBra [s(u), IpuxomuM K OLEHKe

Is(pn) > K(p). Takum oBpasom,
K(u) = Is(u). (4.3.20)

Ananoruuno uz (4.3.18) nomxyduaem, 4To

1

HUHHLip

< Is(p). (4.3.21)

C yuerom (4.3.16) u (4.3.20), aT0 maer

1

Ul Lip

= Is(p), (4.3.22)
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to ecth (4.3.5). Ocraercs nokasats (4.3.22) B ciayuae, korpa K ()=
Is(n) = 0. Ilpemnomaras mporusmoe ||U,||rip < 400 u moBrOpss
nepexon ot (4.3.17) & (4.3.18), Mot 6u monyunnu (4.3.21), T0 ecTh,
Is(p) > 0. Teopema 4.3.2 nokasana.

IoxrasarenncTtBo Teopemsnr 4.3.1.

Iepexon (4.3.17) = (4.3.18) = (4.3.21) umeer cuiy mIs BCEX JIMI-
MUNeBLIX 0ToOpaskennii U, mepeBomsmmx v B [, U TO3TOMY 3) = 4)
yike mokazano. CremoBarennbHO, B cuily Teopewmbl 4.3.2, cBoiicTBa
2), 3) u 4) skBuBasieHTHLL. VMmumkanus 1) = 2) Toske He Tpebyer
oKa3areabCTB. JlOKaskeM OCTABIIUECS yTBEDKICHU.

Moskno npeanonararsb, uro Is(u) > 0, To ecrn, |Uy|Lip < +o0.
Mycrts £ = (&1,...,&,) — ciayd4alHbIli BeKTOp C pacupeneieHueM v,
Tak uro ciaydaiunit Bexrop n = (U,(&1),...,U,(&n)) umeer pacmpe-

nenenve p". B cuny teopemsbr 4.2.1, mockonnky I[s(v) = 1, umeem

Is(v™) > %, nostomy (cM. (4.1.13)) v yroBIeTBOPSAET aHAIUTU-
YECKOMY HEDABEHCTBY
1
— < 3.
205 9] < E[Vg(&)], (4.3.23)

rze g — IpOM3BOJILHAS JIOKAJILHO nunmuiesas GpyHxnmst Ha R™, Takas
uaro m(g(§)) = 0. Ipnumensas (4.3.23) x pynruuam suna g = w(U,) n
3aMevast, 4To

1
Tago [Vl

V(O < NUpllin[ Ve (U (€))] =

oJrydyaem

S Blw(n)| < E[Vuw(n), (4.3.24)

rie w — IPOU3BOJLHAA JOKAJILHO Junmuiesas GyHknusa Ha R™, Takas
uro m(w(n)) = 0. Anuporcumupys B (4.3.24), kax 0OBIYHO, UHIUKA~
TOpHBIE QYHKIUN JOKAJILHO junmunessivu (emma 1.4.1), npuxoaum
K M30II€ePUMETPUYECKOMY HEPABEHCTBY

(") (4) = S0 min(un (A),1- " (4), AC R,
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Is(p)
2v6

Teneps Bocmonb3yemcs: HepaBeHCTBOM (4.2.20), HOJyYeHHBIM IPU

4YTO M O3HAuaer, uro Is(u") >

nokazareinLcTBe TeopeMor 4.2.1:

Is(p)
(") (4) = S A1 - i (4), AR
Haﬂ MLI 3Ha€M, 9TO M30IIEPUMETPUYECCKOE HEPABEHCTBO SKBUBAJIEHT-
HO aHaJIUTUYECKOMY HEPABEHCTBY

1

sz Blu(n) — Eu(n)] < E[Vu().

D10 nokasbiBaeT MHOroMepHoi Bapuast (4.3.3). Teopema 4.3.1 mo-

Ka3aHa.
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§4.4. HepaserncrBa tuna [lyankape B Kiacce BBIIYKJIBIX ()YyHKINA

st mpomakt mep p” B R™ 3mech Mur paccmorpum ociabiieHHDIT

BApUAHT HepaBeHCTB Tuma Ilyamkape miasa L2-HOPMEI

Var,(g9) < CE,n|Vg|?, (4.4.1)

rorga tpebyercs, YTOOLI ®TO HEPABEHCTBO BLINOJHAIOCL HE IS
BCcex (JIOKAJILHO JIMINIMIEBLIX), & JIAML [ BBILYKIBIX (YHKIUAA ¢
ma R". Kak u B k1acce Bcex (yurmuii, ”onnomepHoe” HEPaBEHCTBO
(4.4.1) pacupocrpansercs Ha npoctpascTso (R™, u") B kixacce Bcex
BBINYKJIBIX (yHENUA HA R™ 663 mamenenus nocrosiuaoii C. Ilostomy
B (4.4.1) mocTaTouHO paccMaTpUBATL Ciaydaid n = 1.

Kaxk cnencrsue muoromepnoro sapuanrta (4.4.1), momydaem, 4To
[UCIEPCUM BCEX BBILYKIBIX (pymkuui g sa R”, takux uro ||g| Ly <1,
OT'PAHUYEHBI HOCTOSAHHOM, HE 3aBUCANIEH OT pa3MEePHOCTU. DKBUBA-
neHTHO, ecnn ((p)n>1 — MOCIENOBATEILHOCTL HE3aBUCUMBIX CJIydali-
HBEIX BEJIMYMH, UMEIOIIUX pacipenenenue (i, To Var((y) < +0o, u nis
a060ro orpaHnueHHOro (IL.H.) ciydaiHoro npouecca (Ty)ier, JU-
HEHHO HOPOKICHHOTO BENUYMHAME &), T.€., IPEICTABUMOIO B BHIE

CYMMEI II.H. CXOOAINErocs Cl)yHI{III/IOHaTILHOFO psaoa

zy = ao(t) + Z an(t)Cn, tET,
n=1

MDLI MeeM

Var(sgp xy) < C SL:p(Var(mt)). (4.4.2)

EcrecTBennnii Bompoc: kakme Mepol p Ha OPAMOI yIOBIETBODs-
10T cBolicrBy (4.4.2) niau popMaibHO GoJlee CUILHOMY HEPABEHCTBY
(4.4.1) (must kacca BCeX BBINYKJILIX (yHknuii)? Takumu OymyT, Ha-

npuMep, BCe MePLI ¢ KOMHOAKTHLIM HocuTesneM. lelicTBurennHO, miis
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nr060ii BoinykiIo# nuddepennmpyemoit pyurnuu g 2a R cnpasennnso

HEPABEHCTBO

lg(z) —gW)I* < (|9’ @) + 19 W)P) (z —y)*, z,y€R.

Crenmosarennro, ecau u([a,b]) =1, To

b rb b
Var,(9) =5 [ [ lofe) - o) Pdute)duty) < (b0~ @) [ 19/ @) Pdua),

3aMeTuM, YTO KOMIAKTHOCTL HOCUTEJS HE ABJIAETCA JOCTATOUHLIM
ycnosueM 1t BoimosHenus (4.4.1) B kmacce Bcex QyHKmmiA: Mepa j
¢ mnotrocThiO f(x) = |z, |2| < 1, maer KoHTpHpHUMED, KaK CJIeLyeT
u3 Teopemul 4.3.3. [IBycTOpOHHEE MOKa3aTeILHOE pacCIpenecHue v
7 CJIEJIOBATENLHO BCE JIMNIUIEBLI 06pa3sLt ¥ (TO €CTh, BCEe MEPHI i CO
cBoficrBom [s(u) > 0), ymosaersopsitor (4.4.1) nuis Bcex g u 3HAUUT
IUISL BCEX BBITYRJLIX g. ¥ caosue Is(u) > 0 nouru neobxomumo. Huske
JIAIOTCA HEOOXOMMMbIe U focTaTouHble yenosusa mius (4.4.1)—(4.4.2)
(kKak HU CTPAHHO, ®TU JBa CBOWCTBA SKBUBAJICHTHDI).

ITycTo 41 — BepoATHOCTHAS Mepa Ha R ¢ pyHEIUMEHd pacupenenenus
F(z) = p((—o0,z]), = € R. Kak oberuno, uepes U, Mbl 0603HaAUaEM

HeyOLIBatoIIee, HEPEPLIBHOE CIEBA OTOOpaKeHUe, MePEBO AANIee Me-

py v B .

Teopema 4.4.1. Cuenyromue yCIOBUS S9KBUBAJIECHTHDL:
a) cymectsyer nocrosunas C, Takasg 4To WA BCex muddepeHun-

PYEMBIX BLITYKJILIX (yHENUiZ ¢ Ha R
Var,(9) < CE,|¢'|%; (4.4.3)

b) cymectByet nocrosimaas C', Takas 4TO NI BCEX BLILYKJILIX (yH-

kit g #a R ¢ yerosueM ||g||nip <1

Var,»(g) < C; (4.4.4)
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¢) cymectByioT nocrosuusie C' u h > 0, Takue 4yro nis Beex © € R,
F(z)(1 - F(z)) < C(F(z) — F(z — h)); (4.4.5)
d) 1751 HEKOTOPOro (PKBUBAJIEHTHO — Ilsl Beex ) h > 0,

sup [Uy,(xz + h) — Uy(z)] < +oo. (4.4.6)

zeR
3aMeTuM, 4TO C MOCJIETHIM CBOMCTBOM, TO €CTh, T€M (AKTOM, 4TO
U,, mopo:naeT KOHCUHDLIR (AL QUTUBHLIA) MOLYJIbL, MBI yiK€ BCTpPEUYa-
JIMCL B TJlaBe 2 IpPU ONUCAHUU CBOWCTBA KOHIEHTPAIUU IPOTAKT-
Mep p'' IO OTHOWIEHUIO K paBHOMepHOMY paccrosumio B R". Takum
0o6pa3oM, BCe 9TU yCIOBUsS a) — d) SKBUBAJIEHTHBI yCJIOBUAM a) U b)
n3 TeopeMnbl 2.7.2, a TakKe YCIOBUSIM €1) — C2) U3 TeopeMbl 2.7.3

(paceMaTpUBaeMBIX OJHOBPEMEHHO):

sup Var(max((i, ..., () < +00; (4.4.7)
n
sup Var(min((y, ..., ¢n)) < +o00. (4.4.8)
n
CnenoBaTenbHO, BLITYKIbIe GYHKIUU BUAa ¢(x) = max{i,...,T,} ®
g(z) = max{—z1,...,—2,} ABIAIOTCA B HEKOTOPOM (ACHUMITOTUYEC-

KOM) CMBICJIE TIOYTHU SKCTpeMaibHoiMu B (4.4.1).

CrenaeM eme HeCKOJILKO 3aMedannii. OkasniBaeTcs, IS MIMPOKO-
ro KJacca paclpenesieHuil (1 Ha IpAMOi HepaBeHcTBa Tuna Ilyankape
(4.4.3) MoryT GbITL OGPAINEHLI B TOM CMBICHIE, YTO I BCexX audde-

PEeHIUPYEMDBIX BLITYKJILIX (yHKNU#R ¢ Ha R BLITOMHAETCAS HEPABEHCTBO
Var,(g) > cE#\g’|27 (4.4.9)

rae ¢ > 0 e 3aBucuT OT g. MBbI omUImeM OWH KJIACC TAKUX PacCIpe-

+

nenernii. Tecrupys (4.4.9) ma ¢yHrmuax suza g(z) = (x —a)t n

g(xr) = (a — z)*, Jgerko BUAETL, UTO €CJU HEBLIPOKACHHAS Mepa fi
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yaosaersopsier (4.4.9), To oHA HOKHA MMETH HOCTATOYHO  TsrKe-
apre xBocTer”, o Kpakueit mepe, F(z)(1—F(x)) > cie~!*| qna wexo-
TOPLIX ¢1,¢2 > 0 u Bcex x € R. B wactrOCTH, rayccoBckas mepa He
yaosaersopsier (4.4.9).

IMpenmonosxkum, uro 0 < F(a) < 1 musa Bcex a € R (4ro HEOOXO-
mumo miist (4.4.9)), u onpeznesuM yCIOBHLIE ONPDAHUYEHUS MEPLL /i Ha
nosyocu (—oo,a] u [a,+00) — BEPOATHOCTHLIE MEPLI

_ AN (—o0,a AN (a, +oo
() = ML = MR AcR
O6osnaunm vepes Var(p) mucmnepcenio GyHKnuy i(x) = & MO OTHOIIE-

HUIO K Mepe /.

Teopema 4.4.2. IIpemnonoskum, uro Var(u) < +oo. Onpenennm

o*(p) = inf min{Var(u; ), Var(ug)}.
ac

Torma HepaBeHCTBO (4.4.9) CIIpaBeINBO IS BCeX DU depeHnupye-

MBIX BBITYKIBIX GyHEDUA g Ha R ¢ mocTosmmoit ¢ = o2(u).

IIpuBenem omuu nmpumep.

Teopema 4.4.3. B rmacce Bcex nudhepeHIMPYEMBIX BBIIYKIBIX
¢yurnuii ¢ Ha R 1o oTHOmEHNIO K ABYCTOPOHHEMY IIOKa3aTEJILHOMY

pacupeneseHuio ¥V CIpaBeqJuBLI HEPABEHCTBA
E,|¢'|> < Var,(g) <4E,|¢'|*. (4.4.10)

IIpasoe mepasencTBo B (4.4.10) XOPOIIO M3BECTHO U UMeET CUILY

U1 Bcex abCOJIOTHO HENPepPLIBHLIX (YyHKIUEA ¢. Acumnrornuecku
_tx l

SKCTPEMAJILHLIMU B HEM CJy:kaT Gpyuruuu g(z)=e'* npu t — 5 Jle-

Bast yacth (4.1.10) mpeBpamaercs B pPaBeHCTBO Ha (GyHEuuu g(x) =

Haxonerr ormernMm, uto B Ki1acce Bcex mup(hepeHInpPyeMbIX (yHK-

i g (4.4.9) He MO:KeT BLINOJHATLCS, €CJU Mepa [, He BLIDOMKIECHA.
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He MoOMkeT BBINOJHATLCS U MHOTOMEDHBIA Bapuant (4.4.9) B kiacce
BCEeX BLINYRJILIX auddepeHnupyeMolx ¢pyurmuii g Ha R", eciu tpebo-
BaTL, YTOODLI MOCTOSIHHAS ¢ HE 3aBUCENa OT pasmepHocTu n. Jlerct-

BUTEJIBHO, €CJIM OBl BLITOJHAJIOCH HEPABEHCTBO
2
Var,n(g) > cE, »|Vy|

I NPOJAaKT-Mep, IpUYeM, He yMaJisasd OOIMHOCTU, Mepa (i HUMeJa
6Ll HyJeBOE CpenHee, TO NPUMEHSA €ro K (QYyHKOUAM BUAA ¢p(T) =

<11+-~-+zn
Vn

IpelenbHO TeopeMsbl, onHOMepHOe HepaseHcTBo (4.4.9) mus rayc-

), r € R", Mpl Obl mosyuymian, B CHIY LEHTPAJILHON

COBCKOH Mepsl (UTO, KAk ysKe OTMedalloCh, HEBO3MOKHO).

Ilepetinem & mokasarenncTBaM. HamomMHWM, YTO B HEPABEHCT-
Bax (4.4.3) u (4.4.9) ycuoBue muddepeHnnpyeMoCcT NJisl BLILYKJIBIX
GYHKEIUIA ¢ MOMkeT OBLITL CHATO, M TOrJAa B COOTBETCTBUAU C OOIUM

onpenenenuem 1.4.1 nox BoipaskenueM |¢’(z)| Mbl monumaem 3Haue-

me max{|g'(z7)],lg'(z")I}-

HoxrazarenscTtBo Teopemtur 4.4.1. PaccmMoTpuM emre onHO ycaoBue:
e) cymectByioT nocrosunnie C u h > 0, Takue 4TO 1 BCex HEY ObI-

Baromux QyHknuii g sa R
Var,(g(z)) < CE,|g(z + h) — g(z)|*. (4.4.11)

Jloka3aTeanLCTBO MPOBEAEM IO ABYM LUKIAM €) = ¢) = d) = €) u
d) = a) =b) =d).

e) = c¢): npumensasa (4.4.11) K MHAMKATOPHBIM (YHKIAAM ¢ =
1(z,+00), Tpuxomum K (4.4.5).

¢) = d) upexncrasiser coboil yrBepskaeHUE JTeMMbI 3.6.2: HyKHO

nosnoxnuTh ¢ = 1/C u hg = h, u Mbl nonyunm, coraacuo (3.6.8),

Uu(a?—l—log (1+ )) -U,(z)<h, z€R,

20

10 ecTn (4.4.6) ¢ h =log (1+ %)
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d) = e): npuMeHUM HepaBeHCTBO JeMMbl 3.6.5 npu a =1 u b= 0:
Var, (9(2)) < CEy|g(z +1) = g(2) .

[MoxcraBnas B »T0 HepaBeHCTBO (yHkiwmu Buga ¢(U,), OpuxommM K
(4.4.11) ¢ h =sup,er [Up(z +1) = Up(x)].

d) = a): cHaYaya OPEONOJIOKUM, YTO B AOIOJHEHUE K BBIILYK-
aoctu g He yObBaer. CHOBa IPUMEHMM HEPABEHCTBO JIEMMEL 3.6.5,

HO Temepnh npu a = —1 u b=0:
Var, (g(z)) < CE,|g(z) — g(z — 1)*.

DTO HEPABEHCTBO MMEET CUILy mJis H000# HeyOniBaromed GpyHKIuM g

ma R u, B wactnoctu, nna ¢yusmm g(U,). Kax caencrsue,

Var,(9(y)) < CE,lg(y) — g(y — 1), (4.4.12)

rpe h OBUIO ONpeneseHO Ha IpenblayineM mare. Tak Kak ¢ BBIIYK-
naa u meyboBatomana, umeem 0 < g(y) — g(y — h) < hg'(y), u cremo-
paresanuo (4.4.12) saeuer (4.4.3) ¢ mocrosmuoit Ch?. Amamormuno
paccMaTpuBaeTcsa Ciaydail, Korjga g — HeBO3pacTaroImasd.
Paccmorpum Tperuin BO3MOKHBLIM ciayuail: g He BO3pacTaeT Ha
nuTepBate (—o0o,a] u He yOpIBaeT Ha MHTEpBae [a, +00). He ymanas
OBIHOCTH, MOKHO CUMTAThL, 4TO ¢(a) = 0 m uTo ¢ cymmmpyema ¢
KBaapaToM 1o Mepe p. Torma, Kak y:ke mokasamo, (4.4.3) cmpasen-
AUBO sl (BBILYKJBIX MOHOTOHHBLIX) (QYHKIUEA gy = 9lia4o0) 1 g1 =
91(—c0,q)- Bamucvas ag = E,g0, a1 = E, g1 n 3amegas, uro g =

go + g1, mMOay4daeM:

Var,(9) = [|lg — Eugll2 < llgo — aoll2 + llg1 — a1 |2
<VChlghlz + VCh|dill2 < V2C | g2,

rae | - || oBosmawaer mopmy B mpocrpanctse L2(u). Ha mociemuem

mare Mbl IPUMEHWIM HEPABEHCTBO /Uy + /u1 < /2(ug+ u1) upnm
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uo = E,|g0|? u u1 = E,|g{|?. Taxum obpasom, (4.4.3) nokasaso u B

obmem cayuae ¢ mocrosaHOR 2Ch2.
a) = b) y’e 0TMeuasIocs.
b) = d): cMm. Teopemy 2.7.2 m 2.7.3.

Teopema 4.4.1 moraszana.

s noraszarenncrBa TeopeMmnr 4.4.2 HaM moTpebyeTrcs

Jlemma 4.4.1. Ilpenpmosoxkum, 4To ciaydainas BeauuuHa ( UMeeT
KOHeYHBIT BTOpO#i MomeHT. Ilycth ¢ > 0. Crenyromue yTBep:KICHUA

9KBUBAJICHTHLI:

a) Cov(f(¢€),9(¢)) > cEf'({)¢'(¢) mns Bcex HeyOnIBaOmMUX AUQ-
(depeHImpyeMbIX BLIMYKILIX QyHkmuid f u g, takux uro f(¢) u g(¢)

MMEIOT KOHEUHLI# BTOPOT MOMEHT;

b) Var(g(¢)) > cEg¢'(¢)? mnsa mobolt meybrmatomett middepentm-

pyeMo#l BBITYKJION (GpyHKIUU g;

¢) Var((¢ —a)*) > ¢P{¢ > a} nna Becex a € R.

HoxrazarenscrBo. OueBumno, a) = b). 3Samerum, uyto b) mmeer
cmpicat u B caydae Var(g(¢)) = co. Kpome Toro, kak B a), Tak u B
b), yciaoBue mupGepeHnUpPyeMOCTr MOYKHO JIETKO CHATL, ecau ¢ (x)
sameruTh Ha ¢'(z7). Ilpu TakoMm coryameHUu HEPABEHCTBO B b) mpe-
BPAIAETCA B HEPABEHCTBO B ¢) HA QyHKOUAX ¢q(x) = (z —a)T. Cue-

LOBATEIBLHO b) = ¢).

YTo6bl BLIBECTU @) M3 €), MOMKHO NPENNOJIAraTh, YTO (YHKII
pacupenenenus F c.B. ¢ menpepuiBHa, u uro f(—oo) = g(—o0) = 0.
Torma f u g Moryr ObITb IpencTaBileHLl B Buze cmecu | g, dm(a)
¢yHKIUEA Buaa ¢, (Mepa T HEOTPUIATENLHA), U TAK KAK HEPABEHCTBO
B a) JMHENHO N0 f U g, OCTATOYHO €ro NOKa3BIBATL, Korga f = gq,
g = gp, cunTas a,b € R npomsBompunivu. He ymanss obmuocTtu,

nycth a < b. VHTerpupys mo yacTtamM, nMeeM:
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Cov(ga(€), 96(C))
+00o +o00 +o0
:/b (x —a)(z — b)dF(z) — /a (z — a)dF(ar)/b (x — b)dF(x)

400 +o00 400
=/b (20 — a— b)(1 — F(z))dz — / (1— F(:c))dx/b (1 — F(2))da.
CienoBaTelbLHO

L Cov(ga(0), (0)) =
+o0 +o0
- / (1 F(2))de + (1 — F(a))/b (1= F(a))de <0,

0o ecthb, Cov(ga((),g»(¢)) He BO3pacraer mo a € (0o,b], B TO Bpems
Kak mpasas dacTh Hepasenctsa B a) cEgl(()g;(¢) = c(1 — F(b)) ne
sasucut ot a. CieoBATENLHO, HEPABEHCTBO B @) CTAHOBUTCA BOJee

cubHBIM Tipu a = b. Jlemma 4.4.1 mokasana.

JoxrazareabcTBo Teopemsl 4.4.2. Mowxuo cunrars, yto Var,(g) <
400, U YTO ¢ DOCTUraeT CBOE HAMMEHDLIIEEe 3HAYEHUE B HEKOTOPOU
Touke a € R. MoxkHO Takke Ipeanosarath, 4To (yHKIUSA pacipene-
snenus F' Mepwl p HempepbiBHA. Bocmoab3yeMmcsi abCTPAKTHBIM TOMK-

JeCTBOM

Vary, i (1-p(9) = pVar,(g) + (1 — p)a Var(g) + p(1 — p)|E,g — Exg|?

(rme v 1 A — OPOUM3BOJILHLIE BEPOATHOCTHLIE Mepnl, p € [0,1]) npn

v=yp,, \=pl up=F(a). Mol nonyumm:
Var,(g) > F(a) Var - (9) + (1 — F(a)) Var ,+ (9). (4.4.13)

Tak Kak g He Bo3pacraeT Ha (—00, a] u He yObLIBaeT Ha [a, +00), B CHILy

aemmut 4.4.1, npuvenernnoit & (g, ut) u (g, pu, ), umeem

Var,: () > () [ @) duif (@), (4.414)
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Var,-(g) > ¢ (a) /g’(zz)2 du, (z) (4.4.15)
C TIOCTOAHHBLIMIU

ar xz—b)t ar _ ((b—z)t
Varg(@=bh) L e (@)

Loy
¢ (a) = inf Cb<a  pa ((—oo,b))

b>a i ([b, +00))
Ho mpu b > a

Var + ((z=b)7T)
u ([b, +00))
2

_1-F(a) 1 oo B 1 /+°°_ )
T1-F®) {1 — Fla) /b (@ = b)*dF(z) (1 “F@ J, (z — b)dF (x)
2

-1 / +o& —b)%dF(z) — ! ( / +o(ogc - b)dF(x))
T1-F®) J, (1= F(a)(1—F(®)) \ J,

2

+oo +oo
zl%m) /b (z — b)2dF(z) — (%F(b) /b (z — b)dF(w))
= Var ((z = b)*) = Var(uy),

tak kak 1 — F(a) > 1 — F(b) u (z —b)" = 2 — b nna p -mourn seex

z € R. Takum obpaszowm,
c*(a) > inf Var(uy) > o*(p).

Amasornano momyuaem onesky ¢~ (a) > o2(u). Vcnomnsys st onen-
KU cOOTBeTCTBEHHO B (4.4.14) u (4.4.15) m npuUMeHssa 5TU HEPABEH-

crBa K (4.4.13), npuxomuMm k (4.4.9). Teopema 4.4.2 nokaszana.

IlorazarenbctBo TeopeMbl 4.4.3. Tpebyercsa ycTaHOBUTL JIWIIL
nepsoe HepaseHcTso B (4.4.10). B cmiy cuMMerpudHOCTH MEPLI ¥
orrocurensuo 0, Var(y,) = Var(v',), u cormacuo Teopeme 4.4.2,
MOCTATOYHO TOKa3aTh, uto Var(v) ) > 1 nas Becex a € R. Hanomumw,

dv(z) 1

w9 exp(—|z|]), € R. Ecan a > 0, TO ¢ TOYHOCTLIO 1O

CcIaBUTa l/+ — OOHOCTOPOHHE IIOKa3aTeJILHOE pacClipeneJieHne, Tak 94TO
a ’

Var(vf) = 1.

qTo
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Paccmorpum cayuait a < 0. Yrobnr mpousBecTH COOTBETCTBYIO-
e BLIYUCIIeHNUsI, HaM yanobuee Oy et paborarh ¢ GyHKIMEH pacupe-
nenenus F,(z) = v ((a,a+x]), To ectn, Kak Mepa, F, — IpocTo casur
vl u smauur Var(v)) = Var(F,). Ouesumno, F, cocpenorodeHa Ha

e—latal

nousyocu [0, +00) ¥ UMeeT TaM IIOTHOCTD ot 20 Wcnonn3ysa
— €

2JIeMEHTAPHLIE TOKIECTBA
/xemdx = (z—1)e", /xefmdx =—(x+1)e™ ",

/xQeT’d:c = (2% — 2z + 2)¢?, /J:Qefwdar = —(2® + 22+ 2)e™ %,

HAXOIUM:
(2 - e“)/ xdF,(x) = / el dy = —(a+ 1) + €,
0 0

(2- 6“)/ xdF,(z) = / e dr =1 —q.
—a —a
—2a + e®

TaxuM 06pasom, fooo xdFy(z) = — Ianee,

(2- ea)/ 22dF,(z) = (a® 4 2a + 2) — 2¢°,
0

(2— ea)/ 22dF,(v) = a* — 2a + 2.
—a
2a% + 4 + e®

CirenoBaTeILHO, fooo 22dF,(z) = 9 _ea

20> + 4 + e —2a+ e \2 €% — 2a%e® + 4ae® — 8e® + 8
Var(F,) = - ( ) - .

2— e 2—eo (2 —e)?
Ouesunno, Var(F,) — 2 = Var(v) opu a — —oo, u Var(Fp) = 1.
Hakowuerr,
Var(F,) > 1 <= €2* — 2a%e” + 4ae® — 8" +8 > (2 — e*)?
> (a® —2a+2)e" <2
SR A 22 =21t ),
rae t = —a. Ilocnennee HEpaBEHCTBO OUEBUIHO, Tak Kak t > 0. Teo-

pema 4.3.3 mora3aHa.
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§4.5. O pacupemeseHnr JUNMIUIEBLIX (YHKINOHAJIOB HA BEPOST-
HOCTHLIX METPUYECKUX NPOCTPAHCTBAX, IOTUUNHAIOMMNXC

HepaBeHcTBaM Tuma llyankape

IIyctn (M, p, i) — METPUUECKOE TPOCTPAHCTBO C BEPOATHOCTHOM

MepOoii, moAUYMHSAOMEeeCs HepaBeHCcTBy Tuna llyankape
A1 Var(g) < E|Vg|?, (4.5.1)

rme g — OpoM3BOJIbHaA (GyHEnuMA Ha M, nMeromas KOHEUHYIO JIMII-
mINIeBy KOHCTAHTY Ha Bcex mapax B M, m A\; > 0 He 3aBUCHT OT
g (MaTeMaTHUeCKOE OKMIAHVE U IUCHEPCUs MOHUMAIOTCS B CMLICIE
Mepol ). YTO TOrma MOMKHO CKa3aTh O PACIPEENCHAN JIUIIINIEBBIX
¢yurmuit na M7

3aMeTuM, 4TO eciau OBl yHasoch Ha ocHoBe (4.5.1) moayuntnh ka-
Kre-1ub0 COOTHOUIEHUS MesK Ly pacupenenenusmu g u |Vg| mius GyHk-
uuii g va (M, p, pt), TO Takue ke COOTHOIIEHUA OBLLIU OLI CIPABE IIIUBLI
v s Gysruuii g mva (M™, po, 4™) MO OTHOIIEHUIO K NPOJAKT-Mepe /"

n METPpUEKe

n

Zp($i7yi)27 T,y cM".

i=1

pg(l‘,y) =

Leticreurensuo, (4.5.1) pacnpocTpaHsercss Ha MHOTMOMEDHBIE IIPO-
n n . . .
crpanctBa (M", pe, i) ¢ TOW ke caMOM MOCTOSHHOW A; ;s omepa-

TOpA

Vgl = IVagl, (4.5.2)
=1

rae |V, g| obo3ravaer Mogyab rpaaventa ¢yHknuu z; — ¢(z) (ma-
OOMHMM, YTO IPU PACCMOTPEHUU MHOTOMEPHLIX AHAJUTUYCCKUX HE-
paserctB B (M™, po, ™) MBIl mpennosaraem, 4ro M cemapabesbHo,
u uro coorHomenue (4.5.2) BLIIOJNHSIETCS M BCEX po-JIUIIIUIEBLIX

¢yurmuii ma M™ nns p”-moutu Beex x € M™). Tarkum oGpasowm,
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(4.5.1) MOM¥KeT CIy:KUTH MHCTPYMEHTOM IIPU HCCIECLOBAHUUA MHOIO-

MepHLIX 3ana4. Mol mokaskeM ciieqyromue nBa yTBEPyKICH.

Teopewma 4.5.1. Ilpeamonoskum, uro (M, p, ) TOAUMHAETCA HEpa-
BerctBy Tuna Ilyamkape (4.5.1). Torma Bce IummuIessl (pyHKIMNA HA
M wmMeroT KOHEUHDLIT DKCIOHEHIMAJILHLI MOMeHT. bosee Toro, mis

Beex g Ha M, taxux 910 ||¢|/1ip <11 Eg =0, u Bcex ¢ € [0,1)

Ee?VAits < JEL (4.5.3)
M Eg2e?Viits < ( 1“) E|Vg|2e2VAits, (4.5.4)

Teopema 4.5.2. Ilpu Tex ke IpennoOIOKEHUAX, I BCEX (YHKINHA
g Ha M, takux urto ||g||Lip < 1u Eg =0, a Taxke 0 BCEX HEILYCTHIX

n3MepuMbIx MHOkecTB A C M u Bcex h > 0,

{lgl > h} < 6e 2R (4.5.5)
9 _
— u(AMy < e VAR (4.5.6)

OueBnIHO, TOCIENHNE IBA HEPABEHCTBA SKBUBAJEHTHLI ADYT IPY-
Iy C TOYHOCTBIO 10 abComroTHBEIX MHOMnTeneil. C TOYHOCTBIO IO
aBCOIOTHLIX MHOkUTesed ouu BiekyT (4.5.3), 1 B 9TOM cMbICIe OHU
Gosee cunbHble. Ecin ske ncxomurs us (4.5.3), To (4.5.5) momyuurn
HeJb3dA JasKe C TOYHOCTLIO O HEKOTOPOI'O MHOMKUTEJS, XOTA U MOXKHO
IOJIyYUTL HEMHOI'O 0oJjiee cilalylo OLEHKY: IIO HepaBeHCTBY UeOLi-

meBa s Beex t € [0,1) mw h >0

p{z e M:|g(z)| >h} <( (Ee2VAity 4 EeiQ‘/xtg) e~ 2V ath

14+t
<2 +t 72«/>\1th,§ — 72\/_th

u onTuMu3upys no t (t=1— NpUXOoUM K Hepa-

1 1
. h>
2v/ b’ - 2V )7

BEHCTBY

p{z e M:|g(x)|>h} < 8en/ A he 2VAh
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Samerum Takke, yro upu t = 0 (4.5.4) Bo3Bpamaer HAC K UC-
xoquoMy HepaseHCTBY (4.5.1), u 3uauur (4.5.4) — mHaubonee cUILHOE
yrBepskaenne B reopemax 4.5.1 u 4.5.2 (3T0 HEPABEHCTBO UCIOIL30-
BaJIOCHL B [83] IPU OLEHUBAHUM SHTPONUN).

Hackonbko Tounnt sepasenctBa (4.5.3)—(4.5.6) nokasviBaer npu-
Mep BEPOATHOCTHOIO paclpeneseHus i = uy, Ha npsmoii M = R (¢
OOLIYHOW METPUKO#) ¢ IJIOTHOCTHLIO dZ—ij) = \/A—16—2m\1|7 ze€R
(A1 > 0 — mapamerp). Kak y:xe ormedasnocn, sTa Mepa HOIUNHICT-
csa HepaseHCcTBY (4.5.1) ¢ mocrosuHOR A;. IIporectmpyem (4.5.3)—

(4.5.6) ma Qpyurmum g(z) = z:

2Vtg L 1 1+t

Ee 1—12 = 4 1-t’
2 2/t 1+ 3¢ 1142 2 2/t
)\lEge‘/_lgzng 1-¢ E\Vgleﬁ‘ﬂ

n{lgl = h} = e >VAih,

Takum o6pazom, (4.5.3)—(4.5.5) ¢ TOUHOCTBIO KO aBCOMIOTHLIX MHO-
skuTeselt meymyumaemnl. UTobnt onenntn (4.5.6), paccMOTpUM WH-
repBannl Buna A = (—oo,a], mpenmonaras, 4UTO %eiQﬁh < u(A)
(To ecrn, Hac uHTepecyoT Gonbiue 3HaveHus h). Vmeewm:
1 —
1_/J'(Ah)2 me 2\/Xh7

u B »roM ciayuae (4.5.6) Toske HeyIydmaeMo ¢ TOYHOCTLIO IO ab-
COJIFOTHOI'O MHO/KUTEJIS.

OcraHoBuMCsI BKparTie Ha ucropuu HepapeHcTs tuna (4.5.3) u
(4.5.6). Buepsole mepasercrBo Tuna (4.5.6) 6buo noaydexo I'po-
MOBBIM 1 MusnbmasnoM (B KOHTEKCTe pUMaHOBOW reomerpun). Vmen-

HO, MU JOKa3aHo B [137], uto
1— p(AM) < (1= p?) e losltnVATh (4.5.7)

roe p = p(A). IIpoBeneHHOE NOKA3ATEILCTBO OLLIO OCHOBAHO HA
npuvenern (4.5.1) & ¢yurmmam Buga g(x) = min{p(A™°, ), 6} u mo-

clleIyIome nTepanuy mo n ¢ MOAXOAAIMM O, 3aBUCAIEM OT h 1 A1.
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ITo-Bumumomy, Tako#t mOAXOD HE MAET ONTUMAJLHLIE OIEHKU. 'Tem
He MeHee, u3 (4.5.7) yske ciemyer, YTO Il HEKOTOPHIX abCOIIOTHBIX

nocToanHLIX to > 0 u Cy
Ee2VAiblol < ¢y, (4.5.8)

rme g — npousBoubHas junuunesa ¢yexnua Ha M (||g]|Lip < 1) co
cpemaum Eg = 0. Anasoruunniii pesyanrar — mHepasenctso (4.5.8) ¢
to = i u Cy = 2 — Obl1 mo3aHee NMOJIydYeH BOPOBKOBBEIM U Y TE€BBIM
([10], Teopema 2). Hepasencrso Ilyamkape (4.5.1) nmmm paccemar-
pPUBAJIOCH BHE CBS3U CO CBOWCTBOM KOHIEHTDAIWM, IPUYEM IJIs Be-
possTHOCTHLIX Mep p Ha npamoir M = R. Vcnonnsyemoiii nMu MeTon
paboraer, oxgHako, 1 B abcrpakTHOW curyanuu: (4.5.1) npumenser-
cs K QyHKIUMAM Buaa |¢g[P u m3 momydyaeMoro pekyppeHTHOro Hepa-
BEHCTBA, C y4eToM TOro, uro A; Var(g) < 1, BLIBOISATCS OLEHKU IS
MOMEHTOB
VM) Blgl” < (4p)°, p>1,

orryna (4.5.8) cpasy cuaenyer. 3amernm, uro B cuiy (4.5.6) umeer
MECTO NpaBUIbHAA IO IOPANKY OLEHKA (2\/)\_1)pE\g|p <6T'(p+1)
(rme T' — ramma-(yHRIUA) .

Bauskue k pabore I'pomoBa m Mwuinbmana pacCyskIeHUS OLLIn

nposenentt Auno#t, Macynott n Illurerasoit [54], mokazasmumm KO-
1

2(e—1) "

6pw10 cuenano B pabore Aunnt u Crpyka [55], orpannuuBmmuMucst,

neurocts Ee2VAUIl mpu [t] < tg = Janvuefimee yrouneHne

npaBia, 3HAYEHNeM ¢ = i NpPU OLEHMBAHUM DKCIOHEHIMATLHOTO MO-
menta u(t) = Ee?V Y. Tpuvenenwe (4.5.1) & ¢yuxman eV M mpu-

BOIUT K (YyHKIVMOHAJLHOMY HEPABEHCTBY

u(t) < ! u(i)z7

1—t2 2
U TIOCJIE N-KPATHOTO IIPUMEHEHUA 2TOTO HEPABEHCTBA K 3HAUEHUAM T,
t i
5, ey 2n——17 noay4daeM
n—1 1 . ,
on

k=0



256

Owuesunno, npoussenenue B (4.5.9) cxommures npm [t < 1, u Tak rak

u(t) =14o(t) mpu t — 0 (B cuny ycnosus Eg = 0), umeem B npenenre

EeV? 9 <U(1) = [[ W It < 1. (4.5.10)
n=0
B wacTrocTtu, npu t = %7 CIIpaBe InBO
EeV <K =] m = 1.720102.... (4.5.11)
n=0

©TO0 HepaBeHCTBO U ecTh pe3ynbrar Ammel u Crpyka. Yrobbl pac-
CysKIeHUs OLLIM COBCEM CTPOLMMU, CJIELyeT BCE BLIKIANKU IIPOBO-
[UTHL B IPEANOIOKCHIN OPPAHUYEHHOCTH ¢ (C TeM, YTOOLI HE BO3HU-
KaJo npobiieM ¢ 3KCIOHEHINAJNLHON MHTErPUPYEMOCTDLIO), U 3aTeM C
[OMOIILIO yCedeHult aerko noayunts (4.5.10) yske mias Bcex Jnmimm-
IeBLIX ¢ HA M C HyJIEBLIM CPEIHUM.

Takum o6paszom, coraacuo (4.5.10), sKCTpeMAJILHLIM 3HAYEHUEM
B (4.5.8) sBasiercs to = 1. Brnepsole KOHEYHOCTL DKCIOHEHINAILHBIX
MOMEHTOB Eeﬁk‘tg npu |t\ < 1 6ouna HemaBHO nokazana IlImyken-
mrerepom [211]. Om mpumensan (4.5.1) & dynxmuam Buga geV™19 i,
pemas monaydaeMmoe augpepeHnualLHoe HePABEHCTBO OTHOCUTEILHO
¢yurmmu u(t), W3BIEK OUEHKY EeV2Mity < (1- t2)*4. 9TO, OMHAKO,

xyxe (ocobenno upu t — 1), uem (4.5.3) u (4.5.10), Tak rax U(t) <
1+t 1

1—t — (1—#2)4 "

IIpucrynuMm, HAKOHEIl, K HOKA3aTEJILCTBAM.

HoxrazarensctBo TeopeMm 4.5.1 u 4.5.2.

Haunem ¢ (4.5.3). Cormacro (4.5.10), ocTaeTcsa Jumb HOKA3aTh,
uro U(t) < % mpu 0 < ¢ < 1, 4TO PaABHOCUJILHO HEPABEHCTBY

V() <1+t roe

vty =1 -2)ue) =] W 0<t<l.
n=1
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Pasznaras B psan Te#inopa, umeem

log V() ZZQ" VT Z - 2% —, (4.5.12)

k=1n=1

CIeN0BATENLHO (YHRIMA V JIorapuMudeckn BLIIyKJIa. B dgacTHOC-
T, Boimykaa ¢ysknus /V (t), u 3mauur mepasencTso /V(t) <1+t
HY’KHO TPOBEPATDL JINMDL B KOHNEBLIX Toukax maTepBasta [0,1]. Ilpn
t = 0 morasbiBaTh Hedero; npu ¢ = 1 Hy:KHO HOKa3aTh, uTo log V(1) <

22k:—1

log4. Tak rax —1> 4" mpu k > 1, MO/KHO OICHUTD, UCIONL3Y A

(4.5.12):

— 1 4

logV(1) S 1+ iy =4log =
k=2
4.4
OcTaeTcsi 3aMETUTDL, UTO (g) < 4.
BroiBenem reneps (4.5.5) u (4.5.6), onupasch 0AHOBPEMEHHO Ha He-

paserctBa (4.5.1) u (4.5.11). Ilpexnonosum, uto ||g||rip < 1 (ycmo-
Bue Eg = 0 Bpemenno He Hasmaraem), u npumennM (4.5.1) k (orpanu-

YeHHOMN) QyHKIUM gp = eViimin(gh) p e R:
MEg; < M\ (Egn)® + E[Vgn|*. (4.5.13)

B cuny (4.5.11), Eg, = EeVM9 < K eVMEan < K eVMEBI Kpome
Toro, Tak kak |Vgy| = 0 na Muomectse {g > h} u |Vgn| < vAeVM9 na
Bcem M, mueem E|Vg,[? < A\ Ee2VA9 1{g<ny. Vicmompsys sTu onenkn

B (4.5.13) u 3amucoBasd
Eg} = Ee>Y9 1,0y + M u{g > h},

mpuxomuM k HepasenctBy 2V lg > h) < K2e2VMEI Tak kax ero

nmpaBas YacTh HENPEPLIBHO 3aBUCUT OT h, 3aKJIIOYAEM, 4YTO
p{g > h} < K2 2VMh 2VNBg e R (4.5.14)

Ecnu Eg =0 u h > 0, To BMecTe ¢ COOTBETCTBYIOIINM HEPABEHCTBOM
A —g (4.5.14) maer pufg > h} < 2K%2e 2VAh - Ozcroma momyuaem
(4.5.5), Tak xarx K2 = 2.958750... < 3.
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Ecin npumenuts (4.5.14) npu h = 0 & ¢pysrmun g(z) = —p(A, ),
2
TO MBI IIOJIYyYUM HEPaBEHCTBO e2VMEp(A) < % Ucnonnsys a1y
ouenry B (4.5.14) ¢ h > 0 u ¢pyurumein g(z) = p(A4,z), 3armouaem,
uTo

4
1—p(A") =p{z e M:p(A,z) >h} < %672mh.

9to maer (4.5.6), Tax kax K* < 9.
Hakonen, nokaskeMm HepaseHcTBO (4.5.4). JLOCTATOYHO NMOKA3aTh,
uro eciu |Vg| < A< 2y/A u Eg =0, to

1 2V A1+ A 2
2,9 < 1 2.9
Eg-e? < W <2\/H*>\) E|Vg|“e?. (4.5.15)
Honoswmm 22 = Eg?e9, a? = E|Vg[?e? (z,a > 0). Bammmem me-

pasercrBo (4.5.1) B Gousee obmelr ¢popme: ecau u U v — CyMMU-
pyeMmble ¢ KBagpaToM (yHEmuU Ha M, uMMeromme KOHEYHYIO JIWT-
muIeBy HopMmy Ha Bcex mapax B M u takue uro Eu = 0, To (Euv)2 <
/\L%E|Vu|2E\VU|2. [IpuMenss 5T0 HEPABEHCTBO K u = g u v = €9/ u

VICHIIOJIL3Y s CACJIaHHLIE PEAIIOJNOMKRECHUSI, TMEeeM

2 1 A2
(Ege?/?)” < WE|Vg|2E|Vg\269 < o7 a?. (4.5.16)
Kpowme Toro,
A1 Var(ge?/?) < E|Vge?/?? < E|Vg|*(1 +g/2)269
2
< a® + E|Vglget + S a?. (4.5.17)

Cpenuuii 4ieH cmpaBa OINEHNM IO HepaBeHCTBY Komu-ByHAKOBCKO-
ro:
E|Vg|?ge? = E(|Vg\eg/2)(|Vg\geg/2) < \azx.

ITosromy, cormacuo (4.5.17),

2
A1 Var(ge?/?) < (a + %) . (4.5.18)
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Komburupys (4.5.16) u (4.5.18), monyuaem:

x2 — (Eg@g/2)2 +Var(g€g/2) S 4)‘_2 2 1 (a AT )2'

To ecTn, (2A17)? < (Aa)? + A\1(2a + Az)?. Orciona

2/\135§/\a+2\/xa+\/)\71)\m,

u, TakuM obpasoM, (2A1 — VA1 A)z < (2/A1 + A)a. Teopema 4.5.1

JORa3aHa.

Sameuanue 4.5.1. Hepasencrso (4.5.3) MOKeT OLITL HEMHOI'O yCH-
JICHO, €CJI NONOJHUTEILHO K yCJIOBUAM TeopeMbl 4.5.1 ¢yHEIUA ¢

“MeeT CHUMMeTPUYHOe pacupeneserne (OTHOCUTENLHO HyJIs):

2
Ee?Vits < JFE <1, (4.5.19)

+2

Yrobnl mokasarh 1o, npumennM (4.5.1) & ¢pyskmunm sh(y/Aitg): Tak
kak Esh(v/Atg) =0,

A1 Var(sh(yv/Aitg)) = M Esh?(y/\itg) < Mt2E ch?(y/\itg),

a 70 1 ecTb B TouHOCTH (4.5.19) (C y4eToM, KOHEUHO, CUMMETPUU-

HOCTH PACIPENeIICHUs g).
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§4.6. O pacupeneneHnr (hyHKINOHAJIOB HA BEPOATHOCTHBIX MET-
PUYECKUX TPOCTPAHCTBAX, MOMUUHAIOMMNXCA JIOTapu(hMu-

JeckuM HepaBeHcTBaM Tuna Cobosesa

Cuosa nycrts (M, p, (1) — BEPOSATHOCTHOE METPUUYECKOE IPOCTPAaH-
crBo. Temeps Halell nCXOnHONW TOYKONW OymeT sorapupMuyueckoe He-

pasercrso tuna CoGosesa
Ent(¢g%) < 2¢E|Vg|?, (4.6.1)

rne g — Opou3BOJILHAA (yHKIUA Ha M, MMeromas KOHEUYHYIO JINII-
MIUIeBY KOHCTAHTY Ha Bcex mapax B M, u ¢ < +00 He 3aBUCUT OT (.

Hanmomaum, yro Mbl ucnonnzyeMm obo3HaueHUe
Ent(g) = Ent,(g) = Eglogg — EglogEg

[UIs SHTPONUX ¢ [0 OTHOLIEHUIO K [t (9TOT (PyHKIMOHAJ KOPPEKTHO
onpenesnen mis Bcex p-uamepumoix g > 0). Kak u mepasencrso Tu-
na ITyankape, (4.6.1) oGoOmaercs Ha MHOMOMEDHLIE IPOCTPAHCTBA
(M™, py, u™) Ge3 uamenenus noctosHHOR c. IlosToMmy, usyuenue on-
HOMEDHOH CHUTyaIluy aBTOMATUUYECKN BRJIIOUAET B Cce0sS BO3MOKHBIE
IPUIJIOMKEHUsT K MHOTOMEPHBIM 3a1a4uaM (HaIpuMep, O KOHIECHTPAIUN
IPOJAKT-MEPDI).
3amernM, uTo HepaseHCTBO (4.6.1) 0QHOPOMHO, HO HE UHBADUAHT-
HO OTHOCUTEJLHO Olepanuu § — ¢ + @, U IO9TOMY OHO MOYKET OLIThL
(popMaJILHO YCUJIEHO:
L(g) = sup Ent ((9 + a)?) < 2¢E|Vg|*. (4.6.2)
a€R
Onnako, ¢pysruronana £ He MOKET OLIThL TAK SBHO 3AIMCAH B TEPMU-
HaX pacmpeneseHus ¢, Kak SHTponus. Mol mosyuymm eme OnHy SKBU-

BaJeHTHYIO popMy, ecau npumennM (4.6.1) & pynrmasM sua e9/2:

Ent(e?) < §E|vg|2eg. (4.6.3)
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DTO aHAJIUTUYECKOE HEPABEHCTBO yyKe MHBAPUAHTHO OTHOCUTEJIHLHO
onepauun g — g + a.

Jlerko mposepuTnh, uTo mpu a — 400 Ent ((g + a)Q) — 2 Var(g),
nostomy (4.6.1) Bireuer mepaserncTso Tuna Ilyankape (4.5.1) ¢ KoH-
CTAHTOR A\ = % Tor ¢darr, yro (4.6.1) MOKeT OLITL CYIIECTBEHHO
cuibHee, yeM (4.5.1), nposiBisieTcs, HAIpUMED, B IIOBEEHAU DKCIO-
HEHIMAJILHBIX MOMEHTOB JIMIIINIEBLIX (YHKIMA Ha M.

Bonpoc 06 skcnoHeHINANbLHBIX MOMEHTAX UCCJIEIOBAJICA MHOTUMU
aBTOPAaMU IIOCJIE TOrO, Kak B 1975 r. mepasenctsa tuna (4.6.1) Gouin
BBeneHbl ['poccom [138] Ha mpmmepe raycCoBCKOrO IPOCTPAHCTBA
(R™, p,vn) (p — KaHOHMYECKAs] €BKIMAOBA MeTpUKA). B uacTHOCTH,
M OBIIO NOKA3aHO, UTO B »TOM npocrtpanctse (4.6.1) BomonHseTcs
¢ (ontumannbuO#) mocrosauoR ¢ = 1. Ilo cBumerenncrBy I'pocca u
Porxaysa [140] n Issuca n Caiimona [122] BmepBble BO3MOMKHOCTD
M3yUYeHUs SKCIOHEHNUAJLHBIX MOMEHTOB JIMIIINIEBBIX (YHKIUA Ha
OCHOBE (4.6.1) Oo1o oTMedena Xepberom. B myGaukanusax ero unes
Oouta peasnusoBaHa B [122] m MHOrO nosamee B pabore Amani, Ma-
cynpl n Illurerasnt [54] (obHapyxusmmMy omubKy B pabore Issuca
n Calimona).

HanmomumuMm ocnoBuoi#t apryment. Ilyctn g — orpanuyensas (yHK-
mus Ha M, rakas yro |Vg| <1 u Eg = 0. Ecau npumenurs (4.6.1)
K QYHKIUAM B et52/2, TO MBI IOJIy4uM auddepeHnraibHoe Hepa-

BEHCTBO II€pPBOI'O IIOpsAAKa
ty'(t) —y(t)logy(t) < 2ct?y'(t), t >0,

2
ornocutenvuo Gpyurruu y(t) = Ee!9". Tlpu ”pemenun” sroro mudde-

PEHIMAILHOIO HEPABEHCTBA HETPYIHO M3BJIeUL OLEHKY [54]

tg2 t 2
Ee Sexp{ilizctEg }, 0<t<

1

o (4.6.4)

Tax xax Eg? < ¢ (B cuny mepasencTsa Ilyamkape), MOMKHO 3aKJIrO-

YNThL, YTO PACIPENEeJIeHNEe § MMEeeT IayCCOBCKUE XBOCTLI (B Cilydae
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rayCcCOBCKOIO IPOCTpaHCTBa cBoiicTBo (4.6.3) OueHb GIM3KO K 130-
[HepUMETPUYECKOMY HEPABEHCTBY ).

Jeny ([175], [176]) npumerun (4.6.1) ® ¢ysxmmav Buma e'9/2:
ecau Teneps y(t) = Eet927 To (4.6.1) Baeuer apyroe (Gosee mpoc-
Toe) muddhepeHnnantLHOe HEPABEHCTBO

2

ty' () — (M) logy(t) < - y(t), >0,

(&
KoTOpOe mocie 3amenst y(t) = ') coscem ympomaercs: u/(t) < 5

Tak xax u(07) =0 (B cuny ycaosus Eg = 0), cpasy nosygaem, uro
Ec'9 < /2 teR. (4.6.5)
Kak cmencrsue, mis Bcex h >0
p{g>h} < eh*/2e (4.6.6)

HepasencrBa, Gnuskue k (4.6.4) u (4.6.5), Ooun Takke MOJYUEHBI
Porxaysom [207], koTopuiii uccienosan nosenenue momentos E|g|P
JULA JIUNIIALEBBIX (YHKIUHA g.

3mech MBI OOCYIUM [Ba PE3yabTaTa, CBA3AHHLIE C JOrapupMuIec-
kuMu HepaBencTBaMu tuna CoboseBa. OCHOBHOW BOIPOC, KOTOPBIA
Hac OynmeT MHTEepecoBaTh, COCTOUT B cienyiomeM: ~Mokno nu ome-
HUTL Ha OCHOBe (4.6.1) ®KCIOHEHNMANLHLIE MOMEHTLI (hYHKIUM ¢ HA
M B TepMmHAX pacupeneseHus Moayis rpaguenta |Vg|?” BaskHpiM
IPUMEPOM MOKET CIy:RKUTL ceMelicTBo mepasencTs (0.14), nomyuen-
HBIX [UIs1 TayccoBckoro npocrpancrsa (R™, p,v,) Musve: mus moGoit
Boinykiolt Gpyuruvu ¥ Ha R, mis moGoli ruankoil (sKBUBaIeHTHO —

JIOKAJILHO JunmuieBoit) ¢pyuruuu g Ha R co cpenuum Eg = 0,

EV(g) s/n/nw(g (Vg(@),y))dyn(x) dyn(y).

IIpu ¥(z) = e* MLI IPUXOAUM K HEPABEHCTBY

2
— IVgl?

s
Ee? < Ee 8 (4.6.7)
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Hackoabko onTtuMasbHO »TO HepaBeHCTBO? SICHO, 4TO misi aummu-
neBnix ¢ (4.6.7) HeckoabkO Xyske mo cpasHeHuio ¢ (4.6.5). Oxasol-
BaeTcs, 0b6a 5TU HEPABEHCTBA MOTYT OLITL OOLEIMHEHLI X PACCMaT-
PUBATLCS KaK YaCTHLIC CIydau 0oJsiee OOMEero HEPABEHCTBA I Be-
DPOSITHOCTHLIX METPUYECKUX NPOCTpancTs (M, p, 11), IO XUUHSAIOMUXCS

sorapupmMuyeckoMy HepaseHcTBy (4.6.1). Mmeer mecto

Teopema 4.6.1. Ilycro Bumosseno mepasenctso (4.6.1). Torma
miis roboit pyarnmmu g Ha M co cpenaum Eg = 0, umerome#i koned-

HYIO JUIIUIEBY KOHCTAHTY Ha BCex mapax B M, u s Bcex « > ¢/2,

c/(2a—c)
Ee? < (Eea‘W) . (4.6.8)
B uwacrrocTn, npm o = ¢ Ml monyyaem
Eef < Ee¢ Vol (4.6.9)

Yie B TayCCOBCKOM CJlydae TO HEPABEHCTBO IIPEACTaBIAECT COOOM
s
HEKOTOpOe yJiyulleHue 1mo cpasaenuto ¢ (4.6.7), tak kak 5 >c= 1.

Ecmu |[Vg| < 1, o cormacuo (4.6.8), Ee' < exp{ t*}, m yer-

QU
2a—c
peMisis « — +00, MLl IPUXOAUM K HepaBeHCTBY Jlemy (4.6.5).

IokazarennctBo Teopemor 4.6.1 Tak ke, Kak U JOKA3aTEILCTBO
uHepasencrsa (4.6.5), B Goublueli creneHr OCHOBAHO HA NPUMEHEHUN
SKCIOHEHIUAILHOR Gopmer (4.6.3), HexkeIM UCXOAHOIO HEPABEHCTBA
(4.6.1). IlosTomy mMeeT CMLICI OpaTh B KauecTBe OCHOBHI (4.6.3),
IpuYeM MOKHO TPpeBGOBaTL, YTOOLI 9TO HEPABEHCTBO BLINOJIHSIOCH HE
st "Beex” ¢, a aumb LA QYHKIUN 13 KAaKOro-HUOY b ki1acca. Ha-
npumep, koraa M = R™, mosxkno paccmarpusath (4.6.3) Ha kiacce
BCEX BBIIYKILIX ¢, U rorga (4.6.1) MOKeT OKA3aThLCs CYLIECTBEHHO

Ooisiee cuaLHBIM OpenmnososkeHmeM. IlpmBenmem omme npummep, ui-

JIFOCTPUPYIOMUI IPUMEHEHNE TAKOI'O MOAXO0IA.

Teopewma 4.6.2. IlycTn 1 — paBHOMEpHOE pacIpemesieHue Ha IUC-

kperHoMm KyGe {—1,1}". s mo6oli muddeperunpyemot GpyHKIUM g
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Ha R", mokoopauHATHO BLIIYKJIONW U co cpenuauMm Eg = 0,

Ee? < Ee2IV9l, (4.6.10)
IIpu »toMm, ecau [Vg| <1, To mus Becex t € R

Ee'd < ¢!’ (4.6.11)

Kak ciexncreue, Mbl moiydaeM HepaBeHCTBO (4.6.6) muis ykioHe-
HUP IO OTHOIIEHUIO K Mepe [ C IOCTOAHHON ¢ = 2 B KJIaCCe BCEX JIUII-
MIUIEBBIX NOKOODAVHATHO BBIIYKJLIX (GyHEIUA g Ha R ¢ HyseBniM
CcpeTHUM:

1,9
p{g > h} < eXp{— Zh }, h > 0. (4.6.12)

Amnanoruunoe HEPABEHCTBO MOJIsI yI{.TIOHeHﬁ g OTHOCHUTEJILHO M€ INaHbL

m(g),
w{lg —m(g)| Zh}SKeXp{f%(hf\/logQ)z}, (4.6.13)

h > {log2 (K — abcomoTHas MOCTOSHHAS) B IPEANOJOKEHUN Bb-
MyKJIOCTH ¢ (BMECTO MOKOODQMHATHON BBITYKIOCTU) OBLIO MOJIYYEHO
TamarpaHoM Kak CJIEeACTBHAE M30NEPUMETPUYECKAX HEPABEHCTB s
MepDl /i Ha KJIAcCe BCEeX BBITYKILIX MHO:keCTB B R™ [216]. C xyn-
meli koHcTaHTOR B skcmoHenTe (4.6.13) BrepBLIe TOABUIOCH B paboTe
Tanarpana [213]; ¢ apyroii cTtopontr, B [216] morazaHo, YTO MHOKM-
TeJn % He MO:KeT OBITL yuydmeH. He M3BeCTHO, OIHAKO, MOMKHO
au uzbasurnes or uwinena +/log2. Takske He M3BECTHO, CIPABENIIUBO
JM AHAJIOTMYHOE HepaBeHCTBO B (4.6.12) s BeposTHOCTEH JIeBLIX
yrionenuii u{g < —h}.

IIpucrynuM kK mokazarennbcTBaM. UToObI u3GesKaThL MOBTOPEHUR
npu nokazarennctse (4.6.8) u (4.6.10), paccmorpum Gosee abeTpak-
THYI0 cxeMmy. Ilycrs (M, 1) — BEPOATHOCTHOE IPOCTPAHCTBO, U IPE -
MOJIOKMM, UTO Ha HEKOTOPOM ceMeficTBe X OrpDAHNYEHHDIX M3MEPH-
MpIx ¢QyHKunii Ha M ompenesnen omeparop I' co crenyromumu cBo#-

CTBaMM:
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1) Vg € X, I'(g) — HeorpunarenbHas uaMepumMas yHKiusa Ha M
2)Vge X, Va e R,b>0, a+bge X ul(a+bg)=>bI(g).

Jlemma 4.6.1. Ilpemnonoskum, uro s Bcex g € X
Ent(e?) < ET'(g)%ef. (4.6.14)

Torma ms Bcex g € X co cpenanm Eg =0 u Bcex a > 1,

1/(a=1)
. (4.6.15)

Eed < (Eeal“(g)2>
Ioka3aTeancTBO. DBymeM UCIONIbL30BaTh CIeLyIoliee XOPOIIO U3-

BECTHOC IPEeACTaBJICHUE OJIsI 9HTPOIIMN:
Ent(v) = sup Evw,

e v — IPOM3BOJLHAS HEOTPUIATeIbHAA u3MepuMas GpyHrusa Ha M,
u cynpeMyM Oepercs IO BCeM M3MEPUMLIM w Ha M, TakuM 4TO Ma-
TeMaruueckoe oxkunanne Evw cymecrByer, npuuem Ee® < 1. B
YaCTHOCTH,

Ee” =1 — Evw < Ent(v). (4.6.16)

IIycts g € X, a > 1. Ecam Ecol(9)® = +00, mOKa3bBATL Heuvero. B
IPOTUBHOM ciydae moyokuM 3 = log Eeo‘r(-‘7>27 Tak uro EeV =1 mus
w = al'(g)? — 8. B cuny (4.6.16), mis Bcex m3MepuMLIX (yHKIMiT
v>0

Ent(v) > E(aT(g9)* — B)v. (4.6.17)

ITpumenum (4.6.17) k v = €9 u BocnouaL3yeMcs HepaBeHCTBOM (4.6.14):

Ent(e?) > E(aT(9)* — B)e? > aEnt(e?) — S Ee?.

CienoBaTeLHO
B

a—1

Ent(e?) <

Ee’. (4.6.18)
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©TO HEPABEHCTBO CIPABEMJINBO A BCeX ¢ € X M 3HAUNAT A1 QyH-

kiuit Buma tg, t > 0. Ilonosxum
B(t) = log Ee™ "0,
TaK 4TO (4.6.18) O TaKUX (QYHKIUA ODPUMET BUT
Ent(e') < j(—f?Eefg. (4.6.19)

Ecan teneps, cuaenys soiBoxy (4.6.5), onpemesnnts ¢ynrnuo u(t),
t > 0, ¢ momompbio paserctBa Ee!d = () 10 BBHLY TOMmECTBA
Ent(e') = t2u/(t)e!®), (4.6.19) yupomaercs ciaemyiommm 06pasom:

1 B(t?)

a—1 t2

' (t) <

SameruM, uto (ysrmua 3(t) suimyrna, 3(0) =0, npu sTom 5'(0) > 0.

Cnenosarennuo ¢pyukunusa (3(t)/t e ybuiBaer Ha untepsate t > 0. B
vactHOocTH, ipy 0 < ¢ < 1 o/(t) < Ll)l - 7 B CHILY yCJIOBUSA
o—

Eg =0, maeem u(0T) = 0, mostomy u(l) < TO eCThb

Eef = e* < g1,

910 U ecTh UckoMoe HepaBeHCTBO (4.6.15). Jlemma 4.6.1 mokasama.

HoxrazarenncTBo TeopeM 4.6.1 1 4.6.2. Ycnosue (4.6.3) B Teopeme
4.6.1 ectn npennonosxkenue (4.6.10) ¢ oneparopoum I'(g) = \/§|Vg\.
B cuny nemmur 4.6.1, mepasencrso (4.6.9) mmeer cuiy B Kiacce
X Bcex orpaHwdYeHHLIX (yHEIUP Ha M, MMEIOMX KOHEUYHYIO JIWII-
MUIEeBYy KOHCTAHTY Ha BCex mapax B M u mHyseBoe cpennee. Y ciaoBue
orpanndeHHocTy B (4.6.9) Jerko CHUMAETCS ¢ HOMOIILIO POLE LY PBI
yceuenu#i. Takum obpaszom, Teopema 4.6.1 moraszana.

Ilnst morasarenncrBa TeopeMol 4.6.2 BOCHONIL3yeMCs JIorapu(GMuU-
ueckuM HepasencrBoM tuna Cobosnesa na mnuckpernoM kybe (I'pocc,
[138]):

Ent(g%) < 2ED(g)?. (4.6.20)
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3mecn g — mpousBosbHaa QyHEmUa Ha {—1,1}", u D(g) — nuuna muc-

KPETHOI'O I'PaJUeHTa, T.€.,

\/Z | g(x) sz ) { , = {7171}717

(rax u pamee, s;(z) — cocen T mo i-My HampaBieHuIO: (s;(z)); = x;
mpu j # i u (si(2)); = —xi).

IIycty g — nuddepennupyemasn Gpyurnus Ha KyGe [—1,1]", Boumyk-
Jasg IO KaykIOW mepeMeHHOHW. 3aMeTuM, 4To s nroboit muddepen-
mapyemas ¢ynrmum v wa [—1,1] (v(1) — v(=1))2 < o/(1)% + o/(—1)2,
CJIeJOBATENIHLHO

n
D(g(a) < Vo) + D[ Z 0w e (-1,
i=1

Mepa (1 MHBApUAHTHA OTHOCUTEILHO oToOpaskeHus r — s;(z), mo-

sromy nis Beex i < n B M‘ = E| 89(9:) ’ CunenoBaTennbHO
ED(g)? < 2E|Vg|?, u B cany (4 6.20),
Ent(¢%) < 4E|Vg|*. (4.6.21)

Hpuvensas (4.6.21) & dynsmmm e9/? (a ona Towe auddepernupyema

U BLINYKJIA [0 KaKIOW IepeMeHHON), moaydaeMm, 4To
Ent(ef) < E|Vg|?ef. (4.6.22)

Taknm oOpasom, BLIIONHAIOTCA ycaoBusa jdeMmMmbl 4.6.1 s omepa-
ropa I'(g) = |Vyg|, onpenenennoro na knacce X Bcex audpdeperHnupye-
MBIX (yHKIUEA Ha KyGe [—1,1]", BBIIYKILIX HO Ka:KIOW IepeMeHHOMH.

Kak pesyanrar, nia Bcex g € X m Bcex o > 1

)1/((1—1)

Ee! < (Eealw‘z (4.6.23)

IIpu a = 2 Mol npuxouM k (4.6.10). Ecuum |Vg| < 1, To noxydgaem
Ec'9 < eo’/(e=1)  y yerpemman a — 400, npuxoma k (4.6.11). Te-

opema 4.6.2 TO:Ke TOKA3aHA.
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Sameuanue 4.6.1. Jlerko nokaszarn, uro (4.6.22) cupasemiuso
IUIsT IPOM3BOJILHBEIX (YHKIUI ¢ Ha IUCKpeTHOM KyGe, ecnu |[Vg| 3a-
MEHUTL Ha MOIYJL auckperHoro rpaaventa D(g). Kak ciencrsue
aemmsl 4.6.1, Mul momydaem muckperHbid anagor (4.6.23) u, B yact-
HOCTU, HEPABEHCTBO

Ee! < Ee2P0)° (4.6.24)

Moskno paccmarpusarh (4.6.24) v Kak JUCKPETHBIA AHAJIOI Hepa-
BercrBa Ilusne (4.6.7) mius rayccoBcko#l Mepol 7, (Bompoc o cupa-

BEUIMBOCTU TAKOTO HepaBeHCTBA OblI moxHaT Ilusne [202]).

Sameuanue 4.6.2. C xymameii, HO YHUBEPCAJBLHONW OCTOSHHON IIe-
pen E|Vg|?e?, Jlemy [177] ycranosua mepasenctso (4.6.22) mo ot-
HOIIEHUIO K IPOU3BOJILHBIM IIPOITAKT-MEDAM (i = [i] X + -+ X [L, HA KyOe

[-1,1]™ (B ToMm ke ramacce X). VIMEHHO, UMEET MECTO HEPABEHCTBO
Ent,(e?) < 2E,|Vg|?e.

Kak caencrsue semmot 4.6.1, Mol monyuaem anasnor (4.6.10) ¢ mo-

CTOSIHHOM 4 B sKcnoHeHTe (BMeCTO 2).
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§4.7. BepoATHOCTHLIE MEPLI HA TPAMOM, yI0BIETBOPAIOIIAE

sorapudpmuyeckuMm HepaBercTBaMm tuna CoboseBa

3mech MBI UM XapaKTePU3alrio BCeX BEPOSTHOCTHLIX MEpP [i Ha,
npsamMoii R, KoTopble yIOBIETBOPAIOT JOTapUYMUUIECKOMY HEpPaBEH-

crBy Tuna CoboseBa
Ent(¢g%) < cE|¢|? (4.7.1)

C HEKOTOPOH MOCTOsHHOHN ¢ < +00, He 3aBucsamell or g (g — npous-
BOJILHAA I'JIafKasd, T.€., HEIPEPLIBHO auddepeHnupyemMas QyHKIUA Ha
R wmnu, 9TO KBHMBAJIEHTHO, — IPOM3BOJILHAA aOCONIOTHO HENPEPLIB-
Has (Gysxmus Ha R, u Torga ¢’ — ee npoussoanas B cMmbicie Panona—
Huromuma). Marematudeckoe oxupanue n sarponus B (4.7.1) mo-
HUMAIOTCSl B CMLICJIE MEPLI [i.

O6osnaunm uepes F(z) = p((—o0,z]), € R, ¢pynruuio pacupe-
meseHus u depe3 f — HIOTHOCTL abCONIOTHO HEIPEPLIBHOW KOMIIO-
HEeHTBI Mepsl 1 (mo orHOmeHuto k Mepe JleGera). OGosnauum yepes
m =m(u) (mobyw) MenuaHy Mepbl [ U OHpPeIesnM

1 (™
Dy = sup F(z) log m/ mdt7

xm

Dy = sup (1 — F(z)) log 177}}7(1)/ ﬁdt'

r>m
Ecau p((—oo,m)) = 0 u/umm pu((m,+00)) = 0, TO COOTBETCTBEHHO

nonaraem Dy =0 u Dy = 0. Hamei#t nenvio 6yner

Teopema 4.7.1. Ilusa ontumanbHOR nocrosiHuo# ¢ B (4.7.1) cupa-

BeJINBLI HEPABEHCTBa
KQ(D0+D1) SCSKl(Do—‘y—Dl), (472)

rae Ko n K; — HeKkoTOpble abCOIIOTHBIE HOCTOSIHHLIE (MOMKHO IIOJIO-
suth Ko = 1/150, K7 = 360).
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Takum o6paszom, ¢ < +00 TOTAa ¥ TOJILKO TOraa, korma Do+ D <
+00.

B nanpuelimem GymeMm cumraTrh, YTO Mepa i HE BLIDOKAEHA (HE
cocpenorodena B Touke m). CxeMaTudHO IIIaH JOKa3aTeILCTBA TeO-
pemet 4.7.1 cocrout B caenyromem: yepes popmy (4.6.2) Mul cHagaga
rpanchopmupyem (4.7.1) B nepasenctso tuna Xapau (4.3.12), o ne
B npocrpanctBe LP, a B mogxomsamem npocrpancrse Opianda, 0606-
muMm pesyabrar Aprtosnt, Tameatu u Tomacennu (Tounee Teopemy
4.3.3 npu p = 2) Ha umeadLHBIE 0AHAXOBLI IIPOCTPAHCTBA (B 4acT-
HoCTU, Ha npocrpadcTBa Opimua), U 3aTeM NPUMEHUM IOJyYEHHOEe
o6obmenue npu BuiBoge (4.7.2).

Hawm norpebyercsa paccmarpuBath asa npocrpanctsa Opaunua Ly

u Ly, moposxnerrnie ¢pyarnuavu FOrTa
N(z) = 2%log(1 +2?) u U(z) = |z|log(1+ |z|), =z €R.

Kak 00bryHO, HOpMa B TaKUX IPOCTPAHCTBAX 0003HAUAETCA COOTBET-
crBerHo |g||y u ||g||lw, B TOo Bpemsa kak ||g||, oBosnauaer HOpMY B

upocrpanctse LP (p > 1). Hamomuum, 4yro
llgllx =inf {A>0:EN(g/\) <1}.

Amnanornuno onpenensercs ||g|ly. Ouesunuo, N u U cBsA3aHBL COOT-
nomenuem N(z) = U(z?), tak uro ||g2||v = ||g]/%-
B (4.6.2) MbI BBenn (hyHKIMOHAJ

L(g) = sup Ent ((g + a)2)7
acR

B TepMUHAX KOTOPOTO (4.7.1) SKBUBAJIEHTHO 3ANMCLIBAETCS KAK He-
PaBEHCTBO
L(g) < cElg|. (4.7.3)

Ytobul cBsizarh (4.7.3) ¢ Goslee NPUBLIYHLIMU HEPABEHCTBAMMU, HO-

KayKeM CJIeAYIONee YTBEePKICHUE.
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Jlemma 4.7.1. Ilycrs (M, 1) — BEpOATHOCTHOE IPOCTPAHCTBO. Jlis

Bcex g € Ly(M, )
29— Eugll}y < £(9) < 2 lg — Byl (4.7.4)

Takum o6pasom, aorapupmudeckoe HepaseHcTBO Tuna CoboseBa
(4.6.1) ¢ TOYHOCTLIO KO ABCONMIOTHOrO MHOKUTENsT K SKBUBAJIEHTHO

HepaBeHCTBY Tuma llyankape
lg — Eglln < KVel[Vy2.

B unrepecyromem rac caydae M = R 5T0 HEpaBEHCTBO MOKeT OBITH
najiee CBENEHO K HEPABEHCTBY TUIA XapIu, Kak IIOKA3LIBAET Cle-
nytomee yreepsxaeane. Ilua gpysruuii g, onpenenenssx Ha R, 6ynem

MCTIONL30BATL 0003HAUEHUA Jo = G L(—co,m]y 91 = 9 Ljm,4o00)-

Jlemma 4.7.2. IlomycTuM, 4TO mJIs BCeX Iiaankux QyHknuii g Ha R
Ent(g%) < cE|¢|* (4.7.5)

Torma mist Bcex ruankux ¢GyHrnuid g #a R, rakux uro g(m) =0,
lgglly + ll7lly < dBlg'P (4.7.6)

¢ mocrosinHo# d = TH¢/2. Ob6parHo, (4.7.6) Biacuer (4.7.5) ¢ mocTosH-

Ho#t ¢ = 45d.

IIpu morazarenncrse gemm 4.7.1 u 4.7.2 nam norpebyercs

NG
Jlemma 4.7.3. lgll1 < |lgll2 < - lglln  mmsa Beex g € Ly (M, p).

Hoxrazarenscrso. He ymaunsas obmuoctu, nycts ||g|y = 1. Tak
kaxk E¥(g?) = EN(g) = 1, no mepasencrBy Mencena ¥(Eg?) < 1.
Cremosarenpuo Eg? < U~1(1) < 5/4, tak karx ¥(5/4) = 1.014... > 1

(U~ — ¢yuxuua, obparmas k ¥, cysxennoit na [0, 4+00)). Takum 06-

pasom, [lgll2 < \/5/4.
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IoxkazarenncrBo aemmol 4.7.1. Mowxkso cumrarn, uro Eg = 0 n
llgllx = 1. Yrobur nqokasars Bropoe HepaBeHCTBO B (4.7.4), BOCIOIL-

3yemcsa HepasencTBoM Porxaysa ([H], memma 10)
L(g) < Ent(g?) +2Eg*> (Eg=0). (4.7.7)

Paccemorpum ¢ymrnmio U(x) = 2z — zlogx, x > 0, u 3ameTnM, 9TO
Eg?log g®> < Eg?log(1 + ¢%) = EN(g) = 1. CrenoBaTeanno

Ent(g°) + 2Bg° = Eg’logg° + U(Eg®) <1+ U(Eg®).  (4.7.8)

Oynrmua U(x) Bospacraer Ha umuTepBate 0 < z < e, mosToMy, B
3

cuiry stemmnt 4.7.3, U(Eg?) < U(%) = g —\I/(%) < %—1 =5 Kowm-
6unupys (4.7.7) n (4.7.8), monyuaem L(g) < 5/2, uro n HOKa3LIBaeT
BTOpOe HepaBeHCTBO B (4.7.4)

Yrobul BuBecTu mepBoe HepaseHCTBO B (4.7.4), Gynem cumrarh,
uro g € Ly(M, ), Eg =0 n (mo omaoponuoctu), uro L(g) = 2. Tak
Kak B o0wEeM ciIyJae

1 . 1
Eg® — (Eg)* = 5 Jim Ent ((g9+a)?) < 5 L(g),

mveem Eg? < 1, u nostomy Eg?log Eg? < 0. CienoBaTenso,
Eg?log ¢> = Ent(g?) + Eg® log E¢g*> < Ent(g°%) < L(g) = 2.
Ho, rak Herpyano Buners, ¥(z) <14 zlogz upu x > 0, nosromy

EN(g) = E¥(¢?) <1+ Eg?logg® < 3.

T
V3
< 1. Takum oGpason, ||g]|3 <

1
IIpuMensas »IeMeHTapHOe HePABEHCTBO N( ) < gN(x), moJryJa-

eM EN(%) <1, To ecTn, H%|

3= %C(g). Jlemma 4.7.1 noxasana.

|y

IIpu moraszareancrBe JgeMMbl 4.7.2 HaM moTpebyeTcs
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Jlemma 4.7.4. s mo6oii ¢pysrmuu g € Ly (R, 1)
lg =gy < 3lgllv. (4.7.9)
Kpowme Toro, eciin g = 0 Ha (—o00,m), TO
lglln <59 — Eg| - (4.7.10)

IloxkazarenncrBo. B cuny memmor 4.7.3, nmeeMm

llg—Egly < llglln + gl < 3lgln-

910 nokasviBaer (4.7.9). Yrobul Bomectu (4.7.10), 3amernm, 4To
o HepaseHcTBY Komum—DByHAKOBCKOTO (€ y4YeToM TOro, 4to m — Me-

AvaHa MEpLI /i) U CHOBA B CUJY JeMMbI 4.7.3,

[Bg| = [Eg 1o < llgll: 75 </ llgly-

Cie 1oBaTEILHO
lglly < llg = Bl + [Bg| < llg — Bl + /3 loll-

Takum o6pasom, ||g||n <
1 — —
8

IlorazarenncTBo semmbl 4.7.2. CrauaJjia BBIBEJEM HEPABEHCTBO

1
7\/? lg —Egl|y <59 —Eg] -

(4.7.6), ommpasic Ha (4.7.5). B cuny aemmor 4.7.1, mus moGoit

raankoit pyukmuu g € Ly (R, 1)
2 2 /2
“llo—Eg|ly < cElg. (4.7.11)

B TakoM HEpaBeHCTBe yCJIOBUE TNIAIKOCTU § MOKET OLIThL, OUEBUIHO,
ocnabiieHo oo ycaoBust abcontoTHOR HenpeprniBHOCTH. leficTBruTenn-
HO, MO:KHO 3anucars (4.7.11) B repmunax npoussogaoli Panona—Hu-
KOImMa ¢', M €CJIM 3TO HEPABEHCTBO BLITOJIHACTCA [T HEMPEPLIBHLIX

g', TO OHO ByHNET BLIMONHATLCA W IUIA JOKAJILHO CyMMUPYEMBIX (110
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/

mepe JleGera) ¢'. 3amerum, 4TO TAKOW apryMeHT NO3BOJIET 3a-
MEHUTHL Mepy i B npaBo#i uactu (4.7.11) Ha ee aBCONIOTHO Hempe-
PLIBHYIO KOMIIOHEHTY, U 3HAUUT MHTErPAJI B 9TOR IPaBOU YaCTU MOK-
HO paccMaTpPUBATL JIMIIL HA MHOKECTBE IIOJIHOM 1eGeroBol Mepsl, B
vacTHOCTH, Ha MHO:KecTBe R\ {m}. Crnenosarennuo, B upeamnomnoxe-

auu g(m) = 0 moskuO npumennth (4.7.11) k GyHEIMAM go U g1:

oo~ Eaolly <c [ 19 @Pduto)

2 2 Foo / 2
2o -Ealfy<c [ l@Pduto)

m
(uHTErpassl cupasa GepyTCa IO OTKPBITBIM HHTEpBaJaM (—00,m) u
(m,+o0)). Tlpumensas mepasernctso (4.7.10) u Towmectso |g||% =

llg2|lw, momygaem

2l <c [ 1@ Pduto)

2 .2 R
2l <c [ 1o @Pdua).

CrianpiBast 3TU HEPABEHCTBA, npuxomum k (4.7.6).
ITpu BuiBoge (4.7.5) n3 (4.7.6) CymeMm MCIONL30BATL HEPABEHCTBO

(4.7.9). Ilycrs cmavana g(m) = 0. Tak kax g = go + g1, UMeeM

2
lg = Egll} < (ll9o — Egollx + lg1 — Egiln)
2
<9 (llgollw +llgrlln)™ < 18 (llgollys + llon %)
=18 (llgdllw + llgillw) < 18dElg'?

(mepasenctso (4.7.6) mcnoan3oBasoch Ha mocaemueM mare). [lpum-

MeHsisa Tenepdh jgemmy 4.7.1, momyyaem
5
L(g) < 5 llg — Eglliy < 45dElg'*.

DTO HEPABEHCTBO MHBAPUAHTHO OTHOCUTEILHO CABUTOB g — g-+const,

nostomy yciaosue g(m) = 0 mMoker ObiTh cHsito. Hakomern, rTak Kak
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Ent(g?) < L(g) mns Bcex abcomorno mempepnsHLx g € Ly (R, 1),

nomywaem Ent(g?) < 45d E|¢'|?. Hepasenctso (4.7.5) u ¢ HuM memma

4.7.2 nOKa3aHLI.

He ymausis obmuocTu, Oy nem gajee npeanosaarars, yro m(u) = 0.
Temeps MBI MOKEM CKOHIICHTPUPOBATLCS HA XapPAKTEPU3ALUU MED [i,
YIOBJIETBOPSAIOMUX HepaseHcTBaM Tuna Xapma (4.7.6) mo orHoime-
o k HopMme Opuamua B mpocrpancrBe Ly. Hawm Oymer ymoGuee
cHAYAJA MOKA3aTh OMHO YTBEDP/KIECHUE O IMPOU3BOJILHBLIX WICATLHBLIX
6aHaXOBBIX IpocTpaHCcTBaXx X A-M3MEPUMBIX (YHKIUIA HA HOJIyOCH
M = (07 +oo) U JIIIL 3aTEM JIBAKILI IPUMEHUTDL OOMuUil pe3yibTaT K
npocrparctBy X = Ly (M, \) (B poau A\ Gyzmer cHauasa BLICTYHIAThH
cyskenue p Ha moayoch (0,400), a morom — mepa A(A) = p(—A),
A C (0,400)).

Wrak, nycto A — HeorpumaTesnbHas KOHEYHAs Mepa Ha IMOJIYOCHU
(0,4+00), n nycts (X, | - ||) — noeanproe 6aHAXOBO IPOCTPAHCTBO A-
M3MepUMBIX (GyHKIMEA (ompenesnenus Opim masHol B §1.6; cm. [16],
[165]). O6Gosmauum depe3 f) IIOTHOCTL AOCOJMIOTHO-HEIPEPLIBHON

KOMIIOHEHTLI ME€PbI A\ IO OTHOIIEHUIO K Mepe JleGera. CHpaBeJIIII/IBa

JTemma 4.7.5. Ilycts C = C(X,)\) onTuMmanbHas IOCTOSHHASI B

HEepaBEHCTBe
192 < CEAld ), (4.7.12)

rae g € X — mpousBoJibHAA raagkas yHrmusa Ha [0, +00), Takas 4To
g(0) =0. Torma B < C <4B, rge

B o Toa
B=DB(X,\) = sup | Lz, +00) H/O Ok (4.7.13)

JokaszareancTBo. IlycTh v — HeoTpunaTeaLHAS KOHEUHAS Mepa Ha
noxyocu (0, +00). O6osnaunm yepes C(v, \) ONTUMANLHYIO TOCTOSH-

HYIO B HEDABEHCTBE

lgllZ20) < CW M) llg'7200)
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npu Tex ke ycuaoBusax #Ha ¢g. Oupenenum Takxke

Toa
B(v,\) = sup 1/((367—1—00))/0 0]

>0

(monaraem B(v,\) =0, eciin v =0). B cuiy Teopemnr 4.3.3 ¢ p =2
B(v,\) < C(v,\) <4B(v, \). (4.7.14)

IIpencraBum HOpPMY B X B Bume

ol = sup / l9(e)o(z) dA(z), (4.7.15)

rae V HEKOTOpOe CeMeCTBO HeOTPUIATENbHLIX OrPAHNYEHHBIX U3Me-
pumbix (no Bopemo) ¢gyukmmit v ma (0, +00), n BBegeM Mepol v, (dx) =
v(z)A(dz). Torma HENOCPEACTBEHHO B CUILY CIEJIAHHLIX OIpENeICHUN
nocrosieEbix C' u B u npencrasierus (4.7.15), Mbl momydmnM
C(X,\) =sup C(vy,\), B(X,\)=sup B(vy, ).
veV veV

Cnenosarennuo, npumenss (4.7.14), monxyduaem Tpebyemble COOTHO-
merua B(X,\) < C(X,\) <4B(X,\). Jlemma 4.7.5 noraszana.

B uactaOM ciyuae, korna X = Ly ()), nmeem

Iy = —7— 71—
( Al(z, +00)) >

rue, Kak obnramo, Wl obosmagaer ¢ymkmmio, obparmyio k WU(x) =

xzlog(l 4+ z), x > 0. IlosTOoMy, COTrJIIACHO ONPEIEJIEHUIO NOCTOSHHON

B B (4.7.13), ontumanbaas nocrosiaas C' B Hepasencrse (4.7.12)

st HopMul || - || = || - ||w yzoBuersopsier, B cuay nemwmur 4.7.5, coor-
HOIICHUAM
C > sup / (4.7.16)
>0 \1/71( alt
(z, +oo))
C < 4sup / . (4.7.17)
>0 p-1 f)‘(t

(/\( (z, +<>o))
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UTo6BI yIPOCTUTL C TOYHOCTBLIO OO aOCOMIOTHLIX MHOYKUTEIEHR BBI-
pasKeHUs B IPAaBLIX YACTAX DTUX HEPABEHCTB, NOKAKEM CJIeayIolnee

2JIEMEHTAPHOE yTBEP:KACHIE.

Jlemma 4.7.6. Ilyctn ¢ = %, co = 2. Insa scex t > 2
e —— < TTHE) < oy —— (4.7.18)
logt — - logt * o

Iokazarennctso. Ilepsoe mepasencrso B (4.7.18), To ectn, Hepa-

BEHCTBO

cit cit cit
\I/( log t ) - logt log (1 + log t ) <t

c1 1
B cuiIy TOro, yto —— < l mpu t > 2 u ¢; = —, BbITeKaeT u3 OoJee
’ logt 2’
t

c1
cuibHOTO HepaBeHcTBa —— log(l + ¢) < ¢, KOTOpOE PKBUBAJIEHTHO

logt
HepasescTBy 1+t < t2. Ilocaenaee OYeBUOHO.
cot cat
. >
Bropoe mepasenctso B (4.7.18) og 1 log (1 + logt) > t MOKeT

OLITL 3alMCAHO B BUIEC

1+ cat ztl/ca

logt
cat
u OynmeT ciienoBaThL M3 HEPABEHCTBA ﬁ > Ve Tpu ¢y = 2 mo-
O
logt
clle[[HEEe DKBUBAJIEHTHO HepaBeHCTBY u(t) = sz < 1. Pymrmua u

JOCTUTAeT MaKCUMyM Ha MHTepBaJe [2,+00) B Touke ¢ = €2, u ocTa-

eTca 3aMeTuTh, uto u(e?) = 1/e < 1. Jlemma 4.7.6 noxazama.

Ocraercs crenars mocieqHuil mar.
IokaszareanctBo Teopemsl 4.7.1. Hepasencrso (4.7.6) skBusa-

JIEHTHO OMHOBPEMEHHOMY BLIIOJIHECHUIO ABYX HEPaABEHCTB:

0
lly <d [ lobte) o) (4.7.19)

l9?]ly < d/O |91 (2)dp(), (4.7.20)

rIe go U g1 — OPOU3BOJLHLIE I'JIaAKVe (YHKIWM, OIpeneeHHLIE CO-

OTBETCTBEHHO Ha mousyocsix (—oo,0] u [0,400) u Takue, yro ¢o(0) =
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¢1(0) = 0. IIpumenum (4.7.16)—(4.7.18) & CyKeHUIO A\ MEpPHI [ Ha
noxyoch (0,400): onruMmasLbHas mocrosHHag di (B ponn d) B Hepa-

BercTse (4.7.20) momkHA yIOBICTBOPATL COOTHOUICHUAM

1 1 Tod
di > 5 Sup p((z, +00)) log (@ to0)) /0 KOk

@>0 (4.7.21)
di < 8sup ﬂ((LJrOO))lOgﬁ/, %~
>0 i+ Jo S (4.7.22)

IIpumenss aemmy 4.7.6, Mbl ucnonn3oBaiu ToT Gakr, uro npu = > 0
> 2 (uro BepHO, Tak kak m = 0 — Meauana u). Bcno-

t=———"—
(@, +00))
MuHas onpeneserus Dy, MoxkHO nepenucars (4.7.21)—(4.7.22) B Buze

S Di<di <8D;. (4.7.23)

ITo amanormuubiM nprumHam, npuMensis gemmy 4.7.5 u gemmy 4.7.6
k Mepe A(A) = pu(—A), A C (0,+00), 3araoyaeM, YTO ONTUMAJILHAS
nocrosuuasn dy (B pomu d) B HepasencTse (4.7.19) nomkHa yanoBieT-

BOPATL COOTHOUIECHUAM
5 Do <dy <8Dy (4.7.24)

31ech Mbl eme BOCIOJIL30BAJIUCL TEM OUYEBUIHLIM (PAKTOM, UTO B
onpenenenun Dy F(x) mosxkuo 3amenuts Ha F(x™) = pu((—o0, x)).

B cuny memmor 4.7.2, mepasenctso (4.7.6), TO ecTh, HEpABEHCTBA
(4.7.19)—(4.7.20), Bomonuatorcsa ¢ mocrosruo# d = 75¢/2. Ho rax
kak d = max(dy,d;) onTrMaILHA IS OAHOBPEMEHHOTO BBLINOIHEHIUS
(4.7.19) m (4.7.20), zarmouaem, ¢ yuerom (4.7.23)—(4.7.24), uro
% max(Dg, D1) < 75¢/2. Otzcroma Dy + Dy < 150¢, Tak uro mepsoe
HepaBeHCcTBO B (4.7.2) B reopeme 4.7.1 cupasenmuso upu Ky = 1/150.

OGpartHo, cHOBa B cuiy snemMmul 4.7.2, ¢ < 45d = 45 max(dy, dy),
TaK YTO, IPUMEHsIs Teleph IpaBble HepaseHcTsa B (4.7.23)—(4.7.24),
noayuaeMm ¢ < 45 - 8 max(Dy, D1) < 360 (Dg + D). Cuaenosarennno
BTOpOe HepaBeHCTBO B (4.7.2) cupasemmuso npu K; = 360.

Teopema 4.7.1 moraszaHa MOITHOCTBHIO.
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§4.8. IIpumeuanus

Nznosxenne §§4.1-4.2 crnenyer pabore [80]. DierantHoe nokasa-
resnncTBO Jemmbl 4.1.1 maineno A.B.7KyGpom (nmepsonavasnnuoe no-
Ka3aTeJIbCTBO KCIOJIL30BAJIO BAPUANUOHHLIE DACCYRICHUS, TPUYEM
B yCJIOBUU (4.1.9) IPEeanoIarajoch (,zIOCTaToq}Ioe I DaJibHernmx
HY3K]]) PABEHCTBO BMECTO HEpaBeHCTBa. JlOKa3aTeNLCTBO TEOPEMDI
4.2.1 HEMHOrO yHPOIIEHO: 3IeCh MDLI CJIeIyeM OCHOBHOW JIMHUU WC-
OJIL30BaHUA HepaBeHCTB Buaa (4.2.11), B To BpeMs Kak WHIYKIU-
OHHBIF mar nokasareiabcrsa B [80] OBLI OCHOBAH Ha HEPABEHCTBAX
una Var(g) < Ey /14 C(a)?|Vg|? — 1. VaTepecro, 4To ABa HOAXOIA
MIPUBOAAT K OTHOW M TORKE abCOIIOTHOW MOCTOSHHOMN %\/6.

V3oneprMerprueckne KOHCTAHTLI MOYKHO ONPEAEAThL Oosee 0610
U IO OTHOLIEHWIO K HEKOTOPOH monoskutennuoit ua (0,1) ¢pyurmum I:
wt(4)

Tsr(p) = | Wf (), 1 — ()

Hanpumep, mna (mopmanusoBaxHOW) Mepol JleGera Ha n-mMepHOM
MHOTOO0PA3UM TAKYIO KOHCTAHTY €CTECTBEHHO ONPENENATDL IO OTHO-
mermo k ¢yusman [ (t)= t"~D/" (em. [183], [121], [107]). Uro6sr
KOHTPOJMPOBATL TayCCOBCKUAE XBOCTHI JIMIIIANEBLIX (YHKINOHAIOB
HA METPUYECKOM HTPOCTPAHCTBE, TAKAKE ONPEIENAIOT T.H. JOTapuQ-
MUYECKYIO U30IEPUMETPUYUECCKYIO KOHCTAHTY 10 OTHOIICHUIO K (yH-
wknuu I(t) = ty/logt ([172]). CymecTByIOT U NUCKPETHLIE AHAJIOTU
M30IEePUMETPUYECCKAX KOHCTAHT UM CBfI3AHHBIC C HUMU HEPaBEHCTBA
tuna Yurepa ([56], [170], [208]). Ormermm, uro Bysep [96], [97]
HAIIeJ HEKOTOpOe OOpalleHre HePaBeHCTBa Jdurepa.

Hepagsencrso (4.3.12) Gburo ycraHoBieHO Xapau mis (HEBEPOsT-
HoCTHLIX) Mep Ha (0, +00) ¢ mnotHocTamu du(z)/de = =", d\(x)/dx =
7" mpu p > 1, r > 1 ¢ (onTuManLHO#) mocrosuuol C' = % (em.

[44], [25]). TTopTHOB [31] 1 Cricoesa [41] momxyunnn 0606meHne 3TO-
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T'O pe3yJsbTaTa Kak COOTHOUICHUE MERAY HOPpMaMnu

lgllLaqy < Cllg'llLreny,  9(0) =0, (4.8.1)

¢ pasHBIMM, HO He yobpimu Becamu W = du(z)/dx, V = d\(z)/dx
(W saBmo ompenensnoch yepe3 V). B uacTHOCTH, M3 MOJNYyUEHHLIX
UMU COOTHOIIEHU BrITekaeT ynomanyras Teopema . Teopema 4.3.3
coorsercTByet B (4.8.2) cayuaro p = q. Ecanu p # ¢, To ycaosus, npu
KOTODLIX IPOM3BOJILHLIE HEOTpUnareiabubie Mepnl 1 u A Ha (0, +00)
[0 UUHAIOTCA HepaBeHCTBY (4.8.1) ¢ HEKOTOPO# KOHEUHOW MOCTOSH-
ot C' Gpumm Habimenst Masnsa n Posumnmv [25], [189], a raxske mpu
p < ¢ — Kokmnamsrmm [17]. OTmeruMm Takske, UTO MHOTOMEDPHLIE

HEepaBE€HCTBa TUIIa Xapzm NMEIOT BUI

gl e (v, w (2yaey < C IVl Lr 0,V (@) da)

rge M — obnacrs B R™, npuuem Beca W u V sBasiorcs: (cremen-
Heivu) Qyurmuamu ot dist(OM,x). Takue HepaBeHCTBA U3YUAIUCh
muormMu apropamu (cM. [164], [230], [143]), ommako, HesACHO, Kak
OHU CBfI3aHLI C MHOTOMEPHLIMU HepaBeHcTBaMu Tuna llyamkape (B
OTJNYME OT OJHOMEPHLIX HEPABEHCTE).

Teopema 4.4.1 norasana B [75], a Teopemsr 4.4.2 u 4.4.3 — B [81].
Pasnuunble BepxHUe 1 HUKHUE oueHkM mist mucnepcun Var(g(§)) B
TepMUHAX Opou3BOIHOW ¢'(§), a Takke CBSI3AHHLIE C HUMU Xapak-
TepPU3anny HOPMAJILHOTO U APYTUX PACIPENENIEeHNA U IPUITOKEHU K
HEHTPAJILHON IpeNeIbHON TeopeMe U3y dasnuch, KpoMe ysKe OTMeUeH-
HBIX, B paborax ¥ reBa, Kakymnnoca, [lanaranacuy, [lananaroca [15],
[42], [98]-[104], Yena, JIy [110]-[112], Yaps, Ilepec-Abpey, Cyp-
rafinuca [153], [155], [156]. Cm. ramxe paGory Kpanens, Jlarans u
Onemresnua [166], roe HepaserncTa tuna XwuxunHa-Kaxana ycra-
HABJIMBAIOTCS Ha OCHOBE HEPABEHCTB Tuia llyaHrape.

Teopema 4.5.1 mokasana B [83] (TaM ke OTMEUYEHO U HEPABEHCTBO

(4.5.19)). Teopewma 4.5.2 npuBoAUTCS BIEDPBLIE.
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Teopema 4.6.1, mepaserncrso (4.6.10) u reopema 4.7.1 noxasanbl
B [76], a mepasenctso (4.6.11) — B [5]. B [76] Tarke m3yuanaco
CBfI3L MEKIY JorapupmuuecknuMu HepapeHcTBamu tuna CoboneBa u
TPAHCIOPTHO 3amauveii.

CymmecTByeT HECKOJILKO PA3INYHLIX IOAXONOB K JOKA3ATENLCTBY
rayCCOBCKOrO JodapudmMuueckoro Hepasencrsa I'pocca (cm. [205],
[49], [105], [176], [139]). Hampumep, 9TO HEPABEHCTBO MOXKHO DAacC-
CMATPUBATL KaK CJIENCTBUE TayCCOBCKOIO U30IEPUMETPUYECKOTO He-
paBeHcTBa [176], HO, UTO MHTEPECHO, €ro MOKHO W3BJIEYL, U OIM-
pasch TOALKO Ha ((POpMAILHO 3aBemoMo Gosee ciraboe) HepaBeH-
crBo tuna [lyamkape mis rayccoBckoir mepni. Takoe HabiioneHue
ObLI0 crenano B [83], rae GLLIM BBeJEHLI Tak HAa3LIBAEMLIE MOAU(DU-
UPOBAHHLIEe Jorapupmuyeckrue Hepasencrsa tumna CoGonesa (T.e.,
(4.6.3) npu mononuuTeanHoM ycaosuu |Vg| < u ¢ nocTosHHOM ¢, 3a-
Bucsmeli or §). Takue HepaBeHCTBA HOCAT OUEHDL IMUPOKUT XapakTep
U COpPaBEeIJIUBLI, HAIPUMED, €CIU BLIIOJIHAETCS HEPABEHCTBO THUIIA
[Tyankape. Kpome Toro, oHN OKa3LIBAIOTCA MOJE3HLIM MHCTPYMEH-
TOM IIPU M3YUEHNU CBOWCTBA KOHIEHTparmy npoxakr-mep Ha R (u,
Goutee 00moO, Ha aBCTPAKTHLIX METPUYECKUX IPOCTPAHCTBAX) L0 OT-
HOIIEHUIO K OMEePalUu PACIINDEHUI MHOKECTB U(A) =A+hB; +\/EBQ.

Jlorapu¢pmuueckne sepaBencTBa tuna CoboeBa M3BECTHLL U IJIs
HEKOTOPLIX HErayCCOBCKUX Mep, HAIPUMep, MJIs PABHOMEPHOTO pac-
upenenenus Ha cpepe (Mprosep u Baticnep [194]). CnenosaTennuo
Ha c(epe TakKe BLIIOJIHAIOTCSA HepaseHCcTBa Bua (4.6.8)—(4.6.9).
JuckperHole sorapumuyueckue HepasercTsa Tuna Cobosesa n3yda-
auce B [125], [208] (B cBA3M ¢ 3anaual 0 CKOPOCTU CXOAUMOCTH Map-
KOBCKUX LeNel K CTAMOHAPHOMY DACIPENENIeHNIo), cM. Takke [140],
[84]. Hocrosmuas p =1/(2¢c) B (4.6.1) (ecnu oHa onTUMAaIbHA) HA3LI-
BaeTcs sorapudmudeckoir mocrosaaor CoboiieBa, u e OLEHUBAHIIO

MOCBAMEHO yske MHOTO pador (cm. mamp. M.®.Yen n Banr [114]).
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MMPNJIOYKEHUE

HeI{OTOpLIG AHAJUTUYECKUE CBOCTBA I/I3OHepMM6TpM(I6CKOﬁ

(GYHKIUN PaBHOMEDPHOI'O pacCIpeesieHus Ha chepe

3nech Mbl pokazkeM jeMmmy 1.7.1 (a ¢ medl n Teopemy 1.7.2), y1-

BEPKIAIOMYIO, YTO ()YHKIIA

Z(p) = Ifgp) ) q= 1 - D pe (071)7

n

BormyTa. Kak u pamnee, I, 0003HadaeT M30IEPUMETPUUECKYIO QYH-
KIUIO PABHOMEDPHOI'O PACHPEAEICHUsl 0, (TO eCTh, HOPMUPOBAHHON
meptt JleGera) Ha n-mepHoii cpepe S™(r) C R"™! pamyca r > 0. Co-
rnacuo teopeme II.JIeBu 006 m3omepummMeTpuyUecKOM CBOHCTBe IIapOB

Ha cdepe, GpyHEIUA [, HEABHO 3amucbiBaercsa B Buge (cuM. (1.7.4))
I, (p) = U:;(B),

rae B — (mo6oit) map wa S"(r) mepnt p = 0,(B). Kak obuuno, o,
0003HAYACT HEPUMETD B CMBICIE 0y IO OTHOLICHUIO K DE€OAC3UUECKO-
My (WM, 9TO SKBUBAJECHTHO, — €BKIUIOBOMY) PaCCTOAHUIO Ha S™(r).

Hawm Gy ner yno6uee 3anucarn I, B apyrom Buzne. OGo3maumm de-
pe3 F,, QyHKIMIO pacupeneseHus ciIydafiHOW BeawduHol © — x1 (Ha

BepPOATHOCTHOM npocrpancTse (S™(r),0,)):
Fo(t) = on(Bn(t)) wpm |t <,

rae B, (t) = {z € S"(r) : 21 < t}. OGosmaunm uepes F,,; ' : (0,1) —
(—r,r) obparnyio ¢pyurnuio, Tak uro I, (p) = o, (Bn(F, '(p))).

n

Yepes s, Oyaem Bcerga 0603HaUaTh mIomans nopepxuaoctu S™(1).
Jlemma 1. ITycrs n > 2. Hna seex p € (0,1)

Iou(p) = 2 (7 = (7 @)?) " M)

SpTh
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IIpu »Tom, F), mMeeT mIOTHOCTL

Sn—1 (n—2)/2
fvl/(t) = 7’"_1Sn (7“2 - t2) ) |t| <. (2)
1
Hanpuwmep, npu n = 2 umeem fo(t) = o [t| < r, Tak uro Fj
1 1
— paBHOMEPHOE pacCIpelesIeHIe Ha MHTePBAJe (—;, 5) B atoMm
cayuaae I, (p) = @, u, oueBuaHO, GyHEUUA 2(p) = r,/pg BOTHYyTA.

IIpu n > 3 I,, HEe MMeeT CTOJL ABHOI'O BLIPArKCHUA.

IlorazarenbcTBo aemMMbl 1. OGo3raunM yepes p, mepy Jlebera Ha

S™(r), To ecTb, fi, = r"s,o,. Ilo oupeneneHuio mepuMeTpa, UMeeM:

h
I, — liminf on (B (t)) — on(Bn(t))
. (p) }Lrgg} -
= ' fiminf #n(Bi®) = n(Ba®)
T™Sn  h—0+ h ,

rae t = F7Y(p) u BP(t) — reomesuueckas h-oxpectHocts B, (t). Ilo-
CJIe IHUI HUZKHUE IIpeses eCTh IPOCTO NPEeIell U IPeNCTaBIieT coOoi

(n — 1)-MepHy0 mIOmAaIL TPAHUILL
OB, (t) = {z € S™(r) : &1 = t}.

Tak xak ¢ TogHOCTLIO 10 mBura OB, (t) = S""!(p) — (n — 1)-mepras

n—1,
Sn—1,

chepa pamyca p = /72 — {2, TO MIOMAML TPAHUILI DABHA P
1 MBI npuxomuM K (1).

Mycts |t| < r. Ecmu BP(t) me ectr Bcs cdepa, To 3T0 cHOBA mAp
B, (s) na cpepe S™(r) ¢ mapamerpom s € (t,r), OUPEREIAEMBIM COOT-
HOIICHUEM

rarccos(t/r) — rarccos(s/r) = h.

Cremosarennro, mpu h — 07, T.e., mpu s — tT

h=—(s—t)+0((s —t)?), p=+/r2—12

r
p
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n 3HAYUT
_ in(BR(1) = pn(Ba(t))
Fn(s)_Fn(t) = Ry
n—1
— Aunfl(s;’( (p))h + O(h2)
T
_ P Psnoi(s—t) 2
- 7‘77‘718" + O((S t) )
IToaTomy
T Fa(s) = Fu(t) _ p" Zsp_1
fult) = SE}? s—1 T gnelg,

uro copnanaer ¢ (2). Jlemma 1 nokasana.

B nmanprefimem MoxHO cumTarh, yto r =1 u n > 3. B cuny mgem-
MBI 1, C TOYHOCTBIO MO MHOMKUTEJsI, 3aBUCAIMETO OT Pa3MEPHOCTH,

“30IepUMeTpUYecKas (YHKIUI MEPBI 0, UMEET BUI
Ip)=(1-(F '), 0<p<l, (3)

rme F~1:(0,1) — (—1,1) — obparsas ¥ ¢pyHKIUM pacupeneneHus F
C TJIOTHOCTDLIO
Fl(z) = d\(1 -2, [z] <1, (4)

rue dy — HOPMAJIU3YIOMUA MHOKUTEIDL, TPUYEM

n—1 n—2
T=o, o, A= (5)

Bomaee 0b6mo, 6ymeMm cuuTarh T U A TPOU3BOJILHLIMUA HEOTPUIATE L~

HBIMU 4MCJIaMu, oupeneisas ¢yukuuio I B coorBercreun ¢ (3)—(4).
Jlemma 2. Ecan 1 <A <7 <A +1, o dpyurnus
S —1-
#p) = gy 4 P,

sBoruyTa Ha (0,1).

Ecnu 7 u A onpenenenst ¢ nomomsio (5), To, BBULY ycaoBus A > 1,
geMMa 2 maer yreBepskaenue jgemmol 1.7.1 mpu n > 4. Cayuait n =3

OymeT pacCMOTPEH OTAEJILHO.
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CpopmynupyeM CBOWCTBO BOTHYTOCTU (GYHKIUM 2 HECKOJILKO B

npyrux tepmmHax. [Ipm A > 0 BBemem (yHKIMIO

Hy(z) = / (s(1—8)ds, 0<az<l, (6)
0
u Boipasum F uepes H) (menas uumxke 3ameny t = 2s—1): npu |z| <1
Fla) = dA/ (1) dt = mml/ 2 (s(1—s5))ds
—1 0
= 2P (11T,

CremoBaTenbHO, IPUHUMAS BO BHUMAaHUE TOkecTBo 1—F (1) = F(—x),

nmMeem
C F@(-F@)  F@F(a)  H@H( -y
@)= —Fmy T Ta—ar T Aoy
1—=z
rae y = ——, u ¢ > 0 — MOCTOAHHASA, 3aBUCANAS TOJLKO OT T U .

2
Iln¢ppepeHnupoBanme o T JaeT

! ! _ ¢ i Hy(y)HA(1 —y)
SF@)F (@) = § o [ A
u npumersaa (4) ¢ yuerom Toro, uro 1 — x? = 4y(1 — y), momyuaem
/ _ o= d [ Ha(y)HA(1—y)
dF@) =cw-y)™ o [P (™)
TIe ¢ CHOBA 3ABUCUT TOJLKO OT T U .

q)yHK]_[I/IH Z, O4Y€eBUAHO, CUMMETPUYHA OTHOCUTEJILHO TOYRKU u

5 )
1
npu atom z(0T) = 2(17) = 0, z’(;) = 0. IToaTOMYy BOTHYTOCTL 2 Ha
1
(0,1) paBHOCHILHA BorayrocTu z Ha (0, 5 ), TO €CThb, TOMY, UTO LIPO-

1
u3BogHas z'(p) He Bo3pacraeT Ha (075). Ipumenss (7), momxydaem

clleIyIomee yTBep:KICHUE.

Jlemma 3. Pyuruums z Borayrta Ha (0,1) TOrma m TOJLKO TOrna,
KOrIa ()YHKIUSI

Hi(z)HA(1 — x)

_\ d
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1
He Bo3pacTaeT Ha uHTepBase 0 < z < 5

Ham morpebyrorcs HekOTOpDLIE TPUTOTOBIICHUS.

Hx(z)HA(1 — )

Jlemma 4. Hpu A > 1 dpysrmusa Uy (z) = “a(1 —ay2r1 He Bospac-
TaeT Ha (075].
Jlemma 5. Ilpu A > 0 ¢pymruus Vy(z) = My @)\ — ) He yOnIBa-

(z(1 = z)**!
Vil®)

er, a npu A > 1 QpyHRIUMA @ o)t

He BO3pacTaeT Ha (0,5].

3amerum, uto npu A > 1 Bropoe yTBep:KACHUE 9TOW JeMMbI Gosee

, 1
CUJILHOE, UeM IIePpBOe, TaK Kak VA(E) = (0. IlepBoe yTBep:IeHUE

1
JIEMMBL 5 6y,ﬂ6T HNCIIOJIB30BaHO B JOKa3aTEJIbCTBE JIEMMbBL 6 opu /\:? .

HoxrazarennctBo gemMol 4. lenas B (6) 3aMeny s = t, nMmeeMm

Hy(z) = 2™ /0 1(t(1 — tx))* dt, 8)

Hy(x) ol 1 A
TO ecTn, mpu & >0 ST = Lot (; —t)"dt, n mosTomy

Un(z) = /Olt* (% t)Adt/OltA (ﬁ ft)Adt = T(u)T(v),

rne uw = 1/z, v =1/(1—2x), T(u) = fol tMu — )N dt. 3amerum, uTo
(u—1)(v—1) =1, m yto u = u(x) > 2 — ybrBaer mo = € (0,%].

Mensist v Ha w4+ 1 1 v Ha v + 1, IPUXOAUM K TOKIAECTBY

Hy(x)H)\(1 —x 1 1
iy = Sws(y), w= -1

rae S(u) =T(u+1) fo 11— Mu+t)Ndt = fo u+ 1) p(t)dt c p(t) =
(1 —t)*. Tpebyerca mokazars, uro ¢ymsmusa S(u)S(1/u) Bospacraer

Ha uHTepBaJe [1,+00). Sanumem

W)= /1/1(7“”5)A %+ S)Ap(t)p(s) dtds
// { + s)/\+ (u+ )™ (% + t) A}p(t)p(s) dids.

0<t<s<1
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Ilocraroyno nokasars, 4To g Bcex 0 <t < s < 1 ¢pyHKnma

g(w) = (w+ 0 (- +5)" + (w+ )N +1)
t\ A s\
=((1+ts)+us+ ;) +((1+ts)+ut+ ;)

Bo3pacTaeT Ha mHTepBaie u > 1. Iuddepennupys,

g'(w) :((1+ts)+us—|—%)>\_l (s— ! )

A u?

+ ((1+ts)+ut+ 5)A71 (tf i),

u2

t
u 3aMedasd, 910 s — — > 0, 3aKI09YaeM, 9TO OIPOU3BOIHAA ¢ MOJIO-
U

JKUTEJILHA TOTJa WM TOJLKO TOTHA, KOTIa

t A-l s
(14+ts)+us+ — t— —

u u
Qrerus S | Lt
(I+ts) 4+ ut + " s —
DTO HEPABEHCTBO CIPAaBEMJIMBO, TaK KakK, B cuiy yciosuit 0 <t < s
u v > 1, mpaBas 4acTb ®TOTO HEPABEHCTBA MEHbLINE 1, BLIpAKEHUE
B KBAJAPATHLIX CKOOKax — Oosbime 1, u cremenn A — 1 > 0. Takuwm

obpasom, gemMa 4 MOKa3aHA.

Monowkum £ = (1 —z). B nanpeedmenm OyneM MHONOKPATHO HC-

IIOJIL30BAaTL TOMKIECTBA
Hi(z) =", (Hx(z) H\(1 —2))" = (Hx(1 — x) — Hx(2)) %,
K=1-2z, (1-22)%2=1-4&x.

IlokazarenncTBo seMMbl 5. Haumem co BTOpoOro yrBep:kAeHUI,

npemanosaras, 4dro A > 1. Umeem:

Hy(z) HA(1 - )
AL

Va(z) = L 0<z<s,

Hx\(1—=z) — Hx(z) A +1) Hy(z) Hy(1 —z)
K KA+2

Vi(x) = (1-2z),
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V{(x) Hy(1—2)— Hy(x
}:/\\_1 — A ) )\() _()\+1)

KA

Hy(z) Hx(1 — x)
R2A+1

(1-2z).
Eme pa3 muddpepernnpys u IpuBo A MO 400HDIE YIEHDL, 1 (yHKIN
u(z) = w22 (Vk’(x)//&*l)/ [OJIyYaeM BBIPArKEHUE

u(@) = A+ 1) (2N + 1)(1 — 4k) + 26) Hx(z) HA(1 — )

_ 9 2 t2
— (2A+ D) (HA(1 — ) — Hy(x)) &M - 22).

1
Tpebyercs mokaszaThb, YTO (YHKIUA U HENOJOKUATEILHA Ha (0,5).
Tak rak u(0) = 0, To OyJeT DOCTATOUHO yCTAHOBUTL HEPABEHCTBO
1
u'(z) <0 mus seex x € (0, 5). CuoBa mudppepeHnupyemM U IPUBO UM

HOIOOHLIE YJICHDLI:
u(z)=—(A+1)(8\+2) Hy(z)H\(1 — 2) (1 — 2x)
— 2K (1 - 22)
+ (6A+4)(HA(1 —z) — Hy(2)) ML

To ecTn, B TepMuHAX (yHKIII

(z) = % — — (4 D)@\ + DH(2) Hy (1 — z) — k21

Hy(1— =) — Hy(z) AL

+(BA+2) T

1
HY?KHO yCTAHOBUTL HepaseHcTBO v(x) < 0 mpm 0 < z < 5
Crosa v(0) = 0, u 3HAUNT HOCTATOUHO mOKa3arh, uro v'(z) < 0.

ITocne HCKOTOPOro nmoacyeTa ImoJy4daceM:

1;4%; v'(2) = (422 + 60k — (A2 = 1)) (HA(1 — ) — Hy(2))
—RM(2A + 1) — 2XK) (1 — 22). ©)
2 _
Orcrona cpasy momywaem, uro v'(x) < 0, ecmm £ < kg = 4>\/\27+615/\

(06a unena B mpaso#l wactu (9) HenmosoxuresnHol). Ha nomosnnu-
TEJILHOM UHTEpBAJe K > Ko PACCMOTPUM (yHKIUIO

(2A+1) — 2Xk
(AXN2 + 6 )k — (A2 —1)

w(z) = (Hx\(1 — 2) — Hy(2)) — > (1—2x).
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Ecau Mur Temepn moraskem, uto Ha »TOM mHTepBate w'(x) > 0, To
1

€CTb, UTO w He yOLIBaer, TO MOCKOILKY w(E) = 0, mosy4mm, UTO

GyuEIMA w, a ¢ Hell u v, Oy IyT HENOJIOKUTEILHLI Ha STOM UHTEPBA-

Je. DTO 3aBEPIIAT TOKA3ATEILCTBO IPEBOIO YTBEPKACHUS JICMMEL

715 yIPOUIeHs 3aniCu BBefeM (yHKIIn
b=(2A+1)—2\r, c= (4N +6))k— (A2 —1),
tak uto w(x) = Hy(1 — 2) — Hy(z) — &* % (1 —2x), u 3ameTnM, 4TO
b—c= (N +2\) k(1 —4r). (10)
Vneem ¢ yuetom Toro, uto b = —2X(1 — 2z), ¢/ = (4A? + 6))(1 — 2z):
w'(r) = — 26 = A\(1 — 4r)s N1 % + 25)‘%
+ N1 A1) 22 RN (1= 4R) (4N + 60) -

CrnaznpiBas nepBLlf u Tpermit umen ¢ yuerom (10) m 3amncoiBas

onpeneJsicHue nOJist b BO BTOPOM WiI€HE, IPUXOAVUM K PaBEHCTBY

M1 —4K)

(k)= = S w (@)
—(2A+ 1)+ (4 +6) r(1 + %), 50</£§%.

b b—
BamucuBas 1+ — B Buge 24 —— U CHOBA IPUMEHAS (10), moxyuaem
Cc c

Takoe BLIpa:KeHUE IS 1):

P(k) =—C2A+1)+2(4X+6)k
+ (AN +6)(A2 +2)\)(1 — 4k)

(AN 460k — (A2 —1)

pobs cipapa yOBIBaET MO Kk U MOSTOMY MOYKET OLITL OIEHEHA, CHU3Y

Cire foBaTECILHO

1 1
€e 3HAQYEHUEM B TOUKC K = — , DABHBIM ———— .
4’ p 6 +4

(4X +6) (A% +2))

() 2 (k) = —(2A+ 1) + 2(4X +6) 5 + 2

(1 —4k).
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1 o
OueBuaHO, wo(z) = 2, u Tak Kak o auHelHAa, OymeT HOCTATOYHO

A+ 4
IpoBepUTH, uTo Py(ko) > 0. Menonnsys pasencTso 1—4kg :&ﬁ,
nMeeM:
_ A2 -1 (AX+6) (A2 +2)) 6A+4
Yolko) = —(2A+1) +2(4A+6) ;356 + 6X+4 402 + 6
_ - 1)/\(/\+2) >0,

1
Cnenosarensuo w'(z) > 0 mas Beex z € (0, 5), U MepBoe yTBEpik,Ie-
HUE JIeMMBI D TOKa3aHO.

Ilepeiinem k mepBoMmy yTBep:knenuto. IlokakeMm, uTo (QyHKIUA

fla) = M2V (@)
= (Hx(1 —2) — Hx(2))rM = (A + 1) Hy(z)Hx(1 — z) (1 — 22)

HeoTpunaTenabHa Ha [0, é] Jlerko Bugern, uro f(0) = f(é) =0u

g(r) = T = A1 1) Ba(@)Ha(1 - ) — i,

!
B uacrrOCTH, :A(f—)l = % — H)\(1) > 0 npu  — 0 (ucnosnsyem

(8)), u smaunr g(x) > 0 mpu nocraroyno maunix x > 0. ITostomy,

UTOOBI HOKA3aTh, YTO (yHKUUs [ HEOTPpULATEILHA HA (O,é), nmocTa-
TOYHO NOKA3aTh, YTO HA 2TOM uHTepBase ypasuenue f'(z) = 0, To
ectn, g(z) = 0 nmeer e Gosee omuoro kopHsa. C ydeToMm TOro, 4To
g(0) = 0, mocrarouno GyneT MOKa3aTh, YTO QYHKIUSA g CTPOTO BO3-

1
pacraer Ha uaTepsade [0,xo] u crporo ybuiBaeT Ha [, 5] IpU HEKO-

TOPOM Zg € (O,é). Nneem:
gd(x) = (A+1)(H\(1 —z) — Hy(z)) s> — (2A +1) (1 — 22) x** > 0

TOr'la 1 TOJILKO TOI'Ja, KOI'Oa

220 +1

h(z) = H\(1 —2) — Hy(z) — W

(1 —2x)x* > 0.
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ITorazxem, uro h(z) > 0 Ha HexoropoMm muTepBatue (0,z¢) u h(z) < 0

Ha (0,%). CroBa muppepeHnupyem:

_ A 2241 A A—1
h,(flf) = —2r" — )\7_"_1 [—25 + )\(1 — 4I‘€)/€ ]
)\kal
=7 [—2k+ (2A + 1)(1 — 4k)]
2M(4X + 3)sM 1
= *T(l’*l’l)(l‘*xz),
S I S SRR SRS y
rae 1= W3 T2 = e JIeIOBATEILHO (yHK-

1
st h crporo y6uiBaer Ha [0, 21] 1 cTporo Bo3pacraer Ha [z, o ]. Tax
1
kak h(0) = Hx(1) >0 u h(g) = 0, momyvaem TpebyeMoe CBOWCTBO

¢yurmun h. Jlemma 5 noxasaHa.

IokazarenscrBo geMMbl 3. Hamomunm, uro k = x(1 — z). Tpeby-

eTCs TOKA3aTh, YTO (DYHKIUA

Hﬂ\% [Hx(x)f’?(l—r)}

1
He BOo3pacTaeT Ha mHTepBase (0 < x < 5 Momosmm v = A — 7+ 1,

TaK 4TO
Hy(@) Hx(1 —z) _
KT o

KV (2). (11)

ITo ycaosuo 0 < o < 1 (3aMeTuM, UTO B NPUIOKEHUU K CILyUaIO

cdeprnl, Korga mapaMeTphl A U T OIPENEeNSIOTCS COOTHONICHUAMU B

(5), MBI UMeeM o = %) Hudpepenmupyst (11), nmeem:

IO ] _ oy ) (1 - 20) + V(o)

dx KT
cJIe10BaTeJILHO
-2 d [Hyx@H\(1-2)] _ V(%) Vi(=@)
o [ KT TS (1-2z)+ RA—

V/
= aUn(@) g (1-20) + & L

gl




292

dyurnmsa cupaBa He BO3pacTaaeT, Tak KAk, B CUiIy JemMm 4-5, Bce

(urypupylomue MHOKHUTEIN CyThL HEOTPUIATEJILHLIE HEBO3PACTAIO-
1

mue QYHKIUM Ha (0,5]. Jlemma 3 nokaszana.

Ocraercs noKa3arh CIELyIOlee yTBED:KICHUE.

p(1—p)

Jlemma 6 (cayuaii n=3). Pymrumsa z(p) = 1o () BOTHYTA HA
(0,1).

IokazaTeancTBo. B mamsoM ciyuae 7= —— —1 A= n;Q :%
Honowmm H(z) = Hyp(x) = [ Vt(1 —t)dt. Cornacno memmbr 3,

TpebyeTca NPOBEPUTDL, UTO (byHKLU/IH

) = w2 L [ HEHO )

dx K

1
He Bospactaer Ha (0, 5 ). Tak kak

(H@)H(1—z)x™ ") = (H(1 —2) — H(z)) k12
—H(z)H(1 —z) s 2(1 — 2x),

mveen: u(z) = (H(1 —x) — H(x)) s~ — H(z)H(1 — ) k=5/%(1 — 2z),

u'(z) = —2"Y2 —2(H(1 — z) — H(z)) k2(1 — 22)
+2H (2)H(1 — )5~ + 2 H(@)H(1 — 2) 5~ 7/*(1 - dr).

YMHO%KAA 06e UacTW BTOrO PaBEHCTBA Ha 2K° 1M cobupas Kos¢hu-

nwenter ipu H (2)H (1 — ) k~3/2, 3axmouaem, uro u'(z) < 0 Torma u

TOJILKO TOr' Ja, KOor da

H(z)H(1 —x)
13/2

(5-16r) <4r%2 4+ 4(H(1 — ) — H(z)) (1 —2z). (12)

1
B cuy mepBoro yTBepKIeHNs JIEMMBL 5 IIpU )\:5, ¢ynrmua Vi o (z) =
H(z)H(1 —x) 1
— ,5) U IOTOMY MOKET OLITL OLEHEHA
K

1 12 o
CBEPXY €€ 3HaUeHNEM B TOYKE T — ?, PaBHBIM 8H(5) . C Apyrom

He yOuBaer Ha (0
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CTOPOHLL, B cuiy Boinykioctu Gpyukuuu H (1 — z) — H(x) Ha (O,%),

H(l—=z)— H(z)
1 -2z

OLIThL OllEHEeHA CHU3Y ee 3HAUEHWEM B TOUKe x:%, PaBHLIM % Cie-

1
(OyHKINUA He BO3pacTaeT Ha (0,5) U 3HAQYUT MOKET

IOBATEJLHO,

H(l—=z)— H(z) 1

(HQl—-z)—-H(z)) (1 -2z) = 1—2z

(1—4kr) > =(1—4k).

|

Vcnons3ysa »TO OIEHKHN, 3aKII0OUAEM, UTO (12) OynmeT ciemnoBaTb U3

HEepaBEHCTBa

8H(5)"(5—165) < 4572 +2(1 — 4r).

1 1 1 px/2
3aMeTumM, 4TO H(E) = EH(l) =l
CTATOYHO yCTAHOBUTL HEPABEHCTBO

™
COSQQdQZE, TO €CTb, HO-

1

2
v(K) = %(5716@74&3/272(174/{)SO, 0<r< 5.

10 — 72

2
Nmeem: v/ (k) = f% +8—6rk2> v’(%) = > 0, crenoBa-

2
1
TEILHO (YHKIUA ¥ BO3PACTACT HA [O,Z}. Ocraercs 3aMeTUTH, Y4TO
1 ™ 1
v(—) = —= — = <0. Jlemma 6 noxa3zana.
( 4 ) 32 2 < A
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