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Abstract. We study some discrete isoperimetric and Poincaré-type inequal-
ities for product probability measures " on the discrete cube {0, 1} and on
the lattice Z". In particular we prove sharp lower estimates for the product
measures of boundaries’ of arbitrary sets in the discrete cube. More gen-
erally, we characterize those probability distributions p on Z which satisfy
these inequalities on Z". The class of these distributions can be described by
a certain class of monotone transforms of the two-sided exponential mea-
sure. A similar characterization of distributions on R which satisfy Poincaré
inequalities on the class of convex functions is proved in terms of variances
of suprema of linear processes.
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1. Introduction

Let (€2, P) be a product probability space, 2 = Q) X --- X Q,, P =
U1®- - -Qu,. Inthis paper we derive some discrete isoperimetric inequalities
of the form

PY(A) > cI(P(A)), ACQ,c>0, (1.1)
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connecting suitably defined ‘surface’ measures P*(A) and the ‘volume’
P(A) via some non-negative functions / on [0, 1].

Various discrete and continuous isoperimetric inequalities may be
written in the form (1.1). For instance for Gauss spaces (R", y,), i.e., Eu-
clidean spaces equipped with the canonical Gaussian measure with density
Qm) 2 exp(—|x|?/2), x € R", the surface measure is defined by the so-
called lower outer Minkowski y,,-content, (or Gaussian perimeter)

n Ah — tn A
v (A) = liminf 7a(A7) — yvu(4)
h—0t h

9’

where A" denotes the h-neighbourhood of A in the Euclidean metric in R”.
Let ¢ denote the density of y; and let ®~! denote the inverse of the stan-
dard Gaussian distribution function ®(x) = y;((—o0, x]). The Gaussian
isoperimetric inequality due to V.N. Sudakov, B.S. Tsirel’son [ST] and C.
Borell [Bor] then asserts that, for any measurable set A C R",

v, (A) > I (ya(A)) (1.2)

with the Gaussian isoperimetric function I (t) = @(®~'(¢)),1 € [0, 1]. Here
equality holds for an arbitrary half-space A. The most remarkable feature
of this inequality is that the function [ is independent of the dimension 7.

1.1. Product measures df, 1}"

In the case of the probability counting measure, say P, on the discrete
cube = {0, 1}" we are looking for suitable surface measures P™ which
approximate the corresponding Gaussian perimeter (1.2) for growing n and
satisfy (1.1). To this end it may be helpful to review some measures used
in related extremal set problems. Denote by s;(x) the ‘neighbour’ of x €
{0, 1}"* obtained by changing the i-th coordinate: [s;(x)]; = x;, for j # i,
and [s;(x)]); = 1 — x;. Forany A C {0, 1}", the sets

0,A ={xeA:si(x)¢ A, forsomei <n} ,

0_A ={x ¢ A:s;i(x) e A, forsomei < n}

represent the inner-respectively the outer boundary of A with respect to
the Hamming distance in {0, 1}", or the inner- and the outer parts of the
(two-sided) boundary 0A = ;A U d_A.

The classical discrete (vertex-)isoperimetric problem is to minimize
P(0_A) over all sets A with fixed probability, say P(A) = ¢. It has been
solved by L.H. Harper [H2] (cf. also [WW], [FF]). In the case, when ¢ is of
the form 27" . _, C! , the extremal sets are the balls A = {x € {0, 1}" :

i<k
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X1 + -+ + x, < k} (which may also be regarded as half-spaces). The cor-
responding isoperimetric inequalities are of the type (1.1)

1

P(0-A) > ﬁln(P(A)) (1.3)
with functions I, closely related to the Gaussian isoperimetric function /.
Note however, that these inequalities essentially depend on the dimension
n through the factor 1/4/n, and that the connection with (1.2) is not clear. It
seems more promising to weight boundary points (or vertices) x of subsets
A of {0, 1}"* according to the number of outbound edges by introducing the
functions

ha(x) = card{i <n:(x € A, si(x) ¢ A)or (x ¢ A, s;(x) € A)},
hpa=hsly .

In particular, we may define boundaries and inner boundaries as well via
0A = {thy > 0}, 0A = {hy > 0}. For example, one might look at
the socalled edge-isoperimetric problem corresponding to minimizing the

functional
/ hadP

(which is, up to the constant 27"~!, just the number of all boundary edges of
A) over all sets A with prescribed value P(A) = ¢. For the discrete cube, the
problem of (edge-) extremal sets was solved by L.H. Harper [H1] and J.H.
Lindsey [Lin] (cf. R. Ahlswede and N. Cai [AC] for history of the problem
and more general results). The edge-extremal sets are given by the first
points in the lexicographic order of €. In particular, when ¢ = 27*, these
are the subcubes A = {(0, ..., 0)} x {0, 1}*~*. For such sets, fﬁA dP =
21 log, (1/1) while for balls this quantity grows to infinity with n like /n.
Thus, similar to (1.3), this surface measure does not recover, even up to a
multiplicative constant, the continuous isoperimetric inequality (1.2).

An appropriate normalization of | h 4 dP by multiplication with P(d A)
yields a closer analogue of (1.2). This is due to G.A. Margulis [M] who
proved that P(0 A) f h 4 dP can be bounded below in terms of P(A), only.
More generally, for p € (0, 1), let 17, denote the product measure on {0, 1}
of the Bernoulli measure assigning weights g = 1 — p and p to 0 and 1
respectively. Margulis investigated the (connectivity-) threshold behaviour
of the function p — ,ug (A) for monotone sets A such that i, is large on
d+ A, by means of the inequality, ([M], Theorem 2.4),

@A) [ hadicy = e (p.a) (14)
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where ¢ (p, «) depends on p and o = w/,(A) but not on n. Using Cauchy-

Schwarz’ inequality, we have 11" (31 A) [ ha > ([ha )2. Thus the lower
bound ¢ (p, &) can be derived from lower bounds (which do not involve n
directly) for [ /h 4 . Using the latter as a new surface measure, M. Talagrand
[T1] sharpened (1.4), proving that there exists a positive constant ¢, such
that, for each subset A of {0, 1}*,

/ VEAG)dph () = ¢y T (h(A) (1= ph(A) . (1.5)

where J(¢) = t,/log(1/¢t), t > 0. He studied as well the related Cheeger-
type inequality

[ Vi = ¢ - ey (16)

and applied it to get a quantitative version of Margulis’ theorem on thresh-
old behaviour. The ‘surface measures’ | Jha dp;, and i \/Z dp, turn
out to be the desired discrete analogues of the Gaussian perimeter y,"(A).
Moreover, since J (t (1 — t)) behaves like the Gaussian isoperimetric func-
tion [ (¢), the inequality (1.5) itself may be viewed, up to a multiplicative
absolute constant, as a discrete version of the Gaussian isoperimetric in-
equality (1.2). Using a different approach, we will study a correct order of
constants in (1.5) and (1.6) as functions of parameter p and prove in section
2 (Propositions 2.3-2.4):

Theorem 1.1. The functionsc, resp.c; of p in (1.5) and (1.6) can be
chosen as

cp 2 1/4/log(1/p), psmall, and ¢, =1.

Exact values for ¢, are more involved and provided in Lemma 2.2 in-
cluding more general functions J in (1.5). The value c;, = 1 implies in par-
ticular that in Margulis’ lower bound we may choose c(p, o) = o’ (1—a)?,
independent of p.

For the two sided boundary surface measures P+ (A) = f \/Z d ,u’;,, we

prove in section 3 (Proposition 3.1):

Theorem 1.2. Forall p € (0, 1),

A n 1 - n n
/\/hA(xmu,,(x) = =(® Wh(A)), AcC(o,1)" . (1.7

Thus, compared to (1.5) the two sided surface measure is bounded from
below by a much more larger quantity, especially, when p is small.



Discrete isoperimetric and Poincaré-type inequalities 249
1.2. Functional inequalities on general product spaces

The bound (1.7) will be extended in section 3 (Theorem 3.2) to finite prod-
ucts of arbitrary probability spaces under an appropriate adaption of the
notion of surface measure. As we believe, this illustrates a very general
principle behind the Gaussian isoperimetric inequality. Our approach is
based on the idea that the inequalities like (1.5)—(1.7) are particular cases of
the following functional type inequalities on abstract product spaces (2, P)

cI( | FdP) < [ VRI(f)?+D(f)2dP (1.8)
(free) < |

involving some measure of the size of a ‘discrete gradient’ D(f) of an
arbitrary (measurable) function f on 2 with values in [0, 1]. On indicator
functions f = 14, (1.8) turns into an isoperimetric inequality (1.1) for the
‘surface measure’

PT(A) = /D(lA)dP . (1.9)

For instance, in (1.7) we obtain the surface measure P*(A) = f Vhad ,u’;

defined by (1.9) via the operator D f (x) = \/Z;’ZI | f(x) — f(s;(x)]?, ie.,
the Euclidean length of the usual discrete gradient of f.

Functional inequalities like (1.8) were introduced in [B1] for the discrete
cube and the uniform Bernoulli measure. Starting from dimension 1 with
an arbitrary given function /, these inequalities can be extended by simple
induction to the n-dimensional case for a wide class of operators D. This
reduces the multidimensional isoperimetric problem of estimating of P*(A)
within all the sets with given (product-)measure P(A) to a one-dimensional
problem about an optimal function / or an optimal constant ¢ in (1.8). Of
course, (1.1) is a weaker inequality than (1.8). However, in many cases of
interest, (1.8) saves a lot of information about optimal constants in (1.1). This
concerns in particular the inequalities (1.5)—(1.7). The induction argument
for the general setting is isolated in section 2 (Lemma 2.1).

1.3. Product measures ot

For subsets A of Z", the boundary function 4 4 is given by
ha(x) =card{i <n:x€ A, (x+e ¢ Aorx —e; ¢ A)} ,

where (e;);<, denotes the canonical basis in R". Using the functional form
(1.8) with I(¢) = t(1 — ¢t), we obtain the following result (section 4, The-
orem 4.1) which characterizes probability measures © on Z satisfying a
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Cheeger-type inequality on Z”. For the Minkowski perimeter with respect to
continous probability measures 1" on R”, an analogous problem of whether
or not Cheeger-type inequalities extend from dimension 1 to dimension »
with a dimension free constant has been affirmatively settled in [BH1].

Let F,,(x) = p((—o00, x]) denote the distribution function of x. Then
we have

Theorem 1.3. The following statements are equivatent
(1) For somec > 0, the following Cheeger type inequality holds

/ Vha(x)du'(x) > cp"(A) (1—u"(A)), foralln>1landA CZ" .
' (1.10)
(2) For somec > 0, the distribution function of. satisfies

u(x)) = cFu(x) (1 — Fu(x)), forallxeZ . (1.11)

(3) There is a constanf’ > 0 such that a discrete Poincarinequality on
Z holds

2
fzfzdu - (/Zfdu) SC/Z (fx+1D = fO)dux),
forall fonZ . (1.12)

(4) The measure: is a functional transform of the two-sided exponential
distribution v, with density% exp(—|x|), x € R, under a nondecreasing
mapU : R — Z such thatfor some: > 0, sup, g [U(x+h)—U(x)| < 1.

Note that (1.11) is just a particular case of (1.10) when n = 1 and
A = (—o0, x]NZ. Two different characterizations of probability measures
w on Z satisfying the discrete Poincaré inequality (1.12) have recently been
obtained by J.-H. Lou [Lou] in continuation of an earlier joint work with
L.H.Y. Chen [CL].

The properties (1)—(4) in Theorem 1.3 are satisfied for example by the
Poisson measures. This important case will be considered separately in
section 3 on the basis of the functional form (1.8) for inequality (1.7) with
the Gaussian isoperimetric function /. Using Poisson’s limit theorem, we
will obtain an isoperimetric inequality for products of Poisson measures
which is very similar to the Gaussian isoperimetric inequality (1.2) (cf.
Proposition 3.6).

1.4. Poinca¥g inequalities for probability measures &

The discrete Poincaré inequality (1.12) makes sense for an arbitrary proba-
bility measure ¢ on R, if we restrict it to the class of all monotone functions
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f on R. More generally, one may wonder whether or not, for some couple
(C, a) of positive numbers, for all monotone f,

2
/szdu—</Rfdu) SC/R(f(x-l-a)—f(X))zdu(X) .

Up to a constant, this inequality can be shown to be equivalent to the Poincaré

inequality
2
/fzdu—</fdu> sc/ P du (1.13)
R R R

in the class of all convex functions f on R. Such ‘convex’ Poincaré inequal-
ities are motivated by the study of maximum of random processes of the
form

[e¢)
x(t) = a)t) + ) Jan() s 1€T
n=1
where (§,),>1 is a sequence of independent random variables with common
distribution u, and where a,, are arbitrary functions on a parametric set 7.
In analogy with Theorem 1.3 we will prove the following characterization
(cf. Theorem 4.2):

Theorem 1.4. For every probability measurg on R with finite second
momentit is equivalent that

(1) There exists a constant such thatfor every bounded processt) as
above

Var (supx(¢)) < Csup Var (x(¢)) , (1.14)

whereVar denotes the variance.

(2) There exists a consta@tsuch that1.13) holds for all convex functiong
onR.

(3) There exist constants> 0 and/ > 0 such that

Fo(x) — Fy(x —h) > ¢ Fu(x) (1 — F,(x)), forallxeR .

(4) The measure: is a functional transform of under a nondecreasing
mapU : R — R such thatsup, g |U(x + h) — U(x)| < +o0, for some
(or,al) h > 0.

For the Gaussian measure y,,, the property (1.14) with optimal constant
C = 1 is well-known as a consequence of the isoperimetric inequality
(1.2). It is also a direct consequence of the Gaussian Poincaré inequality,
i.e., (1.13) for y,.

Throughout the paper, we will often use probabilistic notations E , f =
E f, Var, f = Var f for the mathematical expectation and the variance of
a function f with respect to probability measure L.
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2. Induction step. Sharp constants in Talagrand's inequalities (1.5)
and (1.6)

First we separate the induction step which has been already shown to hold
for some special cases in [B1] and [BaL]. For application to different forms
of (1.8), we describe some general situation. Let (€2, P) be a product proba-
bility space, 2 = Q; x---x 2,,P =11 ®---® u,. Assume that, for each
i < n, D; denotes an operator acting on the set of all bounded measurable
functions on €2;. Set, for any function f on 2,

> Di(f)?
i=1

where f; denotes the function of x; defined via f;(x;) = f(x), x € Q. The
basic assumption on D; is that

(a) for any bounded measurable function f on 2;, D;(f) represents a
non-negative measurable function on €2;;

(b) D; (f) = D;(f") wi-almost surely, if f = f’ u;-almost surely;

(c) D; is ‘convex’ in the following sense: for any probability space (Y, A)
and for any bounded measurable function f on the product probability space
(; x Y, u; ® 1), the function y — D;(f (x;, ¥)) is A-measurable and, for
ui-almost all x;,

D(f) =

Di(Esf(xi,y) = EsDi(f(xi, ) -

Under an appropriate continuity assumption, the above property will follow
from inequality D; (fu 4+ (1 — t)v) < tD;(u) + (1 —t)D;(v),0 <t < 1.

Lemma 2.1. Let] be a non-negativeBorel measurable function de, 1].
For eachi < n, assume thab; satisfies the inequality

I(Elizf) = Elli I(f)2+Dz(f)2 )

for every bounded measurable functigron ;. ThenD satisfies the same
inequality

IE ) = EVI(f)?+D(f)*,

for any bounded measurable functigron  (with mathematical expecta-
tions taken with respect t8).

The proof does not differ from that of Lemma 2 in [B1] and is omitted.
The statement of Lemma 2.1 remains also true in a more general situation,
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when, for example, the above inequalities are considered for smaller classes
of functions closed under the operation x; — E; f(x;, ¥) (for f asin ¢)).

Now, in order to obtain inequalities (1.5)—(1.6) for product measures
on 2 = {0, 1}", it suffices to establish ‘one-dimensional’ functional in-
equalities (1.8) for the space ({0, 1}, u,) with I(r) = J((1 — t)) and
I1(t) = t(1 — 1), respectively, and for Df = (f(1) — f(0))*, where we
write a™ = max(a, 0). Recall that j,, assigns the value p € [0, 1]to 1 and
qg = 1— p1t00. Following M. Talagrand [T1], for any function f on {0, 1}",
define

Mf@) = | D (f&) = flsix)H?
i=1

so that M1, = +/h 4. Such operators were used in [T1] in discrete Sobolev-
type inequalities ¢, / (Var% (f) < f Mfd u;’, to establish (1.5)—(1.6) with
c;, = /2 min(p, q)//Pq,cp = ¢,/ K where K is universal. In addition, on
the class of monotone sets A C {0, 1}", i.e., such that 1, is a non-decreasing
function in each coordinate, the inequality (1.6) was proved with a better
constant c;; = 4/2p/q. The advantage of (1.6) over (1.5) was that the
constant ¢, is explicit, and the form (1.6) is better adapted for applications
to Margulis’ theorem about threshold behaviour of functions p — u/,(A).
With every function [ on [0, 1], we connect a constant

((I(pa + gb) — g1 (b))")? — p*I(a)?

d,(I) =
o) 1>a>b>0 p*a — b)?

2.1

Applying Lemma 2.1 to D f = M f, we immediately obtain:

Lemma 2.2. Let I be a non-negative function df, 1] such that/ (0) =
I(1) = 1. With respect to the measurg, on {0, 1}", the optimal constant
¢ in the inequality

clIEf) < EVAI(f)?+M(f)?, (2.2)

for an arbitrary functionf on{0, 1}, is given by: = min {—= L1

Jd,(D’ \/d, (D)
Thus

f\/hA(X) duf(x) = cI(w,(A) , (2.3)

for any subsest of {0, 1}". In addition for the class of monotone functions
f (resp, for the class of monotone sety (2.2)—(2.3) hold withc¢ =

1/./d, (D).
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Indeed, it suffices to consider the case n = 1. Setting f(1) = a,
f(0) =b,d = 1/c? and assuming a > b, (2.2) may be written as
I(pa + qb) < pv/I1(a)? +d(a — b)> + qI(b) (2.4)

which is equivalent to d > d,(I). Thus, ¢ = 1/,/d,(1) is optimal in (2.2)
for the class of monotone functions f. Repeating this argument for the case
a < b gives an equivalent condition d > max{d, (1), d,(I)} for (2.2) to
hold with arbitrary f.

Clearly, the relations (2.2)—(2.3) with ¢ = inf, ¢,(/) remain true for
product measures on {0, 1}" with arbitrary marginal distributions.

In the particular case 1(z) = t(1 — 1), it is easy to compute d,(I): the
expression under the sup in (2.1) is just g((a — b)*> + 2p(a — a?)), and
its maximum is attained for b = 0, a = 1/(2 — q). This gives d,(I) =
q/(2 —¢g) < 1 and leads to the following:

Proposition 2.3. For any product measur on {0, 1}" with possibly dif-
ferent marginal distributionsand for any subsed of {0, 1}",

/w/hA(x)dP(x) > P(A) (1 —P(A)) . (2.5)

It might be worthwile to note that the optimal function [/ in
f«/hA(x) dP(x) > I(P(A)) should satisfy 1 (p) < p. This follows from
the particular case n = 1, P = u,, A = {1}. Hence, the right-hand side
of (2.5) is of correct order when P(A) is close to 0. On the other hand, by
Lemma 2.2, (2.5) can be sharpened for P = ,uZ and for monotone A: it
holds with constant /(2 — ¢)/q in front of P(A) (1 — P(A)). As shown in
[T1], the connection of a (2.5)-type inequality with Margulis’ theorem is
the following. Using the identity % 1h(A) = % [ hadu?, where A is an
arbitrary monotone set (Margulis—Russo’s Lemma), one obtains from (2.5)
that

% wa(4) = %E (A1 = Wy (A))
provided h4 > kondy A. Hence, for e € (0, 1/2),ifu'1’7] (A) =¢, /L’;,z (A) =
1—e¢,

1— ”od »(A) » Jk
2 log 8=/ —log'up—dpzf £dp:\/zlog& .
pmo dp T 1= (A) m P pi

Thus,

(2.6)
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Since p, — p; < log %, the function /,L’;(A) jumps from € to 1 — € on an

interval of the length at most K (g)/ Vk with K (¢) of order log 1%8 The
last is a quantitative version of Margulis’ theorem due to M. Talagrand [T1]
(cf. also [T2] for related results). And the relation (2.6) gives a little more
information, especially when p; is small.

Let us return to the inequalities (2.3). For many functions /, it seems
difficult to compute d,(I) exactly on the basis of (2.1) but its behaviour
can be explored in some special cases. But even in this case, one can not
guarantee that the constant ¢ = min{1/ \/ d,(I),1/ \/ d, (1)} will be optimal
(or, asymptotically optimal) in the inequality (2.3) which is weaker than its
functional form (2.2). Nevertheless, for 1(¢) = J(t(1 — 1)), where J(t) =

ty/log(1/¢t) is as in (1.5), we have the following:

Proposition 2.4. LetI(t) = J((1 —t)).t € [0, 1]. For some positive
and K, and for all p € (0, 1), the optimal constant in (2.3) as well as
the optimal constant in (2.2) satisfies

Ko K

T T I S——
oe(1/(pq) .~ Jlog(1/(pa)

Proof . Fix p € (0,1) and ¢ = 1 — p. Since (2.2) is stronger than (2.3),
and therefore the optimal constant ¢ in (2.2) is not grater than the optimal
constant ¢ in (2.3), we need only to prove the upper estimate for ¢ in (2.3)
and the lower estimate for ¢ in (2.2), for one dimension in the last case. To
obtain the upper estimate, let us test (2.3) on the sets A = {5, = 0} where
Sp =x1+ -+ x,.Since hy =nly, 4, (2.3) becomes

1
no n _ . n -
Vng" = cq"(1—¢") | log T
Letting n — oo, we obtain ¢ < 1/,/log(1/q). Testing (2.3) on the sets
A = {S, = n}, we arrive at ¢ < 1/,/log(1/p). Both estimates give ¢ <
1/y/log(1/p’) where p’ = min(p, q). But p’ is of order pgq.
The proof of the lower bound is rather routine, and we will omit some
technical details. We need to show that (2.4) holds, forall1 > a > b > 0,

with some constant d such that Kg d <log(1/(pq)). Set
L(a,b) = I(pa+qb) — (pl(a) +q1(D)) .

The inequality (2.4) may be rewritten, in terms of L, as —=— < /1 + s2—1,

pl@) —
where 5§ = ‘/‘71((‘;)_1’). Since %min(s, §?) < /1452 —1,(24) is a conse-

quence of the
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L(a, b) L(a,b)I(a)
m < \/E, and 3W < d . (2.7)

We use the following elementary properties of the function /: % < -I"(x)
I(x) < 1,forallx € (0.1), I is thus concave on [0, 1], and foralla € (0, 1),

2 )
0, = TPV P @ 5, L 2.8)
(pa) rq

R,(a) = M <4pq |log é (2.9

(of course, the value of numerical constants in (2.8)—(2.9) is not essential).
We start with the second inequality in (2.7). To prove it, first we observe
thatforalll >a > b >0,

L@b) _ prq L(a,0)
(a—b)? — 2I(a) a?
Indeed, by Taylor’s formula, for all x € [0, 1] and ¢ € (0, 1),

(2.10)

1
Ix)=1()+1I'(c)(x —c)—i—f I"tc+ (1 —0)x)tdt (x —c)* .
0
Writing there ¢ = pa + gb and x = a, x = b, and averaging with weights
p and g, we get a general identity:

L(a, b)
(a—b)?

1
= pq [qf —I"(tc+ (1 —t)a)tdt
0

1
+p/ —1”(lc+(1—t)b)tdti| . (21D
0

Since —1" < 1/1,
L(a, b) fl 1
< tdt
a—bn2 = pq[q y [tct(—1)a)

! 1
+p/0 I(tc—i—(l—t)b)tdt]' (2.12)

The function 1/1 decreases in [0, 1/2] and increases in [1/2, 1], so, the
maximum of 1// on every interval [«, 8] is attained at one of the endpoints
of the interval. Therefore, ﬁ < ﬁ + ﬁﬂ), forall x € [, B]. If t and a
are fixed, and b varies in [0, a], then x = ¢ ¢+ (1 — ) a varies in the interval

[, B] = [t pa + (1 —t) a, a]. Therefore,
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1 - 1 4 1 ‘
Itc+ (1 —=2t)a) — I(a) I(tpa+(1—t)a)

1 1 1 . . .
Ir} tllzle same Way, ro iy = T T Tapa Using these estimates in (2.12)
yields

L(a,b) Pq ! 1
@—b7 = 20@ ["fo lipatd—na "

|
+ tdt
”/o 1 pa) ]

Applying the inequality 1/1 < —31", we get

L(a,b) _ pq
(a —b)* — 2I(a)

1
+3pq|:q/ —1I"(tpa+ (1 —t)a)tdt
0

1
+p/ =1t pa)tdt:|
0

But the second term (without the constant 3) corresponds to the right hand
side of (2.11) with b = 0 and is equal to L(a, 0)/a>. This proves (2.10). As
a result,
L(a,b)I(a) - 3_q 49 L(a,0)I(a) .
p(a — b)? 2 pa?
Since [ is concave, and 1 (0) = 0, we have I (pa) > pl(a). Therefore,
I*(pa) — p*I*(a)
I(pa) + pl(a)
_ P(pa) — p’I’(@) _ (pa)*Q,(a)
2pl(a) 2pl(a)
Using (2.8), we arrive at % < %log #, and by (2.13),
L(a, b)I 3 27 1 1
ZLADI@ 34, 2Th0e L < is10g—
pla —b) 22 Tpg rq

Thus, the second inequality in (2.7) holds with d = 15log #. To establish
the first one, consider, for 1 > a > b > 0, the inequality

3 (2.13)

L(a,0) = I(pa) — pl(a) =

L(a,b) = I(pa+qb) = (pl(a) +-ql(b)) < C(p)(a—>b) . (2.14)

Since [ is concave, for any ¢ € (0, 1), the left hand side of (2.14) is a convex
function on the segment
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A(c) ={(a,b): pa+gb=c,1>a>b>0}

while the right hand side of (2.14) is a linear function. Therefore, (2.14)
holds for all (a, b) € A(c) if and only if it holds for the endpoints of the
segment. Note that, for each of these endpoints with coordinates (a, b),
either b = 0,ora = 1. When b = 0, (2.14) becomes

I(pa) — pl(a) < Co(p)a (2.15)

with Co(p) = C(p), and for a = 1, it becomes, after a formal change of
the variable b to a, I (qa) — g1 (a) < Cy(q) a, where again Cy(q) = C(p).
Thus, the optimal constants C(p) in (2.14) are connected with the optimal
constants Co(p) in (2.15) via

C(p) = max(Co(p), Co(q)) .

By (2.9), Co(p) < 4pq./log ﬁ, so, C(p) < 4pq./log # Therefore,

3 pL(EILf’b)) < 12,/log ﬁ. As a result, the first inequality in (2.7) holds with

d = 144 1og #. Thus, Proposition 2.4 is proved with Ky = 1/12. O

3. Gaussian-type isoperimetric inequality in abstract product spaces

As noted in [T1], the dependence of the right hand side of (1.5) on u/,(A)
given p is of the right order. This is readily seen by checking (1.5) on the
sets

A(a)—{xe{O 1}"-5”_—"”<a}
n = , . m_

where S, = x; + --- + x,. And as we have seen, the optimal constant in

(1.5) as a function of p is of order 1/,/log(1/(pq)). For the two-sided
boundaries, the constants in (1.5) will change considerably:

Proposition 3.1. Let 7 (1) = ¢(®~!(¢)), 0 < ¢t < 1. For any subse#A of
{0, 1}",

A n 1 n
/\/hA(x)de(x) > ﬁl(up(f\)) - 3.1

Recall that

ha(x) =card{i <n:(x € A, s;(x) ¢ A)or (x ¢ A, si(x) € A)} .
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In particular, ha ) = (n — k) Ls,—i + (k + 1) 15,—41) where k =
[np +a, /npq] (here [ -] denotes the integer part of a real number). By
the de Moivré-Laplace’ local limit theorem,

/\/ﬁAm du, =~n —k W (S, = k)

+VE+ TSy =k+1) — %wm) ,

as n — o0. On the other hand, by the central limit theorem,

1
——= 1 (1}, (An(@))) —

1
N NTTAE

Therefore, since 1 <.,/p+,/q < V2, the dependence on the pair (p, /L’; (A))
on the right-hand side of (3.1) is sharp. A remarkable feature of (3.1) how-
ever is that it can be extended to arbitrary product measures, and (3.1)
follows from a more general and a simpler inequality. Let (€2, P) be the
product of a finite number of probability spaces (£2;, u;),i = 1,2,...,n.
For every (measurable) function f on €2, we set

D(f) = |Y_ Var,(f)
i=1

where Var,, (f) denotes the variance of f with respect to the i-th coordinate
while the remaining of the variables are fixed. The function D( f) is related
to the modulus of the gradient of a smooth function on Euclidean space.
Thus, given a measurable set A C €2, one may consider the quantity

PT(A) = ED(1,)

as a certain ‘P-perimeter’ of A (the mathematical expectation is taken with
respect to P). We shall prove the following result:

Theorem 3.2. For every measurable functigfion 2 with values in0, 1],
IEf) < EVI(f)?+2D(f)? . (3.2)

In particular, for any measurable subsgatof €2,

PT(A) > %I(P(A)) . (3.3)
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The inequality (3.3) reduces to (3.1) choosing 2; = {0, 1} with distri-
bution u,. We do not know an optimal function I for which

P*(A) = I(P(A)) (3.4)

holds for all product probability spaces (€2, P). However, let us note that if
we apply (3.4)to Q = {0, 1}", P = u/ with p = ¢'/* and to A = {S,, = n},
and then let n — oo, we will arrive in the limit at J(¢) = t/log(1/¢t) >
Iy(#). Thus, by (3.3), and by symmetry of Iy(¢) around 1/2,

% 1(1) = Ip(t) = min{J (1), J(1 = D)} , (3.5

for any t € (0, 1). Both sides of (3.5) represent equivalent functions as
t - Oort — 1, so, the dependence of the right-hand side of (3.3) in P(A)
is sharp, and the factor 1/ V/2 in (3.3) and therefore the constant 2 in (3.2)
can not be improved.

One may wonder of course whether (3.2) can be sharpened for some
special measures, and in particular, when the constant 2 may be improved,
e.g., replaced by 1 as the best possible case. Let us apply (3.2) withn = 1to
the functions f = ¢ + &g with g bounded such that Eg = 0. If ¢ € (0, 1),
Taylor’s expansion around ¢ = 0 yields

EVI(f)?+ Var(f) = EV/I(c + eg)* + &2 Var(g)

I'(c)
61(c)>

Therefore, validity of the inequality I (¢c) = I (E f) < E\/I(f)? + Var(f)
requires that E g> = 0. Butif i, (= P) is different from a Dirac measure in
one point, the equality E g3 = 0 holds for all bounded g with E g = 0 if and
only if w1 has two support points with probability 1/2 each. Thus inequality
(3.2) may hold in product spaces with the factor 2 replaced by 1 only if we
restrict ourselves to the discrete cube {0, 1}" with the normalized uniform
measure. As shown in [B1], this is indeed the case.

= 1)+

Eg383+0(84) .

To prove (3.2), it suffices to consider the case n = 1: here we apply
Lemma 2.1 with D;(f) = 4/2Var(f) (which is a functional rather than an
operator) and with the Gaussian isoperimetric function

I =@ '), 0<r<1.

In order to treat the case n = 1, we note several elementary properties of
this function (the important property 3) below was for the first time noticed
and used apparently in [AGK]):
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(1) I is concave on [0, 1] and is symmetric around the point 1/2;
(2) I increases on [0, 1/2] and decreases on [1/2, 1]; 1(0) = I(1) = 1;
(3) I satisfies differential equation 1”1 = —1.

Lemma 3.3. For every measurable functiofion 2 with values in0, 1],

1
IEN-BI) = 757 Varlh) - (3.6)
Consequently
IE f) < EVI(f)?+2Var(f) . (3.7)

Proof . (A two-point analogue of (3.6) for the function J appears in [T1],
Lemma 3.2). First let us see how (3.6) implies (3.7). We apply (3.6) and
Jensen’s inequality to get

IEH—EIH)=UEF-EIf)UTES+EIS)
<UEf)—EI(N2UES)
< 2Var(f).

Hence, (I(E f))* < (EI(f)* +2Var(f) < (Ey/I(H)Z+2Var(f))’
2
where we used the triangle inequality ([ 1)’ + (f v)* < (f Vu? + v2>

withu = I(f) and v = /2 Var(f).
To prove (3.6), we may assume that 0 < f < 1. Fix ¢ = E f. By
Taylor’s formula with integral remainder term, we have

1
1(f) =1 +1'() (f—C)+/ I"(te+(1=0)f)tdt (f—¢)* . (3.8)
0

By properties (1) and (3), we obtain that

t - t - 1 '
Itc+A—=0)f) " tIlc)+ A —=0I(f) ~ I(c)

—I"(tc+(1-t)f)t =

Therefore, by (3.8),

1
L= 1) ==TOf =+ 7= (f - o . (3.9)
(c)

It remains to take the expectations of the both sides in (3.9). This proves
Lemma 3.3, and thus Theorem 3.2 is proved, as well. O
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Remark 3.4. The functional inequality (3.2) can be essentially stronger
than (3.3). For an illustration, let Q; = R? and let u; = u be a proba-
bility measure with mean O and with identity correlation operator. Given
a smooth function f on R¢, consider the function f, on Q = R"? of the
form f,(x1,..., %) = f((x; +---+x)//1), X1, ..., x, € RUIf f has
bounded first and second partial derivatives, then

D(f) X1y ..o x) = [V (G144 x)//n)| (1+ 0 (1/4/n)),

asn — o0 .

The application of the central limit theorem to the functions f, in (3.2)
yields

IE,,f) < E, /I +2[VfP (3.10)

where the expectations are taken with respect to the Gaussian measure y,
on R?. Approximating the indicator function 1, by smooth functions yields
in (3.10)

1
Vi (A) = 7 1(ya(A)) . (3.11)

And, as noted, in the special case where u is the standard Bernoulli measure
on {—1, 1}¢, the factor 2 can be replaced by 1 in (3.2) and (3.10). On this way,
one can recover the Gaussian isoperimetric inequality (1.2) but it is unlikely
to reach (1.2) or even (3.11) via a direct application of the isoperimetric-
type inequality (3.3): the quantity P*(A) does not represent the perimeter
of A in the ‘usual’ geometric sense as in (1.2) and (3.11). Indeed, it could be
natural to expect that similarly to the case of smooth functions f, defined
above, for ‘regular’ sets A C R? and normalized measure P on the cube
({—1,1}%)", the convergence

lim PH{(xr, ... x)  x € {—1, 1}, % c A} =y} (A)
n—o00 n
(3.12)

holds. Unexpectedly, (3.12) is false. For half-planes A = {(x;, x,) € R? :
a1x1 +axx; < a} withaf +a3 = 1, the limitin (3.12) exists but depends on
(a1, ap) while the right-hand side does not depend on (a;, a;) and is equal
to p(a).

Remark 3.5. Another unexpected observation is that Poisson probability

measures satisfy inequalities of type (3.10) for moduli of discrete gradients
(instead of usual gradients). D. Bakry and M. Ledoux proved in [BaL ] that if
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a probability measure © on the metric space 2 satisfies, for any (‘smooth’)
function f with values in [0, 1],

IE L f) < EI*+EIVIP,

then, every function f on €2 with Lipschitz constant equal to or less than
1/c has Gaussian tails and, more precisely, the distribution of f represents
a contraction of the canonical Gaussian measure y;. In contrast to this prop-
erty, we shall derive the following corollary from Theorem 3.2.

Denote the Poisson distribution with parameter A > 0 by II,. This
measure is concentratedon Z, = {0, 1,2, ...} and, fork € Z, IT; ({k}) =
e Ak /k!. Note that the tails IT,({i : i > k}) are ‘heavier’ than Gaussian
tails and behave like IT; ({k}), as k — oo. Let IT} denote the corresponding
product measure on Z', . For any subset A of Z'}, define

ha(x)=card{i <n:(x €A, x+ej¢ A or (x ¢ A, x +¢; € A)} ,

\yhere (ei)1<i<n denotes the canonical basis in R". Put 04 = {x € R" :
ha(x) > 0}. Define the difference operator Af(x) = f(x + 1) — f(x),
X € Z+.

Proposition 3.6. Let I (1) = ¢(®~'(1)), 0 < ¢t < 1. For every functionf
onZ, with values in0, 1], we have

I(ffdl'lx) S/\/I(f)2+2)»|Af|2dnx - (3.13)
Consequentlyfor any subse#t of Z',
_ 1

/\/Zdng > EI(HK(A)) : (3.14)
1

17 (0A I(IT} (4)) . 3.15

3 )z«/m (IT; (A)) (3.15)

Proof . By Lemma 2.1, (3.13) extends to n-dimensional case for the op-

erator Df(x) = \/ Yo (f(x +e) — f(x))2 For indicator functions, the
n-dimensional variant of (3.13) implies (3.14). To prove (3.13), we apply
(3.2) for the discrete cube 2 = {0, 1} with p = A/n to functions f, of
the form f,(x) = f(x; +--- + x,). Letting n — o0, it remains to apply
Poisson’s theorem. At last, (3.14) implies (3.15) since ha <nlya.

In particular, Poisson measures satisfy an inequality similar to (1.3)
for the normalized Bernoulli measure. There is another interesting parallel
with the discrete cube, connected with Talagrand’s quantitative version of
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Margulis’ theorem. Let A be a monotone subset of Z” | i.e., such that x €
A= x+e € A, forall i < n. Assume that iy > k > 1 on JA.
This is equivalent to saying that x ¢ A = x 4+ ¢; € A, for k values of
i < n, provided there is at least one such i. Using an obvious identity
% 1} (A) = fl_zA dT1}, one obtains from (3.14) that

d n \/E n
a5 ) = == 1) -

Hence, for ¢ € (0, 1/2), if HKI(A) =g, HKZ(A) =1-—c¢,

A2
>'(1 —8)—<I>1(g)=f 4 1Ay da
. dA

z/;%dxzﬁ(ﬁ_m) |

Thus, /Ay — /A1 < &\/%1_8), so, the function A — HKZ(A) jumps from
eto 1 — ¢ on an interval of the length at most K (g)/+/k. m|

4. Inequalities on the lattice Z'. Discrete Poincagé inequalities on the
real line

For any subset A of Z", we introduced the function
ha(x) =card{i <n:x€ A, (x+e ¢ Aorx —e ¢ A)} ,

where (e;); <, is the canonical basis in R”. The interior boundary ;A =
{h4 > 0} consists of those points x in A which can leave A at least in one
of the n directions. For functions f on Z", the corresponding definition of
M f should be

Mf@) = | D ((f@) = flx — e+ (Fx) = fx+ et
i=1

so that Ay = M 1l,. Define also the operator Df(x)
= \/Z;’:l(f(x +e;) — f(x))%. In dimension one Df (x) = |f(x + 1) —
f(x)]| is the modulus of the difference operator A.

For every probability measure ¢ on the real line R with distribution
function F, (x) = pu((—o0, x]), x € R, define the quantile function

F'(p) =inf{x: F,(x) = p}, pe(©0,1],
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which takes values in (—o00, +00]. As usual, we denote the corresponding
product measure on R” by . As in section 1, we denote by v the measure
with density %exp(—|x|). Note that there always exists the (unique) left
continuous non-decreasing map U, : R — R which transports v to u.
Indeed, U, (x) = F;l(FU (x)). If w is concentrated on Z, then F), is a step
function, and U, takes values in Z.

In this section, first we will describe the class of all probability measures
on Z" which satisfy (1.6)-type inequality with a dimension free constant.

Theorem 4.1. Let a probability measurg be concentrated od. Assume
that the support oft represents an interval id. The following properties
(a)—(g) are equivalent

(a) There exists > 0 such thatfor everyn > 1 and every subset of Z",

/\/hA(x)dMn(x) > cu"(A) (1 —u"(A) . 4.1)
(b) There exists > 0 such thatfor everyn > 1 and every subset of Z",
C

w'(0+A) > 7 w"(A) (1 = pu"(A)) . 4.2)

(c) There existg > 0 such thatfor every subset of Z,
u(0+A) = cp(A) (1 —p(A) . 4.3)

(d) There existg > 0 such thatfor all x € Z,

u{x}) = ¢ Fu(x)(1 — Fu(x)) . 4.4)

(e) There existg > 0 such thatfor every functionf onZ,

¢ Var, (f) < E (Mf)* . (4.5)
(f) There existg > 0 such thatfor every functionf onZ,

¢ Var, (f) < E(Df)* . (4.6)
(g) sup,rUu(x +h)—U,(x)] <1, forsomei > 0.

Clearly, the assumption on the support of w is necessary for all properties
(a)—(g).

The discrete Poincaré-type inequality (4.6) has recently been studied by
J.-H.Lou [Lou]. He proves that u satisfies (4.6) if and only if, for some
¢ > 0, the linear difference equation

Af(x =D plx —1) = (Af(x) +cf(x)) plx) =0,
where p(x) = u({x}), x e Z , 4.7)
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has a strictly monotone solution f such that fz | fldu < +o00. Another
equivalent condition he found indicates that, for some point xo € Z in the
support of u,

xo—1
oup (= Futed Z (k) <o s B, <k) =T
(4.8)
J.-H. Lou considers (4.8) as a discrete analogue of the so-called Mucken-
houpt’s condition for a probability measure p on R satisfying the ‘usual’
Poincaré-type inequality (1.13) in the class of all smooth functions f:

S| o]
sup (1—F, (x)) Tdt < 400, sup F,(x) %dt < 400 .
X>X0 X <Xo X 49)
4.

Here p is the density of the absolutely continuous component of w, and xg
is an arbitrary point such that 0 < F,(xo) < 1. The description (4.9) is a
particular case of aresult due to M. Artola, G. Talenti and G. Tomaselli about
Hardy-type inequalities (cf. [Mu]). Apparently it remained unknown for a
long time in Probability Theory, since certain attempts have been made to
find a characterization of probability measures satisfying (1.13), especially
after the rediscovery of the Gaussian Poincaré inequality by H. Chernoff
[C] (cf.e.g. [BU], [K], [CL]).

As for the first condition (4.7), it is similar to another characterization for
(1.13)due L.H.Y. Chen and J.-H. Lou [CL], formulated in terms of properties
of an appropriate Sturm-Liouville equation. Our approach to (4.6) is based
on some special properties of the two-sided exponential distribution v and
leads to different conditions d) and g). It is however easy to see why (4.4)
is equivalent to a formally stronger property (4.8). By (4.4), for all £k > x,
1—-F, (k) <a(l—F,(k—1)) wherea = . It follows by induction

1
I—F ( ) 1+CF/4()C())
— X x—k .

that T;(k) <« whenever xo < k < x. Hence, once more applying

(4.4), we get:

2": 1— Fu(x) _ Z 1—F,(x)
pk)y o eFu(xo)(1 = Fu (k)

k:)C()

X

1 y—k 1 + CF;L(XO)
= cF,(x0) kza : (cFu(x0))?

This proves the first statement in (4.8), and a similar argument yields the
second one.

As announced, we will also prove the following analogous statement for
probability measures w on the real line:
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Theorem 4.2. The following properties are equivalent:
(a) There exisk > 0 andc > 0 such thatfor every non-decreasing function
fonR,

e Var, (f) < / 1+ h) — FEOPdu@) - (4.10)

(b) There existg > 0 such thatfor every differentiable convex functigh
onR,

cVar,(f) < E.If']*. 4.11)

(c) There existg > 0 such thatfor all » > 1 and every convex functiof
on R" with Lipschitz constant at mos$t

cVar,.(f) <1 . (4.12)
(d) There exist constants> 0 and/s > 0 such thatfor anyx € R,
F,(x)—F,(x—=h) > cF,(x)(1 = F,(x)) . (4.13)
(e) For some(or, equivalentlyfor all ) 4 > 0,

sup [Uy, (x + h) — Up(x)] < +00 . (4.14)

xeR

The ‘convex’ Poincaré inequality (4.11) is of course a weaker property
than the ‘usual’ Poincaré-type inequality when no assumption on f (except
absolute continuity or, equivalently, smoothness) is made. It is known, for
example, that any probability measure u on R with a compact support
satisfies (b) (cf. [Led], [B2]). A simple argument of getting (4.11) for such
measures is the following: for any f convex and differentiable, we have

(f) = fON? < (f')* + £/ (%) (x — y)*. Hence, if u(la, b]) = 1,

1 b b
var, () = 5 / f (FGO) = FON? dp) dp(y)

IA

b
b —ay’ / £ du) .

On the other hand, the characterization (4.9) of measures u satisfying (4.11)
for all smooth f implies in particular that & should have a non-trivial abso-
lutely continuous component which is positive on the interval support of w.
Compactness of the support is not sufficient: the measure p with density |x|
on the interval [—1, 1] provides a counter-example. To compare the ‘usual’
Pioncaré-type inequality with the property (4.14), one can also express the
condition (4.9) in terms of the map U,. When u has a density which is
positive a.e. on the interval support, (4.9) may be written as follows:



268 S.G. Bobkov, F. Gotze

sug e " / [U;L(t)2 + U;L(—t)z] e'dt < +oo .
x> 0

Let us return to Theorem 4.1 and discuss how to connect isoperimetric-
type inequalities (4.1)—(4.3) with discrete Poincaré-type inequalities (4.5).
Poincaré-type inequalities are well-known to be of additive type, that
is, they can be extended to higher dimensions without any loss in constants.
However, the multidimensional variant of (4.5) is unlikely to be appropriate
to yield (4.1). To perform the induction step, it is better to work instead with
the inequality

IE . f) < E I +dMf)> (4.15)

where /(t) = t(1 — t) and f takes values in [0, 1], as in the proof of
Proposition 2.3. According to Lemma 2.1, this inequality is additive as well,
and the application of the multidimensional variant of (4.15) to indicator
functions yields (4.1) (while the multidimensional variant of (4.5) yields on
indicator functions just an estimate for [ 714 du").

Now we are left with the question whether (4.5) and (4.15) are equivalent
inone dimension. If y is continuous and M f = | f'|, then (4.5) and (4.15) are
not equivalent ((4.15) is stronger). However, for the discrete-type gradient,
the situation changes considerably. The crucial observation is that M f <
v/2 holds whenever 0 < f < 1. Indeed, first let us apply (4.15) to functions
% + ¢f with f bounded and such that E , f = 0. We obtain, as ¢ — 0,

Var, (f) <2dE , (Mf)* .
Hence, (4.15) implies (4.5) with ¢ = 1/(2d). To prove the converse, note

that, for all u € [0,1/4] and v € [0, V2], Vu? + dv?> — u > Cv? with
d=%+2C% Foru=I(f),v=Mf,and for C = 1/c, we thus obtain

e [VICH +dMp? - 1()]

> CE(Mf)* = Var,(f) = I(E . f) —E,I(f) .

Hence, (4.5) also implies (4.15) with the constant d = 2% + C%

Note also that 14 < nlj, 4 so that (4.2) is a direct consequence of (4.1).
In turn, (4.3) is one-dimensional variant of (4.2), and (4.4) is a particular
case of (4.3) when A = (—o0, x]NZ. Thus, via (4.15) and Lemma 2.1, we
have reduced Theorem 3.1 to one dimension. With the above remarks, in
order to prove the theorem, it remains to show the implications (¢) & (f) =
(d) = (g) = (e) & (f), only. We start with some preparations.
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Lemma4.3.If x <z <y, then

RO =F® ey
F@U-FR@) ~ |

Proof . Clearly, it suffices to consider the cases z = x and z = y, only.
These cases are equivalent since v is symmetric around 0, so let z = x.
Recall that F, (1) = %exp(u), foru <0,and F,(u) =1 — %exp(—u), for
u>0.Seth=y—x.If0 <x <y, then

F,() = F,(x)  1—e™
F,(x) (1 = F,(x))  F,(x)

<2(l—e™M<2@"-1).

If x <y <0, then

— h_
FO=F@ &=l
R0 =F®) 1= R

Finally, if x <0 < y, then
F,(y) = F(x)  2e—e "1
Fy(x) (1= Fy(x)) 1 - Fy(x)
<2QReF—e M _1<2¢"-1) .

Lemma 4.4. Properties(e) and(f) imply (d).

Proof . We obtain (4.4) applying (4.5) or (4.6) to the indicator function
f =14 oftheset A = (—o00,x]NZ, x € Z in which case we have for both
operators Mf = Df = 1.

Now we show that the property (d) implies the property (g). For the
purpose of Theorem 4.2, we actually need a more general statement (the
particular case § = 1 below corresponds to the implication (d) = (g) in
Theorem 4.1). O

Lemma 4.5. Let u be a probability measure on the real lifie Letc > 0
ands > 0 be such thatforall ¢ € R,

F(a) — Fy(a—8) > c Fy(a) (1 — Fy(a)) . (4.16)
Then sup, . (U, (x + h) — U, (x)] < 8, with h = log(1 + ¢/2).

Proof . Define the function U ;:1 : R — [—o00, 400], using the identity

{t :U,(t) <a} = (—00, U, (@), a€R .
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Since U, is left continuous, we may define the function U,;" via U, ' (a) =
F;'(Fu(a)). From this definition, F),(a) = FV(UM_'(a)), for all a € R.
Hence, for x = U, (a — 8),z = y = U '(a), (4.16) takes the form

F,(y) —F,(x) =2 cFy(2) (1 — F,(2)) .

By Lemma 4.3, ¢ < 2 (ey_x — 1), provided x and y are finite. Anyway,
y = x +log (1 + %), that is,

U, (a) = U, " (a—8)+1log(1+¢/2) , 4.17)

for all @ € R. Since, by definition of U, ',
(—00,x] C {t : Uu(t) < Uu(x)} = (—o0, U, (Uu(x)]

we get U, '(U,(x)) > x, for all x € R. Therefore, putting in (4.17) a =
U, (x) + & and recalling that 2 = log(1 + 7), we obtain

U WU +8) = U Upx)+h>=x+h .

The definition of U;l implies UM(U;' (a)) < a, for all a € R, where, if
necessary, we understand the values U, (—00) and U, (400) in the usual
(limit) sense. Thus

Up(x +h) < U (U (Up(x) +8) < Up(x) + 6,

and therefore, sup, g [U,(x +h) — U, (x)] < §, which proves Lemma 4.3.
O

For the part (g) = (e) & (d), we need to study some properties of the
measure v.

Lemma 4.6. For any non-negative measurable functigron R, and for
allh eR,

e ME,f(x) < E,fx+h) < ME,f(x) ,
e " Var, f(x) < Var, f(x + h) < e Var, f(x) .

Proof . The density p, of v satisfies p,(x + h)/p,(x) < el i

The second inequality of Lemma 4.6 will only be used to prove Lemma
4.8 below. So, while referring to Lemma 4.6 in other places, we mean the
first inequality. The following two lemmas will be used in the proof of
Lemma 4.9 in order to establish (4.5)—(4.6).
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Lemma 4.7. For anya € R andh > 0, there existg = c(a, h) > 0 such
that, for every non-decreasing functighon R with f(a) = 0,

cEvf(x)* < By [(f@) = f(x =) Lieng)

+(f & +h) — F) Lpzany] -

Proof. By Lemma 4.6, the above inequality holds with c(a,h)
= e 2lal¢(0, h), so we may only consider the case a = 0. First we show,
that for any non-decreasing function f such that f = 0 on (—o0, 0],

E.f(x+h) >Q—-e™E,fx) . (4.18)

Indeed, this inequality is linear in f, so it suffices to check it on indicator
functions f = 1(; +00), @ > 0 (since every non-decreasing, left continuous
function f vanishing on (—oo, 0] can be represented as a mixture of such
indicators). For f = 1(; 4o, (4.18) takes the form

l—F@-h>Q2-e¢")(1—-Fa), ah=0.
When a > h > 0, this is simply e +e " > 2 When0 < a < h,itbecomes

1,1

1 — — 9% 27— —hy ,—a
2e ( e e

> _
-2

which is also evident (with equality for a = 0). Let us now rewrite (4.18)
in the following way:

(1—e™ME,f(x) £ E,(f(x +h) — f(x)) (4.19)

When f = 0 on (—o0, 0], one can also apply (4.19) to f? so that, by
Cauchy-Schwarz inequality and by Lemma 4.6,

(I=eMIflz= 0 —=e™E,f(x)?

Eo(f(x+h) — f@) (f(x +h) + f(x))
<IfE+h) = FOl 1+ + fl
<Ifx+h = f@l(1f 2+ 1£12) -

IA

Hence, (11;—5,,’/’;)2EU f(x)? < E,(f(x +h) — f(x))?. Estimating the right-

hand side of this inequality by Lemma 4.6, and noting that f (x)— f(x—h) =
0 for x < 0, we obtain
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c(WE,f(x)* < Eu(f(x) = f(x = 1))*Ling) (4.20)
where c(h) = e (%)2 By symmetry, for any non-decreasing function
f such that f = 0 on [0, +00), we get as well

c(ME,f(0)?* < Eu(f(x+ 1) — f(0))Lpz) - (4.21)

Consider now the general case. Let fo = f L_x,0; and f1 = f Lo +o0)-
Applying (4.20) to f; and (4.21) to fp, adding these inequalities and noting
that, for all x € R,

Hx+h) — fikx) = f(x+h)— f(x), and
fox) = fox —h) < f(x) = fx —h) ,

we obtain

cME,f(x)* <E,(f(x) = f(x — 1)) *Li=g
+E,(f(x +h) — f(x)* Lo -
But, again by Lemma 4.6,
E.(f(x +h) — X)) Y parery < €"EL(f () = f(x — 1) Ligeran)

<"E,(f(x) — fx — ) 1oy ,

SO,
cME,f(x)* <(1+eME,(f(x) = f(x —h)*Lix-q
+E (f(x+h) — f)) Lpzmn -
This yields the desired result with ¢(0, h) = c(h)/(1 + eh). O

Lemma 4.8. For any reala > b, there exists a constaat= c(a, b) > 0
such thatfor every non-decreasing functigh

cVar,(f(x)) < E,(f(x+a)— f(x +b))* .

Proof . Due to Lemma 4.6, it suffices to consider the case a = h > 0,
b = —h. In addition, one may assume that f(0) = 0. Then, apply Lemma
4.7 with a = 0 and note that f(x) — f(x —h) < f(x+h) — f(x — h),
fx+h)— fx) = f(x+h) — fx—h). o

The last step in the proof of Theorem 4.1 is the following:
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Lemma 4.9. Property(g) implies propertiege) and (f).

Proof . Let 2 > 0 be such that U, (x +h) < U,(x) + 1,forall x € R. Let
f be anon-decreasing function on Z. Applying Lemma 4.8 with a = h and
b = 0 to the function f(U,), we obtain

e Var, (f()) = ¢ Var,(f(U,(x))) < E,(f (Uu(x + 1)) — f(Uu(x)))*
<E,(f(U,(x) + 1) — f(U,(x)))*
=E.(fO+D—fO))* .

That is, ¢ Var,(f) < Eu(Df)z, and (4.6) is thus proved for the class of
non-decreasing functions f. To prove this inequality in general, we may
assume that u is not a Dirac measure. Let for definiteness p = u({0}) > 0
and p; = u({1}) > 0. Then, for any function f € L?>(Z, u) with f(0) =0,
we get by the Cauchy-Schwarz inequality,

Euf)?=E fluzo)’ <0 —p)E,f*.

Hence, Var,(f) > pE . f 2. For every non-decreasing f with f(0) = 0,
we arrive at

cPE L f()? < E(DFO))* . (4.22)

We will also need an analogous inequality for the operator M. Leta € R be
the maximal solution to the equation U, (a) = 0 (such an a exists since the
function U, is left continuous and w([1, +-00)) > 0). Then, for all x > a,
we have y = U, (x) > 1, while, forx <a —h, wehave y = U, (x) < 0.
Applying Lemma 4.7 with these values of a and A to the function f(U,)
and noting that (U, (a)) = f(0) = 0, we obtain in the same way as above
that

CELf(? < Eu(Df(y — 1)) Lys1y + Eu(DF () Ly<oy ,  (4.23)

where ¢ = c(a, h) is from Lemma 4.7. The second expectation on the
right contains the term (D f(0))?p which can be estimated from above by
LE (Df(y — 1))?1y>1). Thus, we get from (4.23)

P

A E f)? < Eu(Df(y — 1) Lys1y + Eu(DF ) Lpyery 5 (4.24)

with the constant ¢; = ¢/(1 + ﬁ). Now we extend (4.22) and (4.24) to an
arbitrary function f with f(0) = 0. Define the function g as follows. Let
8(0) =0,
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y
gy) =Y _If@)— fi -1l fory=>1,

i=1

-1
g ==Y _If)—fli+1] fory<—1.

i:y

Then, forally € Z, [g()| = |f(MIand g(y + 1) —g(y) = [f(y + D —
f(»)|. Since g is non-decreasing and g(0) = 0, we get, by (4.22):

cpE f()? < cpEg(»)? < E(Dg(y)* =E (Df(y)* .

By similar arguments, (4.24) holds for £, too. Thus, cp Var,, (f) <E ,(Df)?,
and, since the condition f(0) = 0 can be assumed in (4.6), (4.6) is proved
in general. Now we prove (4.5) using (4.24). First let us observe that, for all
yelZ,

(Df()* < (Mf () + Mf(y+1)* .
Hence, by (4.24),
ci Var, (f) < el E f(y)?
< Eu [(Mf3)*Lyzny + (Mf(y = 1)Lz
+E, [(Mf D)) Lyy + (MFO + 1) Lp<yy] -

Therefore, it suffices to show that the inequalities

E (Mf(y — 1)*1ys1y < ¢ E (Mf(3))* 120, (4.25)

E.(Mf(y+ 1)*Ly<_1; < BE (Mf()* <o) (4.26)

hold with some constants & and 8 not depending on f. In fact, (4.25)—(4.26)
are valid for an arbitrary non-negative function V and thus for V = (Mf)?
in particular. Indeed, since we have proved (4.6), we can use the inequality
(4.4) which is its consequence. From (4.4), for any y > 0 integer,

n{yh) =z c Fu(y) (1 = Fu(y)) = ¢ F(0) u({y +1}) .

Hence, B,V (y=1) Lyzny = 2020 VOOIr(y+1) < 7 BV 0) Lpzo).
This proves (4.25). Analogously, for y < —1,

n{yh) = cFu(y) (1 = Fu(y)) =z cu(fy = 1H (1 = Fu(=1)) .
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Hence,

—1

EVGo+D1ly=o= Y Veudy—1)

y=—00

=< mEMV()’) Ly<—yy .

In addition,
1
E.VO+D1ly——yy = VO (-1} < EE“V(” 1y -

Since F,(0) > p > 0and 1 — F,(—1) > p > 0, we get (4.26) summing
the above inequalities. Thus Lemma 4.9 and Theorem 4.1 are proved. O

Proof of Theorem 4.2.We go according to (a) = (d) = (e) = (a), and
then (e) = (b) = (c) = (e).

(a) = (d): (4.10) becomes (4.13) on indicator functions f = 1 to0)-

(d) = (e): by Lemma 4.5, (4.14) holds with & = log(1 + ¢/2).

(e) = (a). Since (4.10) holds for v (apply Lemma 4.8 to a = h and
b = 0), we get (4.10) for u with h* = sup, g [U,(x + h) — U, (x)] which
replaces 4.

(e) = (b). Again apply Lemma 4.8, but now toa = 0 and b = —h:
there exists a constant C () such that, for any non-decreasing function g,

Var,(g(x)) < C()E,(g(x) — glx —h)* . (4.27)

Assuming that f is non-decreasing, apply now (4.27) to g = f(U,). We
then obtain

Var, (f(y)) < C(WHE (f(y)— f(y— h*))?

with 4* defined in the previous step. Since f is convex and non-decreasing,
0<fM—fO-h)=hf ) .

Hence, (4.11) holds with constant ¢ = 1/(C(h) h*?) for all convex and
non-decreasing functions f. Similarly, it holds for all convex and non-
increasing functions f. Consider now the third case: f is non-increasing on
an interval (—oo, a] and is non-decreasing on [a, +00). One may assume
that f(a) = 0. As already proved, (4.27) holds for functions fo = f 1[4, +o0)
and fi; = f 1w, q) since these functions are convex and monotone. Writing
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ap = E . fo, a1 = E , f1, and noting that f = fy + fi, we obtain
SVar, (f) = If —Euflz < Ilfo —aoll2 + 11 fi —arll2
< VO R f{ll2 +VCHY R 1L f 12
<V2Cm R NI f'll2

where || - ||, denotes the norm in the space L?(i1). In the last inequality we

applied /uo + /u1 < 2o + u1) to ug = E ,(f})? and u; = E ,(f))*.
Thus, (4.11) is proved in the general case with C = 2 C(h)h*z.

(b) = (c). Apply the multidimensional variant of (4.11) to f.

(c) = (e).Onecan apply (4.12) to the functions f,(x) = max(xy, ..., x,)
and f,(x) = —min(xy, ..., x,), for arbitrary n. As shown in [BH2], the
variances of such functions are bounded if and only if the property (e) is
satisfied.
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