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This paper is a continuation of [1]. We continue the numeration of equations and theorems (as well
as propositions and lemmas) and keep all definitions and notations as in the first part. Let us recall some
of them.

We say that a complex-valued function v on the real line is s-times differentiable (s > 2), if it has
continuous derivatives up to order m = [s], and for any point ¢g, as t — ¢,

o™ (1) = o™ (tg) + o(|t — to|*™™).
In the sequel, we will always assume that v(0) = 1, v(0) = 0, and v (0) = —1.
Define the cumulants of v by
dk:
M=k gk logv(t)|t:0, k=1,...,m.
In particular, 3 = 0, 79 = 1.
The associated polynomials Py are defined in case m > 3 for integers 1 < k <m — 2 by

Pu(t) = Z 1 (73)]01 ( Tk+2 >pktk+2(p1+“'+pk)
! r\a) ! ’
o1t 2t k= pil.pp! \ 3! (k‘ + 2)

where the summation is extended over all non-negative integer solutions (p,...,px) to the equation
p1+2p2 + -+ kpr = k.
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270 BOBKOV et al.

10. PROOF OF THEOREM 1.3

Let v(t) be s-times differentiable, s > 2, such that v(0) = 1, v'(0) = 0, v”(0) = —1. Note that v is
not vanishing in some interval containing the origin.
Let us consider the family of the functions

m—2

um(t, 2) = et/2 (1 + Z Pk(it)zk)v
k=1

where m = [s]|, and the polynomials P} are based on the cumulants ~s,...,v, of v. In order to

approximate the powers v, (t) = v(t//n)", one uses the values z = 1/4/n, leading to the approximating
functions

m—2
U (t) = up(t,n/2) = /2 (1 + ) Pilit) n_k/2>.
k=1

On the other hand, when z = 1, we deal with the projection operators T,,, i.e., with the functions

) m—2
em(t) = upm(t,1) = e+ /2 (1 + Z Pk(it)>.

k=1
Theorem 1.3 is a particular case of the following more general proposition.

Proposition 10.1. Forallp=0,1...,m, and all |t| < cn'/S,

dp dp t t e
£ om0 =n () ()] oo
with
am2\ _—t2/2 C En
Irn] < (14 [¢]"™ ) e <n(m1)/2 + nSQ)' (10.2)

Here C, cand e, are some positive constants such that €, — 0 as n — oc.

[t is worthwhile noting that Proposition 9.1 and thus relation (1.8) can be obtained on the basis
of (10.1)—(10.2) as well using the property that v(¢) and e,,(¢) have equal derivatives up to order m
and both are s-times differentiable. However, we have chosen a different road of proof and will derive
Proposition 10.1 by virtue of Proposition 9.1 (its second part).

In order to show how it applies, apply the binomial formula to obtain that

) =

el () e ()™
et ) el )] ()

Thus, y,2 is almost the term which appears on the right-hand side of (10.1), provided that e, ( \}n)"
is replaced with the characteristic function of the standard normal law.
The first term 0,1 = em(\;n)” — U (t) is of the same nature as vy, (t) — u,,(t), assuming that e,

Un(t) - um(t) = 0Op1 + 0p2 + 0n3 :6m<

-1

plays the role of v. At this point, let us recall that, by Proposition 7.4, T},e,, = e,,, and moreover, that
em generates the same polynomials P, as v. Hence Proposition 9.1, being applied to e,, in place of v with

z = 1/4/n, provides the bound on the derivatives of e, ( \/tn)” — um(t). Since e, is analytic, the second

assertion (9.2) of Proposition 9.1 is more accurate. Namely, if e,,, (¢) is not vanishing in the interval |t| < ¢
(which is true with some constant ¢ > 0 depending on the cumulants only), it gives:
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NON-UNIFORM BOUNDS IN LOCAL LIMIT THEOREMS 271
Lemma 10.2. Forallp=0,1,...,mand all |t| < en'/S,
0P ()| < A1+ [t2™) /2 p=m=1/2) (10.3)
where c and A are some positive constants, depending on the cumulants s, ..., Vm.

Moreover, using a similar argument one can estimate the derivatives of the functions em(t)k, which
appear both in 0,9 and o,,3. Apply (9.2) with v = e,,, and z = 1/Vk to get

/4

where A = A.(t) is a bounded quantity in the interval |t| < c¢k'/6. Putting o = \/ﬁ and replacing the
variable ¢ with at, we obtain

dP t ki dP —a2t2/2 ’LOét om2\ _—a2t2/2
dr em(m) = aw <1+Z il )+B(1+!t! Je : (10.5)

where now B = By(t) is bounded in [t| < cn!/®. Every P; is a polynomial of degree at most 35 < 3m, so
all its derivatives of order up to m can be bounded by C(1 + [¢])3™ on the whole real line. Hence, using
a < 1and k > 1, the same is true for the polynomial in the large bracket of (10.5). Using the Leibnitz
rule, it then follows from (10.5) that:

Lemma 10.3. Forallp=0,1,...,m, k=0,1,...,n, in the interval |t| < cn'/6
dp t \k 2 2
v e () |5 00 E )
with some positive constants c and C.

The particular case k = n — 1in (10.4) should be investigated in more detail by replacing (10.5) with
a more accurate relation, namely

m—2

m2
dP em( t )"*1 _ dP €—a2t2/2 Zat n B(l + ‘t‘Q ) €—a2t2/2
dtp Vn dtp \/n —1 (n — 1 (- 1)/2 Vn—1

(assuming n > 2). Repeating the same argument concerning the growth of the polynomials P; and their

Jj=1

derivatives, and noting that, for « = \/" I we have

C
(1+ [HPF2) et < Vi,
n

dp 70[27&2/2 dp 7t2/2
‘dtp ‘ Ta €

we arrive at the following bound (which also holds in the missing case n = 1):

Lemma 10.4. Forallp=0,1,...,m, in the interval |t| < cn'/®
dp t n—1 dp —t2/2 C 2 2 —t2/2
m — < 1+ t]°™
dtr © <\/n) dtr © <y FIT ) e

with some positive constants c and C.

Finally, let us bound the derivatives of y(t) = v(t) — e,,(t) and of its powers, which appear both in
on2 and o,3 as well. To this aim, one may appeal to Corollary 7.5, giving, as t — 0,

y () = o(|t|’™") forany r=0,...,m. (10.6)
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272 BOBKOV et al.

In particular, y(t)* = o(|t|**) for any k > 1. If p > 1, by the chain rule (cf. (2.3)), the pth derivative
of y(t)* represents a linear combination of the terms

b{t) = y(0)" ) (o () (1)

over all integer tuples (ki,...,kp) such that ky 4+ 2ko +--- + pky =pand ki +--- + k, <k (k; > 0).
By (10.6), we have b(t) = o(|t|”), where

S=sk—(ki+-+kp)) +Z(5—r)k:r:sk—p.
r=1
Hence &, (v(t) — em(t))k = o([t[**P). Since sk — p < smfor 1 < k < m, we obtain:

Lemma 10.5. [lef 0 < a < % and ¢ > 0 be given. For some ¢, — 0, for all p=0,1,...,m and
k=1,...,m, we have, uniformly in the interval |t| < cn?,

() o))

Proof of Proposition 10.1. Using Lemmas 10.4 and 10.5 (with k£ = 1), we see that in o,2 one may

replace the term e, ( \/tn)”_1 with e=#*/2 at the expense of an error not exceeding

<en (14 [¢*™) n=sk/2,

/
¢ (14 [ty e /2 <

Vn

where g/, — 0. The same is true for the first m derivatives of o,,2.

- (14 t™) ns/2. 14 [t ) e /2, (10.7)

5
(12

n—k
Now consider the products y(t) = (v(\}n) — em(\}n))kem<\;n) appearing in 0,3 with 2 <

k < n. Writing
koo
(p) d7 t B t dpP—I t \n—k
Yk Z Pqti (v(\/n> €m<\/n>> dtr=i em(\/n)
and combining Lemmas 10.3 and 10.5 (which give estimates that are independent of j), we get
|yl(§p) (t)| < 9P En(l + |t|sm) nfsk/Q . C(l + |t|2m2) ef(nfk)tg/(Qn)

7

< €n (1+ ‘t‘4m ) (n—k)tQ/(Qn)’

nsk/2
where £/ — 0. Therefore,
- —(n—k)t?/(2n
MMSZ%Wme'HWIZ g € o
=g (1 + \t\4m2) e~ t/2 ((1 + n=5/? et2/2”) —1-—pn =272 et2/2”). (10.8)

For s > 2, we have §,, = n~%/2 /2" = o(1/n) uniformly in the interval [¢| < en!/8. So,
(14 8,)" = enlosl+n) — en(ntOW@R)) — 1 4 g, + (nén)2 +n0(82).
Hence, for all n large enough, the expression in the large brackets in (10.8) does not exceed

1 ) ) 1 1
, 82 +0@) < T, +0( ),

nsfl

[t remains to compare this bound with (10.7) and (10.3), and then we arrive at (10.2).
Finally, in the case s = 2, the expression in the large brackets in (10.8) is uniformly bounded in
|t| < en'/6. Thus Proposition 10.1 is proved.
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NON-UNIFORM BOUNDS IN LOCAL LIMIT THEOREMS 273
11. LIOUVILLE FRACTIONAL INTEGRALS AND DERIVATIVES

In this section we recall basic definitions and some results on Liouville fractional integrals and
derivatives, and refer to [4], [3] for proofs and a more detailed exposition. At the end of the section we
also formulate some special estimates for such operators. The proof of Proposition 11.3 below is rather
routine and is therefore postponed to the next section.

Let a denote a real number with 0 < < 1, and let y = y(¢) denote a (measurable) function defined
for ¢ > 0. The Liouville left- and right-sided fractional integrals on the positive half-axis R™ = (0, 4+-00)
of order « are defined by

T +oo
)@ = poy [ e @ = [ @0,
0 T

The equalities are understood in the usual way (as Lebesgue integrals), if y is sufficiently "nice".
According to a theorem by Hardy and Littlewood, I§, and I% are extended and act as bounded

linear operators from LP(R*) to LY(R*), where 1 < p,¢ < 400, if and only if p < ! and ¢ = 1fpap'

They represent particular cases of the so-called Liouville (or Riemann—Liouville) fractional calculus
operators.

The Liouville left- and right-sided fractional derivatives on the positive half-axis are defined by

(D)) = | )@, (D)) = | (I @ >0)

The equalities are valid for sufficiently "nice" functions, including the class C§°(R™) of all infinitely

differentiable functions on R* with a compact support (which can be used to approximate functions
from larger spaces).

For example, for any complex number A such that Re(\) > 0,
(1% M)(z) =A™, (D% M) (z) = \*e 2, (11.1)
where the principal value of the power functions is used.

We cite two standard facts about these operators (see [3], p. 75 and p. 83).

Proposition 11.1. For all sufficiently “good” [unctions y on R™,
(Do Ioyy) (@) = y(z),  (D2I%y)(x) = y(@).

The equalities are extended to the space L'(RY). Moreover, if additionally y(x) = o(x®) for
x — 0, then

(154 Doy y)(x) = y(x).

Define the linear spaces I§, (LP(R*)) and I®(L?(R™")) as the images of LP(R™) under the operators
I§, and I¢, respectively.

Proposition 11.2. For all sufficiently “good” Junctions f and gon R™T,

+00 +00
[ 1@ g9 @ de = [ g() (02 )(w) (112)
0 0
The equality may be extended to all f € I*(LP(R")) and g € I§, (LY(R™")) with p,q > 1, such that
Lyol—14a
p q
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274 BOBKOV et al.

This is a formula for fractional integration by parts.

Now, let V' be a function of bounded variation on the real line, also viewed as a finite measure, and
denote by |V its variation (as a measure). Define the Fourier—Stieltjes transform

“+o0o
V(z) = / e dv(t), xecR.
For our purposes, the following proposition will play a crucial role in the study of the local limit
theorem with fractional moments.

Proposition 11.3. Let g(x) = V(z) h(x), where h(z) is a continuously differentiable function on
the real line such that, for a given integerm > 0and 0 < a < 1, as |x| — oo,

[h()] + |1 ()] = O(Jz| ~Z+m+)).

If fj;o it dV|(t) < +oo and VK (0) =0 for all k=0,...,m, then (Dg§y.9)(x) exists Jor all
x > 0 and satisfies with some constant C, independent of x,

+o0
|(D8‘+g)(x)| < a +i)1+a / min {]u\, ’u‘a'} lu|™ |V|(du). (11.3)

Here o/ = avincasem =0, and o/ = 0in casem > 1. In addition, for all t real,

+o0 +o0
/ e (Dgyg)(z) dv = (—it)" / e g(x) da. (11.4)
0 0

More precisely, the Gaussian function h(z) = e=®*/2 and its derivatives will only be needed in this

proposition to obtain the desired decay for the inverse Fourier—Stieltjes transform.
Proposition 11.4. For all functions V and h as in Proposition 11.3, for all t real,

|Z|m+o¢
<

< g e S (11.5)

+o0o
‘ / eV (zz) h(z) dx

where €(z) is bounded in |z| < 1 and satisfies e(z) — 0as z — 0.

Proof. Let 0 < z < 1. We apply Proposition 11.3 with the function V,(u) = V(u/z) in place of V'

~

in which case V(x) = V(zz). Then, for the function g.(x) = V(zz) h(z), the fractional derivative
(Dg,92)(x) exists for all z > 0 and satisfies (11.3).

In order to unite both cases, use |u|® < |u|® for |u| > 1 and write (11.3) in a slightly weaker form

czm
(D800 < | 7700 00 (116)
where
+o0
i(z) = / min {|zul, |zu|*} [u[™|V|(du).

This integral is finite and behaves like o(z%) as z — 0. Indeed, split it into the two integrals in terms of
the (finite positive) measure W (du) = |u|™ |V'|(du) as

5(2) = 2T (2) + 2701 (2) = 2° / A0y AW () 4 2° / W dw ). (117)

lu|<1/z |lu|>1/z
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NON-UNIFORM BOUNDS IN LOCAL LIMIT THEOREMS 275

By the moment assumption on V, we have [ |u|*dW (u) < 400, so I1(z) — 0 as z — 0. As for
the first integral, note that z!'=%Ju| < |u|® in the region |u| < 1/z. Hence the functions f.(u)
21 u| 1¢jy <1/-} have an integrable majorant f(u) = |u|* with respect to W. Since also f,(u) —
as z — 0, one may apply the Lebesgue dominated convergence theorem, which gives Iy(2)
[ f»dW — 0. Thus, from (11.6)—(11.7),

o |

Zm-l—a
(D5 0)@)] < (i 020 (118)

where g(z) = az(i) — 0as z — 0 and supy_,<; £(2) < +o0.

sz+a

Now, using the bound (11.8)in (11.4), we get | f0+°° e g, (z) dx| < alt]e
inequality will hold as well when integrating over the negative half-axis. Therefore,

+oo
‘/emgz(:c)dx

This estimate implies (11.5) in case of large values of |¢|, say, when [¢| > 1. The remaining range |¢| < 1
can be treated by straightforward arguments.

£(z). Obviously, a similar

20 ;mte
- ot

e(2).

By the assumption on the decay of h, its Fourier transform h(t) = fj;o e h(x) dz is well defined,
bounded, and has bounded continuous derivatives up to order m + 1. Introduce Taylor’s approximation
for h up to order m at a given point ¢, i.e., the function

. m_p(k)
(Suh)(tu) =S 1
k=0 )

From Taylor’s theorem it follows that
|A(t +u) — (Sph)(t,w)| < M min {|ul™, a1} (11.9)

with some constant M independent of ¢. Now write

uF, u € R.

+o0o +0o0 +00

G.(t) = / e g (2) da = / 1V (2a) h() do = / Bt + 2u) dV (u).
The assumption V(0) = - - - = V™ (0) = 0 implies that fj;o(Smﬁ)(t,u) dV (u) = 0 for all ¢. Therefore,

using (11.9), we finally get

+o0o
6:(0)] = \ [ 0t 200 = Syt 20) v
+o0o

<M / min { |zu|™, |zu|" T} d|V|(u) = o(z"F).

Note that the last relation has been already discussed in the previous step.
Thus Proposition 11.4 is proved.

Remark 11.5. The second part of the above proof also covers the limit case « = 0 of the inequality
(11.5), which may be written as

+o0
‘/emf/(zx)h(x)dx < |2|™e(2). (11.10)
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276 BOBKOV et al.

More precisely, for this assertion we only need the assumptions fj;o lu|™ [V](du) < +o0, V(O) _ .=
V(™) (0) = 0, and fj;o |z|™ ! |h(x)| dr < +oc. Proposition 11.3 is irrelevant in this case.

12. FOURIER TRANSFORMS AND FRACTIONAL DERIVATIVES

In this section we give the proof of Proposition 11.3. By its very definition,

T

« _ d h(t) O

M@ (0@ = g [ ), Ve (12.1)
0

provided that the derivative exists (where 0 < a < 1).

Given m > 0 integer, introduce the function of the real variable

IR N (O
k=0
The assumptions on V' imply that the first m moments of the measure V' are vanishing, i.e.,
[2 uFdV(u) =0fork =0,...,m. Hence

o0

V) = / o (t10) AV (1),

—00

Respectively, changing the variable in (12.1) and applying Fubini’s theorem, one may write

(o) (Df,0)(x) = / o Tnm(tu) v (w)

0 —00

- d‘i 70[/xh(x — 1) N (2 — t)u) jz] dV (u).

We intend to move the differentiation inside the outer integral. To justify this step, consider the
derivative with respect to the inner integral,

xT

I(z,u) = dd /h(ac —t) nm((:c—t)u) ;lof

X
0

Lemma 12.1. Let h(z) denote a continuously differentiable function on the real line such that
|h(z)| + |W (z)| = O(z=FF+m+)) as |z| — oo. Then, for all u € R and z > 0,

[I(z,w)| < C(1+2)" " min{Jul, [u|*}  (m =0),
(2, )] < C(1+2) M) min{[ul™, [u[™}  (m>1)
with some constant C depending on h and « only.

Proof. Put &,(t) = h(t)nm(ut), so that

dt

d xT
Iaw) = o [ &te=t)y,.
0

In this case we may interchange differentiation and integration. Thus, using

d d
dx §u($ - t) = _dt gu(x - t)
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r dt
_/gu(x_t)ta'
0

Assume that z > 1 and split the integration domain into two regions such that

together with 7,,,(0) = 0, we can write

1 T
I(z,u) = Ip(x,u) + [ (x,u) = /5 x—t)jj—/f&(x—t)jj
0 1

The integral I;.
Integrating by parts, we have

Bz =a [&-1) 1, - -1, (12.2)

1
To analyze this integral, we use the elementary bound
7 ()] < 4min { ¢, \t\mﬂ} teR. (12.3)

Indeed, from Taylor’s formula it follows that |7, (t)] < (\tl ) This settles (12.3) in case |t| < 1. In the
other case [t| > 1, just write

EUET ST (R SR RYETT
thus proving (12.3).
This bound implies that
€ue — )] < 4] — 1) min {|(z — ul™, (= — yul™*1}. (12.4)
By the assumption on h, we have |h(z — 1)| < Cz~C+7m+) 50 by (12.4),
[u( — 1)) < Cz™ ) min {Ju|™, u™ '} (12.5)

with some constant C.

In the region 1 <t < z; = "%, we use the bound |h(z —t)| < Cz~(2+tm+a) with a constant inde-

pendent of ¢ and z. Hence, by (12.4), in this region
€ule — )] < Ca %) min {Jul™, |u™'}

and
/|§u _ t1+01 < Cz~ () min {|u|m’ |u|m+1}'
In the second region x1 <t < x, just use tl}ra < Cz~(1+) Then, by (12.4),

/\gu 4 Sty < ACE 0 \u]m/\h(x—t)\(x—t)mdt

1
(z—1)/2
— 40z (1) [y m / ()| ™ dt < Ol (¥ [y,
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278 BOBKOV et al.
since the last integral is uniformly bounded. Similarly, again by (12.4),

/|§u | i 40z~ (1He) |u|m+1/|h(x—t)|(:c—t)m+1 dt

1

< C/x—(l—i—a) |u|m+1.

Collecting the bounds for the two regions, we get
/‘gu ‘ 1+ < Cx—(H—a) min {‘u’m’ ’u‘m-i-l}

with some constant C'. Applying it together with (12.5) in (12.2) we arrive at
Li(z,u) < Cz~ (4 min {]u\m, \u]m“}.

The integral ;.

(12.6)

Now, let us turn to the integral Iy(x, u) = — f ¢ (x —t) % After differentiation and using the identity

0
N, = inm—1 (with the convention that n_;(¢) =

dt

Nm—1((x — t)u )h(x—t)ta,

Iolxu —u

\H

0
, dt
Ipo(x,u) = — nm((:c —tu) b (z —1t) s
0
By (12.3), sincez — t < x,
/ : m m+1 dt
oz, )l <4 [ 11— )] min {Jouf™, fruf ™}

Using the assumption 1'(z) = O (2~ Z+m+)) we get
[To2(,u)| < Ca™ ) min {fu|™, [u™*"}

with some constant C.

As for the integral Iy 1, first rewrite it as Iy 1 (z,u) = —iu f h(xz —t) d(my,—1(t), where

wOé

Cm-1(t) = / Mm-1((z = w)u) dw.
0

Integrating by parts one may represent it as In 1 = In 1,1 + lo,1,2, Where
Io1(z,u) = —iuh(z — 1) Gn-1(1),

1071,2(.%, u) = —iu h/(.’E - t) Cmfl(t)dt.

o —

e't) one may represent it as Iy = Iy 1 + Ip2, where

(12.7)

Claim. Forallx > 1,t € [0,1], we have |(_1(t)| < Cmin{1, |u|*~'} with some constant C, while in

casem > 1,
(Gt (B)] < C™ min {Jul™ L, Ju™}.
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Proof. 1fm = 0, whenever u # 0,

t tu

o AW o dw _
cao) = | [t =] fem <o
w w
0

On the other hand, |C_1(t)] < f) %%, s0 [¢_1(t)] < Cmin{1, [u[*~'}.
[fm > 1, we just appeal to the estimate (12.4), which, for allw € (0,1) and z > 1, yields
M1 (@ — w))] < 4min { (@ — w)™ " [u™, (2 — w)™ Jul™}

< 42" min {{u|™", |u[™}.

[t immediately implies the desired estimate.

Continuation of the proof of Lemma 12.1. Now, by the assumption on h and using the claim in case
m = 0, we obtain

[ To.1(,u)] < [Tz, w)] + [To (2, u)] < C ™) min {Jul, [ul}.
Similarly, in case m > 1,
[lo,1,1 (2, uw)| + Lo ,2(x,u)| < Clu| (|h(z — 1) + |h'(z — 1)]) - 2™ min {]u\mfl, ]u\m}
< C gz~ min { [u|™, [u[™*1}.
Thus
To.1(z,w)| < Cx™F) min {|ul, [u]*} (m = 0),
o1 (2, w)| < Cz~ U minfful™, [u[™'}  (m > 1).

Taking into account (12.7) and (12.6), we arrive at similar bounds for Iy(z, ) and I(z,w), which are
equivalent forms of the desired bounds in the lemma in case z > 1.

Finally, let us only note that the case 0 < # < 1 may be treated in a similar manner (with simpler
estimates). Thus Lemma 12.1 is proved.

Proof of Proposition 11.3. Finally, we are prepared to justify the differentiation step. Define
“+o0o

v = [ | / £ulo 1) o | aV(a)
—oo 0

where, as before, &, (t) = h(t)nm, (tu). Given x > 0 and &, — 0 (with e, # 0, z + &, > 0), write

oo aten
?/)(:chegz —(z) :_/ Lln / I(y,u) dy} dV(u).

By Lemma 12.1 in case m = 0, the expression in the square brackets is bounded in absolute value by
T+en
[ @ 0y < € il o).

T

1
C minflul, lul"} |

n

On the right-hand side the function is integrable with respect to the measure |V| according to the
moment condition on the function V. A similar conclusion holds in case m > 1 (with appropriate
modifications in the estimate). Therefore, one may apply the Lebesgue dominated convergence theorem,
which gives

+oo
Y’ (x) = lim Yo +en) —va) = /I(:c,u) av(u).

n— oo En
—00
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Thus, the fractional derivative

+o0o
(D,0)(@) = 1oy ¥'@) = oy [ T dv ()

is well defined for all z > 0. Moreover, from Lemma 12.1 we also obtain that
“+o00
(Dg9)()] < C (1+2)~0F) / ming|ul™, [u[™2} d|V|(w),

where m; =1, mg = awincasem = 0, and m; = m, mg = m + 1incasem > 1.
This proves the first assertion and the inequality (11.3) in Proposition 11.3. For the second assertion,
apply Proposition 11.1 and the formula (11.2) for the fractional integration by parts with the functions

f(z)=e =" (¢ > 0) and use the second formula in (11.1) with A =& — it for the fractional
derivatives of f. Then we obtain

+00 e
/ o (e—it) @ (D§9)(x) dx = (g —it)® / e_(e_it):vg(x) dx.
9 0

Letting e — 0 and using the integrability of both g and Df, g (due to (11.3)), we arrive in the limit at the
required equality (11.4). Thus Proposition 11.3 is proved.

13. BINOMIAL DECOMPOSITION OF CONVOLUTIONS

We shall now treat the probability densities p,, in Theorem 1.2. The following procedure is known; a
related approach has been used, e.g., in [5], [2] to study the central limit theorem with respect to the total
variation distance.

Let 0 < ¢ < 1 be a prescribed number, m = [s], and n > m + 2.

Without loss of generality, one may assume that ng = 1, that is, S; = X3 has a density, say, p, which
may or may not be bounded. For definiteness, assume it is (essentially) unbounded, so that the integral

b= / plz) dz

{p(x)>M}
is positive for all M > 0. We choose M to be sufficiently large to satisfy, e.g., 0 < b < §, which implies
2nm L pn=m=l < ¢ for all n > ny large enough.
Consider the decomposition
p(z) = ap(x) + bg(x),
where a =1—b and p(z), ¢(x) are the normalized restrictions of p to the sets {p(x) < M} and
{p(z) > M}, respectively. Hence for the convolutions we have a binomial decomposition

n
p*n _ Z Crlj akbn—kz p*k % q*(n—k)
k=0

Then split the above sum into two parts to get p*"*(x) = p,(z) + ¢ (z), where

n m-+1

b= 3D Chart g0, g = ST o o)
k=m+2 k=0
Note that
+oo mal .
o= / Gn(@)dz =3 Crafb"™F <nmHhprmmh < 62 (n>mny).
o k=0
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Finally define
+oo
palavi), Tl = [ B0 de

— 00

%

ﬁn(x) - 1 _nﬂ

Let us recall that p,(z) = \/n p*"(z\/n) has the characteristic function v, () = v( \/tn)”, where v is

the characteristic function of X7. By construction, the densities p,, are bounded and provide a strong
approximation for p,,. Namely, we immediately obtain:

Lemma 13.1. Foralln > ny, ff;o |pn(x) — pp(z)|dx < . In particular, for allt € R,
[0 (t) — v (t)] < ™.
A similar inequality also holds for the first m derivatives of v, and v, with n large enough.

The last assertion of the lemma needs a more detailed explanation, which we postpone to the end of
the section.

We will also need some integrability properties for v,, and their first m derivatives that are due to the
boundedness of the probability density p(z) and the finiteness of the mth absolute moment of X;.

Lemma 13.2. Let E | X |™ < 400, m > 2. There exist positive constants A and o, depending on X,
and m, such that, for all0 <T < y/n,

T ()| dt < Ae™T”. (13.1)
{l11>1}

A similar bound is also true for the first m derivatives of v,, (with arbitrary n > m + 2).

Proof. Let p, ¢ denote the Fourier transforms of p and ¢, respectively. Then

Bat) = i C,’jakb”—’f;a( tn)kq( t )”_k. (13.2)

1= 571 k=m+2 \/ \/n
By the Riemann—Lebesgue theorem,
sup [p(t)] <=, sup|g(t)] <y  (0<y <) (13.3)
[t|>1 [t]>1

Hence, from (13.2), for all [¢| > /n,

n—2 n
~ ok NARARNE k kpn—k — n—2|( T \|?
< . .
m@l< " 12( )] D vty (1) (13.4)
In addition, by the Plancherel theorem and using p(z) < M/a we have
NAWERNE i or M
/ ﬁ(\/ )‘ dt:27r\/n/p(x)2dt§ m Vn. (13.5)
n a
Therefore integrating the inequality (13.4) we get
() dt < 2™ yn-2 . (13.6)
a

{ltlzvn}

On the other hand, since both p and ¢ represent the densities of probability distributions with finite
second moments, their characteristic functions near zero satisfy

B <e F i) <e T (1< 1) (13.7)
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with some constant o > 0. Hence, for [¢| < v/n, (13.2) gives the estimate [, (t)] < e=°"** and

T, (8)| dt < / e g < 0T
g
{T<lt|<vn} T<|t|<y/n
Together with (13.6) the latter yields

_2T2 2n M

- 1 _
[on(t)| dt < e + Y"2/n.
g a

{1t1>T'}

Finally, since for the values 0 < T' < y/n one always has y"~2,/n < A; e—°1T? with some constants A
and o1 > 0, the desired bound (13.1) easily follows.

As for the derivatives, a bound of this type can be proved by similar arguments, so let us restrict
ourselves to the basic case of the mth derivative (needed for the proof of Theorem 1.2).

The condition E|X;|™ = [ || p(z) dz < +oc implies a similar property for the densities p(z) and
q(z). Hence p(t) and ¢(t) have Contmuous derivatives up to order m, bounded in absolute value by some
common constant.

In view of (13.2), aim (t) represents a linear combination of the terms

o [0 00 =3 o) ] i [ ()] s

with integers m + 2 < k < n. Given 0 < r < m, by the chain rule (2.3), the rth derivative of the function

ﬁ(\;n)k represents a linear combination of the terms

—T’/2 t k_(k1++kr) A t kl ’*(7’) t k‘r

" (\/n> p<\/n) b (\/n> (13.9)
over all integer tuples (k1,...,k,) such that ky +2ky +---+rk, =rand k1 +--- + k. < k (k; > 0).
Moreover, the coefficients in that linear combination do not depend on n, and the total number of such
terms is bounded by a quantity that depends on m only.

Using k1 + -+ k. <r <m and the boundedness of the derivatives, the absolute value of the
expression (13.9) as well as the sum of all such terms are bounded by ]ﬁ(\}n)\k*m up to a constant
factor.

Similarly, the (m — r)th derivative of the function (j(\}n)”_k represents a linear combination of the

L men)/2 q(\jn>(nk)(k1+...+km—r) @/(\;,L)kl . q(m_r) (\;n>km_r (13.10)

over all integer tuples (ki, ..., kpm—r) such that ky +2ky + -+ (m —r)kyp—p =m —rand k; +--- +
Em—r <n —k (kj > 0). Again, the coefficients in the linear combination do not depend on n, and the
total number of such terms is bounded by a quantity depending on m only. Since k1 + -+ + Ky <
min(n — k,m —r) < min(n — k, m), the absolute value of the expression (13.10) and the sum of all

such terms are bounded by |g( \;n)|(”_k)_min(”_kvm) up to a constant factor.

terms

Thus (13.8) is bounded in absolute value by

g/t k=m | /¢ (n—k)—min(n—k,m)
(L) )
with some constant C' depending on X3 and m only. It then follows from (13.2) that
C n t k—m t (n—k)—min(n—k,m)
~(m) k _kin—k | ~
RO, k_z:HCna b p(\/n)‘ ‘q(\/n) (13.12)
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Now, like in the previous step, using (13.3), for all |¢| > /n, we get

¢ 2 O k kin—k . (n—m—2)—min(n—k,m) n—2m—2|~f ¢ 2
) < .
‘ ‘_ 1-3 <\/n)‘ %—QCnab K =Cr p(\/n>‘
Integrating this inequality with the help of (13.5), we obtain that
B ()| dt < ZTMC n-ame2 (13.13)
a
{lt|=vn}
In addition, using (13.7) for |t| < y/n, the product (13.11) is bounded by C' e=47° where
d= ! ((n—=m)—min(n — k,m)) >d = ! ((n—m) — min(n — m — 2,m)).
n n

Ifn>2m—|—2 thend’ = "*Qm > fr In the other case m + 2 < n < 2m + 2, we also have d’ = Z >

m+1 Hence (13.11) s bounded by C e~ t/(m+1) "and we derive from (13.12)

‘@{m)(t)‘ ¢ Z Cs aFpn—k efo'QtQ/(erl) < Cefo'QtQ/(erl)'

n

IN

[t remains to integrate this inequality to get

@l <o [ e g < L ey,
g
{T<ifi<yn} T<l<yn

Together with (13.13), it yields the desired estimate (13.1). Thus Lemma 13.2 is proved.

Remark 13.3. If the density p is bounded, the decomposition procedure is not needed, and then
Lemma 13.2 should read as follows. Let E | X |"™ < 400, m > 2, for a random variable having a bounded
density. There exist constants A and o > 0 such thatforall n > 2

/ ‘v(\/tn)‘ndt<Ae"2T2, 0<T< /n, (13.14)

{1t1>T3

where v is the characteristic function of X. A similar bound holds as well for the first m derivatives of

v(\/tn)" with arbitrary n > m + 2.

Proof of Lemma [13.1. By the construction, for all n > nq,

/ |Pn(2) — pn(z)| do < 28, < ",

SO [U,(t) — v, (t)] < ™ as well. In order to extend this inequality to the derivatives, recall the represen-
tation (13.2) to write

B

_ 1_”ﬁn 5 — %, (13.15)

where
= 2 ) () me g cta()()

As before, we will only consider the case of the mth derivative.
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It was shown in the proof of Lemma 13.2 that, given m + 2 < k < m, the function p( \/tn)k cj(\}n)"*k
has the mth derivative bounded in absolute value by the expression (13.11). So, it is bounded by a
constant C' depending on X; and m only. In the general case including the values 0 < &k <m+ 1(13.11)
should be replaced with

o/t max(k—m,0) | / ¢ (n—k)—min(n—k,m)
¢ p<\/n> ‘q(\/n> ’
which is also bounded by C'. Therefore, from (13.15),
(m) (m) CB N
~(m _.(m < n k k: n—k k k: n—k __
[5{m) () — v (t)‘—l—ﬁnk%f b +ckzoc bR =208, < &,

where the last inequality holds true for all n starting with a certain ny.
Thus, Lemma 13.1 is proved.

14. PROOF OF THEOREMS 1.1 AND 1.2

We are prepared to make the last step in the proof of Theorems 1.1 and 1.2. Recall that s > 2, m = [s],
and puta = s —m.
Let v(t) be the characteristic function of X7 and v, (t) = v( * Jn )™ be the characteristic function of S,,.

We will assume that all S,, have densities p,, (since only minor modifications have to be done in the more
general case, where S, have densities for all n large enough).

If p, and therefore all p,, with n > ng are (essentially) bounded for some ng, then there is no need to
use the binomial decomposition of the previous section, and we put p,, = p,,. This case corresponds to
Theorem 1.1. Otherwise, if p,, are unbounded for all n > 1, then the binomial decomposition is applied
to p = p1, and we obtain the modified densities p,, together with the associated characteristic functions
U, Which we considered in the previous section. Thus, the requirement ¢) in Theorem 1.2 is met.

The inversion formula.

The characteristic functions v, have continuous bounded derivatives up to order m, which are
integrable according to inequality (13.1) of Lemma 13.2 or (13.14) of Remark 13.3. Hence, by the
inversion formula,

—+o00
1 .
(i2)? pu(z) =, _ / e (tydt,  p=0,1,...,m.

By the construction, the approximating functions ¢, () = ¢(z) + ZZ;Z qi(z) n=*/2 which appear
in the relation (1.3), have the integrable Fourier transform

U (t) = e t°/2 ( + Z Py(it)n k/2>.

Consequently, forallp =0,1,...,m,
17
(i) (Fula) ~ () = 5 [ @O - ) (0) . (14.1)
27

Our task is thus to give proper upper bounds on the absolute value of these integrals in the particular
casesp=0andp = m.

What is rather standard, one should split the integration into two regions. Given 7;, — +o00, 0 <
T, < +/n (to be specified later on), let

o= [ O - @Ot Sp= [ EEDEO - u)0) dr

[tI<Tn [>T
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It should be clear that
/ [ul®) ()] dt < Ae=""Tn
[>T

with some positive constants A and ¢ depending on m. By Lemma 13.2 and Remark 13.3, we have a

similar bound for 5 (t) whenever n > m + 2, so

Tyl < Ae 0 Th (14.2)
The integral I,, ,,.
To treat this integral, we subtract and add P (t) inside the integrand and apply Lemma 13.1 (the
second part). Then it gives (using T;, < v/n)
[ pl < |I7,’L,p| +c"V/n,

where 0 < ¢ < 1is the prescribed parameter in Theorem 1.2 and

I, = / e~ (v (t) — ulP)(t)) dt.
[t|<Th

Using (14.1)—(14.2), we obtain that, for all z,
~ 1
27 [Pn(@) = om(@)| < 1Ll + AT 4 M, (14.3)

up to some positive constants A and o.

Proof of (1.4) in case |x| > 1. Note that for || < 1, the relation (1.4) follows from (1.3). As for the
values |z| > 1, only the value p = m is of interest in (14.3).

The integral I}, , can be treated with the help of Theorem 1.3. It gives that in the interval [t| < ¢;n!/®

with some constant 0 < ¢; < 1 we have
dP t t 2
® () — @ () — _ —t4/2
Un, (t) 2 (t) ndtp l:(v<\/n> €m<\/n>) e :| + T,

where the remainder satisfies
C €
< *t2/4 n
| < e (n(ml)/Z + n52>'

Here C' and ¢,, are some positive constants such that e, — 0 as n — oo. Hence assuming that 7, <

c1n/6 and noting that ¢/n will be absorbed by other remainder terms we get that

Pl B o 5 C €n
|| |,0n(:1:) @m(x)| < o [l + Ae + o (m—1)/2 + o2 (14.4)

where
P t t 2
"o —itx - —t2/2
L, = / e [(v(\/n) em(\/n>) e ] dt. (14.5)
[tI<Tn

Now, one can differentiate inside the last integral, which will lead to the terms containing e~t/2 up to

polynomial factors (due to the property that v has m bounded derivatives). Hence integration in (14.5)

may be extended to the whole real line at the expense of an error not exceeding Ce~Tn/4, Hence (14.4)
may be replaced with

c €n

movy2 T (14.6)

~ n _2m2
2P |Pa() = om(@)| < [Tl + Ae™ T+ "

o ns—2’
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where

+o0o
I///

e [ ) -en ) ]

Letting p = m and w(t) = v(t) — e,,(¢) and performing differentiation, rewrite the above integral as

+oo
" Ck A t
/A m —itx k
Tom = Z nk/2 / e )<\/n) hom—k(t) dt, (14.7)

where hy,_p(t) = (e ¥/2)m=k) — (_1ym=Fkp (1) e /2,

Recall that w(t) = V(t) represents the Fourier transform of a finite signed measure, V, such
that [ 727 [u[™|V|(du) < +oo (where |V| denotes the variation of V, treated as a positive finite
measure). In addition, the first m derivatives of w are vanishing (cf. Section 7 and Proposition 7.4).
Hence w®)(t) = Vj(t) represents the Fourier transform of a finite signed measure Vj, such that
S u|m=R)+e Vg |(du) < +oo and the first m — k derivatives of wy, are vanishing. Therefore, we are
in a position to apply Proposition 11.4 to the functions Vk(t) in place of V, hy,_, in place of h, and

with m — k in place of the parameter m. Choosing z = 1/y/n, the inequalities (11.5) and (11.10) (cf.
Remark 11.5) give

+oo
—itx t En —«
/e t w(k)(\/n) hmk(t)dt' < o (m—k-+a)/2 (1+|z])

with some sequence ¢,, — 0 as n — oo. Applying this bound in (14.7) we obtain

€ —
Ll <, (e

and then (14.6) with p = m yields

s [~ En o o272 C En
[ |Pn(@) —on(@)| < () + ] (Ae T et ns—Q)' (14.8)

[t remains to invoke information about the possible growth of 7). But, as we have seen, one

could choose T}, to be of order n'/¢ regardless of s. With this choice (14.8) leads to the announced
inequality (1.4) of Theorem 1.2.

Proof of (1.3). Let us return to (14.3). The integral I}, , can also be estimated by virtue of
Proposition 9.1 and Propositions 5.1—5.2 (cf. Corollary 9.2). Namely, they give that

0P (1) — uP)(t) = o(n~5=2/2) e /1, p=0,1...,m, (14.9)

uniformly over all ¢ in the intervals |t| < T},, where T}, are of order n'/% in case s > 3 and of order
n(3=2/(25) in case 2 < s < 3. If s =2, we may only have T,, — +oo. Clearly, in all cases I, =

o(n=(5=2)/2) "and (14.3) yields
(2P |Pn (@) — @ (@)] < o(n™E7D/2) 4 Ae™ 7, (14.10)

[t remains to apply this inequality with p = 0 and p = m.
Theorems 1.1—1.2 are thus proved.

Remark. If E|X{|™"! < 400, m > 2, but ¢,, are constructed with the help of the same cumulants
Y3, ..., Ym (like in the case m < s < m + 1), relation (1.3) for both Theorems 1.1 and 1.2 may be
sharpened. Indeed, by Proposition 9.1 (second part), (14.9) should be replaced with a stronger relation

v (t) —uB)(t) = O(n~ "=V e p=0,1. . m,
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which holds uniformly in the intervals [t| < ¢;n!/®. Respectively, it provides a stronger version of (14.10),
namely,

(L4 la™) [pn(@) — om(@)] = O(n="=D7?).
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