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�¥áâ¨ª �ëªâë¢ª àáª®£® ã¨¢¥àá¨â¥â .�¥à.1.�ë¯.3.1998��� 517.987� ¬¥ç ¨ï ® ¥à ¢¥áâ¢¥ �à®¬®¢ {�¨«ì¬   1�. �. �®¡ª®¢� áá¬ âà¨¢ îâáï ®¯â¨¬ «ìë¥ ®æ¥ª¨ ¤«ï äãªæ¨© ª®æ¥-âà æ¨¨ ¨ ¤«ï ãª«®¥¨© «¨¯è¨æ¥¢ëå äãªæ¨©   ¬¥âà¨ç¥áª¨å¢¥à®ïâ®áâëå ¯à®áâà áâ¢ å, ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ ¬â¨¯  Ǳã ª à¥.Ǳãáâì (M, ρ) { ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, á ¡�¥®¥ ¡®à¥«¥¢áª®©¢¥à®ïâ®áâ®© ¬¥à®© µ. �«ï äãªæ¨© g   M ®¯à¥¤¥«¨¬ ®¡®¡é¥ë©¬®¤ã«ì "£à ¤¨¥â "
|∇g(x)| = lim sup

ρ(x,y)→0 |g(x)− g(y)|
ρ(x, y) , x ∈ M,¯®« £ ï |∇g(x)| = 0 ¤«ï ¨§®«¨à®¢ ëå â®ç¥ª x ¢ M . �¥£ª® ¢¨¤¥âì,çâ® ¥á«¨ ®£à ¨ç¥¨ï g   è à å ¢ M ¨¬¥îâ ª®¥çãî «¨¯è¨æ¥¢ãª®áâ âã (¡ã¤¥¬  §ë¢ âì â ª¨¥ äãªæ¨¨ «®ª «ì®-«¨¯è¨æ¥¢ë¬¨),â® äãªæ¨ï |∇g| ª®¥ç  ¢áî¤ã ¨ ¨§¬¥à¨¬  ¯® �®à¥«î.�®¢®àïâ, çâ® (M, ρ, µ) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã â¨¯  Ǳã ª à¥,¥á«¨ ¤«ï ¢á¥å «®ª «ì®-«¨¯è¨æ¥¢ëå äãªæ¨© g   M E|∇g|2 < +∞¢«¥ç¥â Eg2 < +∞, ¨ ¯à¨ íâ®¬

λ1Var(g) ≤ E|∇g|2. (1)�¤¥áì λ1 { ¯®«®�¨â¥«ì ï ¯®áâ®ï ï, ¥§ ¢¨áïé ï ®â g,   ¬ â¥¬ â¨ç¥-áª®¥ ®�¨¤ ¨¥ Eg = ∫

g dµ ¨ ¤¨á¯¥àá¨ï Var(g) = E(g−Eg)2 ¯®¨¬ îâáï¢ á¬ëá«¥ ¬¥àë µ.�¥à ¢¥áâ¢  ¢¨¤  (1) è¨à®ª® à á¯à®áâà ¥ë ¢ à¨¬ ®¢®© £¥®¬¥-âà¨¨ ¨ â¥®à¨¨ ¯à®áâà áâ¢ �®¡®«¥¢ , £« ¢ë¬ ®¡à §®¬ ¢ § ¤ ç å, ¢1Ǳà¨ ç áâ¨ç®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® �®¤  �ã¤ ¬¥â «ìëå �áá«¥¤®¢ -¨©, £à â ò96-01-00201 1



ª®â®àëå  ¨«ãçè¥¥ § ç¥¨¥ λ1 ¨â¥à¯à¥â¨àã¥âáï ª ª ¯¥à¢®¥ ¥âà¨-¢¨ «ì®¥ á®¡áâ¢¥®¥ ç¨á«® « ¯« á¨  . �«ï â¥®à¨¨ ¢¥à®ïâ®áâ¥© ¨«®ª «ì®© â¥®à¨¨ ¡  å®¢ëå ¯à®áâà áâ¢ íâ¨ ¥à ¢¥áâ¢  ¯à¥¤áâ -¢«ïîâ ¨â¥à¥á ¯à¥�¤¥ ¢á¥£® ¢¢¨¤ã ¨å á¢®©áâ¢   ¤¤¨â¨¢®áâ¨. �¬¥®,¡¥§ ¨§¬¥¥¨ï ¢ ª®áâ â¥ ¯à¨ ¥ª®â®àëå ãá«®¢¨ïå â¨¯  à¥£ã«ïà®-áâ¨ ¥à ¢¥áâ¢® (1) à á¯à®áâà ï¥âáï   ¬®£®¬¥àë¥ ¯à®áâà áâ¢ 
Mn á ¯à®¤ ªâ-¬¥à®© µn = µ × . . . × µ ¨ ¬¥âà¨ª®© ¥¢ª«¨¤®¢®£® â¨¯ 
ρn(x, y) = √

∑n
i=1 ρ(xi, yi)2, x, y ∈ Mn. �«¥¤®¢ â¥«ì®, «î¡®¥ á®®â®-è¥¨¥ ¬¥�¤ã ¬¥à®© µ ¨ ¬¥âà¨ª®© ρ, ª®â®à®¥ ¬®�® ¨§¢«¥çì   ®á®¢¥(1) ¢ â¥à¬¨ å λ1, ¡ã¤¥â á¯à ¢¥¤«¨¢ë¬ ¤«ï ¬¥àë µn ¨ ¬¥âà¨ª¨ ρn. �ç áâ®áâ¨, ¬®�® ¨áá«¥¤®¢ âì á¢®©áâ¢® ª®æ¥âà æ¨¨ ¯à®¤ ªâ-¬¥à µn, ¯à¨¬¥à, ¯®àï¤®ª ã¡ë¢ ¨ï ¯à¨ h → ∞ äãªæ¨¨ ª®æ¥âà æ¨¨
α(h) = sup

n
sup

µ(A)≥1/2 1− µn(Ah), h > 0,£¤¥ (¢â®à ï) â®ç ï ¢¥àåïï £à ì ¡¥à¥âáï ¯® ¢á¥¬ ¡®à¥«¥¢áª¨¬ ¬®-�¥áâ¢ ¬ A ⊂ Mn ¨
Ah = {x ∈ Mn : ρn(x, a) < h ¤«ï ¥ª®â®à®£® a ∈ A}®¡®§ ç ¥â ®âªàëâãî h-®ªà¥áâ®áâì A ¢ (Mn, ρn). �¯¥à¢ë¥ â ª®© ¯®¤-å®¤ ª ¨áá«¥¤®¢ ¨î ª®æ¥âà æ¨¨ ¡ë« ¯à¥¤«®�¥ �à®¬®¢ë¬ ¨ �¨«ì-¬ ®¬ [6℄, ¯®«ãç¨¢è¨¬¨ ¥à ¢¥áâ¢®1− µ(Ah) ≤ (1− p2)e− log(1+p)h√λ1 , p = µ(A), A ⊂ M, (2)¨ ¢ëâ¥ª îéãî ¨§ ¥¥ ®æ¥ªã

α(h) ≤ Ke−ch
√
λ1 (3)á ¯®áâ®ïë¬¨ c = log(3/2), K = 34 . �®ª § â¥«ìáâ¢® ¥à ¢¥áâ¢ (2) (ª®â®à®¥ ¢ á¨«ã ã¯®¬ïãâ®£® á¢®©áâ¢   ¤¤¨â¨¢®áâ¨  ¢â®¬ â¨ç¥-áª¨ à á¯à®áâà ï¥âáï   ¬®£®¬¥àë¥ ¯à®áâà áâ¢ ) ¡ë«® ®á®¢ ®  ¯à¨¬¥¥¨¨ (1) ª äãªæ¨ï¬ ¢¨¤  g(x) = min{ρ(Akδ, x), δ} ¨ ¯®á«¥-¤ãîé¥© ¨â¥à æ¨¨ ¯® k á ¯®¤å®¤ïé¨¬ δ, § ¢¨áïé¨¬ ®â h ¨ λ1. Ǳ®§¤¥¥á â¥¬¨ �¥ à ááã�¤¥¨ï¬¨ �«® ¨ �¨«ì¬  [3℄ ¯®«ãç¨«¨   «®£ ¥à -¢¥áâ¢ (2){(3) ¤«ï £à ä®¢.�áâ «áï, ®¤ ª®, ®âªàëâë¬ ¢®¯à®á ® â®¬,  áª®«ìª® ®¯â¨¬ «ì®¥à ¢¥áâ¢® (3). �®â ä ªâ, çâ® íªá¯®¥æ¨ «ì®¥ ¯® h ã¡ë¢ ¨¥ ¢ ¯à -¢®© ç áâ¨ (3) ¥ ¬®�¥â ¡ëâì ã«ãçè¥®, «¥£ª® ®¡ àã�¨âì, à áá¬ -âà¨¢ ï   ¯àï¬®© M = R íªá¯®¥æ¨ «ìë¥ ¬¥àë µ = µλ1 á ¯«®â®-áâìî dµλ1 (x)

dx
= √

λ1 exp{−2√λ1 |x|}, x ∈ R (§¤¥áì λ1 { ¯®«®�¨â¥«ìë©2



¯ à ¬¥âà). �§¢¥áâ®, çâ® ¬¥à  µλ1 ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã â¨¯ Ǳã ª à¥, ¯à¨ç¥¬ á  ¨«ãçè¥© ¯®áâ®ï®© λ1 (¢¯¥à¢ë¥ ®â¬¥ç¥® �®-à®¢ª®¢ë¬, �â¥¢ë¬ [5℄ ¨ �«  áá¥®¬ [7℄). � ¤àã£®© áâ®à®ë, â ª ª ª¬®�¥áâ¢® A = (−∞, 0℄ ¨¬¥¥â µλ1-¬¥àã 1/2, § ª«îç ¥¬, çâ®
α(h) ≥ 1− µλ1(Ah) = 12 e−2h√λ1 .�«¥¤®¢ â¥«ì®, ¢ ¥à ¢¥áâ¢¥ �à®¬®¢ {�¨«ì¬   á ¥®¡å®¤¨¬®áâìî

c ≤ 2. � ¤ ®© § ¬¥âª¥ ¬¥ ¯®ª �¥¬, çâ® ¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥¯®áâ®ï®© K ¢ (3), íâ® ¥à ¢¥áâ¢® ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¤«ï ¬ ª-á¨¬ «ì® ¢®§¬®�®£® § ç¥¨ï c = 2. � ª¨¬ ®¡à §®¬, ¢ á¬ëá«¥ ª®-æ¥âà æ¨¨ íªá¯®¥æ¨ «ìë¥ ¬¥àë ¨£à îâ ¯®çâ¨ íªáâà¥¬ «ìãî à®«ì¢ ¥à ¢¥áâ¢ å â¨¯  Ǳã ª à¥.�¥®à¥¬ . Ǳà¥¤¯®«®�¨¬, çâ® (M, ρ, µ) ã¤®¢«¥â¢®àï¥â ¥à ¢¥-áâ¢ã â¨¯  Ǳã ª à¥ á ¯®áâ®ï®© λ1 > 0. �®£¤  ¤«ï ¢á¥å ¡®à¥«¥¢áª¨å¬®�¥áâ¢ A ⊂ M ¨ ¢á¥å h > 01− µ(Ah) ≤ 9
µ(A) e−2h√λ1 . (4)�à®¬¥ â®£®, ¤«ï ¢á¥å äãªæ¨© g á «¨¯é¨æ¥¢®© ª®áâ â®© ‖g‖Lip ≤ 1¨¬¥¥¬ E|g| < +∞, ¯à¨ç¥¬ ¤«ï ¢á¥å h > 0

µ{|g − Eg| ≥ h} ≤ 6 e−2h√λ1 . (5)�ç¥¢¨¤®, ¥à ¢¥áâ¢  (4) ¨ (5) íª¢¨¢ «¥âë ¤àã£ ¤àã£ã á â®ç®-áâìî ¤®  ¡á®«îâëå ¬®�¨â¥«¥©. � á¨«ã (5), ¤«ï ¥ª®â®àëå  ¡á®«îâ-ëå ¯®áâ®ïëå t0 > 0 ¨ C0 > 0Ee2√λ1t0|g−Eg| ≤ C0 (6)¢ ª« áá¥ ¢á¥å äãªæ¨© á «¨¯è¨æ¥¢®© ª®áâ â®© ‖g‖Lip ≤ 1. �¥§ -¢¨á¨¬® ®â à ¡®âë [6℄, â ª®¥ ¥à ¢¥áâ¢® á ¯®áâ®ïë¬¨ t0 = 1/24,
C0 = 2 ¡ë«® ¤®ª § ® �®à®¢ª®¢ë¬ ¨ �â¥¢ë¬ ¢ [5℄, à áá¬ âà¨¢ ¢è¨¬¨,¯à ¢¤ , ¥à ¢¥áâ¢® Ǳã ª à¥ «¨èì ¤«ï ¢¥à®ïâ®áâëå ¬¥à µ   ¯àï-¬®© M = R. �á¯®«ì§ã¥¬ë© ¨¬¨ ¬¥â®¤ à ¡®â ¥â, ®¤ ª®, ¨ ¢  ¡áâà ªâ-®© á¨âã æ¨¨ ¨, ¢ ç áâ®áâ¨, ¤ ¥â (3) á åã¤è¥© ¯®áâ®ï®© c ¢ íªá-¯®¥â¥: ¥à ¢¥áâ¢® (1) ¯à¨¬¥ï¥âáï ª äãªæ¨ï¬ ¢¨¤  |g − Eg|p ãá«®¢¨¥¬ ‖g‖Lip ≤ 1 ¨ ¨§ ¯®«ãç ¥¬®£® à¥ªãàà¥â®£® á®®â®è¥¨ï ¢ë-¢®¤ïâáï ®æ¥ª¨ ¤«ï ¬®¬¥â®¢(2√λ1 )p E|g − Eg|p ≤ (4p)p, p ≥ 1,3



®âªã¤  (6) áà §ã á«¥¤ã¥â. � ¬¥â¨¬, çâ® ¢ á¨«ã (5) ¨¬¥¥â ¬¥áâ® ¯à -¢¨«ì ï ¯® ¯®àï¤ªã ®æ¥ª  (2√λ1 )p E|g − Eg|p ≤ 6 �(p + 1) (£¤¥ � {£ ¬¬ -äãªæ¨ï). �¥©áâ¢¨â¥«ì®:(2√λ1 )p E|g − Eg|p = (2√λ1 )p ∫ ∞0 µ{|g − Eg| ≥ h} dhp

≤ (2√λ1 )p ∫ ∞0 6 e−2h√λ1 dhp = 6�(p+ 1).�®¯à®á ®¡ ®¯â¨¬ «ì®áâ¨ ¥à ¢¥áâ¢  �à®¬®¢ {�¨«ì¬   áâ « ®¡-áã�¤ âìáï ¬®£® ¯®§¤¥¥. �¨¤ , � áã¤  ¨ �¨£¥ª ¢  [1℄, ¥áª®«ìª®¬®¤¨ä¨æ¨à®¢ ¢ ¯®¤å®¤ �à®¬®¢ {�¨«ì¬  , ¤®ª § «¨ ª®¥ç®áâì áà¥¤-¨å Ee2t√λ1|g−Eg| ¯à¨ t < t0 = 12(e−1) . � «ì¥©è¥¥ ãâ®ç¥¨¥ ¡ë«® á¤¥-« ® ¢ à ¡®â¥ �¨¤ë ¨ �âàãª  [2℄, ®£à ¨ç¨¢è¨¬¨áï, ¯à ¢¤ , à áá¬®-âà¥¨¥¬ â®«ìª® § ç¥¨ï t = 1/2 ¯à¨ ®æ¥¨¢ ¨¨ íªá¯®¥æ¨ «ìëå¬®¬¥â®¢
u(t) = Ee2t√λ1g.Ǳà¥¤¯®« £ ï, çâ® ‖g‖Lip ≤ 1 ¨ Eg = 0, ¯à¨¬¥¥¨¥ (1) ª äãªæ¨ï¬ ¢¨¤ 

et
√
λ1g ¯à¨¢®¤¨â ª äãªæ¨® «ì®¬ã ¥à ¢¥áâ¢ã

u(t) ≤ 11− t2 u(t/2)2,¨ ¯®á«¥ n-ªà â®£® ¯à¨¬¥¥¨ï íâ®£® ¥à ¢¥áâ¢  ª § ç¥¨ï¬ t, t2 , . . . ,
t2n−1 , ¯®«ãç ¥¬

u(t) ≤ n−1
∏

k=0 1(1− t2/4k)2k u(t/2n)2n . (7)�ç¥¢¨¤®, ¯à®¨§¢¥¤¥¨¥ ¢ (7) áå®¤¨âáï ¯à¨ |t| < 1, ¨ â ª ª ª u(ε) =1 + o(ε) ¯à¨ ε → 0 (¢ á¨«ã ãá«®¢¨ï Eg = 0), ¯à¨å®¤¨¬ ¢ ¯à¥¤¥«¥ ª®æ¥ª¥
u(t) ≤ U(t) = ∞

∏

n=0 1(1− t2/4n)2n , |t| < 1. (8)� ç áâ®áâ¨, ¯à¨ t = 1/2 ¯®«ãç ¥¬ ¥à ¢¥áâ¢®Ee√λ1g ≤ K0 = ∞
∏

n=0 1(1− 1/4n)2n = 1.720102 . . . . (9)�â® ¥à ¢¥áâ¢®, ¢«¥ªãé¥¥ (6) á t0 = 1/2 ¨ (3) á c = 1, ¨ ¥áâì à¥-§ã«ìâ â �¨¤ë ¨ �âàãª  (¢ ®¡é¥¬ �¥ ¢¨¤¥ ¥à ¢¥áâ¢® (8) ¯®ï¢¨«®áì ¢4



[4℄). �â®¡ë à ááã�¤¥¨ï ¡ë«¨ á®¢á¥¬ áâà®£¨¬¨, á«¥¤ã¥â ¢á¥ ¢ëª« ¤ª¨¯à®¢®¤¨âì ¢ ¯à¥¤¯®«®�¥¨¨ ®¡ ®£à ¨ç¥®áâ¨ g (á â¥¬, çâ®¡ë ¥ ¢®§-¨ª «® ¯à®¡«¥¬ á íªá¯®¥æ¨ «ì®© ¨â¥£à¨àã¥¬®áâìî) ¨ § â¥¬ á ¯®-¬®éìî ãá¥ç¥¨© «¥£ª® ¯®«ãç¨âì (8){(9) ã�¥ ¤«ï ¢á¥å «¨¯è¨æ¥¢ëå g  M á ã«¥¢ë¬ áà¥¤¨¬.� ª¨¬ ®¡à §®¬, á®£« á® (9), íªáâà¥¬ «ìë¬ § ç¥¨¥¬ ¢ (6) ï¢«ï-¥âáï t0 = 1. �¯¥à¢ë¥ ª®¥ç®áâì íªá¯®¥æ¨ «ìëå ¬®¬¥â®¢ e2t√λ1g¯à¨ |t| < 1 (ª ª ¨ ¢ëè¥ { ¢ ¯à¥¤¯®«®�¥¨¨, çâ® ‖g‖Lip ≤ 1 ¨ Eg = 0)¡ë«  ¤®ª §   �¬ãª¥è«¥£¥à®¬ [8℄. Ǳà¨¬¥ïï (1) ª äãªæ¨ï¬ ¢¨¤ 
get

√
λ1g ¨   «¨§¨àãï ¯®«ãç ¥¬®¥ ¤¨ää¥à¥æ¨ «ì®¥ ¥à ¢¥áâ¢® ®â®-á¨â¥«ì® äãªæ¨¨ u(t), ® ¨§¢«¥ª ®æ¥ªã u(t) ≤ (1−|t|)−4. �â®, ®¤ ª®,¥áª®«ìª® åã�¥, ç¥¬ ®¡®¡é¥®¥ ¥à ¢¥áâ¢® �¨¤ë ¨ �âàãª  (8): ª ª¯®ª § ® ¢ [4℄, U(t) ≤ (1 + |t|)/(1− |t|) ≤ (1− |t|)−4. � ç áâ®áâ¨,Ee2t√λ1g ≤ 21− |t| , |t| < 1. (10)� ¬¥â¨¬, çâ® ¯à ¢ ï ç áâì ¢ (10) á â®ç®áâìî ¤® ¬®�¨â¥«ï íª¢¨¢ -«¥â  äãªæ¨¨ U ¯à¨ t → 1, ¨ çâ® á â®ç®áâìî ¤® ¬®�¨â¥«ï íâ®¥à ¢¥áâ¢® ¥ ¬®�¥â ¡ëâì ã«ãçè¥®, ª ª ¯®ª §ë¢ ¥â ¢á¥ â®â �¥ ¯à¨-¬¥à íªá¯®¥æ¨ «ìëå à á¯à¥¤¥«¥¨© µλ1 ¨ äãªæ¨¨ g(x) = x, x ∈ R.�¤ ª®, ¥à ¢¥áâ¢® (10) ¥é¥ ¥ ¢«¥ç¥â (5): ¥á«¨   ¢¥à®ïâ®áâ®¬¯à®áâà áâ¢¥ (M,µ) ¥áâì á«ãç © ï ¢¥«¨ç¨  ξ á® á¢®©áâ¢ ¬¨ Eξ = 0,Eetξ ≤ �11−|t| ¯à¨ |t| < 1, â® ¯® ¥à ¢¥áâ¢ã �¥¡ëè¥¢  ¬®�® ¯®«ãç¨âì®æ¥ª¨ ¤«ï ãª«®¥¨© ¢¨¤  µ{|ξ| ≥ h} ≤ C2(1 + h)e−h, ¯à¨ç¥¬ ¬®�¨-â¥«ì 1 + h ¥ ¬®�¥â ¡ëâì ®¯ãé¥. �«¥¤®¢ â¥«ì®, ¥«ì§ï  ¤¥ïâìáï¯®«ãç¨âì ®æ¥ª¨ â¨¯  (5) ¨ ¥à ¢¥áâ¢® �à®¬®¢ {�¨«ì¨   (3) á  ¨-«ãçè¥© ¯®áâ®ï®©, ®á®¢ë¢ ïáì â®«ìª®   ®æ¥ª å ¤«ï íªá¯®¥æ¨- «ìëå ¬®¬¥â®¢, ¤ �¥ ¥á«¨ ®¨ ®¯â¨¬ «ìë¥.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. Ǳà¨ ¢ë¢®¤¥ (5) ¬®�® ¯à¥¤¯®« £ âì,çâ® äãªæ¨ï g ®£à ¨ç¥ . Ǳà¨¬¥¨¬ ¥à ¢¥áâ¢® â¨¯  Ǳã ª à¥ (1)ª äãªæ¨¨ ¢¨¤  gh(x) = e

√
λ1min(g(x),h), x ∈ M , h ∈ R:

λ1Eg2h ≤ λ1(Egh)2 + E|∇gh|2. (11)�â®¡ë ®æ¥¨âì ¯¥à¢ë© ç«¥ ¢ ¯à ¢®© ç áâ¨ (11), ¯à¨¬¥¨¬ ¥à ¢¥áâ¢®�¨¤ë{�âàãª  (9) ª äãªæ¨¨ min(g, h)− Emin(g, h):Egh = Ee√λ1min(g,h) ≤ K0 e√λ1Emin(g,h) ≤ K0 e√λ1Eg.�â®¡ë ®æ¥¨âì ¢â®à®© ç«¥ ¢ ¯à ¢®© ç áâ¨, § ¬¥â¨¬, çâ® |∇gh| = 0  ¬®�¥áâ¢¥ {g > h} (â ª ª ª íâ® ¬®�¥áâ¢® ®âªàëâ®,   äãªæ¨ï gh  5



¥¬ ¯®áâ®ï ), ¨ çâ®   ¢á¥¬ M

|∇gh| ≤
√

λ1e√λ1gh ≤
√

λ1e√λ1g(â ª ª ª ‖gh‖Lip ≤ 1). �«¥¤®¢ â¥«ì®, E|∇gh|2 ≤ λ1Ee2√λ1g1{g≤h}. �á-¯®«ì§ãï íâ¨ ®æ¥ª¨ ¢ (11) ¨ § ¯¨áë¢ ïEg2h = Ee2√λ1g1{g≤h} + e2√λ1h µ{g > h},¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã e2√λ1h µ{g > h} ≤ K20 e2√λ1Eg. � ª ª ª ¥£®¯à ¢ ï ç áâì ¥¯à¥àë¢® § ¢¨á¨â ®â h, áâà®£®¥ ¥à ¢¥áâ¢® ¬®�® § -¬¥¨âì   ¥áâà®£®¥:
µ{g ≥ h} ≤ K20 e−2√λ1h e2√λ1Eg, h ∈ R. (12)�á«¨ § ¯¨á âì íâ® ¥à ¢¥áâ¢® ¢ ¢¨¤¥ µ{g − Eg ≥ h} ≤ K20 e−2√λ1h ¨á«®�¨âì á   «®£¨çë¬ ¥à ¢¥áâ¢®¬ ¤«ï äãªæ¨¨ −g, â® ¯à¨ h > 0¬ë ¯à¨¤¥¬ ª ®æ¥ª¥

µ{|g − Eg| ≥ h} ≤ 2K20 e−2√λ1h.�â® ¤ ¥â (5), â ª ª ª K20 = 2.958750 . . . < 3.�â®¡ë ¢ë¢¥áâ¨ (4), ¯à¥¤¯®«®�¨¬, çâ® ¬®�¥áâ¢® A ¥¯ãáâ®, ¨ ¯à¨-¬¥¨¬ (12) ¯à¨ h = 0 ª («¨¯é¨æ¥¢®©) äãªæ¨¨ g(x) = −ρ(A, x), £¤¥,ª ª ®¡ëç®, ρ(A, x) = infa∈A ρ(a, x) ®¡®§ ç ¥â ªà âç ©è¥¥ à ááâ®ï¨¥®â x ¤® A. � ª ª ª µ{g ≥ 0} = µ(clos(A)) ≥ µ(A), ¯®«ãç ¥¬
e2√λ1Eρ(A,x) ≤ K20

µ(A) .� ª®¥æ, ¥é¥ à § ¯à¨¬¥¨¬ (12) á h > 0, ® â¥¯¥àì ª äãªæ¨¨ g(x) =
ρ(A, x). � ãç¥â®¬ ¯à¥¤ë¤ãé¥© ®æ¥ª¨ ¯®«ãç ¥¬:1− µ(Ah) = µ{x ∈ M : ρ(A, x) ≥ h}

≤ K20 e−2√λ1h e2√λ1Eρ(A,x) ≤ K40
µ(A) e−2√λ1h.�áâ ¥âáï § ¬¥â¨âì, çâ® K40 < 9. �¥®à¥¬  1 ¤®ª §  .� ¬¥ç ¨¥. Ǳà¨ à á¯à®áâà ¥¨¨ ¥à ¢¥áâ¢  (1) á ¯à®áâà -áâ¢  (M, ρ, µ)   ¬®£®¬¥àë¥ ¯à®áâà áâ¢  (Mn, ρn, µ

n) ¯®¤ á¢®©áâ¢ ¬¨â¨¯  "à¥£ã«ïà®áâ¨" ¬ë ¯®¨¬ ¥¬ á«¥¤ãîé¨¥:1) ¯à®áâà áâ¢® M á¥¯ à ¡¥«ì®;6



2) ¬¥âà¨ª  ρn á®£« á®¢   á â®¯®«®£¨¥© ¯à®¨§¢¥¤¥¨ï ¯à®áâà áâ¢ 
Mn, ¯à¨ç¥¬ ¤«ï ¢á¥å «®ª «ì®-«¨¯è¨æ¥¢ëå äãªæ¨© g  Mn ¢ á¬ëá«¥
ρn, ¤«ï µn-¯®çâ¨ ¢á¥å x = (x1, . . . , xn) ∈ Mn

|∇g(x)|2 = n
∑

i=1 |∇xi
g(x)|2, (13)£¤¥ |∇g(x)| { ¬®¤ã«ì £à ¤¨¥â  ¢ á¬ëá«¥ ρn,   |∇xi

g| { ¬®¤ã«ì £à ¤¨¥â ¯® ¯¥à¥¬¥®© xi ∈ M ¢ á¬ëá«¥ ρ ¤«ï äãªæ¨¨ xi → g(x1, . . . , xn).Ǳà¨ íâ¨å ãá«®¢¨ïå (Mn, ρn, µ
n) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã â¨¯  Ǳã- ª à¥ á â®© �¥ ¯®áâ®ï®© λ1. �®ª § â¥«ìáâ¢® ¬®�® ¯à®¢¥áâ¨ ¯®¨¤ãªæ¨¨, ¨«¨ ¯à®áâ® ¬®�® ¢®á¯®«ì§®¢ âìáï ®¤¨¬ ®¡é¨¬ á¢®©áâ¢®¬¤¨á¯¥àá¨¨: ¥á«¨ (M,µ) { ¢¥à®ïâ®áâ®¥ ¯à®áâà áâ¢®, ¨ (Mn, µn) { ¥£®

n- ï áâ¥¯¥ì, â® ¤«ï ¢á¥å µn-¨§¬¥à¨¬ëå äãªæ¨© g   MnVarµn(g) ≤ ∫

Mn

n
∑

i=1 Varxi
(g) dµ(x1) · · · dµ(xn). (14)�¤¥áì Varxi

(g) { µ-¤¨á¯¥àá¨ï äãªæ¨¨ xi → g(x1, . . . , xn) ¯à¨ ä¨ªá¨à®-¢ ëå ¯¥à¥¬¥ëå xj , j 6= i. �á«¨ â¥¯¥àì ¤   ρn−«®ª «ì®-«¨¯è¨-æ¥¢ ï äãªæ¨ï g   Mn, â® ¤¨á¯¥àá¨î Varxi
(g) ¬®�® ®æ¥¨âì á¢¥àåã,á®£« á® "®¤®¬¥à®¬ã" ¥à ¢¥áâ¢ã (1), ç¥à¥§ 1

λ1Exi
|∇xi

g(x)|2, â ª çâ®¤«ï ¢á¥å x = (x1, . . . , xn) ∈ Mn

λ1 n
∑

i=1 Varxi
(g) ≤ n

∑

i=1 |∇xi
g(x)|2.�¢¨¤ã á¥¯ à¡¥«ì®áâ¨ M ¨ ¢ á¨«ã «®ª «ì®© «¨¯è¨æ¥¢®áâ¨ g, ¯à ¢ ïç áâì íâ®£® ¥à ¢¥áâ¢  ¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®© ¡®à¥«¥¢áªãî äãª-æ¨î   Mn, ¨ ¯®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® ¬¥à¥ µn, ¯à¨¬¥ïï (14), ¬ë¯à¨¤¥¬ ª ¥à ¢¥áâ¢ã

λ1Varµn(g) ≤ ∫

Mn

n
∑

i=1 |∇xi
g(x)|2 dµ(x1) · · · dµ(xn).�®£« á® (13), ¬ë ¯®«ãç ¥¬ ¥à ¢¥áâ¢® â¨¯  Ǳã ª à¥ ¤«ï ¯à®áâà -áâ¢  (Mn, ρn, µ

n).� ¯à¥¤áâ ¢«ïîé¨å ¨â¥à¥á á«ãç ïå á¢®©áâ¢® (13) ¢ë¯®«ï¥âáï ¤«ï¬¥âà¨ª¨ ρn(x, y) = √
∑n

i=1 ρ(xi, yi)2, x, y ∈ Mn. � ¯à¨¬¥à, íâ® á¯à ¢¥¤-«¨¢® ¤«ï M = Rd ¨  ¡á®«îâ®-¥¯à¥àë¢ëå µ, â ª ª ª ¯® ¨§¢¥áâ®©â¥®à¥¬¥ � ¤¥¬ å¥à  «®ª «ì®-«¨¯è¨æ¥¢ë¥ äãªæ¨¨ ¯®çâ¨ ¢áî¤ã ¤¨ä-ä¥à¥æ¨àã¥¬ë. 7
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