MATH 2374 Spring 2012

Worksheet 3
Topics: partial derivatives, tangent plane of a surface.
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a) Let u(x,y) = 1n(ef + ey). Compute % + %.

Solution.
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b) Let u(z,y,2) = (z — y)(y — 2)(z — x). Compute 5% + 2% 4 5.

Solution.
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2. Let u(z,y,z) = 2¥". Find all first-order partial derivatives of w.

Solution.
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Consider a surface S defined by the equation z = f(x,y). The equa- /7\

tion of the plane tangent to S at the point (a:o, Yo, f(a:o,yo)> is

af of

Z:f(xo,yo)‘ira—x (co0) '(x—xo)‘ira—y (Y —yo),
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provided that f = f(x,y) is differentiable at = = xq, y = yo.
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3. a) Find an equation of the plane tangent to the surface z = & — xy + 1 at the point
(2,1,1).

Solution. If f(z,y) = %2 — a2y + 1, then

f(2,1)=1
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So the tangent plane at the point (2,1, 1) has an equation
z=14+1-(z—2)+(-2)-(y—1),
or, after simplification, z — 2y — 2+ 1 = 0.

b) Find an equation of the plane tangent to the surface x +2y —In z +4 = 0 at the point
(2,-3,1).

Solution. First, we need to express z as a function of z and y from the given equa-
tion. We have

Inz=z+2y+4

” = em+2y+4 ]

If we take f(z,y) = €Y+ then
£2,-3) = o = 1
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Then the tangent plane at the point (2, —3,1) has an equation
z=141-(x—2)+2-(y—(—3)).
After simplification, it becomes

r+2y—z+5=0.

3. Find all points on the surface z = 2%y + 3zy + 62 + 1 where the tangent plane is
a) horizontal; b) parallel to the plane —3x + 2y + z = 10.

2



Solution. Recall that the plane given by an equation Ax + By + Cz + D = 0 has the
vector n = (A, B, C) as its normal vector. Hence, in particular, the vector

0 0
n— (_f R ,_1> W
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is a normal vector of the tangent plane
of
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(z0,y0
a) A horizontal plane has a vertical normal vector. The z- and y-components of such a
vector are both zero. Hence, according to (1), to find a horizontal tangent plane, we
need to solve the system of equations
of  _
5 =0
af  —

In our case, f(z,y) = %y + 3zy + 62 + 1 and we obtain

9 — 224 3x =0

{% — 20y +3y+6=0
dy

The second equation implies = 0 or x = —3. Then the first equation yields y = —2
or y = 2 respectively. So the planes tangent to the given surface are horizontal at the
points (07 _27 f(oa _2)) = (07 _27 1) and (_37 27 f<_37 2)) = <_37 27 _17>

b) Two distinct planes are parallel if and only if their normal vectors are parallel, and
two vectors are parallel if and only if one of them is a multiple of the other. Hence,
to find a tangent plane parallel to the plane —3z + 2y 4+ z = 10, we need to find the

points where the vector
0
S
Ox (z0,y0)

is a multiple of m = (—3,2,1). Comparing the z-components, we conclude that n
must be equal to (—1)m. It gives us the system of equations

of
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U =22y +3y+6=3
%:x2+3x:—2
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Solving the second equation, we obtain x = —2 or x = —1. Then the first one yields
y = 3ory = —3 respectively. Thus the planes tangent to the given surface at the points
(—2,3,f(—2,3)) = (—2,3,—-17) and (—1,-3, f(—1,-3)) = (=1, -3, 1) are parallel to
—3x + 2y + z = 10.




