HOMEWORK ASSIGNMENT N4, MATH 4567, SPRING 2018
Due on April 16 (Monday) — problems and solutions

Problem 1. a) Given parameters ¢ > 0 and § > 0, show that the Sturm-Liouville
boundary value problem

y' + Xy =0, y=y(zx), 0<z<e,
y'(0) = By(0),
y'(c) = By(c),

has exactly one negative eigenvalue A\g and that this eigenvalue is independent on ¢ > 0.
Find )¢ and an associated eigenfunction yo(z).

b) Determine whether or not A = 0 is an eigenvalue. If yes, find an associated eigenfunction.

Solution. We know that any Sturm-Liouville problem

y"(z) + My(x) =0, 0<z<e,

a1y(0) + azy/(0) = 0,

Bry(c) + B2y’ (c) =0
has only non-negative eigenvalues A, when ajae < 0 and 818 > 0. In our case, a3 = 1,
as = —f, f1 = 1, Py = —f, so this condition is not fulfilled, and one should consider

separately the three cases to find all eigenvalues. Actually, in this problem, we are asked
about non-positive A.

a) Case 1: A = —a? (a > 0). The general solution to the Sturm-Liouville equation
y"(z) + Ay(x) = 0 may be described in this case by the formula

y = Cy cosh(ax) + Cy sinh(ax)

with arbitrary coefficients C1 and C3, where we use the hyperbolic functions cosh(t) =
642764 and sinh(t) = etffft. Hence

y(0) = C1, y' = aCy sinh(az) + aCy cosh(az), 3/(0) = aCsy,
and the first boundary condition becomes
aCy = pCh.

This gives a necessary relationship between the coefficients. Since we are looking for a
non-trivial (not identically zero) solution y = y(z) up to a multiplicative factor, one may
take any fixed value of C7 # 0, and then the unique choice for the other coefficient will
be Cy = C1/a. To work with simpler expressions, let us choose C; = a, so that Cy = .
The solution y(x) and its derivative y'(x) are thus simplified to

y = acosh(ax) + Bsinh(ax), y = a?sinh(ax) + o cosh(ax).



In particular,
y(c) = acosh(ac) + S sinh(ac), Y (c) = o sinh(ac) 4 Ba cosh(ac),
and the second boundary condition becomes
o? sinh(ac) + Ba cosh(ac) = Ba cosh(ac) + B2 sinh(ac).

Since sinh(ac) > 0, this is equivalent to a? = 2, which is uniquely solved as a = 3 (in
positive numbers). Therefore,

A= —a? =42 y = pcosh(Bx) + Bsinh(fx) = Bl

Since we are looking for a non-trivial solution y = y(z) up to a multiplicative factor, the
constant 8 may be removed.

b) Case 2: A = 0. Then the general solution is y = Cy + Cyz, and the boundary
conditions become

02 = 6017
Co=p (01 + CQC).

This linear system is solved as C1 = Co = 0, which means that this case is impossible.
Answer.

a) Ao = —f? is the unique negative eigenvalue with eigenfunction g = €.
b) A = 0 is not an eigenvalue of the given Sturm-Liouville problem.

Problem 2. Solve the temperature problem:

up = kug,, u=u(z,t), 0<z<m t>0 (k>0)
uz(0,t) = Bu(0,t),

uw(ﬂ-vt) = Bu(ﬂ',t)7

u(z,0) = f(z),

where f(z) is a given continuous function on [0, 7] and f is a positive parameter. Write
your answer in the form of an infinite series

w(@t) = eapa(@)To(t). 1)
n=0

Describe the functions y,, (z) and T),(¢) that are involved and indicate how to compute the
coefficients ¢, in terms of f.

Solution. As we know, the solution to the given temperature problem is described by
the functional series (1) in which y, represent the eigenfunctions of the associated Sturm-
Liouville boundary value problem, namely



Yy + Ay =0, y=y(z), 0<z <,
y'(0) = By(0),
y'(m) = By(n),

and T,(t) = e Mkt where \, is the eigenvalue to which the eigenfunction y, belongs.
Moreover, the coefficients ¢, in (1) are determined by the last non-homogeneous boundary
condition via the orthogonal series expansion

flx) = Z cnYn ().
n=0

Here, necessarily

_ <f7yn> - m B -
o= g ) = /0 F@ya()de, |yl = /0 (@) da.

As one can notice, the associated Sturm-Liouville boundary value problem is exactly
the same as the one in Problem 1 with ¢ = m. So, we already know that this problem
has a unique negative eigenvalue \g = —3? with its eigenfunction yo(z) = e**. Hence,
To(t) = M. We also know that all remaining eigenvalues are positive. To find these
eigenvalues and the eigenfunctions, we need to consider:

Case 3: A = a? (a > 0). In this case, the general solution to the Sturm-Liouville
equation y”(z) + Ay(z) = 0 is given by

y = Cy cos(ax) + Cysin(ax), y(0) = O,
for which we have
y = aCy cos(az) — aCf sin(azx), ¥ (0) = aCs.

Hence aCsy = BC4, by the first boundary condition. Without loss of generality, put Cy = «a,
Cy = j3, so that

2

y = acos(ax) + fBsin(az), y' = Bacos(ax) — o sin(ax).

Involving the second boundary condition, we obtain that « should solve the equation

2sin(ar) = Bacos(ar) + B2 sin(an)

Bacos(ar) — «
which is equivalent to sin(am) = 0. It is solved as a = a;,, = n, n > 1, in which case

y = yn(x) = n cos(nzx) + Bsin(nzx).

Let us also specify the L?-norms of the eigenfunctions: For n = 0 we have

lyoll? = /0 vo(z)? dz = /0 o262 g —

e2fm 1

28 7



and for integers n > 1,
vy
||yn||2 = / (n cos(nx) + ﬁsin(nl‘))2 dx
0

= n2/ COSQ(na:)dx—i—Qﬂn/ cos(nx) sin(nz) d:U—I—BQ/ sin?(nx) dr
0 0 0

™1 2 ™ ™1 — 2

= n2/ 1+ cos(2na) dx+ﬂn/ sin(2nz) da:—i—ﬁZ/ 1 = cos(2nz) dx
0 2 0 0 2

= S+ 5).

Here we used the obvious identities

/ cos(2nz) dx :/ sin(2nz) dx = 0.
0 0

Answer. The solution to the temperature problem is given by the functional series (1),
where
yo(z) = e’®, yn(z) = n cos(nzx) + fsin(nz) (n>1),

Ty(t) = ™™, To(t) =™ (n > 1),
with coefficients
I R Bz
o = m/o f()e™ dz,
2 T

cn = 77(712—|—B2)/0 f(z) (n cos(nx) + Bsin(nz))dx (n >1).

Problem 3. Assume that the initial temperatures are constant: Let f(z) = 1. Determine
the first three terms in the representation (1), that is, eventually, evaluate cg, ¢1, and co.

Solution. Using the answer to Problem 2, we find that

B 23 T b B ePm—1
cp —= 6257r7_1 0 e d.f - 26257‘.7—1,
2 i 4
S g e =
2 ™
2 = 7T<4+52)/0 (2cos(2z) + fBsin(2z)) dz = 0.

Answer. The solution to the temperature problem with the first three terms is given by

pr 1 4
¢ eﬂmeﬁzkt—k7B(cosx+ﬁsinaj)6_kt+0+...

wzt) =2 Ge—y 0+ )

4



Problem 4. Given parameters A, B,C and # > 0, consider the temperature problem
with non-homogeneous boundary conditions:

up = kgy, u=u(z,t), 0<z<m t>0 (k>0)
uz(0,t) = Bu(0,t) + A,

ug(m, t) = Bu(m,t) + B,

u(z,0) = Cuz.

Reduce it to Problem 2 by virtue of a suitable substitution w(z,t) = U(z,t) + ®(x).
Indicate new initial temperatures F'(z) in the homogeneous problem about U(x,t).

Solution. One may look for a suitable substitution u(z,t) = U(z,t) + ®(z) with a linear
function ®(z) = Cy + Cy z, in which case the problem becomes

Ui = kUyy, U=U(x,t), 0<z<m t>0 (k>0)
Uz (0,t) + Co = B(U(0,t) + C1) + A,

Ux(ﬂ',t)—FCQ:ﬁ(U(W,t)—FCl—FCQ?T)—FB,

U(z,0)+ (C1 + Cozx) = Cx.

In order to reach homogeneous vertical boundary conditions, the unknown parameters
should satisfy

Co=08C1+ A,
0225(01—1—0271’)—1—3.

This is a linear system in two unknowns which is easily solved. Equalizing the two equal-

ities, we get A = Cy S + B, so
_A-B

Cr =5

Inserting this into the second equality, we also find

1— 06w 1
= A— B.
“ =g A

Answer. The new problem with homogeneous vertical boundary conditions is

Uy = kU, U=U(z,t), 0<z<m, t>0 (k>0)
Ua:(ov t) =p U(Ov t)7

Ux(’ﬂ,t) = 6U(7T>t)a

U(,0) = F(x)

with new initial temperatures

1—57TA 1 B)—A_Bw.

F(z)=Czx — ( 5on e B



